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1 Introduction

The aim of the present study is to classify the Noether point symmetries of a fin equa-
tion. In the literature, symmetry classifications of differential equations with respect to
Lie point symmetries and Noether symmetries have an important role for understanding
possible solutions of differential equations [1-11]. Noether symmetries can also be used
in finding the first integrals (conserved forms) of the nonlinear problems. The earliest
studies on Noether symmetries based on the Noether theorem are due to German math-
ematician Emily Noether [1]. Applications of the Noether theorem to differential equa-
tions can provide some important information about the problems in mechanics, physics,
and engineering sciences [12—-15]. In order to apply the Noether theorem, the differen-
tial equations should have a standard Lagrangian. On the other hand, one can apply the
partial Lagrangian method to differential equations to investigate Noether symmetries
and first integrals by using Euler-Lagrange equations [12]. Here, we determine the par-
tial Lagrangian and Noether symmetries of the fin equation by applying partial Noether
approach to a nonlinear fin equation.

This study is organized as follows. In Section 2, we present some fundamental defini-
tions of the Euler-Lagrange operator, partial Lagrangian and partial Noether operators.
In Section 3 we discuss the nonlinear fin equation and the corresponding determining
equations. This section also includes different cases corresponding to different choices
of thermal conductivity and heat transfer coefficient. Furthermore, Noether point sym-
metries and first integrals for each different case are presented. Section 4 presents some

invariant solutions, and the last section summarizes some important results in the study.
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2 Preliminaries
Suppose that x is the independent variable and y = (!, ...,5") is the independent variable
with coordinates y* with respect to x given in the following form:

W=H =DM)W =D0F), s22e=12..m @D

where D, is the total derivative operator [2—7], with respect to x, which is defined as

0 0 a

Dy=—+y5—+y, —. 2.2

Here, the vector space of all differential functions of all finite orders is represented by A
that is a universal space. Also, operators apart from the total derivative operator (2.2) are
defined on the space A.

Definition 1 The operator

8 E) 9
_:_+Z(_Dx)s—, a=12,...,m, (2.3)
S ayg

is called the Euler operator or Euler-Lagrange operator.

Definition 2 The generalized operator is given by

3 3 3
X=t—+n" ., 2.4
sax+n8ya+;sayg (24)
where
EX=DL(W*)+&), s=2,a=12,...,m, (2.5)

and W is the Lie characteristic function
Wa:na_gyfc[’ 0[21,2,...,1’}’[, (2'6)

Here we can rewrite the generalized operator (2.4) in terms of a characteristic function

as follows:
X=5Dx+W“i+ZDS(W“)i, (2.7)
G] ¥ ay
s>1
and the Noether operator associated with a generalized operator X can be defined
N:5+W“i+ZDS(W“) ° (2.8)
Iy =T ays

Now let us consider a kth-order system of an ordinary differential equation

E,(x,u, UQ), UQ2)s s M(k)) =0, a=12,...,m. (2.9)
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Definition 3 The first integral of the system I € A (2.8) can be written in the form
DI =0. (2.10)

Then the expression (2.9) is called the local conservation law for system (2.8). Further-
more, DI = Q%E,, is called the characteristic form of conservation law (2.9) where the
functions Q% = (Ql,...,Q™) are the associated characteristics of the conservation law
(2.9).

Definition 4 [12] Let L = L(x, u, uq), 4@), - . ., Uw)) € A, 2 <k, let nonzero functions ¥ € A
be a partial Lagrangian, and let X be a Lie-Bécklund operator of the form of (2.4). If there

exists a vector B € A, B+#NL + C, C = constant, we have the following relation:
o 0L
X)L +LDy(E) =W ™ + D,(B), (2.11)
yOl

where W = (W1,..., W™), B(x,y) is the gauge function, and W* € A, then X is called a
partial Noether operator corresponding to L, and X(,) is the ath prolongation of the gen-
eralized operator (2.7). If we apply the Euler-Lagrange operator (2.3) to the Lagrangian L,
then we obtain the following differential equations:

SL

5o =0, a=12.m (2.12)

which are called Euler-Lagrange equations and the Lagrangian L is called a standard La-
grangian. However, if % # 0, the Lagrangian L is called as a partial Lagrangian and the

corresponding differential equations are called partial Euler-Lagrange equations.

Definition 5 X is a Noether point symmetry corresponding to a Lagrangian of the system
of differential equations (2.8) if there exists a function B(x, y). In addition, X is a Noether
point symmetry corresponding to a Lagrangian of the fin equation, then I is the first inte-

gral associated with X, which is given by the expression [12]
I=£L+(n-y&)Ly - B. (2.13)
3 Noether symmetries of a fin equation

We now consider the Noether symmetry classification of the nonlinear fin equation
[15-17]

KO A, o

KoV Tk T

where K and H are thermal conductivity and heat transfer coefficient, respectively, which
are considered as functions of temperature, and y = y(x) is the temperature function and
x is a dimensional spatial variable. The Lie point symmetries equation (3.1) is investigated
in the reference [18]. In this study, we consider the partial Noether approach to analyze

Noether symmetries of equation (3.1).
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For fin equation (3.1), we can write the Euler-Lagrange operator (2.3)

5 0 9,9
=— —-D,—+D

L2 _°% p 2 , 3.2
2 I R TR T (3-2)
and the partial Lagrangian L for fin equation (3.1) can be written as
1, \2 H(y)
L=—(y dy, 3.3
SO [ % o (33)
and if we apply Euler-Lagrange operator (3.2) to Lagrangian (3.3), then we obtain
8L H
()/) " (3.4)
sy K@)
In addition, if we rewrite the fin equation in the form
, H(y) A2 K ()
2+ B2 E0), (5)
K (y) K(y)
then equation (3.4) becomes
oL ~2K'(y)
L) ). (3.6)
Y K(y)

In relation (2.10), the partial Lagrangian (3.3) has at most first order derivatives, and then
we can take o =1 and write the following definition:

1% _ _sa /2@ _ 72 I<,(y) o3 I<,(.)/)
14 5 " (n Sy)(y K(y)> =10 £y X0)’ (3.7)
and D,(B) is defined in the form

Dy(B) =B, +yB,. (3.8)

By application of the first prolongation of the generalized operator (2.7) X(;) to Lagrangian
(3.3), we get

H
ol = nK—g) +n0'y, (3.9)

where 7! is defined in the form [2-7]
711 =Mxt (773/ - gx)y/ - %-y(y/)z' (3.10)

The expansion of the form of (2.10) by using the definition of the first prolongation of the
Noether operator and relations (3.6)-(3.10) is written as follows:

/ /. /. 1 /. 1 )
ney +(y —E)y* —E)° + ESJCJ’Z + ESyy +& 1(8)
v5y H(y) dy+ nH()/) . gK/(y) B K/()’) y? —B,—yB, 0. (311)

K(y) ko) "G K

Page 4 of 15


http://www.journalofinequalitiesandapplications.com/content/2013/1/147

Orhan et al. Journal of Inequalities and Applications 2013, 2013:147
http://www.journalofinequalitiesandapplications.com/content/2013/1/147

The usual separation by powers of derivatives of y (3.11) reduces to the following deter-

mining equations:

1. K

LA s,:K—(y) =0, (3.12)
Ny — %%-x - n% =0, (3.13)
Ne + &, / ;j—g; dy-B,=0, (3.14)
£, HO) o B0 g o, (3.15)

Ko) P k) T

To find the infinitesimals £ and 7, the determining equations (3.12)-(3.15) should be solved

together. First, from the solution of equation (3.12), we have that
£ =K()alx), (3.16)

where a(x) is a function of x. The solution of equation (3.13) is

n= %a’(x)]((y)/ K(y)dy + K(y)b(x), (3.17)

where b(x) is a function of x. Thus, if we differentiate (3.14) with respect to x and (3.15)
with respect to y, then we can eliminate the function B(x, y) from equations (3.14)-(3.15),

and we obtain the following single equation:

(300 [ K01y 509 )10+ S K02 01HO)

_ %a”’(x)l((y) ( / Ko) dy) ~ KB (x) =0, (3.18)

which is a differential equation including unknown functions K(y), H(y), a(x) and b(x).
Using equations (3.16)-(3.18), one can classify Noether symmetries and the correspond-
ing first integrals of nonlinear fin equation (3.1) based on different forms of the thermal
conductivity K(y) and the heat transfer coefficient H(y) and differential relations for a(x)
and b(x).

Case 1: K(y) = k(constant).

In equation (3.19), if we consider K(y) = k(constant), then we obtain the following dif-

ferential equation for H(y) function:
(2b(x) + a' (x)ky)H'(y) + 3ka' (x)H (y) — k(25" (x) — ka" (x)) = 0. (3.19)
Now we analyze differential equation (3.19) for different H(y) functions corresponding to

different solutions of (3.18), and we get differential relations between functions a(x) and

b(x), which give Noether symmetries and the corresponding first integral for each case.
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Case 1.1: H(y) = h(constant).

For this case, equation (3.19) becomes
3hka (x) — 2kb" (x) — kK*ya" (x) = 0. (3.20)

In (3.20) it is clear that a” (x) = 0, 3ha’(x) — 2b" (x) = 0. From the solutions of a(x) and b(x),

we obtain the following infinitesimal functions:

£ =k*(c1 + ey +5%c3),

1, 3, 1, (3.21)
n= Ek y(cy + 2xc3) + k th c + Ehx c3 + ¢4 +xC5 |,

and the corresponding Noether symmetries

a d 1 3 d
X =k>—, Xy = kPx— + —kzy + Zkhx? | —,
ox ox 2 4 ay
3 1 3 3 3 (3:22)
X3 = kx> — +  KPxy + —hka® ) —, Xy=k—, X5 = kx—.
ox 2 ay dy ay

By using relations (3.14) and (3.15), the function B(x, y) is found in the form

1 3 1
B(x,y) = thxgcz + Ehkxycz + §h2x4C3

3 1 1
+ EhkxzyQ + §k2y2C3 + hxcy + Ehx2c5 + kycs, (3.23)

where ¢;,i=1,...,5 are constants. Thus, the first integrals (conserved forms) for nonlinear
fin equation (3.1) can be calculated by using expression (2.12) and by considering each

group parameter ;.

1
L = hky - Ekz )%,

I = 1(_2}12 3 _ 4hkxy + 2k(3hx2 + 2/()’))’/ - 4k2x(y/)2),
2 (3.24)

I = %(—hzx4 — 4hkx’y — 4K>y* + 2k (2hx® + dkxy) (V') — 4K>x (y’)z),
Iy =-hx+ky, Is = —%hx2 —ky + kxy'.

Case 1.2: H(y) = y.
Based on the similar calculation in the first case, if we take H(y) = y, we obtain the in-

finitesimals & and 7 by solving equations 4a'(x) — ka”’'(x) = 0, b(x) — kb"(x) = 0

1 2 -
£= k2<§eﬁ Vi(eViey —cy) + 03),
(3.25)

n= %/{2)/(26% € - e% (647Z ¢ - 62)) + k(e% Ca + ek 05),
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where ¢;, i =1,...,5 are constants. The corresponding generators are

1 =2 0 1 =2 0
X, = _Zevkki )L 4 —evkikty ) —, (3.26)
2 ax 2 ay
ad x d == 0
X3=k2—, X4—(€‘/’_<k)—, X5—(€‘/Ek)—,
ox ay ay

and the gauge function is
2 1 4 1 3x £l
B(x,y) = e vk \/%(Eeﬁkyzcl - Ekyzq +evkycy — eﬁ65y> + Cq) (3.27)

where ¢¢ is an arbitrary constant and the first integrals are found by using the expression
(2.12)

L= le% (—k%y2 + 2y — k3 (y/)z), L= ie;\/z{ (k%y2 +2K%yy + ki (y/)z),

S

1 x
I = 3 (ky* - k* (y’)z), I =evk (ky - x/;y), (3.28)
Is = ek («/%y +ky).

Casel.3: H(y)=y",n>1.
In equation (3.19), if we take H(y) = y", then we obtain

2ny" M b(x) + 3ky" ' (x) + kny"a (x) — 2kb" (x) — k*ya (x) = 0, (3.29)
which gives a’(x) = 0, and b(x) = 0 gives § and n
£ =K%, n=0, B(x,y) =0, (3.30)

where ¢, is a constant. Then the infinitesimal generator corresponding to (3.30) is

0
X=Kk—, (3.31)
ox
and the first integral is written similarly to the previous case
2k l+n k2 1 /\2
[ 2k 1 +n)) (3.32)
21+ n)
Case 1.4: H(y) = Exp(y).
For this case, it is clear that the infinitesimal functions are
%- = szl: n=0, B(x)y) =0, (333)
where ¢; is a constant, and the generator is
5 0
X=K—, (3.34)

0x
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and the first integral is

1=k - %kz(y’)Z.

Case 1.5: H(y) = —

my+n"

For this case, the infinitesimals are found as follows:

£ =k, n=0, B(x,y) =0,
where ¢; is an arbitrary constant, and the generator is

X:k%i
ox’

and the first integral is

= Ko ) _ 2oy

m

Case 1.6: Arbitrary function H(y).
We find that

£ =k, n=0, B(x,y) =0,
where c¢; is a constant and the generator is

X:k%i
ox’

and the first integral is
Lo n2
I=k| Hy)dy- ik (y) .

Case 2: K(y) = kExp(ay), k and B are constants.

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

In equation (3.18), if we take K(y) = k Exp(8y), we obtain the following differential equa-

tion in terms of H(y) function

(Zab(x) + a’(x)ey“k)H/(y) + 3¢ kaa (x)H(y) - ey"’k(Zozb”(x) + ey“ka”’(x)) =0, (3.42)

and consider the following cases as the solutions of (3.42), and we get the mathematical

relations between functions a(x) and b(x).
Case 2.1: H(y) = h(constant).
For this case, differential equation (3.42) yields

& k(3had (x) + 2ab” (x) + &€“ka’ (x)) = 0.

(3.43)
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In (3.43) k # 0, then the term in the parenthesis must be zero, which gives a”(x) = 0 and

3ha'(x) + 20" (x) = 0, then the infinitesimal functions are found as follows:

£ = eMok? (cl +XCo + x203),

eP I3 (cy + 2xc3) (3.44)

3 1
ne———— ey“k(zhx%z + Ehx3C3 +ey +xcs),

where ¢;, i =1,...,5 are constants, and we have following five infinitesimal generators:

9 o (3 20 SN
X = (ezy"k2)—, Xy = (er"‘ka)— + [ Zehkx? + ¢ —,
ax ox 4 2 ay
3 (1 LS
Xz = (ezy"‘kzxz)— + | = hkx® + ¢ i , (3.45)
ox 2 o
d 0
Xy =% —, X5 =%kx—,
ay ay
and we have the gauge function
1
B(x,y) = 8—24(62”/(2@, - 4ey°‘ka(h(4c1 +x(co + ng,)) - 265)
o
+ hxa2(hx2(202 +xc3) + 8¢y + 4xc5)), (3.46)
and the corresponding first integrals
e“hk 1
= CH L eea ),
_ 2hkxa + PP — eVka(2e0k + 3hx’a)y + 282 K xa(y)?
2= 4(12 )
I3 = —(4e2"‘3’k2 + 4ehkxa + Pxta? — 2e¥ka (4e°‘ykx + thsa)(y’) (3.47)
+ 4V I o (y/)z)/(Sozz),
1 YK
I, = "‘y/(a2;/ — hx, Is = e kxy — —hx? - ¢ <.
2 o
Case 2.2: Arbitrary H(y).
For an arbitrary H(y) function, we obtain infinitesimal functions in the form
£=e"Kca, =0, (3.48)
where ¢; is a constant, and the infinitesimal generator is
2ay 1.2 9
X =2, (3.49)
0x

and the gauge function is

B(x,y) = 2ka61/ 2 </ e’ H(y) dy) dy, (3.50)
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and the first integral is calculated as follows:
I= k(ez"‘y / e “H(y)dy

- 201/ e (/ e “H(y) dy) dy - %ez"‘yk(y/y). (3.51)

Case 2.3: H(y) = W, B and y are arbitrary constants.

For this case, the infinitesimals & and 5 are
£ = ek, n=0, (3.52)
where ¢; is a constant and the infinitesimal generator is
20y 7,2 d
X =2, (3.53)
ox

and the gauge function is

B y) = e ¥ hkac ( 2arer) (_a(yﬁﬁ N y))

52 e #  ExplntegralEi
+ ExplIntegralEi ( W > ) , (3.54)

where ExplIntegralEi is a special function on the complex plane. For real nonzero values
of x, the exponential integral Ei(x) is defined as

. X ot
Ei(x) = /_OO<?) dt,

and the first integral is

I= me’% <_2 (e%ﬂ)‘yhkﬁ — hko ExplntegralEi (a (% + y)) (v + /3)/))

—e TR BAy 4+ By) (y')2)~ (8.55)

Case 3: K(y) = ky?, B #-1.
If we take H(y) = h is constant, then we obtain the following equation:

—3h(1+ B)d'(x) + 2(1 + B)b" (x) + ky**Pa” (x) = 0, (3.56)

and we find the infinitesimal functions from the solutions of a”’(x) = 0 and -34(1 + B8)a’(x) +
21+ B) ' (x) =0

£ = kK2 (c1 +xcy + xQC3),

) K218 (cy + 2xc3) (3.57)

3 1
+kyP [ Shatcy + =x3cs +ca + ,
2(1+,3) y <4 X Cy 29C C3 + C4 + XC5
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where ¢;, i = 1,...,5 are constants. In this case, we have the following five infinitesimal
generators:

0 9 3 K226\ 9
X =k, Xp =Ky (Zhky 2 ),
dax ox 4 2(1+28)) dy

X3 = /(2x2yz‘3i + lkx?’yﬂ + Ky ﬂ, (3.58)
dx \2 a+28) ) ay

d d
X4=k ﬂ—, X5=xk’3—,
y y
dy dy

and the gauge function is

Beoy) = ~ (hx(hn?(@ )+ 8¢y +4 T e (e )
x,y—g(x(x Cy + xC3) + 8¢y + xC5)+W(— + B)(3x(cy + xcs

+ ,3(401 +x(cy + x03))) +(8 - 1)(/()/’303 +2(B + 1)05))>. (3.59)
Using equation (3.59), we obtain three first integrals

kyP(—2hy + k(1 + B)yPy?)
- 2(1 + B) ’

L=

1
b=~y (=) (1204 )+ 207 ~ 2kl + B))*)

; (3.60)
b=~ 57 (ha®(1+ B) + 2ky™*F — 2kx(1 + B)y*y)’,

b ky ™)

Iy = —hx + kyPy/, Is 5 + kxyPy'.

Case 3.1: K(y) = ky#, B = 1.

For this case, equation (3.18) is equal to

3ha'(x) — 2b" (x) — ka" (x)Iny = 0, (3.61)

and by using (3.61), the infinitesimals functions become

k2
&= J7(01 + XCy +x2C3),

1

5 1 (3.62)
n= ;(k(zhxzcz + Ehx3C3 +ey +xC5) +K2(cy + 2xC3)lny),

where ¢;, i =1,...,5 are constants and the infinitesimal generators are

K9 Kx 8  k(3hx® +2kIny) 8
L= ronx v 2Rmy) °
dy

~ Xy =—— )
y? dx 2 y2 ox ' 4y
k*x* 8 k(2hx® + 4hkxIny) 0
<;c 9, k(2hx® + 4hkx ny)_, (3.63)
y* ox 4y ay
k0 kx 0
=—7 X5:__y
y ay y 9y

3=

Xy
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and the gauge function is

1
B(x,y) = 3 (hx(él-k(cz +xcs) + ha®(2cy + xcs) + 8¢y + 4xc5)

+ 4k (h(=2c1 +x(ca + xc3) + 2¢5) Iny + 4k>c3 Iny?)), (3.64)
and we have four first integrals

k k/2
I = —<h+2hlny— ) >,
2 y2

_ ky' —hxy
"

L ((nx* + 2k Iny)y — 2kxy'),

) (3.65)
2

I = —8—)/2((}1x2 + 2klny)y — 2kxy ) ,

/ 2

ky h
=l—hx, I5=kx)i—klny—i.
y 2

Iy

4 Invariant solutions
Some group invariant solutions of nonlinear fin equation (3.1) can be constructed from
the Noether symmetries and the first integrals. In this section, we consider some different
special cases to present invariant solutions of (3.1).

Case 1. For the case K(y) = k(constant) and H(y) = h(constant), the first conservation

law is
Lo 2
I=hky- Ek )" (4.1)
Then the expression D,[ = 0 gives the following invariant solution of fin equation (3.1):

dc+2k%K% - 2212 kxey + W2k ¢
- 4hk ’

y(x) (4.2)
where ¢, ¢; are constants.
Case 2. As another case, if we consider K(y) = k(constant) and H(y) = y, then the first

integral becomes

o

X

F(kEY + 2Ky 4K ()), (4-3)

&

I=-e

SN

and D, = 0 yields the following solution:

X

Fo_x
y(x) = —\/Eek—§ +e Vicy, (4.4)
4

where ¢, ¢, are constants. This solution (4.4) is the group invariant solution that satisfies

the original fin equation (3.1).
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Table 1 Noether symmetry classification table of fin equation

Thermal Heat transfer Infinitesimals and first integrals
conductivity coefficient
k(constant) H(y) E=kKc,n=0I= k[ Hy) -1 k2 12
k(constant) h £ =k (c +xc2 +x°c3),
n=3k2y(co + 2xc3) + kG hxPcr + Shidcs +¢p +xcs),
Il =hky - %kzy’z,
= %(—2#72)(3 — 4hkxy + 2k(3hx? + 2ky)y' - 4k*xy'?),
3= ( h2x* — 4hkx?y — 4k%y? + 2k(Q2hx3 + 4kxy)y — 4k*x2y'?),
la = —hx+ky Is =—1hx? —ky + kxy'
k(constant) ﬁ £=kc,n=0,I= kog# Sk2y?
k(constant) e¥ E=kc,n=0,l=ek- /<2 /2
k(constant) y £ =k 167fe7c —0)+c3),
2x 22X 4
n= j y(Zefq —evk(evkg —cz))+k(efc4+ef“5 ),
2
h=jevk(- kzy +2k%yy - kz(y) ),
-2
h= %e/ (3y? + 262y +kz< 02,15 = Slky? - K2/,
Iy = ek (ky' = /ky), Is eﬂ(«/Eerky’)
1+n_2 "
k(constant) " £=e¥%2c, n=0 =2 Mg(ﬁ f;;”w !
kExplay) H(y) E=eY%’c;,n=0,
1=k [ e H(y)dy - 2o [ € ([ e H(y) dy) dy — > ky'?)
kExplay) h(constant) & =e¥®k?(c; +xc; +X°C3),
ya 2
= % éff*zm) +@k(Ehx’cy + Sheics + ¢ +xcs),
I = ECI(,)Vlhk _ %ezayk2a2(y/)2,
b=— 26 hloca+h? 3 a2 —e® kar (26 k+3hx2 )y’ +262%Y K2 xa ()2
- 4a? !
3= 7&%2 (4e2Y k2 + 46 hkx2ar + h?x*a? — 26 ko (4e™ kx +
2h3a)y) + 42V k22 (y)?),
Iy = e ka’y —hx, Is = e‘”kxy’ - lhx2 - eo;ﬂ
Dl]/ ay
h _ Ly 2 B 7“” —
kExp(ey) Bror E=eY%%c;,n=0,l = 2% y+ﬁ ( 2(e hkpB
hka ExplntegralEi(a ( )y + By)e k2,32 (y + By
kyP h & =Ky’ Blcr +xc +x ’c3),
2,142
n= Ky Picyxcy) ‘?(Céﬂm) + ky5(3hxzcz + %X3C3 +C4 +XC3),
I = kyﬁ (=2hy+k(1+B) y'By’2
- 200+8)
h=- ﬂ 5 (hx— kyBy') hx (14 B)+2ky™B —2kx(1 + B)yPy)),
3=- +ﬂ (hx2(1 + B) + 2ky"*P — 2kx(1 + B)yPy')2,
s 7—hx+kyﬂy Is = hx _ b ;ﬂ +hkxyPy
kb, B=-1 g:ﬂ( |+ XCo + X 63)

(k(—hx )+ —hx €3+ C4 + XC5) + k2(c» +2xc3)Iny),

1
y
%(h+2h|ny——)/2 i *W((hx +2k\my)y 2kxy),

lgz—m((hx +2k|ny)y—2kxy) g = 7 - hx,

]
_ h
/57kXy7—k|ﬂy—%

Case 3. As the third case, we consider K(y) = k(constant) and H(y) = y and find the con-

served form as follows:

—2x

I= %ef(efky e%kz(y/)z),

(4.5)
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and (4.5) gives the following invariant solution:

_ atkeg

s (e2Vkes +806f)

K (4.6)

y(x) =
Case 4. The choice of K(y) = kExp(ay) and H(y) = h(constant) yields the conservation

law

ay
Rk %e2°‘3’k2a2(y’)2, (4.7)

o

and by integration of (4.8), we find the group invariant solution in the following form:

1, (e 1 hxa? 1,
- - . 4.
y(x) = (hk+2khxoz+ 7 c4+4hka c4) (4.8)

where ¢4 is constant, which satisfies fin equation (3.1).

5 Concluding remarks

In this study we analyze the Noether symmetry group classification of a nonlinear fin equa-
tion, which is a second-order nonlinear ordinary differential equation. Here, we consider
thermal conductivity and heat transfer coefficient as variable functions of temperature,
and the nonlinear fin equation is considered in a one-dimensional model describing heat
transfer in rectangular fins. From the mathematical point of view, it can be said that this
problem is highly nonlinear. Here, we consider applying a partial Lagrangian approach
for the classification to this problem. For different heat transfer coefficient and thermal
conductivity functions, we obtain Noether point symmetry algebras. Finally, we find the
corresponding new first integrals for each case, the results are presented in a Table 1, and
for each case, some invariant solutions are obtained from the first integrals (conserved
forms). This study can be considered as one of the first studies on the Noether symmetry
classification of differential equations in the literature. In addition, it is important to men-
tion that the A-symmetry method is another new approach to finding first integrals for
differential equations. As a further study, we will deal with the A-symmetry classification

of the same problem. This study is still in progress.
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