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Abstract

The Lagrangian of a system describing the dynamical behaviour of a time-dependent harmonic oscil-
lator is modified and then used to evaluate the Feynman path integral of the oscillator. The path integral
of the time-dependent oscillator is shown to reduce to the time-independent within certain limits.

Key Words: Path Integral Propagator, Green functions and harmonic oscillator.

1. Introduction

Approximation methods such as perturbation theory have been used to evaluate exact solutions of time-
dependent Schrodinger equation [1-9]. Khandekar and Lawande [10] had evaluated the exact quantum theory
of a classical force oscillator with a time dependent frequency and a velocity-dependent damping term using
path integral approach. Feynman path integral in quantum mechanics, however, involves a kinetic and
potential energies term in the Lagrangian. The kinetic term which is quadratic in momentum acts like a
Gaussian measure on the remaining integral [1]. In this paper we will follow the same approach [11-12] and

modified the Lagrangian as
w? (t) ¢

[ s (§ - T) + (@), M)

where frequency w (t) is assumed to be a function of time, J(t) is the time dependent perturbed force,
and v is a damping factor. In obtaining equation (1) from the time-independent Lagrangian, the following
assumptions can be made:

m (t) _ esin yt (23.)
k?2 (t) — wesin vt (2b)
J(t) = J(t)ges™ . (2c)

The equation of motion of the particle defined by equation (1) is given by

G (t) +ycosytq (t) +w? (t)qg= J(1). (3)
The Hamiltonian defined by
oL
H=-"4-1L t 4
94 (p,q,t) (4)
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is obtained from (1) as

. P2 . 2 t 2
H(p, q,t) — e—mnfyt_ + ebll’l’yt (w (2)(]

5 + J (¢) q> : (5)

Equation (5) reduces to time-independent Hamiltonian in the limits y — 0, ¢ — 0, and equation (5) satisfies
in a compact form the time-dependent Schrodinger equation:

Y (1) = HE(0), (6)
where H (t)is the time dependent quantum Hamiltonian operator. In order to explain the dynamical be-
haviour of the system described by equation (5), it is therefore the primary objectives of this paper to
evaluate an exact expression for the kernel (propagator) K (¢”/,t”,¢',t') based on the Weyl-ordering pre-
scription in the quantum Hamiltonian of the time-evolution operator which can be expressed as a sum over
all possible paths connecting the point ¢’ and ¢’with weight factor exp [%S (q", ¢, T)], where S (¢", ¢, t",t')
is the action that is .

K(¢"t".¢,t) = / Dy(t)e RS 4" ¥) (7)

with Dgq(t) being the Feynman measure.
The propagator can be expressed semi-classically as exp (%Scl), with S¢) being the classical action, times
a prefactor; remarkably this leads to

ND .

/2 8251[(]” q/] 7
K i i _ m C ) _SC ! 17 8
W gt = () %iet(iaq,aq,, exp (L5 la.a1). ®

where D is the dimension and the determinant

2 /A
M = det (a Scl[q aq]>

8q18qll

is the known Pauli Van Vleck Morette determinant.

2. Particle Trajectory

The forced harmonic oscillators are of importance in quantum dynamics and in other quantum fields
since these fields are represented as a set of forced harmonic oscillators. The solution of the time-dependent
Schrodinger equation of equation (6) is given by

U(g,t) =) Ape BrIO@D (10)
k

with Ay being the time-dependent expansion coefficient defined as

Ap = TP g | 0) . (11)

On substituting equation (11) into equation (1), Ituen [9] shows that

w (q”a t”) = /K (q”a t”a qla tl) w (qa tl) dqla t” > tl (12)
which follows that the kernel (propagator) is obtained from equation (12) as

K (q//, t”, q/, tl) _ /e—i(Ekt”—',-Ekt’)w(q”,t”). (13)

306



IKOT, ITUEN, ESSIEN, AKPABIO

The path traversed by the particle defined by the equation of motion in the absence of external field in

equation (4) is

4+ cos y+1/cos2 yt—4w? tetrcos ~yt+1/cos 2yt —4w? 4 cosyt ( Vcos2 vt —4w2t
=e 2 Ae 2 +

Be (14)

7,\/(‘,052 L — W2
q(t) = Ae B >

Equation (14) shows that the trajectory of the particle is a mixture of oscillatory and decaying terms; the
oscillatory term arises from the time-independent Hamiltonian, and the decaying terms arises from the time-
dependent Hamiltonian. For a small value of the damping factor (Figure 1 and Figure 2), we appropriate
the quantities in the square root and obtain

2
t
v cosZyt — 4w? = 4/ (’yﬁ)2 —4w? = 29wy /1 — (;—) . (15)
w
On substituting equation (15) into equation (14), the trajectory takes the form

q(t)= e+ e (Ae R=G/2e)% + Be ﬂm) ) (16)

which, as mention earlier, equation (18) reduces to the time-independent solution. When we take the limits
v — 0, t — 0 or simply vt — 7/4, this shows that our choice of the Hamiltonian and Lagrangian given
above are in appropriate, since it reduces to the known solution.
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Figure 1. Variations of 2 with the damping factor. Note we obtain the time-independent solution as ¢ tends to

Zero.
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Figure 2. Variation of Q? as a function of cos® vt. Q2 has units of w?.

3. Evaluation of the Time-Dependent Feynman Propagator
The Feynman propagator defined for the particle discussed above is expressed as
(o)

N-1 . N
. . 7 m . .
K(q",t", qlatl) = ]\IIJLTEO H AN/ dq’ f__L E 2—EA2qJ —eV (qJ) —eJrqr |, (17)
j=1 0 j=1
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where Ay is the normalization constant and the action in terms of equation (1) is approximated as

t’,

sin 1

S = / Ldt = s (Z (qr — qr—1)® — ew’q} — EJka) : (18)
tl

Substituting equation (18) into equation (19), we obtain

N N_
K (¢ "¢ t) = Lim St 2 NH1 70 da(@)
qa,t;5q, - 2mihe - q
N — 0 _]—1 —0o0
€ — 00 (19)
; X 1 2 2.2
xexp | 3 > 52 (qk — qr—1)" — Swiq — eJkqr | 5
j—1

where we have made the assumption that ¢/ —t' = ¢, and conditions of equation (2) have been applied in
obtaining equation (19) from equation (17).
Equivalently, equation (19) can be written in the form

K(¢",t";q',t") = F(T)exp (%Sc (¢",t",d, t')> (20)
with F(T) evaluated to give
sin vyt N
F(T) = (] 5. (21)
2mihsin (WT) ) 2
so that the propagator becomes
sin vt 2 i
K 1 t”' / tl _ we _Sc /I, ! . 22
(¢", %4, %) (27rihsin (wT) Py (¢", ) (22)

However, the Hamiltonian of the system describes a forced harmonic oscillator of mass e*" 7*for which we
can calculate the classical action. In order to calculate the action explicitly, we recall the Euler-Lagrangian
equations of equation (3) and its classical trajectory is the solution of the equation:

d2 d f t
(@ +ycosyt +w2> () = esigzt' >

The solution of equation (23) consists of a homogeneous and an inhomogeneous part and can be written as
qe (t) = qu (t) + a1 (1) (24)

where ¢ (t) had been evaluated in equation (18) as
o (1) = eseat (Aeiwh_(g%)% +Be—iw«/1—(—;’%)t> . (25)

with A and B as arbitrary constants. The inhomogeneous solution is solved by the method of Green’s
functions. Here, the Green’s function is defined by the equation

d? d 9 , ,
= 6(t— 26
(dtQ—l—’ycos'ytdt—i—w)G(t ) s(t—1t), (26)

where the inhomogeneous solution can be written as

¢ (t) = / dt'G (t —t) £ (51;2 (27)
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Defining the Green’s function in the Fourier space as

Gt—-t)= (27T_4/d4k:e_ik(t_t1)G (kz)> ; (28)
and substituting equation (28) into (26), we obtain
G = (0" : (29)
= T :
K2 — w? —~ycosvytk )’
and subsequently, the Green’s function takes the form
B dA ke—ik(t—t1)
Gt—t)={(2m) " : 30
( ) <( ) K2—w2—'ycos'ytk:> (30)
A quick inspection of equation (3) shows that the integral has poles at
7 cos vyt vyt 2
K=-——%1-(5) - (31)

The fundamental Green’s function needed in this analysis is that of Feynman which corresponds to choosing
a contour as

= 2
yeosyt | | ()’ LEOST ol (ﬁ) +id
- - 2 2w
ﬁ@;__}_» e = >
Y M 2
------ —ycosw+—a) 1- i 2 ycosyt+_w 1—(£) -id
2 2w
2 2w

Thus, the Feynman Green’s function has the form

0 (t— ) (T V1=t /207 (1)

0 (1 — 1) (T V1= (1)

—t')z

(7 cos vt + 2iwy/1 — (’yt/2w)2>

(’y cos vt + 2iwy/1 — (’yt/2w)2>

Substituting equation (32) into equation (27), we obtain the inhomogeneous solution as

qi(t) = !

i 'yt('y cos yt+2iwy/1-(vt/2w)2)

% [7 dt/e(j%ﬁ—iwm) (t_t,)xf(t) + }fdt/e(j%ﬁ—iwm) (t—t')f(t/)‘| ’ (33)
tr tr

We can now write the classical trajectory as

Qo (8) = au (8) + qr(t) = Ae™FHHV/1m002007 L et —ioV/1-(1/207
1

sin 'yt('y cos yt+2iwy/T 7(71,/2@2)
€

t t . 2 ’ t cosyt . 2 ’
« lfdtle(ﬂ%‘l_—zw\/l—('yt/Qw) )(t—t )f(t) n ffdtle(_‘l_2‘l_—zw\/1—('yt/2w) )(t—t )f(tl)‘| .
tr tr

(34)

Imposing the boundary conditions; (34) is solved for A and B in terms of the initial and the final co-ordinates

of trajectory, which is given by
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1

in — 2 —t/ 5
qer(t) = ( T(qfs (7 cos yt+wy/1—(~t/2w) )(t t') +gqr sin (%@’yt +un/1— (’yt/2w)2) (tf _ t)
sin | XC82E 4 50 /1 — ('yt/2w)2)
2

ty

1 _(acosty /1 w)? S t
. s [ TR o (12 a1
2esinyt (%S’th 1— (’yt2w)2> tr
t
— cos (@ +wy/1— (’Yt/Qw)2> (tr +tr—t— tl)]

tf ycosvt.  f /
. tf dt/f (t/)e—( 5w 1—(’yt/2w)2) cos <’yc025’yt L /1— (’yt/?w)2> (t _ t/)
_ I
b cosnt
2jesin vt <%S’th /1 — (’yt?w)2> + f dt/f (t/)e—(j—2711w\/1—(7t/2w)2) cos <%s’yt +w /1 _ (’yt/?w)2> (t — t/)
tr
(35)

We now evaluate the classical action from equation (1) and (18) to be

cosyt
- [q? + ¢ cos (% +wy/1- (vt/2w)2> T - 2(]1Qf]
2sin (%ﬁ + /1= (VAt/2w) )

ty

+Sin (y +wqm> th/dtf(t)Sin (Wx;svtwm) ) —t

ty

n as T/dtf (t) sin (W;”tw\/l —~ (vt/zw)2> (t —t,;)

sin (77% Fwy/1— (’yt/2w)2> 7,

wesin vyt

SC (QI;(]f) =

ty

1
3 T /dtx (t)
esin vt (%Wt +wy/1— (fyt/2w)2> sin (%”t +wy/1— (’7t/2w)2>

ty

x/dt'f(t')sin <7C(;S,ytw\/ 1-— (’yt/2w)2> (ty —t)zsin (fyC(;S,ytw\/ 1-— (7t/2w)2> W —tf))]. (36)

ti

Combining equations (21) and (32) give a complete transition amplitude for the time harmonic oscillator
interacting with a time dependent external source.

4. Uncertainty Relation

We consider again a time-dependent oscillator with variable mass m(t) = e¥®7" and frequency in the
absence of an external field, our equation (5) reduces to Caldirola-kanai oscillator [13-15]

e~ sin 'ytPQ w2 t esin vyt
Hep = 5 + ( )2 7 (37)
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On the other hand, Lewis and Riesenfeld [16-17] introduces the invariant method to find the Fock space of
exact states of time-dependent oscillators which has been currently reviewed in Reference [13, 18-20]. The
quantum theory of the damped oscillator is prescribed by the time-dependent Schrédinger equation [13]

L 0
iha (4 t) = Her(P, q,1)¥(q, 1) (38)
However, the eigenfunction associated with Equation (38) are found by different methods [21-22].
Two linear invariant operators are introduced [21, 23, 24] as

a(t) = i[U*(tg —U*(t)d (39)

at) = —i[U(t) Py — U(t)g

where the pair of oscillators are first order in position and momentum operators and U(t) is a complex
solution to the classical equation of motion of Equation (3) when J(t) is set to zero as

Ul(t) = MU(ﬁ) +w®U() =0
m(t)
U(t) + ycos vtU (H)w? () U(t) = 0 (40)

The set of operators in Equation (39) are required to satisfy the quantum Liouville-Von Neumann equations:

ihZa(t) + [a*(t), Her(p, g, 1)) = 0
Imposing the Wronskian condition
heSm U (U (t) — UR)U* ()] =i (42)

allows the operators in Equation (2\39) to satisfy the usual commutation relation at equal times

[a(t),a™(t)] =1 (43)
and its play the roles of time-dependent annihilation and creation operators. Using Equation 40 we obtain
the solution for the undamped motion (’y < %) as

1 . ;
U(t) — me—v cos wte—'LQt (44)

where
0\ 2
Q=21 <l> (45)
The number operators defined by
N(t) =at(t)a(t) (46)

satisfies Equation 41 and each state
N(t)|n,t) = nl|(n,t) (47)

is an exact equation state of equation (38) up to a time-dependent phase factor [24]. Thus, the eigenfunction
of the number state satisfying Equation 37 is given as [25]

Qesint 3 e—i(n—i—%)ﬂt ) 0 ~y
/] t) = _sinyt [ 2% s I 2 48
0ty = (P ) o e e (g i) ¢ (49)
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where H,, is the Hermite Polynomial and Equation 36 reduces to [24] when sin ~ 4t is appropriate to first
order. The eigenfunction in Equation 48 has the dispersion relations

B2 —veesyt _iop —vcesar g h? .
(@) = PU (U (1) = goge™ F e " MeT 3 e = oo et (49)
(P = 1(m (1))’U)U (1) (50)
where m/(t) is the reduced variable mass of m(t) and is defined as
/ d : cosyt
m'(t) = exp Esm’yt = Y%7 (51)

Using equation (43) and its time derivative and equation (51) in Equation 50, we obtain

(P2 = o ((%) * 9) (52)

Thus, we obtain the uncertainty relation as
2\ 2 %
gl
1 — 53
+(33) ] (53)

These results indicate that the uncertainty relation is satisfied during the time evolution of the wave function.

(Bg)(aP) =}

5. Conclusion

We introduced the Lagrangian of equation (1) and analyzed its dynamical behaviour by evaluating the
transition amplitude of the particle. In Section 2, we saw that the solution describing the motion of the
particle reduces to one of a free particle as v — 0 and t — 0, or when ¢ = /4. In Section 3, we evaluated
the exact path integral to yield the result of the form

K(q”,t”; ql,tl) _ F(t”,tl) eXp %Sc(qll,tll; ql,tl) . (36)

"o,
,t

Here, F(t",t') is independent of the space coordinate ¢”,t"” and S.(g :q', ,t')is the classical action function

connecting the initial and final space-time points (¢’,¢')and (¢, t”) as given in equation (21) and equation
(36), respectively.

Finally, the propagator evaluated in equation (22) combining equation (21) and (36) reduced to the
time-independent by taking the limits v — 0, ¢ — 0 or vt = 7/4, which agrees with the known solution of
the harmonic oscillator in the field of an external source.
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