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1 Introduction

Integral inequalities which provide explicit bounds of the unknown functions play a fun-
damental role in the development of the theory of differential and integral equations. In
the past few years, a number of integral inequalities have been established by many re-
searchers, which are motivated by certain applications such as existence, uniqueness, con-
tinuous dependence, comparison, boundedness and stability of solutions of differential
and integral equations.

Many integral inequalities have been established on time scales, which have been de-
signed in order to unify continuous and discrete analysis; see, for example, [1-15]. The
development of the theory of time scales was initiated by Hilger [16].

Differential equations with ‘maxima’ are a special type of differential equations that con-
tain the maximum of the unknown function over a previous interval. Several integral in-
equalities have been established in the case when maxima of the unknown scalar function
are involved in the integral; see [17-21] and references cited therein.

To the best of our knowledge, there are not papers in the literature dealing with inequal-
ities on time scales with ‘maxima’ To fill this gap, we initiate in this paper the study of inte-
gral inequalities on time scales with ‘maxima’ Some new inequalities are established and
some applications for them are presented. The significance of our work lies in the fact that
‘maxima’ are taken on intervals [B¢, ¢] which have non-constant length, where 0 < 8 < 1.

The most papers take the ‘maxima’ on [t — 4, t], where /& > 0 is a given constant.

2 Preliminaries
In this section, we list the following well-known definitions and some lemmas which can

be found in [22] and the references therein.
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Definition 2.1 A time scale T is an arbitrary nonempty closed subset of the real set R
with the topology and ordering inherited from R.

The forward and backward jump operators o, p : T — T and the graininess p: T — R,
are defined, respectively, by

o(t):=inf{s e T |s>t}, p(t):=sup{seT|s<t}, w(t):=o(t)-t,

forall t e T. If o(t) > t, ¢ is said to be right-scattered, and if p(£) < ¢, t is said to be left-
scattered; if o (¢) = ¢, ¢ is said to be right-dense, and if p(¢) = ¢, t is said to be left-dense. If
T has a right-scattered minimum m, define Ty = T — {m}; otherwise set Ty = T. If T has a
left-scattered maximum M, define TX = T — {M}; otherwise set TX = T.

Definition 2.2 A function f : T — R is rd-continuous (rd-continuous is short for right-
dense continuous) provided it is continuous at each right-dense point in T and has a left-
sided limit at each left-dense point in T. The set of rd-continuous functions f : T — R will
be denoted by Cq(T) = Cq(T, R).

Definition 2.3 For f: T — R and ¢ € TX, the delta derivative of f at the point ¢ is defined
to be the number f2(¢) (provided it exists) with the property that for each € > 0, there is a
neighborhood U of ¢ such that

If(c@®) =f(s)=f2@)(a(t) =s)| <€|o(®) s
forallse U.

Definition 2.4 For a function f : T — R (the range R of f may be actually replaced by a
Banach space), the (delta) derivative is defined at point ¢ by

_flo@®)-f(2)
o) -t

0

if f is continuous at ¢ and ¢ is right-scattered. If ¢ is not right-scattered, then the derivative
is defined by

() = timL D =Sy, SO -F6)

s—t (r(t)—s st t—s
provided this limit exists.

Definition 2.5 If F2(¢) = f(¢), then we define the delta integral by

t
/ f(s)As = F(t) — F(a).
Lemma 2.1 ([22]) Assume that v : T — R is strictly increasing and T .= v(T) is a time

scale. If f : T — R is an rd-continuous function and v is differentiable with rd-continuous
derivative, then for a,b € T,

b v(b) -
/f(t)vﬁ(t)At:/ (f ov™)(s)As.
a v(a)
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Definition 2.6 We say that a function p : T — R is regressive provided 1 + u(t)p(t) # 0
for all £ € T holds. The set of all regressive and rd-continuous functions p : T — R will
be denoted by R(T,R). We also define the set R* of all positively regressive elements of
R by

R*=R(T,R) = {p €R:1+u(t)p(t)>0forallte ’]I‘}.

Definition 2.7 If p € R(T,R), then we define the generalized exponential function e,(t, s)
by

t
ey(t,s) = exp(/ EM(,)(p(r))Ar) foralls,t €T,
s
where

%Log(l +zh), h>0,
z, h=0

&n(2) =

and Log is the principal logarithm function.

Lemma 2.2 ([22]) (Gronwall’s inequality) Suppose u € Ciq(T), p € R*, p > 0 and o € R.
Then

ult) <a+ /tp(s)u(s)As, teT,

to

implies
u(t) <aey(t, to), teT.

Lemma 2.3 ([23]) Assume thata>0,p>q >0, and p #0. Then

ar < (gk%a + p_qk%> forany k > 0.
4 p

3 Main results

For convenience of notation, we let throughout ¢, € T, £, > 0, Ty = [y, 00) N T and an in-

terval [y, nlt = [y, n]NT. In addition, for a strictly increasing function o« : T — R, T= a(T)

is a time scale such that T C T.For f € C.q(T,R), we define a notation of the composition

of two functions on time scales by

fWoa(s)=f(a'(s)), yeTseTl.

1
Example 3.1 Let f(¢) = 52 forteT: Ng = {/n:n €Ny} and «a(t) = £* for ¢t € T. Then we
have a~L(t) = /£ for t € T = N, and

f)oa™(s)=(5"")or5=5, seT.
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Theorem 3.1 Let the following conditions be satisfied:
(i) The function o € Cq(To,R,) is strictly increasing.
(i) The functions a, b, p and q € Ciq(To,R,).
(ili) The function ¢ € Cq([BT,to]T, Ry), where 0 < B <1 and t = min{ty, a(fy)}.
(iv) The functions f,g € Ca(To, [1,00)) are nondecreasing.
(v) The function u € Ciq([BT,00) 1, R,) and satisfies the inequalities

u(t) <k+f(t) / t[p(S)u(S) +4(s) ) 3};3175] . u(é )] As

+g(t)/ a(y)u(y) + b(y) leax] u(é)] o a’l(s)Zs, teTy, (3.1

yvir
u(t) <o), telpr,tolm, (3.2)
where k > 0.
Then
u(t) < Mf(t)g(t)ea(t, to), teTy, (3.3)
holds, where
M= max{k max ¢(s)] (3.4)
se[Br.tolT
and
A(t) = f()g(O)[p(t) + a®)a” )] + [max ()¢ (& £)[q(0) + b(t)a*(1)] (3.5)

with functions f*(t) and g*(t) defined by

Fo= /O et (3.6)
f(tO)) te [ﬁt’ tO]T:
and
o= reto (37)
g(to), telpr,tolr. ‘

Proof From inequality (3.1), we have that
u(t) < f()g(t) {k + /t i [p(S)u(S) +4(s) (DX u(§ )] A

a(t) -
+/ [()u(y)+b(y) max u(s,:)]oa (s)As}, teT,.

a(to) vylr
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Define a function v: [87,00)p — R, by

M + [, [p(s)uls) + q(s) maxg i)y u(§)] As
v(e) = + f:((;))) [a(y)u(y) + b(y) maxsc(py,, 1 u(§)] 0 al(s)As, teTy,
M, te[Bt,tolT,

where M is defined by (3.4). Note that the function v(¢£) is nondecreasing.
It follows that the inequality

u(t) <f*(Og"(Ov(e), te [Br,00),

holds. Therefore, for t € Ty and s € [£y, t]T, we have

(nax u(€) < . ErﬂggﬁTf “(E)g"E)W(E) < ; Er}%?f “(€)g" (E)v(s).

For t € Ty and s € [a(t), «(£)]7, we have

max  u(€)oa”(s) = max u(&)
ge[By,yir ge[Bal(s)a7L(s)lT

< max . S[rE)g (E)vE)

T gelpals)a (s

< omax o fH(E)gNE)  max o w(§)
gelpo O selpo a1 O

= max ) Ev(e ()

ge[at(s)a ()T

= (. max [1EOF @) 0o )

s€lBy,y

Then from the definition of v(¢) and the above analysis, we get for £ € T that
t
0 <M+ [ [P 6" Ovo) ) max £ s
to Ee[Bs,slT

a(t) -
- a0y g v +by) max 1€ @) |oa (0Es

(to selByylr

M+ / [P g Ovs) + als)_max f*(E)g"E)ms)|as

o ge[Bssit

o [ (a6 ©g6me + o) max £ Em]Jat s

§e(Bsslt
- M+ /t : {f*(S)g*(S)[p(S) +a(s)a®(s)]
v max [ ©)[g0) + e O] o)A, (3.8)
Applying Gronwall’s inequality for (3.8), we obtain
v(t) < Mey(t,to), te Ty,

which results in (3.3). This completes the proof. d
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As a special case of Theorem 3.1, we obtain the following result.

Corollary 3.1 Let the following conditions be fulfilled:
(i) The conditions (i)-(iii) of Theorem 3.1 are satisfied.
(i) The function u € Cq([B7,00)1,R,) and satisfies the inequalities

) kv [ [pohuts)+ o) max u)]as

a(t)
oo™l A
+w/a(t0)[a(7/)u()/)+b(y)ger[}}i>;hru(§)] «U(s)As, teT,, (3.9)

u(t) <¢(t), telpr,tolr, (3.10)

where constants k > 0 and ¥, w > 1.
Then

u(t) < yowMep(t, ty), teTo, (3.11)
holds, where M is defined in (3.4) and
B(t) = Ww[p(t) +q(t) + at)a®(t) + b(t)aA(t)]. (3.12)

Remark 3.1 Ifwetake 8 — 1, ¥ = w =1, a(¢) = ¢, then Corollary 3.1 reduces to Gronwall’s

inequality on time scales without ‘maxima’ as in Lemma 2.2.

In the case when in place of the constant k involved in Theorem 3.1 we have a function
k(), we obtain the following result.

Theorem 3.2 Let the following conditions be satisfied:
(i) The conditions (i)-(iv) of Theorem 3.1 are satisfied.
(i) The function k € Cq(To, (0,00)) is nondecreasing.
(ili) The function u € Ciq([BT,00) 1, R,) and satisfies the inequalities

) <kO+£0) [ [po0uls)+ ) max u(e)]as

to Ee[Bs,slT
al(t) -
+g(t) / o [at)uty) + by), max u®)] oo ORs, teTo, (3.13)
u(t) <o), telBr bl (3.14)
Then
u(t) < Nk(2)f (t)g(t)ea(t, to), teTy, (3.15)

holds, where A(t) is defined by (3.5) and

(3.16)

N = max{l, maxse[ﬂr,to]j- ¢(S) }

k(to)

Page 6 of 17
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Proof From inequality (3.13) we obtain, for ¢ € T,

maxée[ﬂs,s]qr M(S)
(t)/ |: (S)m )T]A

o) [ a5 iy Pz O T 5,

Let us define functions k*: [8t,00)r — R, and w: [B7,00)7 — R, by

k), teTo,
k*(t) =
’k(to), te[Br,tolT,

u(t)
k*(t)’

w(t) =

te [Br,00)7.

(3.17)

Note that the function k*(¢) is nondecreasing on ¢ € [B7, 00) ;. From monotonicity of k(¢)

and «(t) we get, for t € Ty and s € [ty, t]T,

maXee[Bs,s]p u(“;‘) maxée[ﬂs sl M(S) m M(E) max M(E)
k(t) = k*(s) onin K°(5) = eclponiy k(&)

For t € Ty and s € [« (), ®(£)]7, we have

MaXee(py, e WE) 0 ™M) MaAXecrpei(s)a-isyy #(E)

0 - 0
MaXgc(go-1(s),a () U(E)
- k*(a~L(s))
max 41/!(&)
gelpal(s)a L)y k*(a71(s))
max M(E)
gelBaL(s)a L) K*(§)

u(&)
E ﬂy V]’I k*(&)

oas).

From inequalities (3.17), (3.18) and (3.19) and the definition of w(), we have
t

[P0 +qs) max wie)]as

wt) < 1+ (2) f

to
a(t) -

ro®) [t +b) max we)]oal0Rs, reT
alty) s€[By.vir

w(t) < % te B, tlr.

Using Theorem 3.1 for (3.20) and (3.21), we get
w(t) < Nf(£)g(t)ea(t to), teTo,

which results in (3.15). This completes the proof.

(3.18)

(3.19)

(3.20)

(3.21)

Page 7 of 17
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Corollary 3.2 Let the following conditions be fulfilled:
(i) The conditions (i)-(iil) of Theorem 3.1 and the condition (ii) of Theorem 3.2 are
satisfied.
(ii) The function u € Cq([B7,00) 1, R,) and satisfies the inequalities

) <kO)+ y [ [pOu) + ) max_u)]as

a(t)
+ w/ t [a(y)u(y) +b(y) max u(?;‘)] oa’l(s)As, teTo, (3.22)
a(to) §elBy.yiT

u(t) <¢(t), telBr.tolr, (3.23)

where constants ¥, w > 1.
Then

u(t) = 1;[/LUZ\[k(t)eB(t’ tO)) te TO) (3'24)
holds, where N and B(t) are defined in (3.16) and (3.12), respectively.

Remark 3.2 As a special case of Corollary 3.2, we have a result for dynamic Gronwall’s
inequality without ‘maxima’ ([22], Theorem 6.4 p.256).

In the case when the function involved in the right part of inequality (3.13) is not a

monotonic function, we obtain the following result.

Theorem 3.3 Let the following conditions be satisfied:
(i) The conditions (i), (ii), (iv) of Theorem 3.1 are satisfied.
(ii) The function ¢ € Cra([BT,00)1,R,) with maxe(gr i1y ¢(s) > 0, where 0 < B <1 and
T = min{to, a(ty)}.
(ili) The function u € Cia([BT,00) 1, R,) and satisfies the inequalities

u(t) < ¢(t) + f(¢) /t : [p(S)u(S) +4(s) ‘ erBSiJs(] . u(é )] As

a(t) -
+g(t) '/a%) [a(y)u(y) + b(y)se{}s}g,);{/]r u(é)] oa l(s)As, teTy (3.25)

u(t) <¢(t), telBr, tolr. (3.26)
Then

u(t) < ¢(t) +f()g()h(t)ealt, to), £ €T, (3.27)

holds, where A(t) is defined by (3.5) and

W= max 66)+ [ [0 +al0)_max o(6)]as

se[Brto to €[

a(t) -
+ f [a(y)¢(y)+b(y) max ¢(g)]oof1(s)As, teT,. (3.28)
o Ee[By.yiT

(t0)
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Proof From inequality (3.25), we have
u(t) < () +f (t)g(t){ /t i [p(S)u(S) + q(S)E max u(é )] As
a(t) S
+ / [a(y)u(y) + b(y)éer[/gl%hu(g)] oa (s)As}, teT,.

a(to)

Let us define a function z: [87,00) 1 — R, by

ft [p )+ q(S) MaXge[Bs,s]p u(g)]As
z(t) = + fa(tg)) [a(y)u(y) + b(y) maxec(py,,1p u(E)] 0 ™ (s)As, te Ty, (3.29)
0, te[Br,tol.
Therefore,
u(t) < ¢(t) + fF()g"(H)z(t), te [Br,00)7, (3.30)

where f*(¢), g*(¢) are defined by (3.6) and (3.7), respectively.
From the definition of the function z(¢), it follows that

20 = [ [pO[s6)+1 0 ©20]

to

rq©) max 9) + max @) ©=0)||as

a(t
/ V)4 f (g ()2)]

oa™ A
+b(y)[ max 9E)+ max [ E)2(8)]| oo 9As

<h0)+ [ {prOF ) 140 max O may 20)as

a(t)
o[ e g s max @) mx 2]

vyt elBy.vlr

oa’l(s)As, teT,, (3.31)
z(t) < p(t), telBr,tolr (3.32)
where a function /4(¢) is defined in (3.28).

Since the function /(t) : Ty — (0, 00) is nondecreasing and /(ty) = maXee[gr o]y (), by
using Theorem 3.2 for (3.31) and (3.32), we get

Z(t) < h(t)eA(t, t()), teTy,
which results in (3.27). This completes the proof. d

Now we will consider an inequality in which the unknown function into the left part is
presented in a power.
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Theorem 3.4 Let the following conditions be fulfilled:
(i) The conditions (i)-(iv) of Theorem 3.1 are satisfied.
(i) The function k € Cq(To, (0,00)) is nondecreasing and the inequality

L:= max ¢(s) </k(ty), n>1,

s€[Br.tolT
holds.

(ili) The function u € Ciq([BT,00) 1, R,) and satisfies the inequalities

0 <k 110 [ [0 ) max u@)]as

o [ . [atrrtn + ) _max )] o',

teTo,

M(t) =< ¢(t)r te [,BTrtO]'ﬂ"

3
u(t) < %c%k(t) + nlzlc% + (%clnn> f(t)g(t)(L + r(t))eD(t, ty), teTy,

holds, where

r(t) = /t[p(s)w(s) +¢(s) max w(f;’)] As

to &e[Bs,slT

al(t)
o[ e+ bt) max we)]oa9Rs

(to) vyt

2
D) - (%c) {rog@[p® + aa’ 0]

v max [ ©)[g) + b0 0],

with

%c n k() + %c% teTo,
w(t) = . et

¢ k(to) + Een, te (B, tolr,

for any constant ¢ > 0 and f*(t), g*(t) are defined by (3.6) and (3.7), respectively.

Proof Firstly, from inequality (3.34), we have

w'(®) < K@) +f(t)g(t)< [ [pou+ ) maxu)]as

to [BsslT

a(t)
+/a [a(y)u(y)+b(y) max u(g)]oal(s)As>, teTo.

(to) vyt

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

Page 10 of 17


http://www.journalofinequalitiesandapplications.com/content/2013/1/564

Tariboon et al. Journal of Inequalities and Applications 2013, 2013:564
http://www.journalofinequalitiesandapplications.com/content/2013/1/564

Define a function z: [8t,00) — R, by

S [p(s)uls) + q(s) maxec(pssy, u(E)] As
)=+ [oDlaly)uly) + by) maxeeisy p1y uE)] 0 (s)As, teTo,  (340)
0, te[Br,tolT.

It follows from inequality (3.34) for £ € T that

1
n

u(t) < [k(2) + f(D)g)z()]".

Using Lemma 2.3, for any ¢ > 0, we obtain

n-1
c
n

1
n

ke + e 4 L e
n n

wie) + e fOge0, e T, (3.41)

From inequality (3.33) and applying Lemma 2.3, for any ¢ > 0, we have

Vk(to) <

Indeed, by using inequality (3.42), we have for ¢t € [B1, ty]

n -1
P k(ty) + = cn. (3.42)
n

N

) < 90 < 6(0) + T F O D) <O+ - TS (O =00 (3.43)

where w(¢) is defined by (3.39).

Now, we define a nondecreasing function v: Ty — (0, 00) by v(£) = L + r(t), where L and
r(t) are defined by (3.33), (3.37), respectively.

From the definition of the function z(¢), it follows that

(0= [ 0w+ e 0020

1
v qls) L max wE) s e gﬁg@ng*(S)g*(é)Z(é)] }As

a(t) 1-n
+/ {a(y)[W(y)+ %CTf*()’)g*()/)Z(V)}

(to)
l 1-n ~
+ b()/)[ser[g%hr w(§) + e sE{,Isl)é}?;hrf*(é)g"‘(E)Z(E)] } oa(s)As

<v(0)+ 7 [ [P Og 620 +qs)_max f©¢E) max «)]as
n &€(BsslT

- to se[BsslT

1 1n () * * £ *
tocn /a(t()) [a(y)f (r)g*(y)z(y) +b(y)éel[}}3’>;mf )¢ (E)Eer[g%]TZ(E)]
o a"l(s)Zs, teT, (3.44)

z(t) < ¢(t), te[Br tolr- (3.45)

Page 11 of 17
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Applying Theorem 3.2 for (3.44) and (3.45), we obtain

1\’
Z(t) = (;CIT) V(t)eD(tt tO): te TO;

which results in (3.36). This completes the proof. O
The last result concerns inequalities which have powers on both sizes.

Theorem 3.5 Let the following conditions be fulfilled:
(i) The conditions (i)-(iv) of Theorem 3.1 are satisfied.
(i) The function k € Cq(To, (0,00)) is nondecreasing and the inequality

K:= max_ {¢°(s),¢'(s)} < Tc$k(t0) + n—lc% (3.46)
se[Bt.tolT n n
holds, for any constant c>landn>m=>1[1>3§>¢e>1.
(iii) The function u € Ciq([BT,00) 1, R,) and satisfies the inequalities
n ! m )
u"(t) < k(t) + () /m [p(S)u (s) + 61(S)g max u (%‘)]As
alt) -
ro®) [ [atrul )+ bly) max w@)]oa0s
alto) gelBy.ylT
te Ty, (3.47)
u(t) <¢(t), telpr, tolr. (3.48)
Then
u(t) < LeF ki + "Lk
n n
2
+ %c_ <%c’”> FOgO (K +1(1))er(t, ), te Ty, (3.49)
holds, where
Mo = [ [pomo) + a9 max 6] as
a(t) -
+ / [a(y)W(y) +b(y) max W(s;)] ol (s)As, (3.50)
alto) gelBy.yiT
m m-n 2
E(f) = (;c z ) {f (Og(®)[p(t) + a(t)a”(1)]
v max [ g + b0 0]} (351)
with
70) = %cmn_n k(t) + %CVW,' te Ty, (3.52)
=con k(to) + ”7407, te B, tolT,

and f*(t), g*(t) are defined by (3.6) and (3.7), respectively.
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Proof From inequality (3.47), we have

u"(t) < k(t) +f(t)g(t) < /t : [p(S)um(S) +4(s) : g}}gg . u(g )] As

a(t) -
+/ [a(y)u’s(y)+b(y) max us(é)] oal(s)As), teT.

alto) £elByylr

We define a function z: [t,00) — R, by

fto [p S) + fI( )maxée[ﬁss]ql- ul(S)]
2(t) = + f [a()u (v) + by) maxecsy,pi; 4 (§)] o al(s)As, teT,  (3.53)
0, te [ﬂl’,to]']r.

From inequality (3.47) we have, for t € T,
1
u(t) < [k(t) +f(Dg0)z(1)]",

ul®) < [k(®) +f (t)g(t)z(t)]
u"(t) < [k(@) +f(Og6)z()] ",

=\§ ~

:\Dd

u’(8) < [k(e) + f(B)g(B)z()] "
u' () < [k(@) + f(Dg(B)=()] "

:I“c

By using Lemma 2.3, for any ¢ > 1, we obtain

ult) < —c k(t) + ”;lc% + %cl’T”f(t)g(t)z(t), teTo, (3.54)
() = T () + e+~ A (Dg(e)2(0)
<T(t) + %c””n'” FH (0 (0)2(), teTo, (3.55)
0 < 2Tk + 0 2 g
n n n
<W(t) + %CL £ (0 (0)2(8), teTo (3.56)

<Ltk =t s L
u(t)f;c k(t) + p c +nc f(t)g(2)z(2)

<W(t) + %c’”— (0" Ot), teTo (3.57)

W (t) < %c$k(t) Py %ch(t)g(t)z(t)

<) + %c’”»?" FH (0 (O2(t), te T (3.58)
Moreover, we have
u'(t) < ¢°(t) < °(t) + %c$f*(t)g*(t)z(t)

<)+ %c%f*(t)g*(t)z(t), t € [Bt, tolr, (3.59)
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and

m

u() < ¢'(8) = ¢'0) + —c" f1(0g" (020
m

m—-n

=Wty + —cm f1(Og"(0=1), LB tolm, (3.60)

where w(¢) is defined by (3.52). From the definition of the function z(¢), it follows that

(0= [ {050+ 2 000 |

0

_ M m-n %
v qls) L max W)+ 2 max () z(és)] }As

a(t)
+/ {ﬂ()/)[w()’)Jr —cT ()" (J/)Z()/)]

n

o / [p(s)f*(s)g*(s)z(s)+q(5)§ Erl[r/lgassﬂhrf*(E)g*(S)S g}lﬂg}:}TZ(E)]AS

to

+b(y)[ max, W(E)+Tc g SI{}}fi]Tf*(S)g*(E)Z(E)“oa‘l(s)Zs
< p(®)+ e

=

b 2 / am[a( () ()2y) +b(y) max f€)g"(E) max z(¢)]
n alto) v Vg Ry v gelByviT ¢ Eé[ﬁyvyhrz

oal(s)As, teT, (3.61)
Z(t) = d)(t)’ le [ﬂf;to]']l‘, (3.62)
where a nondecreasing function p(¢) : To — (0,00) is defined by p(¢) := K + A(¢t) with K,

A(t) defined in (3.46) and (3.50), respectively.
Applying Theorem 3.2 for (3.61) and (3.62), we obtain

2
2 < (Tc”‘> p(Dec(tto), teTo,
n
which results in (3.49). This completes the proof. O

4 An application
In this section, in order to illustrate our results, we consider the following first-order dy-
namic equation with ‘maxima’

X0 f(t x(t), max x(s)) teT,, (4.1)

se[B.tlT
with the initial condition
x(t) = ¢(t)) te [,BT, tO]']I‘r (4.2)

where f € Cq(Ty x R x R,R), ¢ € Ciq([B7,t0]T,R), 0 < B <1, T is a constant such that
Bt <ty.
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Corollary 4.1 Assume that:

(Hi1) There exists a strictly increasing function o € Cq(To, R,) such that o(T) = T is a time
scale and min{ty, a(ty)} = 1.
(Hy) There exist functions a, b, c,d,a® € Ciq(To, R,) such that for t € Ty, x1,% € R,
f (&, 21,%2)| < (a(e) + b(£)o™ (©) e | + (c(2) + ()™ (1)) |52 . (4.3)
Then the solution x(t) of IVP (4.1)-(4.2) satisfies the following inequality:
|x(t)| < Mea(t,t0), teT,, (4.4)

where

M= max |¢(s|

se[Br.tolT

and
A(t) = a(t) + c(t) + b()a® (£) + d(t)o (¢).

Proof 1t is easy to see that the solution x(£) of IVP (4.1)-(4.2) satisfies the following equa-

tion:

0= 9(t0) + [ £(5:56), max ) As (45)

€[BsslT

Using assumption (Hy), it follows from (4.5) that
t
x(t)| < to)| + s,x(s), max x As
(0] = lote) + [ (500, max @)

<[00+ [ [(a6)+ b9 9) )] + (c9) + 9 )

t
to

max x(&) H As
&e[BsslT

< ’¢(t0)| +/ [a(s)‘x(s ‘+c(s) max |x |]As

&elpsslT
/[b(s |x(s |+d(s) max ’x ’] A(s)As
to &e(Bss

- o]+ [ (a9 + ), max [s(e)]]as

a(t) -
N / [b(y)|x(y)| +d(y) max |x(§)f]oa’l(s)As. (4.6)
a(ty) selBy.yir

(to

Hence Corollary 3.1 yields the estimate
|x(2)| < Meal(t,t0), t € To. (4.7)

Inequality (4.7) gives the bound on the solution x(£) of IVP (4.1)-(4.2). O
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Example 4.1 Consider the following first-order dynamic equation with ‘maxima’ on time
scale T = {2" : n € Z} U {0} (Z stands for the integer set):

x2(8) = 2sin((3 + 2£2)x(2))
+tan~'((ef + 2 cos®(mt)) MaXer 1, x(s)), teTy, (4.8)

x() =1, te [ﬁ,i]ﬂr,
where Ty = [1/4,00) N T.

Here ¢(t) = 1, B = 1/32, f(t,x(t), maxse(pra, #(s)) = 2sin((3 + 262)x(¢)) + tan~'((e* +
2c08*(t)) maxye 1, X(s)), to = 1/4, T =1/4.
By choosing «/(¢) = 2¢, we can show that «(T) = T C T and min{ty, «(to)} = 1/4. Clearly,

V(t,x(t), max x(s))‘ = ‘2 sin((3 +2¢%)x()) + tan’l((et +2cos*(wt)) max x(s))’

se[pe.tlT sel bty

< (6 +4%)|x(t)| + (¢" + 2cos’(rt))

max x(s)
selm bt

’

and

max lp(s)] = 1.
se[(1/(128)),(1/(4)]T

On the other hand, we have a®(£) = 2. Set a(t) = 6, b(t) = 2¢, c(t) = e’ and d(t) = cos?(rt).
Hence, Corollary 4.1 yields the estimate

|%(6)] < ealt,to), teT,,
where

A(t) = 6 + €' + 4t + 2 cos®(rt).
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