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1 Introduction
In this paper, we consider the following 2D generalized MHD system with 0 <o <1 [1]:

divu =divb =0, 1.1)
osu+ (- Vu + V<71 + %|b|2> +(=A)*u=>b-Vb, (1.2)
0b+u-Vb-b-Vu—-Ab=0, (1.3)
(u,b)(t = 0) = (uo, bo). (1.4)

Here, u is the fluid velocity field, 7 is the pressure and b is the magnetic field.

Very recently, Ji [1] used the Fourier series analysis motivated in [2] to prove the
global-in-time existence of smooth solutions of problem (1.1)-(1.4) when % <a <1, and
Ji [1] pointed out that his result did not seem to come directly from the method like
energy estimates. In this paper, we use the standard energy method to deal with the
case o = %; of course, our method also works when o > % We will prove the follow-

ing.
Theorem 1.1 Leta = 1. Let ug, by € H' with divuo = div by = 0 in R*. Then problem (1.1)-
(1.4) has a unique global-in-time weak solution (u, b) satisfying

(u,b) e L*(0,T;H'),  uel?(0,T;H),  bel?(0,T;H?) (15)

forany T > 0.

Theorem 1.2 Let o = . Let uo,by € H® with s > 1 and divuy = divbhy = 0 in R%,
Then problem (1.1)-(1.4) has a unique global-in-time smooth solution (u,b) satisfy-
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ing
wbel®(0,T;H*),  uel?(0,T;H"?),  beL’(0,T;H™) (1.6)
forany T > 0.

For 3D case and other related problems, we refer to [3, 4].

Our proof will use the following commutator estimates due to Kato and Ponce [5]:

|A%(f) —f g o < CUIVS Il | A oy + | A% s ligllze2), (1.7)

withs>1, A:=(-A)"?and ;= -+ - = -+

1
pooq o P2 9

2 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. The global-in-time existence of weak
solutions satisfying (1.5) was proved in [1, 6], we only need to show the uniqueness. Let
(05,1, b;) (i = 1,2) be two weak solutions of problem (1.1)-(1.4). We define

Su = uy — Uy, 8 = T — T, 8b := bl—bz.
Then it follows from (1.1)-(1.3) that

divéu =0, divéb =0, (2.1)
08u + 1y - V8u +8u - Vuy + V<71 + %(bf - b§)> +(=A)5u
=by-V8b+8b-Vby, (2.2)
0:8b+uy - Vb +38u-Vby—by - Vou—8b-Vuy, — ASb=0. (2.3)
Testing (2.2) by $u and using (1.1) and (2.1), we see that

1d
EE/|8ulzdx+/|A”26u’2dx= —/(Su-Vuz-(Sudx
+/b1~V8b~8udx+/6b~Vb2~8udx
=211 +[2 +13. (24)

Testing (2.3) by b and using (1.1) and (2.1), we find that

1d
——/|8b|2dx+/|V8b|2dx: —/5u-Vb2-8bdx
2.dt

+/b1-V(Su-dex+/8b-Vu2-8bdx

=1, +15 +16. (25)
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In the following calculations, we use the Sobolev embedding H'?> ¢ L* and the
Gagliardo-Nirenberg inequalities

IwiiZss < Cliwlz2 [ AY?w] s, (2.6)

wli2s < Cliwl 2 I VWl 2. (2.7)
Using (1.1), (2.1), (1.5), (2.6) and (2.7), we bound 5, I + I5, I3 + I, and I, as follows:

2 1/2
L < |Vl s l8ull s < Clluallgan l18ull2 | AY28u]
< 1 A1/28 2 C 2 (S 2
< 1Ay + Cluallan 18ul,

L, +1I5;=0,
Iy + 1y < C||Vby||pa || 8ull 2 [18B]| 4
< C|[Vbyll | 8ull 2 186137 1 Vb7
< %nvabniz + Cll8ull?2; + ClIVbs 174 118bI122,
Is < ||Vl 21861125 < Cl18b|174 < ClI8bII 2 V8|l 12

1 2 2
< EIIWblle + Cll8bll}5-
Adding up (2.4) and (2.5) and using the above estimates, we conclude that

o (18ul® + |6b]%) dx

< Cllallfyn 18uli7> + Clisull7, + CIVB 74118117, + ClISHI T,
which gives
du=38b=0.
This completes the proof.

3 Proof of Theorem 1.2
This section is devoted to the proof of Theorem 1.2. We only need to prove a priori esti-
mates (1.6) for simplicity.

First, we have (1.5).

Applying A°® to (1.2), testing by A®u and using (1.1), we see that

li Asul®dx + A”%u % dx
2 dt
= —/(As(u -Vu) - uVASu)ASudx

+/(As(b~Vb)—b~VAsb)Asudx+/b-VAsb-Asudx

=h+h+/3 (3.1)
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Applying A® to (1.3), testing by A*b and using (1.1), we find that

%%/|Asb|2dx+ /|A”1b|2dx

= —/(As(u -Vb)—u-VA*b)A°bdx
+/(AS(b.w)—b.VASu)Adem/b.VASu.Adex
= Ja+J5+ 6.
Using (1.7), (2.6), (2.7) and (1.5), we bound /1, /2, /5 + J6, Ja and Js as follows:
Ji < ClIVall | Au 15
< Cllulljon | A%u] o | A2 u
< gl hulls + Clulian | x°ul,
o < CIVblis [ %] o | A
< CIVbls | A% o | A%+
S I PR A
J3+J6=0,
JuuJs < IVl |A%[}, + CUTlsn | Al | A°B]
< Cl[a%bl, + CIVBIs | A%ul s
< C %] 2| A7) 2 + CUTBIE s | Aou] | A5 2]
< SIA B+ S Hul?, + ClA%B] % + CIVBIL, | A
Adding up (3.1) and (3.2) and using the above estimates, we arrive at

& [ | wbPyas s [ (243 + |a707) s

< Cllullspn | A%ul)}s + CUVBIZ | A%B|| 5, + C| A%B| 7, + CIVD Eys | A%u )

which yields (1.6).
This completes the proof.
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