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In this study, diffusion equation for composite materials was examined using a well-known Adomian
Decomposition Method (ADM). Defining variable conductivity and heat capacity as an exponential
function or a power function that represents Functionally Graded Materials (FGMs), one-dimensional
diffusion equation with non-homogeneous boundary conditions was examined. First, using standard
superposition method the diffusion equation is turned into non-homogeneous one with homogeneous
boundary conditions. Then, using generalized Fourier series expansion, the resultant PDE is solved by
using ADM. The results are compared with the solution obtained by eigenfunction expansion method.
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INTRODUCTION

In recent years, the Adomian decomposition method
(ADM) has been applied to solve a wide class of
deterministic and stochastic PDEs in Science and
Engineering (Adomian, 1988; 1989; 1994; Cherruault,
1989). The method is modified by researchers to solve
many problems whose models involve, linear or non-
linear, differential equations, integral equations, partial
differential equations and their systems (Wazwaz, 1999a;
2001). The advantage of the method is that it converges
rapidly to a convergent series solution for linear as well
as non-linear deterministic and stochastic equations.
There is also no need for linearization and perturbation in
this method. Because of these properties of the method,
many different types of special problems such as
Korteweg—de Vries (KdV) equation (Kaya et al., 2003a,b),
Shivansky Equation (Momani et al., 2005), Emden-
Fowler type equations (Aslanov, 2009) easily solved by
ADM.

A powerful modification of ADM was proposed by
Wazwaz (1999b) to accelerate the rapid convergence of
the series solution. Using the modified technique, it may
be obtained the exact solution for nonlinear equations
without any need of Adomian polynomials. By modified
ADM, the size of calculation is minimized in terms of the
standard ADM.
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Many researchers due to its importance in science and
engineering applications have investigated the solution of
heat conduction problem. Many attempts were made to
solve heat conduction problem in homogeneous and
inhomogeneous materials using analytical and numerical
techniques. Jang (2007) examined solution of one
dimensional nonhomogeneous parabolic type equation
with variable coefficient using ADM. Gorguis and Benny
Chan (2008) were compared the results of the solution of
heat equation by using ADM and the traditional
separation of variables method. In many problems, after
calculation of heat conduction by ADM, results are
controlled with either analytical or numerical solutions
examined in the previous studies. Under periodic
temperature conditions, the convergence of ADM in one
dimensional heat equation was investigated by Lesnic
(2002) using differential iteration method. It was resulted
that ADM established better rates of convergence
compare with the differential iteration method. Marwat
and Asghar (2008), as two-step Adomian decomposition
method, for a diffusion equation, modified the method of
Adomian decomposition. In the application of the
modified method, they showed that the generalized
Fourier series instead of the trigonometric Fourier series
is required to build up the solution.

In early 1980’s, the concept of Functionally Graded
Materials (FGMs) was proposed as an alternative to
conventional thermal barrier ceramic coatings. FGMs are
essentially two-phase particulate composites synthesized



in such a way that the volume fractions of the
constituents vary continuously in the thickness direction
to give a predetermined composition profile. The
composition profile, which varies from 0% ceramic at the
interface to 100% ceramic near the surface, in turn, is
selected in such a way that the resulting
nonhomogeneous material exhibits the desired
thermomechanical properties. The concept of FGMs
could provide great flexibility in material design by
controlling both the composition profile and the
microstructure. Current and potential applications of the
concept of FGMs include not only thermal barrier
coatings of high temperature components but also wear-
resistant coatings on load transfer components, armors
or shields with improved impact resistance, and
thermoelectric cells (Kaysser, 1999; Miyamoto et al.,
1999; Niino et al., 1987; Pan et al., 2003; Shiota et al.,
1997).

In this study, it will be solved a one dimensional
diffusion equation in FGMs
e(x)p(x) =2

t |

kr;l‘]‘f“—T] (1)
Cdx

with variable properties like conductivity and heat
capacity per unit volume. The compositional variation in
FGM will be assumed as an exponential function by
defining the conductivity and heat capacity per unit
volume, respectively, as

X

k(x)=ke™. c(x)p(x)=cypee”

a0, g=x<h

(@)

and as a power function by defining the conductivity and
heat capacity per unit volume as

klx)=ky(1+x)".

a>0, a=1

clx)plx)=cyoy (14 x)" 3)
a=x=h
where the parameter & is named as a nonhomogeneity

parameter of the FGM and parameters k,, Cy» Py are

constants. It will be employed Adomian decomposition
method to solve the problem in which the corresponding
eigenfunctions of the related eigenvalue problem are
expressed in terms of generalized Fourier series.

METHODOLOGY

Let us consider the general deterministic functional equation
Lu~+Ru+Nu= f(¢) (4)

where L is a linear operator which is invertible under sufficient
existence and regularity conditions so that ! exists. Also, when
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L is applied on a function £ () then [ ' () is measurable. R
is the remainder of the linear operator and N represents a

nonlinear operator. Applying L ! on both sides of (4), it can be
obtained that:

CHLu)=L'(f (1)) L' (Ru)—L' (Nu)  ®

wf .
Where L' is an integral operator, ’ {-]Icl'r, and the result can
. fl

be simplified as:

u@®)=u(y )+ L'(f@)- L'(Ru)- L"'(Nu) (6)

The standard ADM defines the solution in the form of

oo
u= E u,
n={l

where the components u,, (n=0,1,2,...), are determined

(7)

recursively by using the relation

g =17 i
ug =u(ty)+ L7 (f(1)) (8)
U,y =—L (Ru,)—L'(Nu,), n=0 (9)
The nonlinear term Nun can be represented by an infinite series of
the form
oo
Nu = Z A, (10)
n=_0

where A, (n=0,1,2,K), are the appropriate Adomian’s
polynomials which are given by

1 4" -
.4,,2—1 —|N E ,\kukl . n=0- (11)
nldl =

A=0

If the series converges in a suitable way, then the general solution
is obtained as

n

u(x)= lim Zz{k (x) (12)

k=0

Conductivity as an Exponential Function
Let us consider the diffusion equation

e—axﬁ_i[k E';'mx gl
dr o o ) Cos
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with boundary and initial conditions, respectively,

=10,

a<x<bhb

T(at)=

0, T(bt)=nt,
T(x,0)=0,

(14)

where 77 is constant. The solution of the Equation (13) can be
obtained by proposing a solution such as

T(x.t)=u(x.t)+v(x.t) (15)

in which the function v (x,t) satisfies the homogeneous equation

d dv'
e —n
dJe ﬁJ

(16)

The solution of (16) along with the nonhomogeneous boundary
conditions

== il "
v[a?r‘}l 0. v[b,r} nt. t=>0 -
is given by
E—ﬂ]’_ — i
ViX,i|=———nf
{ -:I E—ab _E—na

(18)

Using (18) in (4), it can be obtained a new nonhomogeneous PDE

% — ko E ?Eax @] —n g " —g

bt ox|” Bx) oo 9
with homogeneous boundary and initial conditions, respectively,
u(a,t)=0, wu(bt)=0, t>0

u(x,0)=0, a<x<bh 20

At this point, it will be used the Adomian decomposition method to
solve the problem. First, let us write the equation in operator form
as follows:

Lu= Lu- F(x) (21)
Where
L! =£1 LI :kgﬂxi axi .
ot ox|{ Ox
v g M —eg
F)=—=n——
ot e —e (22)

However, if ADM is applied to (19) directly, u, (x,t)=0 is
obtained which yields the wrong general solution due to the iterative

nature of ADM in (8) and (9). To fix this, the function F(x) will be

expressed as a generalized Fourier series in terms of the
eigenfunction expansions of the Sturm-Liouville boundary value
problem

d{ aed | '
_ EEII__'L_.;[A.J}_’_ P;x qur‘] ={]

ﬂr_l’ ! dx ’ [ (23)
with  homogeneous boundary conditionsy (a)=y (b)= 0.

Eigenvalues and the corresponding eigenfunctions can be easily
obtained as

2 71 17
3 o
2 _ ?
[e—ab _E—na)
) i — O _e—ﬂﬂ
E_.'" (x] = Cﬂ sin . b _e—ﬂﬂ' FT
Where
— T
€ 7
Cp = S€C| —————NnT | n=1273..
g —ea

Where fn is called as coefficients of generalized Fourier series of

F(x) and using orthogonal properties of eigenfunctions it is
evaluated that

Wb —ax —uid —Ox
2 L le™ —g —ame
Jo=— [ F{x_]sm[ T |— dhr,
Trl':‘n L | a - J e —e
g

n 4

fo=—(-1]L.
HTC

n

Now, defining the solution of u(x,z) and the inverse of

operator L, respectively, as

- ot

H{I,f]zZMﬂ[I,f]l. L:lz [ {.}dr

n=ll 0 (25)

then, the ADM method can be applied to (19) as follows:

L (Lu)= L} (Lu) = L7 (F (x)) (26

u(x.t)=u(x.0)—L" (F (x))+ LYLu )



Let us write that

Uy = u(x. ﬂ]—L_l(FfT:l)

g—ﬂl’ g—ﬂﬂ
Hﬂ = —f E '-fHCH ‘:lﬂ m”f L
n=1 : (28)
From the recursive relation
i, ()= L' (Lu;).  j=012K,
it can be obtained that
w (x,t)=L" (L)
) al 8 a
up (x,t)= ] ke”’x—[eﬂ"—
) o dr ohe
o —x —cid
— e _
x|—t E f.c. 5111[ — nm
- |
n= (29)
Uy (X, 1) = L:II[LIHI}
E‘S x I%?‘li.‘-‘ll\ :a .
lel‘{'_,!'J:—— fucu v 2
i ( —ah —aa |
n=l )
) —iEX _E—ﬂﬂ 1
XS | —————— n:-rl
e —e
(30)

3
4 2
t o T o
g (x.1)= 2 S : 5
—ik —ed
n=l )
) —X _e—ﬂﬂ'
X 51 5 HT
g b _ g—aa

(31)

and so on. Finally, the jth component of the solution can be given

as

U (x,0)=L 1(Lxuj_ 1),

\J
vr '\
[‘{'f}={—1 = Zf?‘??! ; ” Q T . .1
,,F —|—]_ |: —ab e—na)
. —0x _E—ﬂﬂ
#5101 b “on Hn
e —é

(32)
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From the superposition of u; (x,1) and using the identity

¢ " udl —-t+ﬁ- i+t—- L
G+ D) 20 31 41

j+1 tj+l _t
-1y =e'-1 (33)
G+ 1)

the solution of  (x,#) can be written as

(35)

The general solution of the diffusion equation with exponentially
varying conductivity from (15) is given by

) —iX —id
T(x,f)= gy

oG e—nx _
+ E : fh’ s —ah
e —
=l .

—aa g—kﬂr -1
nw .
—a U ke

(36)
Conductivity as a Power Function
Let us consider the diffusion equation in the form of
? = —
o ol s .

with the same boundary and initial conditions given in (14).
Proposing the same solution in (15), the function v(x,t) satisfies

the equation

4 (1+x f”" =0.
ah dx (38)

The solution of (38) along with the non-homogeneous boundary
conditions given in (17) can be obtained as:
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l—a

l—a
1+x
(1+x) e

(1+5)

—(14a)
" (1+a)

v(x.f)=

(39)

Finally, substituting v(x,?) into (15), non-homogeneous diffusion
equation is obtained

S

a 8 4
E:k[w ) ax[u—x} — |-

o at (40)

with homogeneous boundary and initial conditions given in (20),
respectively, and then it can be written in an operator form given in

(21) in which operators and the function F (x) can be defined as

follows:
d a O a Ol
L =—, L =k(1+x 1 ;
‘Bt (1+%) a:.i[L +x) axJ
l—a 31—

o AT 1+ x —(1+a

R
(14+5)™" —(1+a) @)

Again, solving the boundary value problem like

d . ad

dx dx (1+x) @)
with boundary conditions L(HJ - I":I{b} =0, the function
F(x) can be expressed as a generalized Fourier series
F(x)=) fitn(x)
FI=1 (43)

+J— . 1=
(14+8) " —(1+a)™"
and eigenvalues and the corresponding eigenfunctions are given as

H: _ {a 1] * it 11
(:(1+z:;|1“ﬂ —(14a)" )

l—a f l—a
U (x)=c, sm f1+1’] _“+a}1_n ATl
['H-EJ} —(1+a)
y1—o 1
n(l+
€, =sec (1+a) — n=123...
(1+5)™ —(1+a)

Defining the unknown function u(x,t) and the inverse operator as

in (25), it can be applied the ADM to (40) and it will be obtained the
first term in the solution series such that

n,]=—rg Ju€, 510

n=l

y l—e _ [l_l_a-;ll—a

1—1J l
W1—o / yl—a L
(1+b) " —(1+a) (44)

From the Adomian recursive relation the ;® component of the
solution can be given as

w;(x.t)= L,_l {Lr”j—l) :

L P Jﬁ‘{].—cr,]J nir
=) (j+1)! ] —— 1o |2
- = |[(1+5) " =(14+a) )
‘ l—a l—a
- in (1+x) " —(1+a) -
1o 1o ’
(1+8) " —(1+a) s

The general solution of the diffusion equation with power variation
using the identity given in (33) can be expressed in the form of

H(x,ffj=z'u"{x,fj
n=0
o0 R (1 1
u(x.t)= Sy 510 1—1]1_ d+a) —nm
n=1 {l+b:| f1+ﬂ':|
[ —kﬂr_l]
k6
(46)
Where
1—a) nin?
g (1-0)
f l-a l—a "
{fl-l—b) —(1+a) J )

The general solution of the diffusion equation with power form of
the conductivity given by



(1+x)

Sahin and Karatay 2993

Figure 1. T (x, t) for exponential form of conductivity when a = 0.25.

Figure 2. 7(x,) for exponential form of conductivity when o = 3.0.

—a [l " a:]l—a

T(x.t)=

+i Sy s
n=1

kg
e —1

| —
ko

(143)™ —(14a)

nft

[(+x) " =(1+4)

11

l—ao

(145) ™ —(1+a)

l—m

il

(48)

RESULTS

Figures 1 and 2 show the effect of & for the
exponentially varying conductivity. As it is seen that the
heat conduction is rapidly increasing with increasing non-
homogeneity parameter ¢ . In Figures 3 and 4, the effects

of a.la=1) for the conductivity in the form of power
function are shown. Either exponential function or power
function it can be seen that the effect of the definition of
conductivity on heat conduction is slightly different. This
is because of the solution y(x,7) that isthe dominant
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Figure 3. T (x, t) for power form of conductivity when a = 0.25.

Figure 4. T (x, t) for power form of conductivity when a = 3.0.

term of the series solution of the problem as # — &,

Conclusion

In this study, the heat conduction in a non-homogeneous
composite material where the conductivity isgiven as an
exponential function or a power function is solved using

ADM. For the exponentially varying conductivity, the
results that are obtained by ADM and eigenfunction
expansion method are in complete agreement as shown
in Appendix. In addition, it can be shown that the exact
solution of the diffusion equation with conductivity as a
power function can be obtained by the same method. In
Figures, the effect of the non-homogeneity parameter &
is shown for the fixed values of



n=1.0,k,=10,a=0,b=10.
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Appendix
Eigenfunction expansion solution for exponentially varying conductivity

Let us solve the problem in (13) along with the boundary conditions in (14) by the method of eigenfunction expansion.
Using the same steps from (13) through (18), it is obtained the nonhomogeneous PDE.

—OXx —aad
e —e

—ab —oT

Ox] & —e (A1)

T — e

Ou a [ o Ou
ot Ox

with homogeneous boundary and initial conditions, respectively,

u(a,t)=0, u(b,t)=0, t =0
u(x,0)=0, a=x=h. A2)
The eigenfunctions of the related homogeneous problem are given by
d d | 2 .
—[em—f;ﬁ{x} +Ev(x)=0
dx dx ) e s (A.3)

with homogeneous boundary conditions y (a)= y (b)= 0. The eigenvalues and the corresponding eigenfunctions are

5 et e e —e™™
- =- = E_.'-‘"(:l.::|=f.'n5'ﬂ1 ﬂﬁﬂ'
[e—ab F—mr)_ e — &
' (A.4)
where
P |
c, =3%ec n |, n=123,....
H g—ab _E—e:m J
By defining the solution as
. e ] E—mx _E—na )
u(x.t)= E 4, (1), (x)= g 4,(t)c, Siﬂ[ﬂm
n=l1 n=l1 ~E —€ (AS)

and substituting in (A.1) it is obtained

G Ei.»i' “ll . d o0 ) d'ﬂ.‘"n |:\1l| E—a.t _E—na
L (x) = ke™ —|e™" t)———|— ,
Z dx Tn f ! v Z4I 1" JI ax ne—ab g
n=l . n=l
o a,{' [fj . [ dlt., {Ji:l dur l‘r'l ,I g~ OF _ gm0
1, i g \:I ?f-l + U .':.',' 4ax - _ .
; dx ¥a (%) ; 4 (¢ - @ dx ¢ 7 g~ob _gmaa
o Ei. ¢ "‘ 2 2 —X — e —OX .—IIEI'
Z 4"{ ‘:I kn - 32 A"' {i"\:l (‘" s b F—cm ”T]:_n%-
; e —e ] e —e
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let — " 4
Let e —¢ and using orthogonality

W

’L.d‘ (£) Jﬁ] 2 - o ) P \
D=y ())e, [ sin(us)sin(me)as == [ nLsin(ms)a-

dx ['E—nb o '\II‘ o Jo T

n=l

it is obtained an ordinary first order differential equation to be solved

d4, (1) e’ Foam 21
- +- 3*#{‘(}:[__1} |
dx [E—nb _ e“”) nme,
. (A.6)
The solution can be obtained straightforward as
‘ 2 —kieat
% w1 2?;' fg_nb o E_an ] :E_Iﬁ _B_I“ :!
4, (t)=—(=1) I I
nwe, ko
(A.7)
and using definitions in (35), it can be written that
—k#
e  —1
'ﬂil'l {I} = f?‘? [ kg ]
(A.8)

where f, is defined in (25). The general solution in terms of eigenfunction expansion method of the problem given in
(13) is found as

g __ o s g _ o E—k&r -1 ]
T[x.i!‘J=11x.a‘]+u{.‘a‘,z‘}=ﬂﬂf— E p S| ——————nT P |
e —e — e —e i

(A.9)



