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Abstract

This paper deals with approximating properties and convergence results of the
complex g-Baldzs-Szabados operators attached to analytic functions on compact
disks. The order of convergence and the Voronovskaja-type theorem with
quantitative estimate of these operators and the exact degree of their approximation
are given. Our study extends the approximation properties of the complex
g-Balazs-Szabados operators from real intervals to compact disks in the complex
plane with quantitative estimate.
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1 Introduction

In the recent years, applications of g-calculus in the area of approximation theory and
number theory have been an active area of research. Details on g-calculus can be found
in [1-3]. Several researchers have purposed the g-analogue of Stancu, Kantorovich and
Durrmeyer type operators. Gal [4] studied some approximation properties of the complex
q-Bernstein polynomials attached to analytic functions on compact disks.

Also very recently, some authors [5-7] have studied the approximation properties of
some complex operators on complex disks. Baldzs [8] defined the Bernstein-type rational
functions and gave some convergence theorems for them. In [9], Baldzs and Szabados ob-
tained an estimate that had several advantages with respect to that given in [8]. These esti-
mates were obtained by the usual modulus of continuity. The g-form of these operator was
given by Dogru. He investigated statistical approximation properties of g-Baldzs-Szabados
operators [10].

The rational complex Baldzs-Szabados operators were defined by Gal [4] as follows:

L 1 - L n ;
Rifid) = oo Zf( bn) (}) (@2,

j=0

where Dy = {z € C: |z| < R} withR > 3, f : DR U[R, 00) — Cisafunction, a, = n’~, b, = n?,
0<B< %,neN,zeCandz#—i.

He obtained the uniform convergence of R, (f; z) to f(z) on compact disks and proved the
upper estimate in approximation of these operators. Also, he obtained the Voronovskaja-
type result and the exact degree of its approximation.
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The goal of this paper is to obtain convergence results for the complex g-Baldzs-
Szabados operators given by

[J]) |
: _ 797172 q
Rilfia.9)= o (annz)}: f( L.]q(anzy,

where f : Dr U [R,00) — C is uniformly continuous and bounded on [0,0), a, = [n]qﬂfl,
b, = [n]g,qe (0,1, 0<B < %, neN,zeCandz# -, =0,L,2,....
These operators are obtained simply replacing x by z in the real form of the g-Baldzs-

Szabados operators introduced in Dogru [10].

The complex g-Baldzs-Szabados operators R,(f; ¢, z) are well defined, linear, and these

1|<...<

operators are analytic for all n > ng and |z| < r < [no];_ﬁ since |—$| < |- wan <

- A

In this paper, we obtain the following results:

- the order of convergence for the operators R,(f; g, z),

- the Voronovskaja-type theorem with quantitative estimate,

- the exact degree of the approximation for the operators R,(f; g, z).
Throughout the paper, we denote with ||f|, = max{|[f(z)| € R : z € D,} the norm of f in the
space of continuous functions on D, and with If Il B10,00) = sup{|f(x)| € R:x € [0,00)} the
norm of f in the space of bounded functions on [0, 00).

Also, the many results in this study are obtained under the condition that f : Dp U
[R,00) — C is analytic in D for r < R, which assures the representation f(z) = Y -, iz
for all z € Dp.

2 Convergence results
The following lemmas will help in the proof of convergence results.

Lemma 1 Letn022,0<,35%amd%<r<R< L O]q

for all z € D,, where ex(z) = Z°. Iff : Dp U [R, 00) — (C is uniformly continuous, bounded on

. Let us define ay . 4(z) = Ry(ex; g, 2)

[0, 00) and analytic in Dg, then we have the form
o0
Ru(f39,2) = Z Ckak,n,q(z)
k=0

forallz e D,.

Proof For any m € N, we define

ful2) = chek(z) iflzl <r and f,(2)=f(z) ifze(r,00).

k=0

From the hypothesis on f, it is clear that each f,, is bounded on [0, 00), that is, there exist
M(f,,) > 0 with |f,,,(z)| < M(f,,), which implies that

1

Rn(f ;q,z) S
| " | |Hs 0(1 qﬂnZ

qu ”ZM(f)[ } (anlzl) < oo,

q

[n 11*’5

that is all R, (f,; ¢, 2) with n > ng, r < , m € N are well defined for all z € D,.
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Defining

f(@)

Sni(2) = ckex(z) iflz] <r and fi(z) = ——= ifz€(r,00),
m+1

it is clear that each f;,, x is bounded on [0, c0) and that f,,(z) = ZT;O Sk (2).
From the linearity of R,(f; g, z), we have

Ry(fu;q,2) = Z CkOtkng(2) forall |z <.
k=0

It suffices to prove that
lim Rn(fm; q, Z) = Rn(f; 9, Z)
m—> 00

for any fixedn e N, n > ng and |z] <r.
We have the following inequality for all |z| < 7:

|Rn(fm;q1Z)—Rn(f;Q1z)| SMr,n,q”fm —f“rr v
where Mr,n,q = H:l:_(} Sigzzz:;

Using (1); limmaoo ”fm _f”r =0and Hfm _f”B[O,oo) =< ”fm _f”r; the prOOfOfthe lemma is

finished. -

Lemma 2 Ifwe denote (B +z); = ]_[:':3 (B + g°z), then the following formula holds:

ol
LB+21] B+t
where B is a fixed real number and z € C.

Proof We can write (8 + z);’ as follows:

(B+2)y=a"" 2z + g7 B)]. @)

In [3] (see p.10, Proposition 3.3), we already have the following formula:

D[(B+2)] = nly(B + 27 5

Using (2) and (3), we get

n-1

Dy[(B+2);] =" P lnly(z+ a7 B),
_ [n]qqn—lq(n—l)(n—Z)ﬂ (Z + q—n+2 (q—lﬁ));’—l
= [nl,g" (g7 B + Z)Zfl

= [n)y(B + g2 @)

From (4), we obtain the result. 0
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Lemma 3 We have the following recurrence formula for the complex q-Baldzs-Szabados
operators R,(f; q,z):

1 +q"anz)z
1+ a,2)b,

ak+1,n,q(z) = Dq [ak,n,q(z)] + Olk,n,q(z)7

l+a,z

where o 4(2) = Ry(ex; q,2) forallneN,ze Cand k=0,1,2,....

Proof Firstly, we calculate D, [ok,,,4(2)] as follows:

Dy [O‘k,nvq(z)]

S e P e N K

T, ' j
HTZ "(5) [jl‘“"qu[z]‘ ©

Considering Lemma 2 and using D,[Z] = [j],Z" in (5), we get

b, 1
Dy|ag,p, (2) k,m, (2)
q[kq ] 1+6]ﬂnZ]_[ (1+qanz) q
b,(1 +a,z)
o N%k+lnm . 6
e ting(@ ©)
From (6), the proof of the lemma is finished. O
Corollary 1 ([11], p.143, Corollary 1.10.4) Let f(z) = 7), where py(z) is a polynomial

~1(z-a))
of degree < k, and we suppose that |a;| > R > 1 for all/ 1 2 k. If1 <r <R, then for all

|z| <r we have

R+r k

f'@| =

Under hypothesis of the corollary above, by the mean value theorem [12] in complex

||f||r

analysis, we have

R+r k

ID,[f(2)]] < —~If 1 @)

[no

1-p
Lemma 4 Let ng > 2, 0<,8<—and%<r<R§ %.Forallrzzno, lz| <randk =

0,1,2,..., we have
’ak,n,q(z)| < k‘(ZOr)k

Proof Taking the absolute value of the recurrence formula in Lemma 3 and using the tri-
angle inequality, we get

|z]

(1 +q"aulzl)lz|
1-aylzll

oz, Palena@]| +

|0[k+1,n,q(z)| = |ak,n,q(z) | . (8)
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In order to get an upper estimate for [Dg[a,4(2)]|, by using (7), we obtain

B
k
1Dy [etng @] < 7{:"11 . +: = lotgng-
0lg

[n0

Under the condition r <

Py

, it holds noi" i < 3, which implies

3k
’Dq [ak,n,q(z)] | = 7 ”ak,n,q ”r (9)
Applying (9) to (8) and passing to norm, we get

1 +q"a,r)3k

Uk+lmgllr = Yemgllre
llots1,mqll - A —arb, lotkngll»

r
Ui, + —
ltonallr + ==

From the hypothesis of the lemma, we have 1717;” <2,1+q"a,r< %, and i <1, which

implies
llotks1,mgllr < 207(k + 1) otk gl -
Taking step by step k =0,1,2,..., we obtain
lthcrimgllr < (207 + DL

Using |ks1,ng] < l|@ks1,nqll- and replacing k + 1 with k, the proof of the lemma is finished.

O
Let g = {g.} be a sequence satisfying the following conditions:
limg,=1 and limg,=c (0<c<1). (10)

Now we are in a position to prove the following convergence result.

Theorem 1 Let {q,} be a sequence satisfying the condl’tions (10) with g, € (0,1] for all

neN,andletng>2,0<p<2and}<r<R=< =7 [ Iff DrUIR, oo)—>Czsumf0rmly
contmuous, bounded on |0, oo) and analytic in Dy and there exist M > 0,0 < A < 55 with
lek| < M (Wthh implies |f (z)| < Me*¥ for all z € Dy), then the sequence {R,(f; qn,z)},,>,,0
is umformly convergent to f in D,.

”0

Proof From Lemma 2 and Lemma 6, for all # > ng and |z| < r, we have

o0
Ralf5 4 2)| <D lekl|oong, ()] ZM—k'(zof)k MZ(zoAr)k
k=0 k=0

where the series Y p-(20Ar)* is convergent for 0 < A < 20r
Since lim,,—, oo Ry (f; qu>x) = f (x) for all x € [0, ] (see [10]), by Vitali’s theorem (see [13],
p.112, Theorem 3.2.10), it follows that {R,(f;q,,2)} uniformly converges to f(z) in D,. [

We can give the following upper estimate in the approximation of R,(f; g, 2).
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Theorem 2 Let {q,} be a sequence satisfying the conditions (10) with g, € (0,1] for all
neN,andletng>2,0<p<2and}<r<R=< =7 [ Iff DrUIR, oo)—>(Czsumf0rmly
contznuous, bounded on |0, oo) and analytic in Dy and there exist M > 0, 0 < A < 55 with
lek| < M (whzch implies |f(z)| < Me* for all z € Dy), then the following upper estzmate
holds:

”0

IRu(fs 4 2) —f(2)] < CL(f) (an . bi)

where CL(f) = max{9MA Y o, (k—1)(20Ar)k1, 22 MA* Y and Y72, (k —1)(20Ar)*! < 0o
Proof Using the recurrence formula in Lemma 4, we have

Zk+1’ < 1+ thln|Z|)|Z|
11— aylzl|b,

|z| 1 (1+q,anlzl) X
+ ot (2) = 2| + — (K], I2]
|1—a,,|z||’ e | by 1-aylzl] —*

| k1,10, (2) = Dy, [t (@) = 2]

an | |k+2
11— ay|zll

For |z| <r, we get

k+1| (1+qhaur)r

(1 —anr)b, |an [ak’”’%(z)“ +

) =2

|05k+1,r1,qn (2) -z
1- n

2 1+qla,r a
+ 2 A+ gyaur) )[k]ank + k2,
b, (1-ay,r) 1-—a,r
Using (9), =~ <2,and 1 + gya,r < 2, we obtain

k

’akﬂ,,,,qn(z zk+1| < (207) + Zr‘ak,,qn(z) z | + —[k] 7+ 2a,r* 2.

Since 6[k]y, rk < 9k - k1(207)F for all k = 0,1,2,..., we can write
|ozk+1,,,,qn (2) - zk+1| < y@m)k + 2r|ozk,,,,qn (2) - zk| +2a,r*2.
Taking k = 0,1,2,... step by step, finally we arrive at
|t (2) = 25| < b%(k ~ DkI(20r) " + 24,7 k(2r) T, (11)

which implies

|Ru(f3qmr2) —f(2)] < ZICkHOlknqn -2
k=1

<y M %{—(k K207 + 2a,r°k(2r) 1}
k=1
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IMA & . (20A4r)k1
- Z(k—l)(20Ar)k"1+2a,,r2MAZ(k—r1)'
k=1 k=1 (k-1)!
IMA &
= (k —1)(20Ar) + 2a,r* MAS .
mok=1

Choosing CL(f) = max{9MA Y 72, (k — 1)(20Ar)*1, 2r2MAe*4"}, we obtain the desired re-
sult.
Here the series ) ;- (20Ar)* is convergent for 0 < A < 55~ and the series is absolutely

convergent in D,, it easily follows that Y k- 1)(204r)% 1 < co. |
The following lemmas will help in the proof of the next theorem.

Lemma 5 Forall n € N, we have

Rn(eo;% z) =1, (12)

R,(e1;9,2) = Tvas (13)
1 - $2)qz

Ry(e2;q,2) = bn z (14)

1+ anz)1 + auqz) i b, +a,z)
where ex(z) = Z for k = 0,1,2.

Proof (12) and (13) are obtained simply replacing x by z in Lemma 3.1 and Lemma 3.2 in
[10]. Also, using [#], =1 +¢[n—1]; and Z—Z = ﬁ and replacing x by z in Lemma 3.3 in [10],

(14) is obtained. O

Lemma 6 For all n € N, the following equalities for the operators R,(f;q,z) hold:

—a,z*

1 - , 15
VoD = o (15)
z (1-¢)z?
Y2, (2) = - 1
b,1+a,2)1+ayqz) 1+a,z)(1+a,qz)
_ all-97 . a’qz* , 16)
(1+an2)1+anqz) (1+a,2)(1+anqz)
where ¥r,, (2) = R,((t — e1)’;q,2) for i = 1,2,
Proof From Lemma 5, the proof can be easily got, so we omit it. O
Now, we present a quantitative Voronovskaja-type formula.
Let us define
1 /)
Atnan(@) = Rulf34n2) =f (D) = 1,02 (D) = S v (2)f ' (2). 17)

Theorem 3 Let {q,} be a sequence satisfying the conditions (10) with q, € (0,1] foralln €

i’p
N,np>2,0<8< % and % <r<R< %.Iff:DRU [R, 00) — C is uniformly continuous,

Page 7 of 12
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bounded on [0, 00) and analytic in Dy and there exist M > 0,0 < A < ﬁ with |cx| < M%’;
(which implies |f (z)| < Me*¥ for all z € D), then for all n > ng and |z| < r, we have

2
|Ak’”vq;4 (Z)| = Cr2(f) <an + bi) ’

where CX(f) = C,Mr® Y _pos(k—2)(k—1)k(k+1)(20rA)*= < oo and C, is a fixed real number.

Proof From Lemma 1 and the analyticity of f, we can write

, (18)

o0
| Akngn @] <D letl|Eing, (2)
k=2

where

a,kz1 (k = 1)kz*1

l1+a,z  2b,(1+a,z)1+a,q,z)
(1 - gn)(k — Dkz* .\ an(l - qu)(k - 1)kz**!

2(1 + ayz)(1 + aygqnz) 21+ auz)(1 + a,q,z)
a2 q,(k — 1)kz"+?

T 2(1L+ a,2)( + anguz)’ (19)

Etng,(2) = Qg (2) — 4+

Using Lemma 5, we easily obtain that Eq ,4(2) = Eyn4(2) = E2nq(2) = 0.
Combining (19) with the recurrence formula in Lemma 3, a simple calculation leads us

to the following recurrence formula:

(1 + qnan2)z z
Ep., =" = Ex, Ei Fin ) 2
k+1,m,qy (2) byl + a,2) qn[ k,qn (Z)] + 1+az knqn (2) + kn.qn (2) (20)
where
For (2) = (k = [K]q,)Z* . a’kz"+3 (1 - g,)kz*!
koman =) = b,(1+an2)?*(1+auqz) (A+auz)? (1+a,z)?*(1+a.q,2)
an(l—-g)ke*>  arguket
1+ an2)?*A+augnz) (1 +a,2)?*(1+a,q.z)
ank(k +1)z%+ a,(1 = q)k(k +1)ZK+2

- 2b,(1 + a,2)*(1 + a,q,z) " 2(1 + a,2)*(1 + a,q,2)

a’(1 - gu)k(k +1)z%+3 a>q,k(k + 1)z

21+ a,2)*(1 + angnz) 2+ ayz)*(1 + a,q,2)

an(1+ q'anz)((k = D[k + 1], — gulk - 11,,)25!
b,(1+ a,2)*(1 + a,q,.z)

a2(1 + q"anz)(k = 1)q,[kl,, 2> . anq" K], 25!

b, +a,2)*(1 + a,q,z) b, + a,2)*(1 + a,q,z)
1+ q'anz)lk — 1], (k — 1)kzk1

2b2(1 + a,2)(1 + anquz)(1 + a,q’z)

(1 - Qn)(l + qzﬂnz) [k]qn (k - 1)kzk

2b,(1 + a,2)(1 + a,q,2)(1 + a,q%z)
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an(1 - g,)1 + q"anz) [k + 14, (k — 1)kzk*!
2b,(1 + a,2)(1 + a,quz)(1 + a,q2z)
a2qu(1 + qla,2)[k + 2], (k — 1)kz5+2
2b,(1 + a,2) 1 + ayq,2) (1 + a,q>2)

an(1+q"a,z)(1 + q,)(k — D)kzk
202(1 + a,2)*(1 + angnz)(1 + ang2z)
an(1 - q,) A + q,)(A + gla,z)(k — 1)kz"*!
2b,(1 + a,2)*(1 + angn2)(1 + angz)
ay(1 - q,) (1 + ¢,)(1 + gpanz) (k - )kz"*>
2b,(1 + a,2)*(1 + a,quz)(1 + a,q’z)

alqn(1+q,)(A + qha,z)(k - 1)kz"*

26,1+ 4,22 (1 + @uquz)(1 + anqz)’

In the following results, C; will denote fixed real numbers for i = 1,2, 3.

Under the hypothesis of Theorem 3, we have

1

<2 fors=0,1,2,
1+ga,z

<
T 1-ga,r

1 3
a,r < 5 and 1+qja,r< X

an ﬂn(k—l)k
l—qnﬁb—n and k—[k]qnfb—n 5

’

[klg, <k, a,<1 and ™ <1

Using (21)-(24), for |z| <r, we get

1
’Fk,n,q,,(z)| = C1<ﬂ3, + Z—: + b—%’>k(k+ 1)(k +2)

% max{rk"l, }"k, rk+1, Vk+2, rk+3, Vk+4}

2
<G (an + bl) k(k +1)(k + 2)(2r)%*.

On the other hand, for |z| < r, we have

(1+qhan2)z 1 +qta,r)r 3k
— D, |E, 2)|| < ——2—— —||E
bn(l + a,,z) qn[ k,n,qn( )] = bn(l — ﬂn}") P ” k,n,qn ”r
3k(1 + qha,r)
<— 7 g —-e
= bn(l _ anr) ” k,n,qn k”r
akrk (k = 1)krk1

+ +
l1-a,r  2b,(1-a,r)1-a,q,r)

(1 - gn)(k - 1)kr*
2(1-a,r)1 - ayq,r)

a,(1 - q,)(k — 1)krk+! a’q,(k - D)krk+?

+ +
21 —a,r)1 -aug,r) 201 -a,r)1-a.q,r)

(25)

Page 9 of 12
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Taking into account (11) in the proof of Theorem 2, we obtain

(1+qhanz)z
b,(1 +a,z)

n [Ek,n,qn (Z)] = Czbi <6ln + bi> (k=1)k(k+1)

n

x (k1)(20r)k+?

2
<G (zzn + bi) (k = 1)k (k + 1)(k!)(207)**2, (26)

n

Considering (25) and (26) in (20), we get
1\2
|Exsimgn (@] < 27|Exng,(2)| + Cs (an + b—) k(k +1)(k + 2)(k + 1)1(207)<+4,

Since Eg,4(2) = E1nq(2) = Eznq(2) = 0, taking k = 2,3,4,... in the last inequality step by
step, finally we arrive at

2
|Etngn(2)| < Cs (a,, + l}) (k = 2)(k - Dk(k + 1)(k!)(20r)**3. (27)

Finally, considering (27) in (18) and using 207A < 1, the proof of the theorem is complete.
O

Remark1 For 0 < g <1, since —— — 1—g as n — oo, therefore a, = ([ NP = 1—g)*

nly ]
and = ([n )} — (1-¢q)? as n — oco. If a sequence {g,} satisfies the condltlons (10), then

[n] —>0asn—>oo thereforean—( )1 #— 0and ;- —([n] ¥ — 0asn— oo.
Under the conditions (10), Theorem 2 and Theorem 3 show that {R,(f; g, 2)}u=n, uni-
formly converges to f(z) in D,.

From Theorem 2 and Theorem 3, we get the following consequence.

Theorem 4 Let {q,} be a sequence satisfying the conditions (10) with g, € (0,1] for all

neN,ny>2, 0</3< ,67’2 and—<r<R< O]q”ﬁ . Suppose that f : Dp U [R,00) — C
is umformly continuous, bounded on [0,00) and analyttc in Dg and there exist M > 0,
0 <A < g with |e] < MAT]!( (which implies |f(z)| < Me*¥! for all z € D). If f is not a
polynomial of degree <1, then for all n > ny we have

1
”Rn(f;Qm ) _f”r ~ (an + b_)

Proof We can write

Rolf @ ?) — () = (an . bi) (6 + Hy(2)), 28)
where
o 2
G(z) = _a,, +1/b,1+a,z
1 7)

* ayb, +12(1+a,z)(1 + a,q,2)
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_1-qs 2°f"(2)
an+1/b, 2(1 + a,z)(1 + a,q,z)
_ an(l - qn) ng”(Z)
ay +1/b, 2(1 + ayz)(1 + a,q,z)
2 4 1
P gqz " (2) (29)
a, +1/b, 2(1 + a,z)(1 + a,q,2)
and
1 1
H,(2)=a,+ b_n mAk,n,qn (@) | (30)

and also (H,(2)).en is a sequence of analytic functions uniformly convergent to zero for
all |z] <.

Since a,, + ﬁ — 0 as n — 00, and taking into account Theorem 3, it remains only to
show that for sufficiently large # and for all |z| < r, we have |G(z)| > p > 0, where p is
independent of n.

If 28 — 1 < 0, then the term ﬁ — 1 as n — 00, while the other terms converge to
zero, so there exists a natural number #; € N with #; > 1y so thatforall # > n; and |z| <,
we have

Zf’//(z)
2(1 + anz)(1 + a,q,2)

112" (2)l
T4 (1+r)?

6@)| = %' (31)

If28 -1 > 0, then the term aﬂf{'/bn — 1 as n — 0o, while the other terms converge to zero.

So, there exists a natural number 7, € N with 1y > ng so that for all # > n, and |z| < r, we

have
1|22 f/(z 112%(z
211+a,z 2 1+r
2
In the case of 28 —1 =0, that s, 8 = 1, we obtainanff/bn = [n];ff — 00, as 1 — 00, so that

the case B = % remains unsettled.
Choosing n3 = max{n, n,}, considering (31) and (32), for all n > n3, we get

1 1\1
|Ralfs ) £, = (an + E)|||G||r ~ IHall| = (an + b—n>5||G||r.
Forall n € {ny,...,n3 — 1}, we get
1
||Rn(f;an ) _f”r = (an + b_)Mr,n,qn(Z)

with M, 4. (2) = |R.(f;qu>-) —fl» > 0, which finally implies

1
an+1/by
IR fs00) -1, = (a5 ) @3

for all n > ng, with C,(f) = min{M, sy 4, (2), .., Myn3-1,4,(2), 211Gl ).
From (33) and Theorem 3, the proof is complete. d
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Remark 2 Recently, it is much more interesting to study these operators in the case g > 1.
Authors continue to study that case.
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