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1 Introduction

Throughout this paper, A, B are both positive operators on a Hilbert space H, and 3,(H)
is the semi-space of all bounded linear self-adjoint operators on H. In addition, notation
B*(H) is written as the set of all positive operators in B (H). Besides, we may assume that

A and B are invertible without loss of generality,
AV,B=(1-wA+uB and Af,B=A"(A"?BA?)"AY?, where0<pu<1.

When p = 1/2 we write AVB and AtB for brevity, respectively; see Kubo and Ando [1].
(t+1)2

The Kantorovich constant is defined by K(¢,2) = 7~ for £ > 0, while the Specht ratio [2]
is denoted by
=
St)=—— fort>0,t#1, and S(1)=1imS(t) =1,
elogtet t=1

and has the following properties:
(i) S() = S(%) >1fort>0.
(ii) S(¢) is a monotone increasing function on (1, +00).
(iif) S(¢) is a monotone decreasing function on (0,1).

We start from an improvement of the famous Young inequality as follows.

Theorem ZS ([3]) Fora, b >0, we have

av,b > K(h,2) a" "b"
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forall n € [0,1], where r = min{u,1 — u} and h = 3. It admits an operator extension
AV, B > K(h,2) At,B
for positive operators A and B on a Hilbert space.

Next, we show the reverse arithmetic-geometric mean inequality with the Specht ratio
for two positive operators.

Theorem T ([4]) For invertible operators A and B with 0 < aly < A, B < bly, we have

(i) AV,B<S(hAt,B,
(i) AV,B-At,B<L(1,h)logS(h)A,

where L(1, h) is defined by L(a, b) = %(ﬂ #b);L(a,a)=a, h= s.

These inequalities have recently been improved by Furuichi [5] as follows.

Theorem F ([5]) If0 < aly <A,B < bly, then

(i) AV,B-2r(AVB- AtB) < S(Vh)At,B,

(ii) AV, B-At,B-2r(AVB - AtB) < L(v'h,1)1og S(v'h)bly,

where r = min{u,1 - u}, L(a,b) = ﬁ, h= %,

Afterwards, Krni¢ et al. [6] introduced Jensen’s operator and established some bounds
for the spectra of Jensen’s operator. The obtained results were then applied to operator
means. In such a way, they get refinements and converses of numerous mean inequalities
for Hilbert space operators. See [1, 2, 4, 6-10] for more related developments.

See also [11] for another improvement of the reverse weighted arithmetic-geometric
operator mean inequalities. Their proof is independent of [5].

Theorem ZF ([11]) If0 <aA <B <bA with 0 <a <1< b, then

(i) AV,B-2r(AVB-AtB) < max|S(va),S(vb)}Az,.B,

(i) AV,B-Af,B-2r(AVB - AtB)

1 1
<maxyL| —,1)logS(va),L| —,1 ) lo Sx/E}bA,
{(ﬁ)g(f)<ﬁ)g()
where r = min{u,1 — u}, L(a, b) = ﬁ.

This paper aims to provide a method to obtain more arithmetic-geometric mean in-
equalities and the reverse version for positive operators. In Section 2, we introduce the
main lemmas. In Section 3, utilizing the refined Young inequality and iteration method, we
establish some weighted arithmetic-geometric mean inequality for two positive operators.
We also obtain reverse ratio type and difference type inequalities for positive operators by
means of iteration under different conditions in Section 4 and Section 5, respectively.
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2 Main lemmas
First of all, the main lemmas including operator iteration can be stated as follows.

Lemma 2.1 ([6]) IfA,Be B*(H),0<u,v <1, then

2min{u,1- u}(AVB - AB) < AV,B - Afl, B < 2max{u,1- u}(AVB - AgB). (2.1)
Lemma 2.2 If A and B are positive operators on a Hilbert space, 0 < u,v <1, then

AV, (Af,B) =AV,,B - u(AV,B - Af,B).
Proof

AV, (A8,B) = (1 - n)A + nAt,B
=A-uA+ uvA — uvA + pvB — uvB + nAg, B
= puvB+ (1 - pv)A—pu[1-v)A+vB-At,B]
= AV,,B - u(AV,B - At,B). O
3 Further refinement of the Young inequalities

In this section, we use the scalar ratio type arithmetic-geometric mean inequality to get a

series of operator versions.
Lemma 3.1 ([3]) Ifa,b>0and u € [0,1], then
av,b > K(h,2) a "b",
where r = min{u,1 — u} and h = %.
Using the method of the proof of Theorem 7 in [3] we can obtain the following theorem.
Theorem 3.2 IfA,B>0,1<h < A TBA3 <HorO<H §A‘%BA‘% <h<1,then
AV,B>K(h,2) A,B (3.1)
forall i € [0,1], where r = min{u,1 — p}.
Proof For the case of 1< /1 < A‘%BA‘% </, by Lemma 3.1 we have
1 —-p)+ px > K(x,2) x*
for any x > 0. And hence
Q- +puX=> 1@32;,/ K(x,2)" X"

for a positive operator X such that 1 < hl <X </W'I.
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Substituting A2BA7 for X in the above inequality we have

(1- )l + pA2BAY > min  K(x, 2y (A 3BA3)".

1<h<x<

It is easy to check that the function K(x, 2) is increasing for x > 1, then

1

(1= ) + A3 BA™3 > K(h,2) (A2 BA™2)". (3.2)

Multiplying both sides by A? to inequality (3.2), we obtain the required inequality.
For the case of 0 < /' < A‘%BA‘% < h <1, since the function K(x,2) is decreasing for

O<x<land K (%, 2) = K(h,2), similarly we obtain inequality (3.1). O

Theorem 3.3 For two operators A, B> 0 and 1 < h < A"IBA1 <WhorO<Hh <
A‘%BA‘% < h<1, we have

AV, B-2r(AVB - AtB) > K(vh,2)RAt, B (3.3)
forall i € [0,1], where r = min{u,1 — p} and R = min{2r,1 - 2r}.

Proof If 0 < < 3, then 0 <2u <1.
1 1

Here 1<k §A‘%BA"? < I ensures that 1 < v §A_%(AjjB)A_2 <VH,and 0 <l <
A"3BA3 < h <1 ensures that 0 < V&' < A? (AﬂB)A‘% <Jh<1, respectively. Substitut-
ing B by AfiB and p by 2 in (3.1), it follows that

AV, (AzB) = K(Vh, 21721 A, (AgB).
By Lemma 2.1 and Afly, (AtiB) = Afi,,B, we have
AV, (AtiB) = AV, B -2u(AVB - AtiB),
and then
AV, B - 2u(AVB - AtB) > K(vh,2)""2m120 g B,
If % <u<lthen0<l-pu=< % By the above inequality we have
BV, ,A-2(1- n)(BVA - BtA) > K(Vh,2)mn20-w1-20-wipy 4,
Therefore, for 0 < u <1, we have
AV, B -2min{p,1 - u}(AVB - AB) > K(vh,2)""?"1=21 g4 B,
This completes the proof. d

Now, applying the same iteration method as in Theorem 3.2 to inequality (3.3), we obtain
the following.
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Corollary 3.4 Assume the conditions as in Theorem 3.3. Then
AV, B - (2r —R)(AVB — AB) — 2R(AV 22,011 B — Al 202,011 B) > I((\/Z, 2)R/AﬂMB
4 4

for all u € [0,1], where r = min{u,1 — u}, R = min{2r,1 - 2r}, R = min{2R,1 - 2R}, h = %,
and [x] is the greatest integer less than or equal to x.

Corollary 3.5 ([12]) Suppose that two operators A, B and positive real numbers m, m’', M,
M satisfy either 0 <m'I <A<ml<MI<B<MITorO<mI<B<ml<MI<A<MI
D Ifo<u< %, then

AV,B-(2r—R)(AVB-AzB) - 2R(AV; B~ At B) = K(Vh,2)R At,B.
(I) If 3 < <1, then
AV, B~ (2r - R)(AVB-AzB) - 2R(AV3 B - A1 B) = K(Vh,2)X At,B,

where r = min{u,1— u}, R = min{2r,1-2r}, R = min{2R,1-2R}, h =M  and i = M

m’ T owm

Proof In the case of (i), 1< h = % < A"3BA™? < %,/ = I'; In the case of (ii), 0 < % = %’, <

A"IBA™2 <u= % < 1. Then Corollary 3.4 leads to the required inequality. This completes
the proof. d

4 Reverse ratio type arithmetic-geometric mean inequalities
In the following, we show a refinement of reverse arithmetic-geometric mean inequality
by applying the main lemmas in Section 2.

Theorem 4.1 If0 < al SA’%BA’% <blwitha<1l<b,and 0 < u <1, then
AVMB - (27' - R)(AVB —AﬂB) - 2R(AV2[221.]+IB —Au 2[2;4/.]+1 B)
< max{S(V/a),S(vb)}At,.B,
where r = min{u,1 — 1}, R = min{2r,1 - 2r}.

Proof If 0 < u < %, then 0 <2u <1.Since 0 <al < A_%BA‘% < bl ensures that \/aA <
AtB < v/bA, by substituting B by A#B and p by 2u in (i) of Theorem ZEF, it follows that

AV, (AfB) - 2min{2u,1 - 2u}[AV(AB) — Af(A2B)]
< max{S(¥/a),S(vb) At (A1B).

Lemma 2.2 leads to the following equalities:

AV, (A#B) = AV,,B - 2(AVB — AtB),

AV(A1B) - A#(AtB) = AV B~ At B~ %(AVB — AtB).
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Then it follows by Lemma 2.1 that

1
AV,B-2u(AVB - A#B) — 2min{2u,1 - 2} [AViB ~AtyB~ - (AVB- AﬁB)}

< max{S(¥/a),S(vb)}At,.B. (4.1)

If% <u<lthen0<1l-pu=< % The hypothesis 0 < al §A‘%BA‘% < bl admits ﬁB <
BfA < ﬁB. Then by the inequality (4.1) we have

BVy_, A —2(1- u)(BVA — B#A) — ZR[BV%A - Bt A- %(BVA - BﬁA)}

o)t

Notice that S(%ﬁ) = 5(¥a) and S(%ﬁ) = §(¥/b), so it follows that

AV, B —2(1— p)(AVB - AZB) - 2R[AVEB ~At3B- %(AVB —AjjB)]
< max{S(%),S(%) JAz,.B.

This completes the proof. O

A’%BA’%E\/Ewhere L 1<

Since 0 < aly < A, B < bly with a < b admits that T

1
N/ =
h, we obtain the counterpart of Theorem 4.1.

Corollary 4.2 If0O<al <A,B<blwitha<band0 < u <1, then

AV, B - (2r - R)(AVB — AB) — 2R(AV a1 B — At 211 B) < S(V'h) Az, B,

4 4

where r = min{u,1 — 1}, R = min{2r,1 - 2r}, and h = s.
5 Reverse difference type arithmetic-geometric mean inequalities
In the following theorem we show the corresponding difference type analogs of Theo-
rem 4.1.
Theorem 5.1 If0 <pu <1land0<al <A"2BA~1 < bl witha<1<b, then

AV,B - Att,B— (2r — R)(AVB — AfiB) — 2R(AV 33,011 B — Aft 35,01 B)

4 4

< (141 g (42,5, ou (V) Lo

where r = min{u,1 — 1}, R = min{2r,1 - 2r}.

Proof (DIf0<u < 1 then0 <21 <1.Since 0 <al < A IBA1 < bl ensures that \/aA <
AtiB < /DA, substitute B by AfiB and p by 2 in (ii) of Theorem ZF, so we obtain
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AV, (AttB) — At (A2B) — 2min{2u,1 - 2u}[AV(AtB) — A(A2B)]
< max{L(V/1/a,1) log S(v/a),L(v/1/b,1) log S(v/b) }V/bA.

As showed in the proof of Theorem 4.1, the following inequality holds:

AV, B~ A, B~ (2r - R)AVB~ AtB) - 2R(AV 1 B~ At B)
< max{L(+/1/a,1) log S(+/a),L(¥/1/b,1) logS(%) }x/ZA
< maX{L(%, 1) logS(%),L(%, 1) log S(%) }b/\/EA, (5.1)

since 2 <1< b and L(%ﬁ,l) = %ﬁL({*/E, 1).

(Ir) If % <pu<1lthen0<l-pu=< % The hypothesis 0 < al < A“3BA"? < bl ensures

%B <B#A < ﬁB. Then by the inequality (5.1) and S(%ﬁ) = S(¥/a), we have

AV,B-Af,B- (2r-R)(AVB - AtB) - 2R(AV%B —Aﬁ%B)
=BV,_,A - Bf_,A - (2r— R)(BVA — BtA) — 2R(BV%A - Bﬁ%A)
< max{L(%, 1) logS(v4 l/b),L(f/E, 1) logS(v4 l/a)}vllaB
< max{L(V/b,1) log S(V/b), L(/a,1) log S(¥/a) }b//aA.
The proof is done. O

Similarly, we replace the hypothesis 0 < al < A‘%BA‘% <bl,wherea<l<bbyO<al <
A, B < bl with a < b, and we obtain the following.

Corollary 5.2 If0<al <A,B<blwitha<b,and 0 < <1, then

AV,B - At,B— (2r — R)(AVB — AfiB) — 2R(AV 31,
4

< bVhL(Vh,1) log S(Vh)I,

1+1 B- Aﬁ 2[2;‘;.]+1 B)

where r = min{u,1 — 1}, R = min{2r,1 - 2r}, and h = g.
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