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Abstract

In the present paper, we shall give a characterization for the Spanne and Adams type
boundedness of the Riesz potential and its commutators on the generalized
Orlicz-Morrey spaces, respectively. Also we give criteria for the weak versions of
Spanne and Adams type boundedness of the Riesz potential on the generalized
Orlicz-Morrey spaces. In all the cases the conditions for the boundedness are given in
terms of Zygmund type integral inequalities involving the Young function ®(u) and
the function @(x,r) defining the space.
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1 Introduction

As is well known, Morrey spaces are widely used to investigate the local behavior of solu-
tions to second order elliptic partial differential equations (PDE). Recall that the classical
Morrey spaces MP*(IR") are defined by

_A
MPHRY) = {f € L (RY) : f s = sup 7 f Ly < 001

xeR”,r>0

where 0 < A < n, 1 < p < co. MP*(R") was an expansion of L”(R") in the sense that
MPOR?) = [P(R") and MPH(R”) = L®(R").

Here and everywhere in the sequel B(x, r) is the ball in R” of radius r centered at x and
|B(x,r)| = v,r" is its Lebesgue measure, where v, is the volume of the unit ball in R”.

By WMP*(R") we denote the weak Morrey space defined as the set of functions f in
the local weak space WL! (R”) for which

loc

_a
Iflwaer = sup 7 2 |[f lwre @) < oo
xeR”,r>0

The spaces MP#(R") defined by the norm

_1
”f”Mmp = Ssup (/)(xr r)"l‘B(x, 7')‘ r ”f”Lp(B(x,r))

xeR”,r>0
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with a function ¢ positive and measurable on R” x (0, c0) are known as generalized Mor-
rey spaces (see, for example, [1-3]). Also by WMP?(R") we denote the weak generalized
Morrey space of all functions f € WII (R") for which

loc

1
Iflwatee = sup (7)™ | B, )| 72 Il wiede) < oo

xeR”,r>0

The Orlicz space was first introduced by Orlicz in [4, 5] as a generalization of Lebesgue
spaces L”. Since then this space has been one of the important functional frames in math-
ematical analysis, and especially in real and harmonic analysis. Orlicz space is also an ap-
propriate substitute for L! space when L' space does not work. For example, the Hardy-
Littlewood maximal operator

MF(x) = sup ——— Irolas

r>0 |B(xrr)| B(x,r

is bounded on I? for 1 < p < 0o, but not on L!, but using Orlicz spaces, we can investigate
the boundedness of the maximal operator near p =1, see [6, 7] and [8] for more precise
statements.

A natural step in the theory of functions spaces was to study Orlicz-Morrey spaces
M®#(R"), where the ‘Morrey type measuring’ of the regularity of functions is realized
with respect to the Orlicz norm over balls instead of the Lebesgue one. Such spaces were
first introduced and studied by Nakai [9]. Then another kind of Orlicz-Morrey spaces
were introduced by Sawano et al. [10]. Our definition of Orlicz-Morrey spaces introduced
in [11] and used here is different from that of [9] and [10].

Let 0 < a < n. The Riesz potential operator I, is defined by

_ /)
o= [

The commutators generated by b € LI (R") and the operator I, are defined by

loc

b(x)=b
(b, L1/ () = / P =50) ;0 ay

R =y
The operator |b,1,]| is defined by

tlf = | PG =bOM ) 4y

R | =y

The classical result by Hardy-Littlewood-Sobolev states that the operator I, is of weak
type (p,np/(n — ap)) if 1 < p < n/a and of strong type (p, np/(n — ap)) if 1 < p < n/a.
Around the 1970s, the Hardy-Littlewood-Sobolev inequality was extended from Lebes-

gue spaces to Morrey spaces. As stated in [12], Spanne proved the following result.

Theorem 1.1 (Spanne, but published by Peetre [12]) Let 0 <o <n, 1 <p< 2, 0<A<

n—ap. Moreover, let}a - é = and % = %. Then, for p > 1, the operator 1, is bounded from

MPHR") to MP*(R") and for p =1, I, is bounded from M (R") to W MT*(R").
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Later on, a stronger result was obtained by Adams [13], and refined by Chiarenza and
Frasca [14].
Theorem 1.2 (Adams [13]) LetO<a<nm 1<p<,0<A<n-ap and}j - % = % Then,
for p > 1, the operator I, is bounded from MP*(R") to M?*(R") and for p = 1,1, is bounded

from MY (R") to W MI*(R™).

Guliyev [1] (see also, [15, 16]) extended the results of Spanne and Adams from Mor-
rey spaces to generalized Morrey spaces. Later on, Spanne type results were obtained by
Guliyev et al. [17] under a weaker condition. These results can be summarized as follows.

Theorem 1.3 ([17]) LetO<a<n,1<p<?Z, % P% — = and (p1, 92) satisfy the condition

dt < Coy(x, 1),

n
/ * essinfycseoor (%, 5)s?
r

241

ta

where C does not depend on x and r. Then I, is bounded from MP#(R") to M?2(R") for
p > 1and from MP(R") to WMP2(R”) forp > 1.

Theorem 1.4 ([1]) Letl1 <p<o00,0<a< fﬂ and let ¢(x,t) satisfy the conditions

inf ’ %
essim t<s<0:>§0(x S)S < Cgo(x, V) (11)

r<t<oo tp

and
o di P
t*p(x, t) +/ r“o(x, r)—r < Col(x, t)lf;,
‘ r

where q > p and C does not depend on x € R" and t > 0. Suppose also that, for almost every
x € R”, the function ¢(x, r) fulfills the condition

there exist an a = a(x) > 0 such that ¢(x,-) : [0,00] — [a, 00) is surjective.

P
Then, for p > 1, the operator I, is bounded from MP¥(R") to M?¢* (R") and for p > 1 the
1
operator I, is bounded from MP¥¢(R") to W M2¢* (R").

It is well known that commutators of classical operators of harmonic analysis play an
important role in various topics of analysis and PDE.

As an application of the above results, the boundedness of [, I,,] on generalized Morrey
spaces is investigated in [17, 18].

The boundedness of I, from Orlicz space L*(R") to the corresponding another Orlicz
space LY (R") was studied in [8]. There were given necessary and sufficient conditions for
the boundedness of I, from L®(R") to LY (R") and also from L®(R”) to the weak Orlicz
space WLY(R").

In this paper, we shall give a characterization for the Spanne and Adams type bound-
edness of the Riesz potential and its commutators on generalized Orlicz-Morrey spaces,
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respectively. Also we give criteria for the weak versions of Spanne and Adams type bound-
edness of the Riesz potential on the generalized Orlicz-Morrey spaces.

By A < B we mean that A < CB with some positive constant C independent of appro-
priate quantities. If A < B and B < A, we write A ~ B and say that A and B are equivalent.

2 Preliminaries
2.1 On Young functions and Orlicz spaces
We recall the definition of Young functions.

Definition 2.1 A function & : [0,00) — [0, 0] is called a Young function if ® is convex,
left-continuous, and we have lim,_, ,o ®(r) = ®(0) = 0 and lim,_, o, ®(r) = c0.

From the convexity and ®(0) = 0 it follows that any Young function is increasing. If there
exists s € (0, 00) such that ®(s) = 0o, then ®(r) = oo for r > s. The set of Young functions
such that

0<®P(r)<oo for0<r<oo
will be denoted by V. If ® € ), then @ is absolutely continuous on every closed interval
in [0, 00) and bijective from [0, c0) to itself.

For a Young function ® and 0 <s < 00, let

®7(s) =inf{r > 0: ®(r) >s}.
If ® € ), then ®7! is the usual inverse function of ®. We note that
P(@7!(r) <r <@ (D(r)) for0<r<oo.
It is well known that
r< @"1(r)a>"1(r) <2r forr=>0, (2.1)

where ®(r) is defined by

B0 = sup{rs — ®(s) :s € [0,00)}, r e [0,00),

00, r=00.
A Young function & is said to satisfy the A;-condition, denoted also as ® € A,, if
O2r) <k®d(r) forr>0

for some k > 1. If ® € A,, then ® € ). A Young function @ is said to satisfy the V,-
condition, denoted also by ® € Vy, if

1
d(r) < ﬂcb(kr), r>0

for some k > 1.
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Definition 2.2 (Orlicz space) For a Young function @, the set
L*(R") = {f €L (R"): / @ (k|f(x)|) dx < oo for some k > 0}
Rn

is called Orlicz space. If ®(r) = r”,1 < p < oo, then L®(R") = LP(R"). If ®(r) =0 (0 < r < 1)
and ®(r) = oo (r > 1), then L®(R") = L>°(R"). The space L> (R") is defined as the set of all

loc

functions f such that f xz € L®(R") for all balls B C R”.

L®(R") is a Banach space with respect to the norm

1o :inf{x >0 / @(@) dx < 1}.

We note that

v(x)|> _
/nq><”f”L¢ dx <1. (2.2)

Lemma 2.3 ([11]) For a Young function ® and B = B(x, r), the following inequality is valid:

Il < 21BIP 7 (IBI7) I s,

where |f |l ,o@) = If x8llL0-
By elementary calculations we have the following.

Lemma 2.4 Let ® be a Young function and B a set in R” with finite Lebesgue measure.
Then

lxalle = (B
2.2 Generalized Orlicz-Morrey space
Various versions of generalized Orlicz-Morrey spaces were introduced in [9, 10] and [11].

We used the definition of [11] which runs as follows.

Definition 2.5 Let ¢(x,r) be a positive measurable function on R” x (0,00) and ¢ any
Young function. We denote by M ¥ (R") the generalized Orlicz-Morrey space, the space
of all functions f € L (R") for which

loc

_ _ -1
"f”/\/lq):‘/’ = Sup (p(x,r) ICD 1(|B(x’r)i )Hf“L‘D(B(x,r)) < 00.

x€R™,r>0

The following theorem and lemma play a key role in our main results.

Theorem 2.6 ([11]) Let ® € ), the functions ¢ and ® satisfy the condition

sup CD_I(’B(x, t) }71) essinf o)

(B = CP®r) 2.3
r<t<oo £<5<00 ¢'_1(|B(x,s)|—1) = (P(x l”) ( )
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where C does not depend on x and r. Then the maximal operator M is bounded from
MP#(R") to MP#(R") for ® € V.

A function ¢ : (0,00) — (0, 00) is said to be almost increasing (resp. almost decreasing)

if there exists a constant C > 0 such that
@(r) <Cop(s)  (resp.p(r) > Ce(s)) forr<s.

For a Young function &, we denote by Gg the set of all almost decreasing functions ¢ :

(0,00) = (0, 00) such that ¢ € (0, 00) — = L

W(p(t) is almost increasing.

Lemma 2.7 Let By := B(xo, o). If ¢ € Go, then there exists C > 0 such that

1
<

C
< lxso | vy < ——.
o(ro) — PIMP = 0)

Proof Let B = B(x,r) denote an arbitrary ball in R”. By the definition and Lemma 2.4, it is

easy to see that

1
I XBollpqee = sup @) @B s
o IMBe x€R” r>0 ( )¢_1(|BQBO|_1)

1 1
®L(|By N Bol™Y) ~ ¢(ro)

> ¢(ro)" @7 (1Bol ™)

Now if r < rg, then ¢(rg) < Ce(r) and

1 o
(O (1BI7) 80 sy < — < ——.
(Bl = 25 = S

@(r)
o-1(1B-1

On the other hand if r > ry, then —270__ < C

o 1(Bo D) = j and

C
(") O (1BI7) lxso o) < .
PO B o = 50
This completes the proof. O
3 Spanne type results for I, in the spaces M ®¢
We recall that, for functions ® and ¥ from [0, 00) into [0, o¢], the function W is said to

dominate ® globally if there exists a positive constant ¢ such that ®(s) < W(cs) foralls > 0.

In the theorems below we also use the notation
s /
Tols) = / P B () dr,
0
where 1 < P < 0o and \T/p(s) is the Young conjugate function to Wp(s), and

Dp(s) = / re (A1) dr, 3.1
0
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where B5'(s) and A3 (s) are inverses to

Bp(s) = /S w dt and Ap(s) = /s () dt,
0 0

t1+P’ t]+P’
respectively. These functions Wp(s) and ®p(s) are used below with P = 2.

Theorem 3.1 ([8]) Let ® and V Young functions and 0 < o < n. Then the Riesz potential
I, is bounded from L*(R") to LY (R") if and only if

1 1
/ (1)) gt < 00, / W(2) /£ gt < 00 (3.2)
0 0
and
® dominates WV, globally and ®,,, dominates V globally. (3.3)

Lemma 3.2 ([19]) Let ® and V Young functions and ®p, P € (1, 00], Young function defined
as in (3.1). Iffo1 (t)/t7 dt < 00 and ®p dominates V globally then

o(r) < r%\ll’l(r) forr>0.
For proving our main results, we need the following estimate.
Lemma 3.3 If By := B(xo, ro), then ry < Cl,, xp,(x) for every x € By.

Proof If x,y € By, then |x — y| < |x — xo| + |y — %0| < 2rp. Since 0 < o < 1, we get ry™" <
Clx —y|*". Therefore

LX%@)=/‘X%wa—yfmdy=])M—yﬁ*dyzCﬁTﬂBd=C%~ O
R#7 By

The following theorem is a useful necessary and sufficient result for the boundedness of

I, in the framework of generalized Orlicz-Morrey space.

Theorem 3.4 (Spanne type result) Let ®, WV be Young functions and 0 < a < n.
1. Ifthe functions (®, V) satisfy the conditions (3.2) and (3.3), then the condition

n

/ ess infq)li(s)\lf_1 (v_lr_”)ﬂ < Cpy(t) (3.4)
t B r

forall t >0, where C > 0 does not depend on t, is sufficient for the boundedness of I,
from M®91(R") to MY#2(R").
2. If the function ¢, € Go, then the condition

t*i(t) < Coa(t) (3.5)

for all t >0, where C > 0 does not depend on t, is necessary for the boundedness of I,
from MP91(R") to MY#2(R").
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3. Let the functions (®, W) satisfy the conditions (3.2) and (3.3). If 1 € Go satisfies the
regularity type condition
© wl(y ) dr
_— — < Ct%p(t 3.6
/t S (v 1) @1(7) = e1(2) (3.6)

forall t >0, where C > 0 does not depend on t, then the condition (3.5) is necessary
and sufficient for the boundedness of I, from M®#1(R") to M¥#2(R").

Proof The first part of the theorem was proved in [19], Theorem 14.
We shall now prove the second part. Let By = B(xy, %) and x € By. By Lemma 3.3 we
have t§ < CI, xg,(x). Therefore, by Lemma 2.4 and Lemma 2.7

ty < CY(1Bol ™) 1o xo ll 2 (8) < C2(t0) M o ll pv02

@a(to)

< Coa(to)ll xBo l pgon < C .
2\t0 By Il am1291 §01(t0)

Since this is true for every £, > 0, we are done.

The third statement of the theorem follows from the first and second parts of the theo-
rem. |

If we take ®(¢) = t#, W(t) = t7, p,q € [1,00) at Theorem 3.4 we get the following new
result for generalized Morrey spaces.

Corollary 3.5 Let 0 <o <nand p,q € [1,00).

L Ifl<p<Zand é = i — =, then the condition

n
/‘ * essinf,cscoo@r(s)s? dr
t

= — < Cos(2) (3.7)
rd r

forall t >0, where C > 0 does not depend on t, is sufficient for the boundedness of I,
from MP#(R") to MT2(R").

2. Ifthe function ¢, € G, = Gy, then the condition (3.5) is necessary for the boundedness
of I from MP#L(R") to MT¢2(R").

3. Letl<p< 7 and é = 1% — 2. If g1 € G, satisfies the regularity condition

o d
/ r‘)‘(pl(r)Tr < Ct¥p(t) (3.8)

forall t >0, where C > 0 does not depend on t, then the condition (3.5) is necessary
and sufficient for the boundedness of I, from MP¥YL(R") to MT¥2(R").

A-n -n
Remark 3.6 If we take ¢;(¢) =t 7 and ¢,(f) = £7 at Corollary 3.5, then conditions (3.8)
and (3.5) are equivalent to 0 < A < n — ap and p% = %, respectively. Therefore, we get the
following Spanne result for Morrey spaces.

Corollary 3.7 ([20]) Let O <a <n 1<p< 2, 0<A<n—apand %1 = 117 — % Then I, is
bounded from MP*(R") to MT*(R") if and only if % =&

q
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4 Adams type results for /, in the spaces M2
The following pointwise estimate plays a key role where we prove our main results.

Lemma 4.1 Let 0 <« < n and ¢(x, t) satisfy the condition

() + / oY < Colw, (4.0)
t r

for some B € (0,1) and for every x € R" and t > 0. Then we have the pointwise inequal-
ity:

|Lf @)] S (MF@)" 11 fo (4.2)
Proof For an arbitrary ball B = B(x, t) we represent f as

f=hi+h, O =fOs0)  HO)=fO)xes0),
and have

Lf (%) = i () + Lo ().

For I,fi(x), following the Hedberg trick, see [21], we obtain |Ifi(x)| < C;t*Mf(x). For
I,f>(x) by Lemma 2.3 we have
*® d
[ e
‘x7y| r}’l+ o

)
/ If (yn_a dy ~ / )
SBp) 1% — VI S(B(x,
dr

)
%/‘ / [f(y)\dy n+l-a
t t<|x—y|<r r

SC2/ ¢_1(|B(x’r)i_l)ra_l”f“Lq’(B(x,r))dr'
t

Consequently we have

oo
| S emf) [ @ (B ) s
t
S ML) + If | a0 / r*o(x, r)T.
t
Thus, by (4.1) we obtain

|Lof ()| S minfo(x,0)" " MS (), (%, 0)° |Ifl| g0 }

< sup min{sﬁ’le(x),sﬁ ILfIIMcp,w}

>0

= (MF@)°IFI Loy

where we have used the fact that the supremum is achieved when the minimum parts are
balanced. O
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Theorem 4.2 Let ® € Y NV, and 0 < o < n. Let ¢(x,t) satisfy the conditions (2.3) and
(4.1). Define n(x,t) = @(x,t)? and V(t) = ®(tVP). Then the operator 1, is bounded from
MEP¢(R?) to MY 1(R?).

Proof By using the pointwise estimate (4.2) we have

Mf Ny S [ | o gy U Wt

where B = B(x, t).
Note that from (2.2) we get

(Mf (x))"> ( Mf (x) )
W L2 Nax= | o 2 )dx <1
/B <||Mf||f¢(3) g /B IMf Il o 5) ¥=1

Thus [|(Mf)? |l v 5 < IMf]| Lﬁq) " Consequently by using this inequality we have

e Wl ey S IS 1 ) I W (4.3)

From Theorem 2.6 and (4.3), we get

o | pgwn = sup 0, 8) W (1BI7) [1Lef Nl )

x€R",t>0

S W fo, sup 0o (1B IMS 1]

x€R™,t>0

_ o B B
=11y (sup @le )7 @7 (1BI) 1M Ny )

x€R™,t>0

Sl agee- O

The following theorem is one of our main results.
Theorem 4.3 (Adams type result) Let 0 <a <n, ® € Y, B € (0,1) and n(t) = ¢(t)? and

U(t) = O(VP).
1. If ® € V, and ¢(t) satisfies (2.3), then the condition

o° dr 5
o)+ | 1o — = Col(t) (4.4)
t
forall t >0, where C > 0 does not depend on t, is sufficient for the boundedness of I,
from M®¢(R") to M¥(R").
2. If ¢ € Go, then the condition

t*p(t) < Co(t)P (4.5)

for all t >0, where C > 0 does not depend on t, is necessary for the boundedness of I,
from M®¢(R") to MY (R").
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3. Let ® € V,. If ¢ € Gy satisfies the regularity condition
o0 d
[ o0 <ceot @.6)
¢ r

forall t >0, where C > 0 does not depend on t, then the condition (4.5) is necessary
and sufficient for the boundedness of I, from M®¥*(R") to M¥"(R").

Proof The first part of the theorem is a corollary of Theorem 4.2.
We shall now prove the second part. Let By = B(xy, %) and x € By. By Lemma 3.3 we

have £§ < CI, x,(x). Therefore, by Lemma 2.4 and Lemma 2.7 we have

tg < CW ™ (1Bol ™) e xo l 1w 5g) < Cn(t0) e X8 Nl pwon

n(to)

= Colty)P .
(o) v(to)

< Cn(to)ll xBy a0 < C

Since this is true for every £ > 0, we are done.
The third statement of the theorem follows from the first and second parts of the theo-

rem. O

If we take ®(¢t) = ¢, p € [1,00) and 8 = § with p < g < 0o at Theorem 4.3 we get the

following new result for generalized Morrey spaces.

Corollary 4.4 Letl<p<g<oo.
1. If o(¢) satisfies (1.1), then the condition

o
d v
eo0)+ [ o0 < Coto (@.7)
t
forall t >0, where C > 0 does not depend on t, is sufficient for the boundedness of I,

P
from MP#(R") to MP97 (R").
2. If € Gy, then the condition

S

t"o(t) < Co(t) (4.8)

forall t >0, where C > 0 does not depend on t, is necessary for the boundedness of I
p
from MP#¢(R") to M2¢? (R").
3. If ¢ € G, satisfies the regularity condition (4.6), then the condition (4.8) is necessary

p
and sufficient for the boundedness of I, from MP#(R") to M?¢7 (R").

A-n
Remark 4.5 If we take ¢(¢) =¢ 7 at Corollary 4.4, then the condition (4.6) is equivalent
to 0 < A < n—ap and the condition (4.8) is equivalent to }17 - % = -%-. Therefore, we get the

following Adams result for Morrey spaces.

Corollary 4.6 LetO<a<n l<p<g<ooand 0<i<n—ap. Thenl, is bounded from
MP*(R™) to MP*(R") if and only if 1 —

1 a
Y4 q n-1°
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5 Spanne type results for [b, ], ] in the spaces M 2%
We recall the definition of the space of BMO(R").

Definition 5.1 Suppose thatf € L} (R"), let

1
1= xe@SRL*:&o [B(x, )| JBxr) 0) o] dy < 0
where
1
SBr) = B B(w)f ) dy.
Define

BMO(R") = {f € L,(R") : [[f ]l < 00}.

loc

Modulo constants, the space BMO(R”) is a Banach space with respect to the norm || - ||,
Before proving our theorems, we need the following lemmas.

Lemma 5.2 ([22]) Let b € BMO(R"). Then there is a constant C > 0 such that
t
|DB(x,r) — By | < ClID| 4 ln; for0<2r<t, (5.1)

where C is independent of b, x, r, and t.

Lemma 5.3 ([19, 23]) Let f € BMO(R") and ® be a Young function with ® € A,, then

-~ sup &7 (1B 7)) = fown | ogsgen): (5.2)

xeR™,r>0

Lemma 5.4 Ifb € L} (R") and By := B(x, o), then
rg ’b(x) - bBO ‘ < C|bIID(|XB() (x)
for every x € By, where bg, = \BIT fBo b(y) dy.

Proof If x,y € By, then |x — y| < |x — xo| + |y — %0| < 2rp. Since 0 < o < 1, we get ™" <
Clx —y|*". Therefore

16, I x5, (x) = /l; 1b(x) — b(y)|1x — 51" dy > Cra~ fB 1b(x) - b(y)| dy

>Cry™"

/ (b(x) - b(»)) dy‘ = Cr§|b(x) - b, |- 0
By
The following theorem is one of our main results.

Theorem 5.5 Let 0 < @ < n and b € BMO(R").
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1. Let ® be a Young function and V defined, via its inverse, by setting, for all t € (0, 00),
WL(t) := 7N (e) " If D, W € Ay N Vy, then the condition

f <1 +1n f) essinf A1)y (t*”)? < Cea(r)

7] ts<oo P-1 (s_”)

forallr >0, where C > 0 does not depend on r, is sufficient for the boundedness of
b, 1| from M®1(R") to MY#2(R").

2. Let &, W be Young functions. If V € A, and ¢1 € Go, then the condition (3.5) is
necessary for the boundedness of |b, I,| from M®¢1(R") to M¥2(R").

3. Let @ be a Young function and \V defined, via its inverse, by setting, for all t € (0,00),
WUL(g) := L)Y and O,V € Ay NV, If o1 € Go satisfies the regularity type
condition

/00 (1 +1In ;)tawl(t)? < Cr%p(r) (5.3)

forall r >0, where C > 0 does not depend on r, then the condition (3.5) is necessary
and sufficient for the boundedness of |b, 1| from M®1(R") to MY#2(R").

Proof From the proof of [19], Theorem 34, we know that the boundedness result is still
true if one has |b, I, | instead of [, I, ]. Hence, the first part of the theorem is a corollary of
[19], Theorem 34.

We shall now prove the second part. Let By = B(xg,79) and x € By. By Lemma 5.4 we
have 7§ |b(x) — bg,| < C|b, 1| x5, (x). Therefore, by Lemma 5.3 and Lemma 2.7

16, 1| X 8o Il ¥ (o) - o
16(-) = bay llLwsy) ~ 1B«

Vg =< C H'b’IOZ'XBo ”L\II(BO)IIJ_IOBO'_I)
@2(ro)

C
< —(PZ(VO)” |b110t|XBo HM\DWZ = C§02(r0)”XB() ”MCP’VJI < C(/)l(ro) .

161l
Since this is true for every ry > 0, we are done.
The third statement of the theorem follows from the first and second parts of the theo-
rem. g

If we take ®(¢) = ¢, W(t) = t4, p,q € [1,00) at Theorem 5.5 we get the following new
result for generalized Morrey spaces.

Corollary 5.6 Let 0 <o <n, p,q € [1,00) and b € BMO(R").

L Letl<p<?, é = }7 — =, then the condition

* t i f<S< Iﬂ?
/ <1+ln_)essmt 0o ¢1(8)s dt < Con(r)

7 tg+l
forallr >0, where C > 0 does not depend on r, is sufficient for the boundedness of
|b, 1| from MP?L(R") to MT¥2(R").

2. If o1 € Gy, then the condition (3.5) is necessary for the boundedness of |b, 1| from
MPOLR") to MP92(R”).
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3. Letl<p< 7, é = }7 — % If o1 € Gy, satisfies the regularity type condition (5.3), then the
condition (3.5) is necessary and sufficient for the boundedness of |b, 1| from
MPOLR") to MT92(R").

6 Adams type results for [b,/,] in the spaces M ®¢
The commutators generated by b € L}, (R") and the maximal operator M is defined by

My(f)(x) = sup| BGx, 1) / 1) - )| [ 0)| .
t>0 B(x,t)

Theorem 6.1 ([24]) Let b € BMO(R"), ® be a Young function with ® € Ay N\Vy, ¢ and ®
satisfy the condition

¢ -1 -1 . (p(x, S)
rf;l(};(l +1In ;)CD (|BGx, 0] )etiilo%fm < Colx,r), (6.1)

where C does not depend on x and r. Then the operator M, is bounded from M®¢(R") to
MP#(R).

The following lemma is the analog of the Hedberg trick for [b,I,].

Lemma 6.2 IfO<a<nandf,be Ll (R"), thenforallx € R" and r >0 we get

loc

/B ( )wa) ~ b | dy < My ). 6.2)

e — y|"—

Proof

fB YOy iy ay

(x,7) |x - yl”’“

oo

IF &)l
= AN b a b d
,':Zo /Z’Irslxykzir lx — y|r— |b(x) - b(y)| dy
S (2_}")“(2"?)7"/ fO)|[bx) - b(y)| dy
j=0 lx—y|<27r
S Myf (x). .

Theorem 6.3 Let b € BMO(R"), B € (0,1), ® be a Young function with ® € Ay N V. Let
@(x, r) satisfy the conditions (6.1) and

r*ox,r) + / (1 +1In E)(,o(x, t)t"‘% < Co(x,r)? (6.3)
B r

for every x € R" and r > 0. Define n(x,r) = ¢(x,7)? and Y (r) = ®(rV'P). Then the operator
[b,1,] is bounded from M®¢(R") to MY (R").

Proof For arbitrary x¢ € R”, set B = B(xo,7) for the ball centered at xy and of radius r.
Write f = fi + fo with fi = f xop and f5 = f xc(ap).
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For x € B we have

b b b(y)-b
o] < [ SO ol [ PO ) ay

e — y|—e o) %0 —yI"®

§f |b(y) — bBllf(y)}d / %V@)|d)}=h+b(9€)’

28) [0 — yI"¢ 2B) %o

since x € B and y € ¥(2B) implies |x — y| & |x — y/.

Let us estimate /;:

bo) b T
]12/ 1b(y) |HBJ IF )| dy ~ﬁ(23)|b(y)—bBW0’)|/l |t"+%dy
X0~y

2B) | —

dt o0 dt
~ [6G) - bs| [f0)| dy -z S [6G) = ba|f O dy s
2r  J2r<lxo-y|<t ¢ 2r  JB(xo,t) L
Applying Holder’s inequality, by (2.1), (5.1), (5.2), and Lemma 2.3 we get
00 dt
R [ 1600 bl i
2 JBo) 3

o0 dt
+/ |be0r bB(x0t| lf(y | y o
2 B(xg,t)

r tn

dt
/ [5) = Batc0 5 500 N800

o0
-1 -1 dt
+ / 1B5(s0.) = bta | If 10 ate0.00 07 (| Bxo, ] 7) 7

r

o t 1 1\ dt
S 1Dl l+n_ I 1l (Bxo.n @ (| B0, 8)] )tlj
2

r

o0 t dt
< IIbII*Ilfllm,w/ <1+111;)90(x0,t)t1—a

2r

Also using (6.2), we get

0 t d
Jo(x®) + /v < 1bllr® Myf (x) + IIbII*I[fIIM¢,¢/ (1 + ln;>§"("0’t)t1—a’

2r

where Jo(x) := |[b, I, ]fi(x)].
Thus, by (6.3) we obtain

Jo(x) + /1 S 1Bl min{e(xo, r)P " Myf (%), @ (0, 7)P I | pro }

< 16l sup min{s? " Myf (), 8" |f | s |
= 161 (Mif () 1 1 -

Consequently for every x € B we have

Jo@) + i < 1611 (Myf ()" ILfIIMw (6.4)
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By using the inequality (6.4) we have

o)+ il gy S 181 | VP o ) I -

Note that from (2.2) we get

[ ((Mbﬂx))ﬂ Jae- [0 20 ) oy
5 \[MfII} 5 \IMflom/)  ~—

Thus ||(be)ﬂ||L\p(B) < ||be||fq,(3). Therefore, we have

||]0() +]l ||LW(B) 5 ”b”*”be” ”f”./\/ld)“’
In order to estimate /5, by (5.2), Lemma 2.3, and the condition (6.3), we also get

|b(-) — b

—|f ()| dy

¢B) l%0 — yI"

VAR

LY(8)

) Vol
~ [[b() = ba | pu s AQB) lxo — y1"« &

Ol

V(BT Jep |0 —y1"

1 e dt
bl g [ VOl [ S
*w-1(|B|-1) A =
~ Wbl g / f
|B| 1) o 2r<lro—yl<t ‘ ytn+l —-a

S 1Bl

S 1Bl

\I"_l(|B|_l) 2r B(xo,t)lf(y| ytnﬂ_a

1 o _ -1y o

S ||b||*W/2r ”f”Ld)(B(xo,t))q) 1(|B(x0;t)| )ta ldt
1 *° dt

S bl g s [ 00,0

7

< 16l I 1l s @ (0, 7).

(1Bl

Consequently by using Theorem 6.1, we get

16,1 )f |y = sup 0o, VO (1BI) 1B, L [ o s

x0 €R™,r>0

B
S B oy ( sup @lros ) S (1B IMuf o))

x0 R, r>0

+ 161 I g
S 61 N agee- O

The following theorem is one of our main results.



Deringoz et al. Journal of Inequalities and Applications (2016) 2016:248 Page 17 of 22

Theorem 6.4 Let 0 <o <n, ® €Y, b BMOR"), 8 € (0,1) and n(t) = ¢(t)? and ¥ (t) =
D(LP).
1. If ® € Ay NV, and ¢(t) satisfies (6.1), then the condition

r*o(r) + /*00(1 +1n ;)w(t)t"? < Co(r)?

forall r >0, where C > 0 does not depend on r, is sufficient for the boundedness of
|b, I| from M®#(R") to M¥"(R").

2. If ® € Ay and ¢ € G, then the condition (4.5) is necessary for the boundedness of
|b, I | from M®#(R") to M¥(R").

3. Let ® € Ay N V. If ¢ € Gg satisfies the conditions

sup (1 +1In £><p(t) < Cop(r) (6.5)
and
/ ” (1 +1n ;)WW? < Cr(r) 6.6)

forallr >0, where C > 0 does not depend on r, then the condition (4.5) is necessary
and sufficient for the boundedness of |b, I, from M®¥¢(R") to M¥"(R").

Proof From the proof of Theorem 6.3, we know that the boundedness result is still true
if one has |, I, | instead of [b,I,]. Hence, the first part of the theorem is a corollary of
Theorem 6.3.

We shall now prove the second part. Let By = B(xo,7) and x € By. By Lemma 5.4 we
have r§ |b(x) — bg,| < C|b, 14| B, (%). Therefore, by Lemma 5.3 and Lemma 2.7

|||b11a|XBo||Lq’(Bo) < C

ry <C < b, I | x (1B,
O TUbC) — bayllpwisyy ~ b1 | 0 | w s ¥ (1Bol™)
< n(ro) _
= b1, <C o <C <C B-1
= 1Dl n(r0)||| | X8, ”M‘I’Ji < Coa(ro)ll xBo I pow < or0) = (ro)

Since this is true for every ry > 0, we are done.
The third statement of the theorem follows from the first and second parts of the theo-

rem. O

If we take ®(t) = ¢, p € [1,00) and B = 7 with 1 < p < g < 0o at Theorem 6.4 we get the

following new result for generalized Morrey spaces.

Corollary 6.5 Let0<a <n,1<p<q<ooandbeBMOR").
1. If1<p<ooand ¢(t) satisfies

£\ essinf,. »
sup (1 +1n —) eos I S<:O¢1(S)S < Cey(r),
r

r<t<oo tr
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then the condition
r*o(r) + f (1 +1n E)(,o(t)t‘)‘? < C(p(;ﬂ)g
. r

forallr> 0 and C > 0 does not depend on r, is sufficient for the boundedness of |b, 1|
P
from MP#(R") to MP¢7 (R").
2. If € Gy, then the condition

#(r) < Co(r)i 6.7)

forallr>0 and C > 0 does not depend on r, is necessary for the boundedness of |b, 1, |
P
from MP¢(R") to M%7 (R").
3. Let1<p<oo.If o € G, satisfies the conditions (6.5) and (6.6), then the condition (6.7)

P
is necessary and sufficient for the boundedness of |b, I,| from MP#(R") to M%¢" (R").

7 Weak type results
Definition 7.1 Let ® be a Young function. The weak Orlicz space is defined as

WL®(R") :={f € Lioo(R") : [[f [l ywye < 00},

where

t
fllwre = inf{k >0: supdD(X)df(t) < 1},
t>0

and dg(f) = [{x e R": |[f(x)] > £}].

Lemma 7.2 If0 < ||f|ly.e < 00, then

t
(i Jao <1 70

Proof By the definition of || - ||y e, for all A > ||f ||y we have d>(§)df(t) <1forallt>0.

Now as 2 decreases to ||f|| e, the quotient £ increases to m. By the left-continuity
WL
of @, we have ®(£) 1 CD(m). Therefore we get the desired result. O
WL

By elementary calculations we have the following.

Lemma 7.3 Let ® be a Young function and B a set in R" with finite Lebesgue measure.
Then

I xzllwre = OB

Theorem 7.4 ([8]) Let ®, W Young functions and 0 < « < n. Then the Riesz potential 1, is
bounded from L®(R") to WLY (R") if and only if

1
/ &)/ dt < 00 and @,y dominates ¥ globally. (7.2)
0

Here, ®,, is the Young function defined as in (3.1).
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Definition 7.5 Let ¢(x,7) be a positive measurable function on R” x (0,00) and & any
Young function. By W M®#(R”) we denote the weak generalized Orlicz-Morrey space of
all functions f € WL® (R") for which

loc

_ _ -1
Iflwagee = sup @, r)" @7 (|BGx, )| ) If Ilwio s < 00

xeR”,r>0
where [|f |y 5, = If XBen lwre-

Lemma 7.6 Let By := B(xo,70). If ¢ € Go, then

1
8o Il Ao ~ ——.
OIWMEET 0 (ro)

Proof The proof is similar to the proof of Lemma 2.7 thanks to Lemma 7.3. d

Theorem 7.7 ([11]) Let ® € ), the functions ¢ and ® satisfy the condition (2.3), then the
maximal operator M is bounded from M®¢(R") to W M (R").

Theorem 7.8 (Weak version of Spanne type result) Let 0 < o < n and &, V are Young
functions.
1. Ifthe functions (®, V) satisfy the condition (7.2), then the condition (3.4) is sufficient
for the boundedness of I, from M®#1(R") to W MY#2(R").
2. Ifthe function ¢, € Go, then the condition (3.5) is necessary for the boundedness of I,
from MP91(R") to W MY#2(R").
3. Let the functions (®, V) satisfy the condition (7.2). If ¢1 € Gg satisfies the condition
(3.6), then the condition (3.5) is necessary and sufficient for the boundedness of I, from
MELLR?) to WMP#2(R").

Proof The first part of the theorem was proved in [19], Theorem 14.
We shall now prove the second part. Let By = B(xy,%) and x € By. By Lemma 3.3 we
have t§ < CI, xg,(x). Therefore, by Lemmas 7.3 and 2.7

tg < C‘pfl(|BO|71)||IaXBO ”WL“’(BO) < Cos(to) o X8, Iy aq @0

@a(to)
@1(t0)

< Coa(to)ll xBo Il ppon < C

Since this is true for every £ > 0, we are done.
The third statement of the theorem follows from the first and second parts of the theo-
rem. -

If we take ®(t) = t#, W(t) = t7, p,q € [1,00) at Theorem 7.8 we get the following new
result for generalized Morrey spaces.

Corollary 7.9 Let 0 < < nand p,q € [1,00).
L If1<p<Zand % = }7 — =, then the condition (3.7) is sufficient for the boundedness of
Iy from MP#(R") to W MP%2(R").
2. If the function ¢, € Gy, then the condition (3.5) is necessary for the boundedness of I,
from MPL(R”) to WMD92(R").
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3. Letl<p< 7 and % = }7 - % If o1 € Gy satisfies the regularity condition (3.8), then the
condition (3.5) is necessary and sufficient for the boundedness of I, from MP#(R") to
WM (R").

Remark 7.10 If we take into account Remark 3.6 we get the following weak version of the

Spanne result for Morrey spaces.

Corollary 7.11 LetO<a<n, 1<p<?2,0<A<n-apand é =
from MP*R") to W MP*(R") if and only sz7 = £

117 — &, Then I, is bounded

Theorem 7.12 Let ® € YV and 0 < o < n. Let ¢(x,t) satisfy the conditions (2.3) and
(4.1). Define n(x,t) = @(x,t)? and V(t) = ®(tP). Then the operator I, is bounded from
MP2(R?) to W MY (R").

Proof By using the inequality (4.2) we have

o Nz S [P | oy I Wyt

where B = B(x, t). Note that from (7.1) we get

th t
sup (—)d 8 th) = sude(—)dM ®=<1
o0 \ M e/ *) 5o\ Mf o) "

Thus [|(Mf)? || wrv ) < |Mf || . Consequently by using this inequality we have

wWL® (B
Mef llwre ) S IIMfII‘m B)Ilflle (7.3)

From Theorem 7.7 and (7.3), we get

o Nwagwn = sup 0, t) W (1BI7) 1 Laf llwiv s

x€R™,t>0

S fe, sup 0o,y W (1B IME I o

x€R",t>0

_ _ B
= W Wty (sup ooty @™ (B7) 1M o)

"t>0

S amgee- O

Theorem 7.13 (Weak version of Adams type result) Let 0 <a <n, ® € ), g €(0,1) and
n(t) = @(t)? and W (t) = O(tVP).
1. If () satisfies (2.3), then the condition (4.4) is sufficient for the boundedness of I,
from M®#(R") to WMV (R").
2. If ¢ € Go, then the condition (4.5) is necessary for the boundedness of I, from
M (R") to W MY (R™).
3. Let ¢(t) satisfy (2.3). If ¢ € Go satisfies the regularity condition (4.6), then the
condition (4.5) is necessary and sufficient for the boundedness of I,, from M®¢(R") to
WM (R,
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Proof The first part of the theorem is a corollary of Theorem 7.12.
We shall now prove the second part. Let By = B(xy, %) and x € By. By Lemma 3.3 we
have t§ < CI, xg,(x). Therefore, by Lemmas 7.3 and 2.7

ty < CY ™ (1Bol ™) 1o xo llwz gy < Cnt0) 1 X80 llw ag v

n(to)

= B-1.
o(t) Co(to)

< Cn(to)ll Xyl a0 < C

Since this is true for every 5 > 0, we are done.
The third statement of the theorem follows from the first and second parts of the theo-

rem. O

If we take ®(¢) = ¢, p € [1,00) and B = § with p < g < 0o at Theorem 7.13 we get the
following new result for generalized Morrey spaces.

Corollary 7.14 Letl1 <p<gq<oo.
1. If o(¢) satisfies (1.1), then the condition (4.7) is sufficient for the boundedness of I, from
)4

MP(R") to WM (R?).
2. If ¢ € Gy, then the condition (4.8) is necessary for the boundedness of I, from

p
MPS(R") to WM (R").
3. If ¢ € G, satisfies the regularity condition (4.6), then the condition (4.8) is necessary

P
and sufficient for the boundedness of I, from MP%(R") to WM4¢7 (R").

Remark 7.15 If we take into account Remark 4.5 we get the following weak version of

Adams result for Morrey spaces.

Corollary 7.16 LetO<a<n,1<p<qg<ooandQ<Xi<n—ap. Thenl, is bounded from

MP(R?) to WMIH(R”) if and only lf}j - é =2,
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