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1 Introduction
Integral inequalities which provide explicit bounds of the unknown functions play a fun-
damental role in the development of the theory of differential and integral equations. In
the past few years, a number of integral inequalities have been established by many re-
searchers, which aremotivated by certain applications such as existence, uniqueness, con-
tinuous dependence, comparison, boundedness and stability of solutions of differential
and integral equations.
Many integral inequalities have been established on time scales, which have been de-

signed in order to unify continuous and discrete analysis; see, for example, [–]. The
development of the theory of time scales was initiated by Hilger [].
Differential equations with ‘maxima’ are a special type of differential equations that con-

tain the maximum of the unknown function over a previous interval. Several integral in-
equalities have been established in the case whenmaxima of the unknown scalar function
are involved in the integral; see [–] and references cited therein.
To the best of our knowledge, there are not papers in the literature dealing with inequal-

ities on time scales with ‘maxima’. To fill this gap, we initiate in this paper the study of inte-
gral inequalities on time scales with ‘maxima’. Some new inequalities are established and
some applications for them are presented. The significance of our work lies in the fact that
‘maxima’ are taken on intervals [βt, t] which have non-constant length, where  < β < .
The most papers take the ‘maxima’ on [t – h, t], where h >  is a given constant.

2 Preliminaries
In this section, we list the following well-known definitions and some lemmas which can
be found in [] and the references therein.
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Definition . A time scale T is an arbitrary nonempty closed subset of the real set R
with the topology and ordering inherited from R.
The forward and backward jump operators σ ,ρ : T → T and the graininess μ : T→R+

are defined, respectively, by

σ (t) := inf{s ∈ T | s > t}, ρ(t) := sup{s ∈ T | s < t}, μ(t) := σ (t) – t,

for all t ∈ T. If σ (t) > t, t is said to be right-scattered, and if ρ(t) < t, t is said to be left-
scattered; if σ (t) = t, t is said to be right-dense, and if ρ(t) = t, t is said to be left-dense. If
T has a right-scattered minimum m, define Tk = T – {m}; otherwise set Tk = T. If T has a
left-scattered maximumM, define Tk = T – {M}; otherwise set Tk = T.

Definition . A function f : T → R is rd-continuous (rd-continuous is short for right-
dense continuous) provided it is continuous at each right-dense point in T and has a left-
sided limit at each left-dense point in T. The set of rd-continuous functions f : T →Rwill
be denoted by Crd(T) = Crd(T,R).

Definition . For f : T →R and t ∈ T
k , the delta derivative of f at the point t is defined

to be the number f �(t) (provided it exists) with the property that for each ε > , there is a
neighborhood U of t such that

∣∣f (σ (t)) – f (s) – f �(t)
(
σ (t) – s

)∣∣ ≤ ε
∣∣σ (t) – s

∣∣
for all s ∈U .

Definition . For a function f : T → R (the range R of f may be actually replaced by a
Banach space), the (delta) derivative is defined at point t by

f �(t) =
f (σ (t)) – f (t)

σ (t) – t

if f is continuous at t and t is right-scattered. If t is not right-scattered, then the derivative
is defined by

f �(t) = lim
s→t

f (σ (t)) – f (s)
σ (t) – s

= lim
s→t

f (t) – f (s)
t – s

provided this limit exists.

Definition . If F�(t) = f (t), then we define the delta integral by

∫ t

a
f (s)�s = F(t) – F(a).

Lemma . ([]) Assume that ν : T → R is strictly increasing and T̃ := ν(T) is a time
scale. If f : T → R is an rd-continuous function and ν is differentiable with rd-continuous
derivative, then for a,b ∈ T,

∫ b

a
f (t)ν�(t)�t =

∫ ν(b)

ν(a)

(
f ◦ ν–)(s)�̃s.
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Definition . We say that a function p : T → R is regressive provided  + μ(t)p(t) �= 
for all t ∈ T

κ holds. The set of all regressive and rd-continuous functions p : T → R will
be denoted by R(T,R). We also define the set R+ of all positively regressive elements of
R by

R+ =R(T,R) =
{
p ∈R :  +μ(t)p(t) >  for all t ∈ T

}
.

Definition . If p ∈R(T,R), then we define the generalized exponential function ep(t, s)
by

ep(t, s) = exp

(∫ t

s
ξμ(τ )

(
p(τ )

)
�τ

)
for all s, t ∈ T,

where

ξh(z) =

⎧⎨
⎩


h Log( + zh), h > ,

z, h = 

and Log is the principal logarithm function.

Lemma . ([]) (Gronwall’s inequality) Suppose u ∈ Crd(T), p ∈ R+, p ≥  and α ∈ R.
Then

u(t) ≤ α +
∫ t

t
p(s)u(s)�s, t ∈ T,

implies

u(t) ≤ αep(t, t), t ∈ T.

Lemma . ([]) Assume that a≥ , p≥ q ≥ , and p �= . Then

a
q
p ≤

(
q
p
k

q–p
p a +

p – q
p

k
q
p

)
for any k > .

3 Main results
For convenience of notation, we let throughout t ∈ T, t ≥ , T = [t,∞)∩T and an in-
terval [γ ,η]T = [γ ,η]∩T. In addition, for a strictly increasing function α : T →R, T̃ = α(T)
is a time scale such that T̃ ⊆ T. For f ∈ Crd(T,R), we define a notation of the composition
of two functions on time scales by

f (γ ) ◦ α–(s) = f
(
α–(s)

)
, γ ∈ T, s ∈ T̃.

Example . Let f (t) = t for t ∈ T :N


 = {√n : n ∈ N} and α(t) = t for t ∈ T. Then we

have α–(t) =
√
t for t ∈ T̃ =N and

f (γ ) ◦ α–(s) =
(
γ ) ◦ √

s = s, s ∈ T̃.

http://www.journalofinequalitiesandapplications.com/content/2013/1/564


Tariboon et al. Journal of Inequalities and Applications 2013, 2013:564 Page 4 of 17
http://www.journalofinequalitiesandapplications.com/content/2013/1/564

Theorem . Let the following conditions be satisfied:
(i) The function α ∈ Crd(T,R+) is strictly increasing.
(ii) The functions a, b, p and q ∈ Crd(T,R+).
(iii) The function φ ∈ Crd([βτ , t]T,R+), where  < β <  and τ =min{t,α(t)}.
(iv) The functions f , g ∈ Crd(T, [,∞)) are nondecreasing.
(v) The function u ∈ Crd( [βτ ,∞)T,R+) and satisfies the inequalities

u(t) ≤ k + f (t)
∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+ g(t)
∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s, t ∈ T, (.)

u(t) ≤ φ(t), t ∈ [βτ , t]T, (.)

where k ≥ .
Then

u(t) ≤Mf (t)g(t)eA(t, t), t ∈ T, (.)

holds, where

M =max
{
k, max

s∈[βτ ,t]T
φ(s)

}
(.)

and

A(t) = f (t)g(t)
[
p(t) + a(t)α�(t)

]
+ max

ξ∈[βt,t]T
f ∗(ξ )g∗(ξ )

[
q(t) + b(t)α�(t)

]
(.)

with functions f ∗(t) and g∗(t) defined by

f ∗(t) =

⎧⎨
⎩f (t), t ∈ T,

f (t), t ∈ [βτ , t]T,
(.)

and

g∗(t) =

⎧⎨
⎩g(t), t ∈ T,

g(t), t ∈ [βτ , t]T.
(.)

Proof From inequality (.), we have that

u(t) ≤ f (t)g(t)
{
k +

∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+
∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s

}
, t ∈ T.
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Define a function v : [βτ ,∞)T →R+ by

v(t) =

⎧⎪⎪⎨
⎪⎪⎩
M +

∫ t
t
[p(s)u(s) + q(s)maxξ∈[βs,s]T u(ξ )]�s

+
∫ α(t)
α(t)

[a(γ )u(γ ) + b(γ )maxξ∈[βγ ,γ ]T u(ξ )] ◦ α–(s)�̃s, t ∈ T,

M, t ∈ [βτ , t]T,

whereM is defined by (.). Note that the function v(t) is nondecreasing.
It follows that the inequality

u(t) ≤ f ∗(t)g∗(t)v(t), t ∈ [βτ ,∞)T,

holds. Therefore, for t ∈ T and s ∈ [t, t]T, we have

max
ξ∈[βs,s]T

u(ξ ) ≤ max
ξ∈[βs,s]T

f ∗(ξ )g∗(ξ )v(ξ )≤ max
ξ∈[βs,s]T

f ∗(ξ )g∗(ξ )v(s).

For t ∈ T and s ∈ [α(t),α(t)]T̃, we have

max
ξ∈[βγ ,γ ]T

u(ξ ) ◦ α–(s) = max
ξ∈[βα–(s),α–(s)]T

u(ξ )

≤ max
ξ∈[βα–(s),α–(s)]T

f ∗(ξ )g∗(ξ )v(ξ )

≤ max
ξ∈[βα–(s),α–(s)]T

f ∗(ξ )g∗(ξ ) max
ξ∈[βα–(s),α–(s)]T

v(ξ )

= max
ξ∈[βα–(s),α–(s)]T

f ∗(ξ )g∗(ξ )v
(
α–(s)

)
=

(
max

ξ∈[βγ ,γ ]T
f ∗(ξ )g∗(ξ )v(γ )

)
◦ α–(s).

Then from the definition of v(t) and the above analysis, we get for t ∈ T that

v(t) ≤ M +
∫ t

t

[
p(s)f ∗(s)g∗(s)v(s) + q(s) max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ )v(s)

]
�s

+
∫ α(t)

α(t)

[
a(γ )f ∗(γ )g∗(γ )v(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
f ∗(ξ )g∗(ξ )v(γ )

]
◦ α–(s)�̃s

= M +
∫ t

t

[
p(s)f ∗(s)g∗(s)v(s) + q(s) max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ )v(s)

]
�s

+
∫ t

t

[
a(s)f ∗(s)g∗(s)v(s) + b(s) max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ )v(s)

]
α�(s)�s

= M +
∫ t

t

{
f ∗(s)g∗(s)

[
p(s) + a(s)α�(s)

]
+ max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ )

[
q(s) + b(s)α�(s)

]}
v(s)�s. (.)

Applying Gronwall’s inequality for (.), we obtain

v(t)≤MeA(t, t), t ∈ T,

which results in (.). This completes the proof. �
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As a special case of Theorem ., we obtain the following result.

Corollary . Let the following conditions be fulfilled:
(i) The conditions (i)-(iii) of Theorem . are satisfied.
(ii) The function u ∈ Crd( [βτ ,∞)T,R+) and satisfies the inequalities

u(t) ≤ k +ψ

∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+ω

∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s, t ∈ T, (.)

u(t) ≤ φ(t), t ∈ [βτ , t]T, (.)

where constants k ≥  and ψ ,ω ≥ .
Then

u(t) ≤ ψωMeB(t, t), t ∈ T, (.)

holds, where M is defined in (.) and

B(t) =ψω
[
p(t) + q(t) + a(t)α�(t) + b(t)α�(t)

]
. (.)

Remark . If we take β → ,ψ = ω = , α(t) = t, then Corollary . reduces to Gronwall’s
inequality on time scales without ‘maxima’ as in Lemma ..

In the case when in place of the constant k involved in Theorem . we have a function
k(t), we obtain the following result.

Theorem . Let the following conditions be satisfied:
(i) The conditions (i)-(iv) of Theorem . are satisfied.
(ii) The function k ∈ Crd(T, (,∞)) is nondecreasing.
(iii) The function u ∈ Crd( [βτ ,∞)T,R+) and satisfies the inequalities

u(t) ≤ k(t) + f (t)
∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+ g(t)
∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s, t ∈ T, (.)

u(t) ≤ φ(t), t ∈ [βτ , t]T. (.)

Then

u(t) ≤Nk(t)f (t)g(t)eA(t, t), t ∈ T, (.)

holds, where A(t) is defined by (.) and

N =max

{
,
maxs∈[βτ ,t]T φ(s)

k(t)

}
. (.)

http://www.journalofinequalitiesandapplications.com/content/2013/1/564
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Proof From inequality (.) we obtain, for t ∈ T,

u(t)
k(t)

≤  + f (t)
∫ t

t

[
p(s)

u(s)
k(t)

+ q(s)
maxξ∈[βs,s]T u(ξ )

k(t)

]
�s

+ g(t)
∫ α(t)

α(t)

[
a(γ )

u(γ )
k(t)

+ b(γ )
maxξ∈[βγ ,γ ]T u(ξ )

k(t)

]
◦ α–(s)�̃s. (.)

Let us define functions k∗ : [βτ ,∞)T →R+ and w : [βτ ,∞)T →R+ by

k∗(t) =

⎧⎨
⎩k(t), t ∈ T,

k(t), t ∈ [βτ , t]T,

w(t) =
u(t)
k∗(t)

, t ∈ [βτ ,∞)T.

Note that the function k∗(t) is nondecreasing on t ∈ [βτ ,∞)T. Frommonotonicity of k(t)
and α(t) we get, for t ∈ T and s ∈ [t, t]T,

maxξ∈[βs,s]T u(ξ )
k(t)

≤ maxξ∈[βs,s]T u(ξ )
k∗(s)

= max
ξ∈[βs,s]T

u(ξ )
k∗(s)

≤ max
ξ∈[βs,s]T

u(ξ )
k∗(ξ )

. (.)

For t ∈ T and s ∈ [α(t),α(t)]T̃, we have

maxξ∈[βγ ,γ ]T u(ξ ) ◦ α–(s)
k(t)

=
maxξ∈[βα–(s),α–(s)]T u(ξ )

k(t)

≤ maxξ∈[βα–(s),α–(s)]T u(ξ )
k∗(α–(s))

= max
ξ∈[βα–(s),α–(s)]T

u(ξ )
k∗(α–(s))

≤ max
ξ∈[βα–(s),α–(s)]T

u(ξ )
k∗(ξ )

= max
ξ∈[βγ ,γ ]T

u(ξ )
k∗(ξ )

◦ α–(s). (.)

From inequalities (.), (.) and (.) and the definition of w(t), we have

w(t) ≤  + f (t)
∫ t

t

[
p(s)w(s) + q(s) max

ξ∈[βs,s]T
w(ξ )

]
�s

+ g(t)
∫ α(t)

α(t)

[
a(γ )w(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
w(ξ )

]
◦ α–(s)�̃s, t ∈ T, (.)

w(t) ≤ φ(t)
k(t)

, t ∈ [βτ , t]T. (.)

Using Theorem . for (.) and (.), we get

w(t) ≤Nf (t)g(t)eA(t, t), t ∈ T,

which results in (.). This completes the proof. �
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Corollary . Let the following conditions be fulfilled:
(i) The conditions (i)-(iii) of Theorem . and the condition (ii) of Theorem . are

satisfied.
(ii) The function u ∈ Crd( [βτ ,∞)T,R+) and satisfies the inequalities

u(t) ≤ k(t) +ψ

∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+ω

∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s, t ∈ T, (.)

u(t) ≤ φ(t), t ∈ [βτ , t]T, (.)

where constants ψ ,ω ≥ .
Then

u(t) ≤ ψωNk(t)eB(t, t), t ∈ T, (.)

holds, where N and B(t) are defined in (.) and (.), respectively.

Remark . As a special case of Corollary ., we have a result for dynamic Gronwall’s
inequality without ‘maxima’ ([], Theorem . p.).

In the case when the function involved in the right part of inequality (.) is not a
monotonic function, we obtain the following result.

Theorem . Let the following conditions be satisfied:
(i) The conditions (i), (ii), (iv) of Theorem . are satisfied.
(ii) The function φ ∈ Crd( [βτ ,∞)T,R+) with maxs∈[βτ ,t]T φ(s) > , where  < β <  and

τ =min{t,α(t)}.
(iii) The function u ∈ Crd( [βτ ,∞)T,R+) and satisfies the inequalities

u(t) ≤ φ(t) + f (t)
∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+ g(t)
∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s, t ∈ T, (.)

u(t) ≤ φ(t), t ∈ [βτ , t]T. (.)

Then

u(t) ≤ φ(t) + f (t)g(t)h(t)eA(t, t), t ∈ T, (.)

holds, where A(t) is defined by (.) and

h(t) = max
s∈[βτ ,t]T

φ(s) +
∫ t

t

[
p(s)φ(s) + q(s) max

ξ∈[βs,s]T
φ(ξ )

]
�s

+
∫ α(t)

α(t)

[
a(γ )φ(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
φ(ξ )

]
◦ α–(s)�̃s, t ∈ T. (.)
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Proof From inequality (.), we have

u(t) ≤ φ(t) + f (t)g(t)
{∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+
∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s

}
, t ∈ T.

Let us define a function z : [βτ ,∞)T →R+ by

z(t) =

⎧⎪⎪⎨
⎪⎪⎩

∫ t
t
[p(s)u(s) + q(s)maxξ∈[βs,s]T u(ξ )]�s

+
∫ α(t)
α(t)

[a(γ )u(γ ) + b(γ )maxξ∈[βγ ,γ ]T u(ξ )] ◦ α–(s)�̃s, t ∈ T,

, t ∈ [βτ , t]T.

(.)

Therefore,

u(t) ≤ φ(t) + f ∗(t)g∗(t)z(t), t ∈ [βτ ,∞)T, (.)

where f ∗(t), g∗(t) are defined by (.) and (.), respectively.
From the definition of the function z(t), it follows that

z(t) ≤
∫ t

t

{
p(s)

[
φ(s) + f ∗(s)g∗(s)z(s)

]
+ q(s)

[
max

ξ∈[βs,s]T
φ(ξ ) + max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ )z(ξ )

]}
�s

+
∫ α(t)

α(t)

{
a(γ )

[
φ(γ ) + f ∗(γ )g∗(γ )z(γ )

]
+ b(γ )

[
max

ξ∈[βγ ,γ ]T
φ(ξ ) + max

ξ∈[βγ ,γ ]T
f ∗(ξ )g∗(ξ )z(ξ )

]}
◦ α–(s)�̃s

≤ h(t) +
∫ t

t

{
p(s)f ∗(s)g∗(s)z(s) + q(s) max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ ) max

ξ∈[βs,s]T
z(ξ )

}
�s

+
∫ α(t)

α(t)

{
a(γ )f ∗(γ )g∗(γ )z(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
f ∗(ξ )g∗(ξ ) max

ξ∈[βγ ,γ ]T
z(ξ )

}
◦ α–(s)�̃s, t ∈ T, (.)

z(t) ≤ φ(t), t ∈ [βτ , t]T, (.)

where a function h(t) is defined in (.).
Since the function h(t) : T → (,∞) is nondecreasing and h(t) =maxs∈[βτ ,t]T φ(s), by

using Theorem . for (.) and (.), we get

z(t) ≤ h(t)eA(t, t), t ∈ T,

which results in (.). This completes the proof. �

Now we will consider an inequality in which the unknown function into the left part is
presented in a power.
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Theorem . Let the following conditions be fulfilled:
(i) The conditions (i)-(iv) of Theorem . are satisfied.
(ii) The function k ∈ Crd(T, (,∞)) is nondecreasing and the inequality

L := max
s∈[βτ ,t]T

φ(s)≤ n
√
k(t), n > , (.)

holds.
(iii) The function u ∈ Crd( [βτ ,∞)T,R+) and satisfies the inequalities

un(t) ≤ k(t) + f (t)
∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+ g(t)
∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s,

t ∈ T, (.)

u(t) ≤ φ(t), t ∈ [βτ , t]T. (.)

Then

u(t) ≤ 
n
c
–n
n k(t) +

n – 
n

c

n +

(

n
c
–n
n

)

f (t)g(t)
(
L + r(t)

)
eD(t, t), t ∈ T, (.)

holds, where

r(t) =
∫ t

t

[
p(s)w(s) + q(s) max

ξ∈[βs,s]T
w(ξ )

]
�s

+
∫ α(t)

α(t)

[
a(γ )w(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
w(ξ )

]
◦ α–(s)�̃s, (.)

D(t) =
(

n
c
–n
n

){
f (t)g(t)

[
p(t) + a(t)α�(t)

]
+ max

ξ∈[βt,t]T
f ∗(ξ )g∗(ξ )

[
q(t) + b(t)α�(t)

]}
, (.)

with

w(t) =

⎧⎨
⎩


n c

–n
n k(t) + n–

n c 
n , t ∈ T,


n c

–n
n k(t) + n–

n c 
n , t ∈ [βτ , t]T,

(.)

for any constant c >  and f ∗(t), g∗(t) are defined by (.) and (.), respectively.

Proof Firstly, from inequality (.), we have

un(t) ≤ k(t) + f (t)g(t)
(∫ t

t

[
p(s)u(s) + q(s) max

ξ∈[βs,s]T
u(ξ )

]
�s

+
∫ α(t)

α(t)

[
a(γ )u(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
u(ξ )

]
◦ α–(s)�̃s

)
, t ∈ T.
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Define a function z : [βτ ,∞)T →R+ by

z(t) =

⎧⎪⎪⎨
⎪⎪⎩

∫ t
t
[p(s)u(s) + q(s)maxξ∈[βs,s]T u(ξ )]�s

+
∫ α(t)
α(t)

[a(γ )u(γ ) + b(γ )maxξ∈[βγ ,γ ]T u(ξ )] ◦ α–(s)�̃s, t ∈ T,

, t ∈ [βτ , t]T.

(.)

It follows from inequality (.) for t ∈ T that

u(t) ≤ [
k(t) + f (t)g(t)z(t)

] 
n .

Using Lemma ., for any c > , we obtain

u(t) ≤ 
n
c
–n
n

[
k(t) + f (t)g(t)z(t)

]
+
n – 
n

c

n

=

n
c
–n
n k(t) +

n – 
n

c

n +


n
c
–n
n f (t)g(t)z(t)

= w(t) +

n
c
–n
n f (t)g(t)z(t), t ∈ T. (.)

From inequality (.) and applying Lemma . , for any c > , we have

n
√
k(t) ≤ 

n
c
–n
n k(t) +

n – 
n

c

n . (.)

Indeed, by using inequality (.), we have for t ∈ [βτ , t]T

u(t) ≤ φ(t)≤ φ(t) +

n
c
–n
n f ∗(t)g∗(t)z(t) ≤ w(t) +


n
c
–n
n f ∗(t)g∗(t)z(t), (.)

where w(t) is defined by (.).
Now, we define a nondecreasing function v : T → (,∞) by v(t) = L+ r(t), where L and

r(t) are defined by (.), (.), respectively.
From the definition of the function z(t), it follows that

z(t) ≤
∫ t

t

{
p(s)

[
w(s) +


n
c
–n
n f ∗(s)g∗(s)z(s)

]

+ q(s)
[

max
ξ∈[βs,s]T

w(ξ ) +

n
c
–n
n max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ )z(ξ )

]}
�s

+
∫ α(t)

α(t)

{
a(γ )

[
w(γ ) +


n
c
–n
n f ∗(γ )g∗(γ )z(γ )

]

+ b(γ )
[

max
ξ∈[βγ ,γ ]T

w(ξ ) +

n
c
–n
n max

ξ∈[βγ ,γ ]T
f ∗(ξ )g∗(ξ )z(ξ )

]}
◦ α–(s)�̃s

≤ v(t) +

n
c
–n
n

∫ t

t

[
p(s)f ∗(s)g∗(s)z(s) + q(s) max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ ) max

ξ∈[βs,s]T
z(ξ )

]
�s

+

n
c
–n
n

∫ α(t)

α(t)

[
a(γ )f ∗(γ )g∗(γ )z(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
f ∗(ξ )g∗(ξ ) max

ξ∈[βγ ,γ ]T
z(ξ )

]
◦ α–(s)�̃s, t ∈ T, (.)

z(t) ≤ φ(t), t ∈ [βτ , t]T. (.)
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Applying Theorem . for (.) and (.), we obtain

z(t) ≤
(

n
c
–n
n

)

v(t)eD(t, t), t ∈ T,

which results in (.). This completes the proof. �

The last result concerns inequalities which have powers on both sizes.

Theorem . Let the following conditions be fulfilled:
(i) The conditions (i)-(iv) of Theorem . are satisfied.
(ii) The function k ∈ Crd(T, (,∞)) is nondecreasing and the inequality

K := max
s∈[βτ ,t]T

{
φε(s),φl(s)

} ≤ m
n
c
m–n
n k(t) +

n – 
n

c
m
n (.)

holds, for any constant c≥  and n ≥m≥ l ≥ δ ≥ ε > .
(iii) The function u ∈ Crd( [βτ ,∞)T,R+) and satisfies the inequalities

un(t) ≤ k(t) + f (t)
∫ t

t

[
p(s)um(s) + q(s) max

ξ∈[βs,s]T
ul(ξ )

]
�s

+ g(t)
∫ α(t)

α(t)

[
a(γ )uδ(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
uε(ξ )

]
◦ α–(s)�̃s,

t ∈ T, (.)

u(t) ≤ φ(t), t ∈ [βτ , t]T. (.)

Then

u(t) ≤ 
n
c
–n
n k(t) +

n – 
n

c

n

+

n
c
–n
n

(
m
n
c
m–n
n

)

f (t)g(t)
(
K + λ(t)

)
eE(t, t), t ∈ T, (.)

holds, where

λ(t) =
∫ t

t

[
p(s)w(s) + q(s) max

ξ∈[βs,s]T
w(ξ )

]
�s

+
∫ α(t)

α(t)

[
a(γ )w(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
w(ξ )

]
◦ α–(s)�̃s, (.)

E(t) =
(
m
n
c
m–n
n

){
f (t)g(t)

[
p(t) + a(t)α�(t)

]
+ max

ξ∈[βt,t]T
f ∗(ξ )g∗(ξ )

[
q(t) + b(t)α�(t)

]}
, (.)

with

w(t) =

⎧⎨
⎩

m
n c

m–n
n k(t) + n–

n cm
n , t ∈ T,

m
n c

m–n
n k(t) + n–

n cm
n , t ∈ [βτ , t]T,

(.)

and f ∗(t), g∗(t) are defined by (.) and (.), respectively.
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Proof From inequality (.), we have

un(t) ≤ k(t) + f (t)g(t)
(∫ t

t

[
p(s)um(s) + q(s) max

ξ∈[βs,s]T
ul(ξ )

]
�s

+
∫ α(t)

α(t)

[
a(γ )uδ(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
uε(ξ )

]
◦ α–(s)�̃s

)
, t ∈ T.

We define a function z : [βτ ,∞)T →R+ by

z(t) =

⎧⎪⎪⎨
⎪⎪⎩

∫ t
t
[p(s)um(s) + q(s)maxξ∈[βs,s]T u

l(ξ )]�s

+
∫ α(t)
α(t)

[a(γ )uδ(γ ) + b(γ )maxξ∈[βγ ,γ ]T u
ε(ξ )] ◦ α–(s)�̃s, t ∈ T,

, t ∈ [βτ , t]T.

(.)

From inequality (.) we have, for t ∈ T,

u(t) ≤ [
k(t) + f (t)g(t)z(t)

] 
n ,

ul(t) ≤ [
k(t) + f (t)g(t)z(t)

] l
n ,

um(t) ≤ [
k(t) + f (t)g(t)z(t)

]m
n ,

uδ(t) ≤ [
k(t) + f (t)g(t)z(t)

] δ
n ,

uε(t) ≤ [
k(t) + f (t)g(t)z(t)

] ε
n .

By using Lemma ., for any c ≥ , we obtain

u(t) ≤ 
n
c
–n
n k(t) +

n – 
n

c

n +


n
c
–n
n f (t)g(t)z(t), t ∈ T, (.)

uε(t) ≤ ε

n
c

ε–n
n k(t) +

n – ε

n
c

ε
n +

ε

n
c

ε–n
n f (t)g(t)z(t)

≤ w(t) +
m
n
c
m–n
n f ∗(t)g∗(t)z(t), t ∈ T, (.)

uδ(t) ≤ δ

n
c

δ–n
n k(t) +

n – δ

n
c

δ
n +

δ

n
c

δ–n
n f (t)g(t)z(t)

≤ w(t) +
m
n
c
m–n
n f ∗(t)g∗(t)z(t), t ∈ T, (.)

ul(t) ≤ l
n
c
l–n
n k(t) +

n – l
n

c
l
n +

l
n
c
l–n
n f (t)g(t)z(t)

≤ w(t) +
m
n
c
m–n
n f ∗(t)g∗(t)z(t), t ∈ T, (.)

um(t) ≤ m
n
c
m–n
n k(t) +

n –m
n

c
m
n +

m
n
c
m–n
n f (t)g(t)z(t)

≤ w(t) +
m
n
c
m–n
n f ∗(t)g∗(t)z(t), t ∈ T. (.)

Moreover, we have

uε(t) ≤ φε(t) ≤ φε(t) +
m
n
c
m–n
n f ∗(t)g∗(t)z(t)

≤ w(t) +
m
n
c
m–n
n f ∗(t)g∗(t)z(t), t ∈ [βτ , t]T, (.)
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and

ul(t) ≤ φl(t)≤ φl(t) +
m
n
c
m–n
n f ∗(t)g∗(t)z(t)

≤ w(t) +
m
n
c
m–n
n f ∗(t)g∗(t)z(t), t ∈ [βτ , t]T, (.)

where w(t) is defined by (.). From the definition of the function z(t), it follows that

z(t) ≤
∫ t

t

{
p(s)

[
w(s) +

m
n
c
m–n
n f ∗(s)g∗(s)z(s)

]

+ q(s)
[

max
ξ∈[βs,s]T

w(ξ ) +
m
n
c
m–n
n max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ )z(ξ )

]}
�s

+
∫ α(t)

α(t)

{
a(γ )

[
w(γ ) +

m
n
c
m–n
n f ∗(γ )g∗(γ )z(γ )

]

+ b(γ )
[

max
ξ∈[βγ ,γ ]T

w(ξ ) +
m
n
c
m–n
n max

ξ∈[βγ ,γ ]T
f ∗(ξ )g∗(ξ )z(ξ )

]}
◦ α–(s)�̃s

≤ ρ(t) +
m
n
c
m–n
n

∫ t

t

[
p(s)f ∗(s)g∗(s)z(s) + q(s) max

ξ∈[βs,s]T
f ∗(ξ )g∗(ξ ) max

ξ∈[βs,s]T
z(ξ )

]
�s

+
m
n
c
m–n
n

∫ α(t)

α(t)

[
a(γ )f ∗(γ )g∗(γ )z(γ ) + b(γ ) max

ξ∈[βγ ,γ ]T
f ∗(ξ )g∗(ξ ) max

ξ∈[βγ ,γ ]T
z(ξ )

]
◦ α–(s)�̃s, t ∈ T, (.)

z(t) ≤ φ(t), t ∈ [βτ , t]T, (.)

where a nondecreasing function ρ(t) : T → (,∞) is defined by ρ(t) := K + λ(t) with K ,
λ(t) defined in (.) and (.), respectively.
Applying Theorem . for (.) and (.), we obtain

z(t) ≤
(
m
n
c
m–n
n

)

ρ(t)eE(t, t), t ∈ T,

which results in (.). This completes the proof. �

4 An application
In this section, in order to illustrate our results, we consider the following first-order dy-
namic equation with ‘maxima’:

x�(t) = f
(
t,x(t), max

s∈[βt,t]T
x(s)

)
, t ∈ T, (.)

with the initial condition

x(t) = φ(t), t ∈ [βτ , t]T, (.)

where f ∈ Crd(T × R × R,R), φ ∈ Crd([βτ , t]T,R),  < β < , τ is a constant such that
βτ ≤ t.
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Corollary . Assume that:

(H) There exists a strictly increasing function α ∈ Crd(T,R+) such that α(T) = T̃ is a time
scale and min{t,α(t)} = τ .

(H) There exist functions a,b, c,d,α� ∈ Crd(T,R+) such that for t ∈ T, x,x ∈R,

∣∣f (t,x,x)∣∣ ≤ (
a(t) + b(t)α�(t)

)|x| + (
c(t) + d(t)α�(t)

)|x|. (.)

Then the solution x(t) of IVP (.)-(.) satisfies the following inequality:

∣∣x(t)∣∣ ≤MeA(t, t), t ∈ T, (.)

where

M = max
s∈[βτ ,t]T

∣∣φ(s)∣∣
and

A(t) = a(t) + c(t) + b(t)α�(t) + d(t)α�(t).

Proof It is easy to see that the solution x(t) of IVP (.)-(.) satisfies the following equa-
tion:

x(t) = φ(t) +
∫ t

t
f
(
s,x(s), max

ξ∈[βs,s]T
x(ξ )

)
�s. (.)

Using assumption (H), it follows from (.) that

∣∣x(t)∣∣ ≤ ∣∣φ(t)∣∣ + ∫ t

t

∣∣∣f (s,x(s), max
ξ∈[βs,s]T

x(ξ )
)∣∣∣�s

≤ ∣∣φ(t)∣∣ + ∫ t

t

[(
a(s) + b(s)α�(s)

)∣∣x(s)∣∣ + (
c(s) + d(s)α�(s)

)∣∣∣ max
ξ∈[βs,s]T

x(ξ )
∣∣∣]�s

≤ ∣∣φ(t)∣∣ + ∫ t

t

[
a(s)

∣∣x(s)∣∣ + c(s) max
ξ∈[βs,s]T

∣∣x(ξ )∣∣]�s

+
∫ t

t

[
b(s)

∣∣x(s)∣∣ + d(s) max
ξ∈[βs,s]T

∣∣x(ξ )∣∣]α�(s)�s

=
∣∣φ(t)∣∣ + ∫ t

t

[
a(s)

∣∣x(s)∣∣ + c(s) max
ξ∈[βs,s]T

∣∣x(ξ )∣∣]�s

+
∫ α(t)

α(t)

[
b(γ )

∣∣x(γ )∣∣ + d(γ ) max
ξ∈[βγ ,γ ]T

∣∣x(ξ )∣∣] ◦ α–(s)�̃s. (.)

Hence Corollary . yields the estimate

∣∣x(t)∣∣ ≤MeA(t, t), t ∈ T. (.)

Inequality (.) gives the bound on the solution x(t) of IVP (.)-(.). �
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Example . Consider the following first-order dynamic equation with ‘maxima’ on time
scale T = {n : n ∈ Z} ∪ {} (Z stands for the integer set):

⎧⎪⎪⎨
⎪⎪⎩
x�(t) =  sin(( + t)x(t))

+ tan–((et +  cos(π t))maxs∈[ 
 t,t]T

x(s)), t ∈ T,

x(t) = , t ∈ [ 
 ,


 ]T,

(.)

where T = [/,∞)∩T.

Here φ(t) = , β = /, f (t,x(t),maxs∈[βt,t]T x(s)) =  sin(( + t)x(t)) + tan–((et +
 cos(π t))maxs∈[ 

 t,t]T
x(s)), t = /, τ = /.

By choosing α(t) = t, we can show that α(T) = T̃ ⊆ T and min{t,α(t)} = /. Clearly,

∣∣∣f (t,x(t), max
s∈[βt,t]T

x(s)
)∣∣∣ = ∣∣∣ sin(( + t

)
x(t)

)
+ tan–

((
et +  cos(π t)

)
max

s∈[ 
 t,t]T

x(s)
)∣∣∣

≤ (
 + t

)∣∣x(t)∣∣ + (
et +  cos(π t)

)∣∣∣ max
s∈[ 

 t,t]T
x(s)

∣∣∣,
and

max
s∈[(/()),(/())]T

∣∣φ(s)∣∣ = .

On the other hand, we have α�(t) = . Set a(t) = , b(t) = t, c(t) = et and d(t) = cos(π t).
Hence, Corollary . yields the estimate

∣∣x(t)∣∣ ≤ eA(t, t), t ∈ T,

where

A(t) =  + et + t +  cos(π t).
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