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In this article, the fractional derivatives in the sense of Caputo, and the homotopy analysis method
(HAM) are used to construct the approximate solutions for the nonlinear fractional variant Bussinesq
equations with respect to time fractional derivative. The HAM contains a certain auxiliary h parameter
which provides us a simple way to adjust and control the convergence region and rate of convergence
of the series solution. This method is efficient and powerful in solving wide classes of nonlinear

evolution fractional order equation.
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INTRODUCTION

In recent years, there has been a great deal of interest in
fractional differential equations. First there were almost
no practical applications of fractional calculus, and it was
considered by many as an abstract area containing only
mathematical manipulations of little or no use. Nearly 30
years ago, the paradigm began to shift from pure
mathematical formulations to applications in various
fields. During the last decade fractional calculus has been
applied to almost every field of science, engineering, and
mathematics. Several fields of application of fractional
differentiation and fractional integration are already well
established, some others have just started.

Fractional differential equations (FDEs) have found
applications in many problems in physics and

engineering (Oldham and Spanier, 1974; Miller and Ross,
1993; Luchko and Gorenflo 1998; Podlubny, 1999;
Angelina, 2012; El-Ajou et al., 2010). Since most of the

nonlinear FDEs cannot be solved exactly, approximate
and numerical methods must be used. Some of the
recent analytical approximate methods for solving
nonlinear problems include the Adomian decomposition
method ADM (Daftardar-Gejji and Bhalekar, 2008;
Daftardar-Gejji and Jafari, 2007; Herzallah and Gepreel,
2012), variational iteration method VIM (Sweilam et al.,
2007), homotopy-perturbation method (HPM) (Golbabai
and Sayevand, 2011; Golbabai and Sayevand, 2010;
Gepreel, 2011) and homotopy analysis method homotopy
analysis method (HAM) (Liao, 1992, 1995; Gepreel and
Saad, 2014; Saad, 2011, 2012; Saad and Ghany, 2011;
Ghany and Saad, 2012; Abu and El-Ajou, 2013; Abu
Arqub et al., 2013; El-Ajou et al., 2013). The HAM, first
proposed in 1992 by Liao (1992), has been successfully
applied to solve many problems in physics and science.
This method is applied to solve linear and
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nonlinear fractional order systems. Recently, many
system have been identified that display fractional-order
dynamics, such as viscoelastic systems, quantum
evolution of complex system, and the control of fractional-
order dynamic systems (Ahmed et al., 2006, 2007).
Gepreel and Omran (2012) and Khaled and Mohamed
(2013) have used the complex transformation to calculate
the exact solution for some nonlinear fractional
differential equations. In this work, a new algorithm for
solving the fractional order variant Bussinesq equation
(Lu, 2005) is proposed based on HAM

Dfu+(uv), +v,, =0, @
Dfv+u, +vv, =0.

o __ 0%
Where, D7 u = at; , a

standing for the order of the fractional time derivative,
and satisfy 0 <a <1. We use the Caputo fractional

derivative on the half axis R™ (thatis, teR") ICD{L
for time. Subject to the initial conditions

is the parameter

x,0) = fx) = K* + K*n? - 2k*n? s (kx, m),
Ux,0) = g(x) = 1 + 2mk sn(kx, m) @
Where, sn(kx,m) is a Jacobi elliptic Sine functions with
the modulus m and A,k

(O<m<1).

are arbitrary constants

In this article, we present an alternative approach based
on HAM to the system of FDEs (Oldham and Spanier,
1974) with initial conditions (Miller and Ross, 1993), to
obtain the analytic approximations solutions for fractional
order variant Bussinesq equation and demonstrate the
effectiveness of the HAM algorithm. We use the h -curve
to control the convergence of series solutions.

BASIC DEFINITIONS

Here, we give some definitions and properties of the
fractional calculus. Several definitions of fractional
calculus have been proposed in the last two centuries.
The fractional calculus is a name for the theory of
integrals and derivatives of arbitrary order. There are
many books (Oldham and Spanier, 1974; Miller and
Ross, 1993; Luchko and Gorenflo, 1998; Podlubny, 1999)
that develop fractional calculus and various definitions of
fractional integration and differentiation, such as
Grunwald-Letnikov's definition, Riemann-Liouville
definition, Caputo's definition and generalized function
approach.

Definition 1

A real function h(t), %0 s said to be in the space

Cu» e R i there exists a real number

p > u, such
that h(t) =tPh,(t), where bi(9 € C10.%). anditis
said to be in the space C if and only if h™ eC,,

neN.

Definition 2

The Riemann-Liouville fractional integral operator J¢ of
order >0, of a functon he Cﬂ, u=>-1 is
defined as

1 [fe e
PO = Fos jD{r D li()dr (a > 0).

I'(a) is the well- known Gamma function. Some of the

properties of the operator J“ , which we will need here,
are as follows:

J*37n(t) =3 “’h(t),
J*J7h(t) =37 J*h(t),
J7 =D et \where £>0 and V& -1

T I(a+y+))

Definition 3

The fractional derivative (2F) of (1)
sense is defined by

in the Caputo's

IPII[I:I = 1 :I J-;“_ r)ee 1!’1“”{?](11’

I'n-«a
forn-1l<a<n nsM.t>0 he C%. 4)

The following are two basic properties of Caputo's
fractional Derivative [4]:

Let heC", 25HN. Then IP*h Q0<ag<n iswell

defined and D*heC,.

Let 2-1<@=n. peop gnd 25 Cao 1z -1 Tpen
n-1 tk

(J*D)h(t) = h(t)—Zh(k)(OJr)E. (5)
k=0 :



HOMOTOPY ANALYSIS METHOD FOR SYSTEM oF
FDEs

Let us consider the following system of differential
equation

N, (U, (t),......, u (t)) =0,

Subject to the following initial conditions at initial value:

k=1..n

i=12,...n, (6)

Uk(t) =Gy,

Where, N are nonlinear operators, t denotes an

i
independent operator and U, (t) are the unknown

functions. We can construct the following Zeroth-order
deformation for i =12,....n,

(L-0)¢;(4 (t;9) - Uy (1) = g H; ON [, (t5 ). 4, (850D, (7)

Where, q€[0,1] is an embedding parameter, h, =0

are auxiliary parameters, Hil?) + 0 are auxiliary
functions, ¢; =D (n—1<ea; <n) are auxiliary linear
operators such that

£;[¢:(0] = 0when ¢, (t) = 0. (8)

Generally, U;,(t) are initial guesses, which satisfy the

initial conditions and ¢, (t
where

¢ (t:0) =u, (1), & (1) =u; (),

;() are unknown functions

1=12,...n. 9)

Expanding ¢ (t ; q) in Taylor series we have

@(ﬁq):uma)+jium(0qm, i=12,..n, (10)

m=1

Where,

i=12,..n (11)

ulm(t)_ 16 ¢(t q)l

aqn

If the auxiliary parameters hi ,
H,(t), the initial approximations U, (t)

auxiliary linear operators =i are so properly chosen the
series (Equation 10) converges at (=1. Then, using

the auxiliary functions

and the
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Equation 9, the series (Equation 10) becomes

uiﬂ):uma)+jéum(0, i1=12,...n. (12)

Let us, we define the following vectors

U () = Uy (0), U, (), U, (), u, ©F, 1=12,..0. (13)

Then differentiating Equation 7 m times with respect to
G , setting =0 and dividing by m  we have the

Mt/ -order deformation equation

Ui (€) = X Uiy O = i H (OR Uy 35Uy e U ),
(14)
Where,
N (159)vvvvns0al9)]
””{H m-1° ly -l “nm‘l) } (H]—l l) ) i< : ‘IFU ;

- iq (15)
And
x = {O m<1, )

1 m>1

Applying the Riemann-Liouville integral operator J
on both side of Equation 14, we get

n-1
-X U

im m im- 1 m im
i=0

+hH (O3 [Rin (U1, Uiy Ui )]

17)

The mth -order deformation Equations 14 are linear and
they can be easily solved, especially by means of
symbolic computation software such as Mathematic,
Maple, Mat Lab.

APPLICATION

To demonstrate the effectiveness of the method, we
consider the system of nonlinear partial fractional
(Oldham and Spanier, 1974) with the initial conditions
(Miller and Ross, 1993). We let

il (ta)]= DI [g (L a)l,
2,8, (t;a)] = DY [¢, (t;a)],

with the property ¢,[C;]=0,i=1,2 where c, are the

integral constant and the nonlinear operators are defined
as

(18)
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N1[¢1v¢2] = Dta¢1 + (¢1¢1)x + (¢2)xxx’
N2[¢11¢2] = Dta¢2 +(¢1)x +¢2(¢2)x'

Choosing {0 =1 for 1=12 the zeroth-order deformation
equations are

(l_q)€1[¢1(t ;q) _uo(t)] = th1[¢11¢2],

(19)
(1_q)£2[¢2(t ;q)_Vo(t)] = th2[¢1’¢2],
Where,
$1(2:0) = u (), ¢1(£:1) = (1),
$2(2:0) = vo(0), ¢2(t:1) = H2). (20)

Then, the Mt/ -order deformation equations become

el[um (t) - Xmum—l (t)] = thm (un?—l’vn?—l)’

(21)
E 2 [Vm (t) - vam—l (t)] = hRZm (U rrT—l ! Vn?—l)’
Where,
’R'lm( m 1° 11)—1 Daum—l + ZI Up- ]—j T Z U\ V- 1-) Vi1 )‘(‘:Xw

-1

R ’m(“m_p ,1,_1) Da‘m—l + Z ‘j V- ]—j x T (Hm—])x-

=0

The system (Equation 21) has the following general
solutions

m-1 m-1

Um(X l’) = XmUm-1 (t) +h]a[D?Um 1 + Z /(Um 1 1) + Z U/(‘m 1— f)‘(

=0 =0

( V-1 ) XXX],

m-1

V(% 8) = X Vit () + B [DF Vi + D, ViVt ) + () ).
0

(22)

Where, U and W are the initial conditions, Equations
(22) leads to get:

m-1

up(x f) = (xp + Dy (0 + (g — 1Ay (1) + A [Z ‘j'(”m—lﬁf) xt
0
m-1
Z (V1) + (Vi1 )]
=0
m-1
I}IJ(‘X: F) = (Xm +b}rm—1(f) + (xlﬂ - l)hi'ur](r) +Iﬂu[z (Im 1- I) + (Hm 1) ]

A

(23)

Finally, we have

(X, ) = g + E 1, (X 1),

1773=1

‘E(AL f) = Vo + E r‘_u:(-& f}
1231 (24)

Substituting Equation (2) into Equation (24) we have

m(xt) = Ij-f(‘i.)

( 1)’
Iﬂ:
nixd =ha(x)=——.
]._[C! + ]J (25)
mixn=(1+huy(x rj+b—f(\jm
Jex
wE)=(1+Dnx)+Pe(x———
’ 1 FETQa+1) (2
1+ 4 PR+ (1 + () =L
wm(xf) =(l+hwm(xt)+h ,(A\Jr{5g+ D +Ir(1+h)h(x )1_[ e 1)’
) _ Ve (v PR ) W
wx)=(1+hwn(xt)+h g3(le_(3a+ ) +IF(1+ J}ng_;(x}—l_(za_l_ I
(27)
and so on. After some calculation, we get
fx) = K2 +kK2nf — 2207 st (kx m).
A(x) = Sxxx T -f_g)\ + _Q.(ﬁx_
B(x) =(@)mx+ @b+ A(@Dx+Ln)x+ 2(H)x
. L TQRa+1) | .
E() = F(@)ans + £2)x+ £@a+ 2w 5 )+ A (@)s
rQa+1) .
m"'gz(ﬁ.w"'g(fz)x-
""" 28)
and
2x) = A+ 2mk sokx m),
21(x) = (fx + 2(2x.
2(x) = (f)x+g12c + 221 )x.
T'2a+1
o =(h)x+2d@)x+ 212 h% + 2(2)x.
I'“{a+1)
""" (29)

In this case the approximate solution of time-fractional
Equation (1) according to the HAM takes the following
form
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Figure 1. The h-curve of the 4th order approximate solution (5.13) when a = 0.75.

ugpp = wlxt) +mlxe) +mlxe) +wmxe) +

vapp = wilx )+ vz +wlxd+wnlxe)+

Then,

o = A ( +1) U1+ BAE 1'(:+ 1) 5 F(li: n”
(1—1:}(1:(1+mrir(a"’+1)+;£b:(x}r(li“ V4B 5 39_1)
113(1+b)15ﬁ+..,_

(30)

‘l?pp:_E'(-Y)HI_‘-’l(X)m+Jx(1+b)ol(g]_{ +1) P Hl’(#:l)

kY 2 kY g 13
(1+M(HLl+Ba(x) f{a+ W) +}r_m(,\;1_(2a+ W) )+ !ﬁgg{,&jir{ja .y -

)

2 +11)_g(x}1_(#°+1)+

(31)

and so on. In the special case when h=-1, the
homotopy analysis method equivalent the homotopy
perturbation method and the Adomain decomposition
method and take the following form:-

"o‘ . a
Upp | apy = s Jpay = 49 ﬁ(x;]_( £ }+ {\’1'(7:::+1) f”“')r(ziﬂ) +..
=+ Faf 280 st (kx m) + 468 off ool kox, m) il ke, ) s e ) ).
21{411?:2}.3[1 2t (kx m) + 3nf s (kx m) — 2o st (kx m)] +%kjm:&3m{1m m)

d(kx m) 2 [-2hsa kx, m) + 602 s (kx m) — 2nP Asa(kx m)] +...
(32)

and

a 20 t3a

t
v =V, =0(X)—0,(X + X - X +...
oo | 20w = Vago lhan = 9(X) gl()r(ml) gz()r(2a+1) 93()“3%1)

= A+ 2mk sn(kx, m) + 2tk ‘men(kx, m)dn(kx, m) — k*mt?A2sn(kx, m)[-1+
2m? sn?(kx, m) - m?]+ %k“mﬂzcn(kx, m)dn(kx, mt*[-4 +
6m?Asn’ (kx,m) — m*A] +...
(33)

Using the Taylor series expansion near t =0, we have

U(X, ) |gee = K +k?m? —2k?m? sn®(k(x — At),m), (34)
and
V(X 1) g = A + 2mk sn(k (X — At), m). (35)

These are the exact solutions of the variant Bussinesq
equations partial differential Equation (1) obtained when

replacing 2 =1 and h=-1 j, Equations 31 and
32. These solutions (Equations 35 and 36) are exactly
the same solutions obtained in Equation 28. The h

curves have been plotted in Figurel for u,(0,0)and

V,(0,0) as we have expressed, it is easy to check that

the HAM solution is convergent to the exact solutions
when -1.4<h<-0.6.
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Figure 2. The approximate solution (Equation 34) shown in the figure b) in comparison with the exact solution
(36)Shown in (a)When o = l.fu= 05.}&- = D ]_.f:l = DF._SO < X < 50 and 0<t<l

U Exact

U app

Figure 3. The approximate solution (33) shown in the figure (b) in comparison with the exact solution (35)

shownin (@ when @ =1m=0.5k=0.1,1=05-50<x<50 and O0<t<1.

CONCLUSION

In this paper, the HAM has been successfully applied to
obtain the numerical solutions of the time fractional
variant Bussinesq equations. From Figures 1-5, we
deduce the behavior of the approximate solutions is the
same behavior of the exact solutions at some different

values «. consequently, we deduce the approximate
solutions are rapidly convergent series as the exact
solutions. The HAM contains a certain auxiliary
parameter which provides us with a simple way to adjust
and control the convergence region and rate of
convergence of the series solution. The obtained results
show that the HAM is a very accurate and effective.
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Vapp

Figure 4. The approximate solution (34) shown in the figure (b) in comparison with the exact solution (36) shown in

@when @=.9999,m=0.5k=0.1,4=0.5-50<x<50 and O0<t<1.

10?
;\jx 4
\‘ 1161
106
96
867
764/
S0
b
UExact Uapp

Figure 5. The approximate solution (33) shown in the figure (b) in comparison with the exact solution (35)

shownin (@) when ¢ =0.999,m=0.5k =0.,4=0.5-50<Xx<50 and 0 <t <1.
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