Zou Journal of Inequalities and Applications (2015) 2015:294 ® Journal of Inequalities and Applications
DOI10.11 86/51 3660-015-0799-9 a SpringerOpen Journal

RESEARCH Open Access

CrossMark
Existence of solutions for a class of porous
medium type equations with lower order
terms
Weilin Zou
“Correspondence: zwl267@163.com
College Qf Mathematics and Abstract
Egzrgn;g:gn&f;?;?ﬁ:ﬁ?ﬁ;fg This paper deals with a class of degenerate quasilinear elliptic equations of the form
330063, China —div(alx,u, Vu)) + F(x,u, Vu) = f, where a(x,u, Vu) is allowed to degenerate with the

unknown u. Under some hypothesis on g, F, and f, we obtain the existence of
bounded solutions u € W&’D(Q) N L%°(R2). For the case f e L'(£2), we also prove that
there exists at least one renormalized solution.

MSC: 35D05; 35J60; 35J70; 26D07

Keywords: degenerate equations; weak and renormalized solutions; L* estimate;
natural growth

1 Introduction
This paper concerns the following degenerate problem:

() —div(a(x, u, Vu)) + F(x,u, Vu) = f in Q,
u=0 on 0€2,
where Q is a bounded domain of RY (N > 2), f € L9(Q) with g > 1 and a(x,s,£) is a
Carathéodory function. Furthermore, we assume that there exists a continuous function
o from R* into R* such that «(0) = 0 and a(x, s, £)€ > «(|s])|&|P for any s € R, & € RN, and
almost every x in 2. Thus problem () degenerates for the subset {x € Q : u(x) = 0}.
Problem (£?) has important and extensive applications to the fluid dynamics in porous
media, in hydrology and in petroleum engineering (see [1, 2]). The simplest model is the
stationary case of the porous media equation with zero Dirichlet boundary condition:
{ ~A(u|"u) + Fx,u)=f inQ,
(Po)
u=0 on 092,
which has been widely studied in the literature (see [3—6] and references therein).
For the case @ = constant > 0, the existence of bounded solutions to problem (£?) is
proved in [7], when the data f is small in a suitable norm.
Concerning the case that « is a positive function, Porretta and Segura de Leén investi-
gated the existence results to problem (#?); see [8]. We remark that in [8], no sign condi-
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tion is imposed on F, but the growth of F at infinity need to be controlled. We also point
out that a variational inequality related to problem (4?) was studied in [9], and similar
results can be found in [10] and [11].

In the case @(0) = 0, f € W(Q) N LYRQ) with r > p/, r > 1%’ Rakotoson proved the
existence of a bounded weak solution to problem (£?) (see [12]), provided that F satisfies
a sign condition. As F = 0 and f € W~L"(Q), the existence of solutions to problem (£?) has
been discussed in [13]. We point out that the parabolic version of [13] has been studied
in [14].

As f e L1(2) with g > max({1, %[}, we shall give a direct method to prove the existence of
bounded weak solutions to problem (£?) in the standard sense, i.e. u € W/é’P (2). The main
difficulty comes from the facts that its modulus of ellipticity vanishes when the solution u
vanishes. To overcome this difficulty, we shall firstly establish the L estimate for solution
u, by the technique of rearrangement which is differs from the usual Stampacchia L*
regularity procedure. Then, by constructing suitable approximate problems, and using a
priori estimates and a test function method, we shall finish the proof of this existence
results.

Furthermore, we will study the case when f € L!(2). Since no growth conditions are
required for w and B (see (H,)), it is not obvious that the term —div(a(x, 4, Vi)) makes
sense even as a distribution. To overcome this difficulty, we shall use the concept of renor-
malized solutions, which is introduced by Diperna and Lions (see [15]). This notion was
adapted by many authors to study partial differential equations with measurable data, es-
pecially for L! data (see [16—18] for example). We remark that an equivalent notion called
entropy solutions, was introduced independently by Bénilan et al. [19].

The main ideas and methods come from [8, 10, 12, 20]. This paper is organized as fol-
lows: in Section 2 we give some preliminaries and state the main results; in Section 3,
we study the existence of bounded solution to problem (Z?); in Section 4, we prove the

existence of renormalized solution.

2 Some preliminaries and the main results

2.1 Properties of the relative rearrangement

Let Q be a bounded open subsets of RN, we denote by |E| the Lebesgue measure of a set E.
Assume that # : 2 — R be a measurable function, we define the distribution function ., (z)
of u as follows:

,uu(t)szeQ:u(x)>t}, vVt eR.

The decreasing rearrangement u, of u is defined as the generalized inverse function of
wyu(t), ie.

u.(s) = inf{t ER:u,(t) < s}, seQ* = [0, |Q|].
We recall also that # and u, are equi-measurable, i.e.
Mu(t) =y, (8), teR,

which implies that for any non-negative Borel function 1 we have

1€2|
[ ve)as= [ v o) ds
Q 0
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and if E C Q be a measurable subset, then

|E|
‘/Eu(x)dxffo 1. (s) ds.

Using the Fleming-Rishel formula, Holder’s inequality, and the isoperimetric inequality,
we can get the following result (see [7, 9, 12]).

Lemma 2.1 For any non-negative function u € Wy" (), the following chain of inequalities
holds:

d

d , 1/p
NCII\[/NMu(t)l—l/NS_E/ V| dx < (—M;(t))l/p (_%/ t|Vu|p dx) )

u>t

where Cy denotes the measure of the unit ball in RN,

For more details as regards the theory of rearrangement, we just refer to [21] and the

references therein.

2.2 Assumptions and the main results
Let 2 be an open bounded set of RN (N > 2) and p > 1, we make the following assump-
tions.

(Hy) a:Q x R x RN — RN is a Carathéodory vector function satisfying: there exists a

continuous function a from R, into R, such that «(0) = 0 and a(s) > 0 if s >0 and

a(x,s, )& > a(ls])|E), VseR,ae xeQ,VEeRY,

+00 +00 1
/ alﬁ(s)ds=/ ——ds=+00
0 o als)

and
1 1 .
—€L(0,b) foranygivenb>0.
o

(H2) There exists a Carathéodory vector function a such that fora.e.x € Q,Vs e R, V§,&’ €
RN with & # &
(i) alx,s,§) = alls)alx,s,§).
(ii) [a(x,s,&) —alx,s,§")][E -&1>0.
(ili) There exist an increasing function w from R* into R* and a non-negative
function @ € L¥ (Q) such that

|a(x,5,6)| < o(sl)[I5177 + @()].

(iv) The function a is a positively homogeneous of degree (p — 1) with respect to

the variable &, i.e.

ax,s, t&) = P la(x,s, &), Ve=>0.
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(Hz) F:Q xR xRN — R is a Carathéodory function, for which there exists an increasing
function g from [0, +00) into [0, +00) vanishing and continuous at zero such that for
ae.xeQ,VseRand V& e RY:

|F(x,5,8)| < B(Isl) 517

(Ha) f € L9(2) with g > max{1, %}.
ev (Is)

(Hs) Timsosco G2 T

=0, where y and ¢ are defined as follows:

1 ydsh

_(°BUaD) [ FogRAC!
)/(s)—/0 a(|0|)da, d)(s)—/o (a(lo]))”te?T do. (2.1)

Remark 2.1 Assumption (H;) allows us to consider the porous medium operators
A(|lu|™ ) = div(m|u|™Vu). In this case, it yields «(|s]) = |s|"1, so that the conditions
a(0) =0 and é € LY(0,b) indicate 1 < m < 2. Thus, in this case, the porous medium equa-
tion becomes a slow diffusion equation.

We now introduce several auxiliary functions by

&(s):/o o7 ([t]) dt, (2.2)

VQ(S)Z/s%dU for any fixed 6 > 0, (2.3)
0

- Bleg@)) ~ [ BUg@)D

”(S)‘/o (g o 2 7O eon 24

As usual, the usual truncation function Ty at level 6 is defined as Ty(s) = max{-6,
min{f, s}}. Throughout this paper, we use C(6;,6,...,0,,) to denote positive constants de-
pending only on specified quantities 61,65, ...,6,.

Now we give the definition of weak solutions of problem (7).

Definition 2.1 A measurable function u € Wé’p (€2) is called a weak solution to problem
(), if a(-,u, Vu) € L () and F(-, u, Vi) € L*(R) such that

fa(x,u,Vu)Vvdx+/F(x,u,Vu)vdxz/fvdx, Vv e Wé’p(Q)ﬂL"O(Q). (2.5)
Q Q Q

For the existence of weak solutions, our result is stated as follows.

Theorem 2.1 If assumptions (H;)-(Hs) hold, then there exists at least one bounded weak
solution u € L>°(2) to problem (&) in the sense of Definition 2.1.

As we have said before, when dealing with the case f € L!(S2), we shall use the notion of
renormalized solution.

Definition 2.2 A measurable function u : 2 — R is a renormalized solution of problem

(2)if

Ti(u) € Wy*(Q) foranyk >0, (2.6)
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lim a(x,u, Vu)Vudx =0 (2.7)

=00 J{m<|ul<m+1}

and if for any & € W*°(Q) with compact support and v € Wé’p(Q) N L*®(R), u satisfies
/ a(x, u, Vu)V(h(u)u) dx + / F(x, u, Vu)h(u)v dx = /ﬂq(u)v dx. (2.8)
Q Q Q

The existence result for L data is stated as follows.

Theorem 2.2 Assume that (H;) to (H3) hold and g € LM(R,). If f € LX), then problem
(P) admits at least one renormalized solution.

Remark 2.2 In Theorem 2.1, the conditions (H4) and (Hs) are only needed in proving the
L>(Q2) estimate of u. Therefore in Theorem 2.2, we do not need these assumptions. But
instead, we need the condition g € LY(R,) as in [11]. Moreover, by the result of [22], the
solution obtained in Theorem 2.2 belongs to WS'V(Q), provided 2 — ﬁ <p<N.

3 Existence of weak solution to problem (%)

To prove Theorem 2.1, we first establish the L> estimate of solutions to problem (£?).

Lemma 3.1 Assume that (H;) to (Hs) hold. If u € Wé’p(Q) N L>®(K2) is a weak solution to
problem (2?), then u satisfies the following estimate:

llzt]| Lo () < M, (3.1)
where M is a constant which depends only on N, p, q, o, 8, ||f |14

Proof of Lemma 3.1 Fort >0, h >0, let S, be a real function defined by

1, n>t+h,
L, t<n<t+h,

Sen(m) =140,  [nl <t 3.2)
n+t

T} —t—hfnf—t,

1, n<-t-h

It is easy to see that S;;,(¢(u)) € Wé’p(Q) N L®°(Q) and so S, ;(¢p(u))e” 14 e Wé’p(Q) n
L>®(R2), where ¢ and yy are defined as in (2.1) and (2.3). Taking v = €4S, ,(¢(x)) as a
test function in (2.5), we have

1
—f &' (w)e” " a(x, u, Vi) Vi dx
1 Jie<iptuyi=e+n)
+ Sun(pw)) | ————e""“Da(x, u, Vi) Vi dx
A (u)\>t}| th( )|Ot(|1/l|)+9

+/ F(x, u, Vu)eyé’(‘”‘)Styh(qb(u)) dx
{lp(u)I>t}

i /{|¢< >|>t}femlul)5f’h (¢ (w)) dx.
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Then letting 6 — 0, we obtain

1

/ &' (e’ "“Da(x, u, Vi)V dx
h Juapwrzen

Sth ))|ﬂ(|u|) (lu))

/ W)} or(|uel)
I

a(x, u, Vu)Vudx

F(x,u, Vu)e’ 1#Ds, h(¢( )) dx

(u)|>t}

) /{|¢<u)|>t}fey(lul)5t’h(¢(u)) dx’ 3

where y is defined as in (2.1). Notice that |S;,(¢(x))| <1, by (H;), (Hs), and applying
Holder’s inequality, we deduce from (3.3) that

1
/

Vol” dx < lfley('””dxfllfllm(m</ e ] dx) :
{w>t} {w>t}

h {t<w<t+h}

where w = |¢p(u)| = ¢(Ju|). Let & tend to zero, we find that

_ =

d
T IVol? dx < [f|ey(lul) dx < If 29 (/ ‘e” Jaal) ‘q dx) ) (3.4)
L {w>t} {w>t} {w>t}
Setting
v (Isl)
z(t) = sup ¢

(sisg-Ly L+ d(IsD)P- v
since ¢ is strictly increasing and lim;_, 1o ¢(s) = 0, we have

lim z(¢) = 0. (3.5)

t—>+00

1
Concerning the term (f[wt} le”14D|4" dx) 7, we have

’ é y (|ul) q/
([w>t}|er(u|)|q dx) = (/{wt}(i(li a))P1> 1+ w)? @D dx)
< Clp, q)z(t>[( f{ }wq/@*” dx) ! (uwm)l/]

1
7

Mo (t) , 7
<Cl, q)z(t)[( / wd 7Y ds) + (no(®)
0

By (3.4), (3.6), and Lemma 2.1, it follows that

Q=

_ =

]. (3.6)

NCJI\;NML() (t)l—l/N

1/ 1 Holt) / 17%'1/ L
< (<) "c<p,q>zp<t>[< / wz@-hds) ¢ (1ol®) 7 } (37)
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which indicates that, for 0 <6 <6 + h < |Q],

w:(0) -0 +h) _ Clp,q) /w*(g) L (=g, (O)

zP (t
h = ENCYN Jo0n ()uw(t)H’N

Ho® o 1
X [(/ wl -1 ds) + (Mw(t))m/] det
0

Clp,q,N 1 @) (! ()M
. (p,q,N) sup 2 ) ( Mw(l))w
B selwn0+h),+00) wx0+h) Mo(D)

Ho® o 1
X [(/ wl -1 ds) + (pcw(t))ﬂq'] de.
0

Then we employ (1.15) of [9] to get

sup
h h s€[wx(0+h),+00]

1
g , Py i
X |:(f wz(p_l)ds>pq +0Pq’]d0.
0

Then letting % tend to zero, we deduce that, for almost 6 € [0, |2]],

w4 (0) — (6 + h) < C(P: qu) lej (s) /9+h (—w;(o'))l/p
, T

ol"w

1 —w' (0))V/P o L 1
-, (0) < C(p,q,N)  sup z;(s)M[(‘/ wf(”_l)ds)pq +9W],
0

s€[wx(0),+00] 917%

which leads, after applying Young’s inequality, to

/ 1 0 , 7 VA
—w;(9)<C(P,61,N)[ sup zll_’(s)]p [(/ wZ(p"Dds>pq +9:ﬂ/]
0

s€ws(0),+00] 9U-x )
Vi 1 VA
<C@.q,N) sup z7()———[w.(0)077 +0r ]
selws(8),+00] od-np

Page 7 of 23

(3.8)

/ /
Since g > %, we have g = ;% +%& —p'+1>0.From (3.5), we deduce that there exists £y > 0

such that

Clp,qN)z7 ()| < ~ foralls > t,.

N =

Hence, upon integration over [0, i, (to)], inequality (3.8) gives

04(0) <1+ 2,

which implies that ||u||;=@) < ¢ (1 + 2¢y). We observe that ¢, only depends on p, ¢, N,

|Q2], &, B, thus the proof of Lemma 3.1 is finished.

O

To prove Theorem 2.1, we shall consider suitable approximate problems. First of all, we

recall the following lemma, proved in [12].
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Lemma 3.2 There exists a function g € CY(R) such that g is odd, strictly increasing, and

g'(s)= ot(|g(s)|) >0 inR, (3.9)
g(0)=0, SErJrnoog(s) = +00. (3.10)

Fora.e.x € Q,VseR, and V& € RN, we define for fixed & > 0:
_ Flxs8)

T 1+¢|F(x,s,8)]
a.(x,5,€) = £ + a(x,g(s), ¢ (5)€),

ac(x,5,§) = €% + a(x,g(Ti(s)), & (Ti(s)) T/ (5)§).

Fs(x’SrS)

’

For any fixed ¢ > 0, we introduce the approximate problem

—div(ae(x, ue, Vue)) + Fe(x, g(ue), g (u)Vu,) = f, inQ,

P
(Z) u. =0 on 052,

where {f.} satisfy
f. € C°(RQ)  such that f, — f strongly in L1(Q2) as ¢ — 0.
The existence result to problem (42,) is stated as follows.
Theorem 3.1 Problem (Z2,) admits at least a solution u, € W/é’p(Q) N L>®(Q) with
llg (1) |l oo () < Mo, where My is a positive constant depending on M (see Lemma 3.1) and

the behavior of function g.

Proof of Theorem 3.1 For any [ > 0, let us consider the following truncated problem:

—div(ag(x, e, Vu,)) + Fo(x, g(Ti(ue)), & (Ti(u,))VTi(u,)) = f  inQ,

P
(1) u, =0 on 0%2.

By the classic result (see [23]), problem (Z7;) admits a solution u, € Wg’p(ﬂ) € L*®(R2).
Then using the same argument of Lemma 3.1, we conclude

le(Tu(ue)) HLOC(Q) <M.

In view of Lemma 3.2, it is easy to see that g™! is defined well and strictly increasing in R.
Now choosing [ > g71(M), we obtain

lltge [l 2o () < g7 (M). (3.11)

Thus we have Tj(u,) = u., which implies that u, is a weak solution of (£?,). The proof is
finished. O
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Proof of Theorem 2.1 Taking " #:Dy, as a test function in problem (22,), we have
f e 14D g (x, up, Ve, ) Ve dx

/l Ue| ,f|3(|g(up)|) 7olue) g(x, e, Vi) Vte do
(g (ue)|

+/F&‘(xig(ua)yg/(ME)Vus)efﬁ(Wsnus dx
Q
:/ﬁ;e%(lusl)us dx,

Q

where 73 is defined as in (2.4), and g is defined as in Lemma 3.2. Then letting 6 tend to
zero, using assumptions (H;)-(H4) and Theorem 3.1 we get

/e?(‘”g‘)as(x,ug,Vug)Vugdx5/ﬂem’“')usdx,
Q Q

where y is defined as in (2.4).
In view of Theorem 3.1, (H;), and (H;), the above estimate gives

£ / Vi | + / V(o) dx < &€ D g (M0) [f |1 - (3.12)
Q Q

Now denoting u, = g(u.), estimates (3.11) and (3.12) imply that i, is bounded uniformly
in Wop (2) N L*(L2). As a consequence, there exist a subsequence (still denoted by {iz.})
and a measurable function z € Wép(Q) N L% (£2) such that

u. — u weakly in Wé’p(Q) and weakly* in L>(2), (3.13)

i, —> 1 a.e.in Q. (3.14)
In the following, the rest of the proof is divided into several steps.
Step 1: To deal with the difficulty that « vanishes at zero, we define the following trun-
cation function near the origin:
Ck(s) =max{s,k} =k + (s—k),, VseR, (3.15)
where k > 0 is a fixed constant. Then we easily get

Ck(te) = Cx(u)  weakly in Wé’p(Q) and weakly* in L*(). (3.16)

Now taking p; = e @) ¢4 (i) — Cx(@)], as a test function in problem (Z2,), by (H;) we
have

/ ") a(x, g, Vit )V L) — (@], d
Q
+ s/ ") | vy, |p‘2Vu8V[§k(ﬁ5) - fk(b_i)]Jr dx
Q

M 0 (ite) =\ - _ _
+/Qoe(|zt8|)+eey [k (e) = 5k ()] e (1826 ]) | Vit | dx
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€ /Q %ews)[g@) — (@), Ve P>V Vit dx
+ f Fo(x,ite, Vite)e” " i(ite) — Cu(i) ], dis
Q
< / fo€ %5y (i1e) - 2(i1)], dx. (317)
Q

It is easy to see that the fourth term of (3.17) is non-negative. So letting 6 tend to zero, the
above inequality leads to

L(e) + I,(e) < I3(e), (3.18)
where
L(e) = / e’ “a(x, ite, Vit )V [ t(ite) — k()] da,
Q
L(e) = 8/ e’ ") |V, Ipfzvuav[é“k(ﬁe) - (k(ﬁ)L dx,
Q

Iy(e) = fg £ c(iae) - (@], d.

Now we estimate all the terms of (3.18).
Estimate of I,(g). Using (3.11), (3.13), and the Holder inequality, we conclude that

’12(8)| < seV(M°)</Q |Vu,|P dx) [([QWQ(L?S)V’ dx) + </Q|V§k(ﬁ)|p dx) ]

Hence, by (3.12) we easily get
lim I,(g) = 0. (3.19)
e—0

Estimate of I5(¢). By (3.11), (3.14), and the Lebesgue dominated convergence theorem,
we infer that

lim I3(g) = 0. (3.20)
e—0

Estimate of L(¢g). Since a(x,s,0) = 0 for a.e. x € Q and every s € R, we obtain

w6 = [ & atw i, Vi) - Vi - 0], d
Q

el

+ fk e’ ) a(x, i, Vit,) - V[—k - Ck(b_t)]Jr dx
QEZ
= 111(8) + 212(8), (3.21)

where

Qf =xeQ:um <k}, QN ={xeQ:u >k
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For the term Ij; (¢), we can write

In(e) = /k "N a(x, Gilite), Virlite)) — a(x, Silite), Var(i) ] - V[ ¢k(ite) - &(i)], d

Qsl

T /Q & ®a(x, @), Vo) - V[gliae) - (@), dx. (322)

el

Collecting (3.11), (3.13), (3.14), and (3.16), it is easy to verify that

lim [ "™ a(x, (i), Vi) - V[ aliae) - ci(in)], dac = 0. (323)

e—0 le
)

Using (3.22), (3.23), (H;), and (H3), we find that

Hl’(l)ju(S) = E(1)//< [d(x’ é-k(ﬁ‘g)’vé‘k(b_te)) —ﬂ(x, Ck(ﬁs):vfk(ljl))]
o e Qsl
- V[gk(e) - (@), dw
= @)‘/ [a(x, Ck(b_ts),vé'k([tg)) —a(x, gk(’zs);vé'k(ﬁ))]
e=0Ja
V(@) - g(@)], dx,

where we have used the fact a(x,s,0) = 0 for a.e. x € Q.
For the term Ij5(e), it is easy to get

lin'(l)ilg(ﬁ‘) =0.
The above two convergence results show that
Hl’(l)]l(é‘) > EI(I)/ [ﬂ(x¢ Ck(ﬁe): V;k(ﬁs)) - “(x; ;k(ﬁs): V;k(ﬁ))]
£—> e=0 Jo
- V[erlite) - tr(@)], da. (3.24)

Substituting (3.19), (3.20), and (3.24) into (3.18), we conclude

e—0

lim Q[a(x,ck(ﬁs),vck(ﬁa)—a(x,;k(ﬁg),vck(ﬁ))]
- V[er(ie) - (@), dx < 0. (3.25)

Now choosing pj = —e”¥ @) [ g4 (iae) — ¢x ()], as a test function in problem (2, ), by the same
arguments as in the proof of (3.25) we arrive at

m) / —[a(x, cxite), V(@) — a(x, &ilin:), V(@) ]
E—> Q

- V[ er(ite) - g ()] _dx < 0. (3.26)

As a consequence of (3.25) and (3.26), we have

Ty [ (o, 40, V) = (o, 000, V@) - Vel - (0] ds <0,



Zou Journal of Inequalities and Applications (2015) 2015:294 Page 12 of 23

Then, arguing as in [24], we derive that
V(i) — V(i) strongly in (L”(Q))N and a.e. in Q. (3.27)
Step 2: For any fixed k > 0, let us define
Ck(s) = min{s,—k} = —k + (s + k)_, VseR.

Proceeding as in Step 1, taking p§ = ") [¢;(it.) — & ()], and pf = —e 70 [ (ir.) —
Cx(i)]_ as two test functions in problem (%), we obtain

Vi(ite) — V(i) strongly in (L”(Q))N and a.e. in Q. (3.28)
By (3.27) and (3.28), it follows that
Xilael=k) Vite = Xqu=k)V#  strongly in (LP(Q))N and a.e. in Q. (3.29)

In the following, we prove that u is a weak solution to problem (£?).
Since u, is a weak solution to problem (£?), it follows that

/ a(x, itg, Vit )Vvdx + & / |V P2V, Vvde + / F,(x, i1, Vit )vdx
Q Q Q
= / fivdx,  Wve WP(Q)NLP(RQ). (3.30)
Q
Concerning the third term on the left-hand side of (3.30), we rewrite it as

/ F(x, i, Vitg)vdx
Q

:f F(x,ﬁg,Vﬁg)udx+/ F(x, i, Vit,)vdx
{(reu|ite |5k} {reQu|it | <k}

=L + 1, foranyfixed k> 0. (3.31)
To take the limits in /;,, we next show that
F(x, i, Vﬁg)X{|;,E|>k} — F(x,u, Vljt))(”,;bk} strongly in Ll(Q). (3.32)
Indeed, by (3.14) and (3.29), we already know that F(x,¢, 4., Vit,) xja.sk) — Fx,t, 4,
Vi) xqa-ky almost everywhere in , it suffices to prove the equi-integrability of this se-
quence and then apply Vitali’s convergence theorem. Using Theorem 3.1 and (Hs), we get
|F(x, ﬁe,Vﬁa)X{mgpk}{ < ColVike |? x{jie 5k}
where Cy is a positive constant independent of ¢ and k. Then the equi-integrability of

|Vite P X {1z, |5k} which follows from (3.29), indicates that of F(x, iz., Vit,) X{ji. |5k} - Therefore,
(3.32) is proved.
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As a conclusion, we have
lim I, = f F(x, iz, Vir)v dx,
e—>0 (xe|a|>k)
so that

lim lim [, = / F(x,u, Vi)v dx. (3.33)
Q

k—0e—0

Moreover, by assumption (H3) and (3.12) we get
) = o p6) [ [ [V + h(x, )]|v] dxdt < C, max (s),
O=s=k {(®0€Qur:ite (,6)| <k} O=s=k

where C; is a positive constant independent of ¢ and k. Therefore,

lim lim I, =0, (3.34)

k—0e—0

since B is a continuous function from [0, +c0) into [0, +o0) and B(0) = 0.
It follows from (3.31), (3.33), and (3.34) that

lim/F(x,ﬁg,VZtg)vdx:/F(x,l?t,VL_t)de. (3.35)
Q Q

e—0

Similarly, we have

lim a(x,itg,Vﬁg)Vvdx:/a(x,it,VzZ)Vvdx. (3.36)
Q Q

=0

Furthermore, the same argument as (3.19) shows that

lime f Vi P2V, Vvdx = 0. (3.37)
Q

e—0

Finally, it is easy to see that

lim ﬁvdx:/ﬁ/dx. (3.38)
e—0 Jo Q

Now letting ¢ tend to zero, from (3.36)-(3.38), we deduce that u satisfies (2.5), with u
replaced by u. Thus, the proof is finished. d

4 Existence of renormalized solution to problem (%)

Proof of Theorem 2.2 By the proof of Theorem 3.1, we deduce that there exists at least one
weak solution u, satisfying u, € Wé’p (2) N L*°(R2) such that

s/ |Vu8|p’2Vu£Vde+/ a(x,g(ug), Vg(ug))Vvdx
Q Q

+/ Fs(x,g(ug),Vg(uS))de:/fgvdx, Yve Wé’p(Q), (4.1)
Q Q
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where f; satisfy
f € CP(Q) such thatf, — f strongly in L'($2) as ¢ — 0.
As before, set i, = g(u,). For any given [ > s and [ = g7'(0), let us take v = €7D Tj(u,)

in (4.1), where s is defined as in the proof of Theorem 3.1. Then sending 6 tend to zero,
using (H;)-(Hs) and the fact g € L0, +00), it follows that

8/Q{VT7(ME)|pdx+L|VTl(ﬁs){pdx§C, (4.2)

where C is a positive constant independent of ¢.
Hence, by the Sobolev space embedding theorem, there exist a measurable function i
and a subsequence (still denoted by {i.}), such that
iy, —> 14 a.e. inQ (4.3)
and
Ty(it;) — Ty(@) weakly in W (R). (4.4)

Step 4.1. In this step, we prove the following result:

lim lim a(x, ue, Vite)Viie dx = 0. (4.5)

n=>00 =0 JrieQun<|ite ()| <n+l}

For any integer # > 1, define p, by
pn(r) = Tpa(r) = T,(r), VreR.
Obviously, we have
O0<|pul <1 and pu(r)—> 0 foranyrasn— oo. (4.6)

Taking v = 7% p, (iz,) in (4.1), we get

B|ue)

y e, Vitg) Vit d
a(|ﬁ€|)+9a(xu i, )Viz, dx

[ e ate, i, Vi) Vo, drs [ e
Q Q
+ / e Vel 2V V (71D py (7)) dx + / Fe(, ite, Vite)e" " py (i) d
Q Q
= / foe??U5D o, (i1,) dx. (4.7)
Q

Passing to the limit as 6 tend to zero in (4.7), it follows from (H;) and (Hs) that

/ %D g, 1., Vit ) Vit dx < / foe’ %D o, (z,) . (4-8)
{reQin<lits (x)| <n+1) @
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Let ¢ — 0 and then # — o0 in (4.8). Recalling that g € L(R,), using (4.6) we get

lim a(x, itg, Vit ) Vi, dx < /fey(lﬁl)pn(ﬁ) dw. (4.9)
Q

e=0 JiveQu<|ii (x)| <n+l)
It is easy to check that lim,_.« [, fe” ") p,(ir) dx = 0. Thus, passing to the limit as 7 — oo

in (4.9), the desired result (4.5) follows immediately.
Step 4.2. For any fixed k > 0 and [ > max{k, sy}, we denote

{,f(s) = max{T;(s),k} =k+ (Tl(s) - k)+, VseR.
Then we have, in view of (4.3) and (4.4),
clae) — ¢l(@)  weakly in Wy”(). (4.10)
Let A be a positive number to be determined, denote
os)=e*—-1, VseR
and
pi = & ((5i1:) - 5i(@) )7,

where y; is defined as in (2.3). We now choose a sequence of increasing function S, €
C*®(R) such that

Su(r)=1 for|r| <mn; suppS, C [-n-1,n+1]; ||S; HLOO(R) <1 (4.11)
Taking v = S,,(i.)pj in (4.1), we obtain

10,e,n) + 1,(0,6,n) +150,6,n) + 1,0, &,n) + 15(0, &, n)

= 26(0781 Vl) +j7(9’8) Vl) +28(9: &, Vl) +j9(9) 8}”)1 (412)
where

21(9,8, n) = f Sn(ﬁs)eVB(ﬁs)—ye((/i(ﬁs))(p/((g—]g(b—tg) _ {;ﬁ(ﬁ))+)a(x, i, Viiy)
Q
V(¢ @) - @), dx,

5 P i) -vo (¢ (@e)) 7 - = —
1,(0,8,n) 28/ Sn(us)eyg( Rad S))(/) ((C}f(ue) _é‘]f(u))+)|vus|p 2vue
Q

-V ((¢h@e) - cl@),) dw,
_ Bl

al|ie]) + 6

@,6m) = [ ()0 (1) Vit dx,
Q

1,0,¢,n) = / S (ie)alx, e, Vit ) Vi pf dx,
Q
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is(e,e,n):e/ S/ (i) | Ve P2V, Vit pf d,
Q

16,6 = /Q St B (1) | Ve |7 05 dx
a(lgi(@:)) + 6

5 - BGg@.)) _ _ } N
18(9,8,14)=S/QSn(us)mw((ék’(ug)—ckl(u))+)|Vusl” 2Vu, V(i) dx,

1(6,6,m) = fg Sul@) (6@ - @), al B, Vi) VL @) d,

To(6,6m) = / S, (@) If | d.
Q
Limit behaviors of 1,(0,¢,n), 15(0, &,n), and Is(6, &, n). Thanks to (4.11), we have

(}iir%)jz(@,&,l’l) =8/ S;(ﬁs)eV(TrHl(i‘g)) ¥ (¢h(@e)) ((Ck(”s) gk( )) )

Q

X |V Tt (08) "2V Tt () - V ((61008:) - £1@)) ) d,

and thus

911rr(1)12 ©,e,n ‘ < £C1/ ‘VT,M Ug ‘p 1(}V§k ‘ + ‘V{,f(ﬁ)}) dx

=eCy “VT’HI(W)||1;<19>[||V§k(b_‘8)||mm) + ”VC/f(ﬁ) ”LP(Q)]’

where C; is a positive constant independent of €. Therefore, using (4.2) we get
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lim lim 1, (0, &, 1) = 0. (4.13)

e—>060—0

Similarly, we have

e11_1)1(1) 911_1)1(1)15(9,8,1’1) =0 (4.14)
and

]m?) llm 15(0,8,n) = 0. (4.15)

e—>060—0

Limit behaviors of 150, &,n) and 15(0, ¢, n). Since

13(9,8,71) = /{‘xeg;ug(x)#))s (Mg)Ol(|Tn+1( s)|) (|Tn+1(u£)|)+0

X |V Ty (2te) |p,0§ dx,

we get

lim 150, ¢,m) = f S ((¢(@) - ¢l )er @ D p(jia, ) | Vit | . (4.16)
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As far as I¢(0, &, n) is concerned, we have
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lim 5(6, ¢, ) = f 1) ((64ae) = £l(@), )er @D (1 )| Vi, P v (4.17)
- Q

Limit behavior of 14(9, &, n). From (4.5) and (4.11), it follows that

lim lim hrn|14 0,e, n)‘ 0.

n—>o0e—=>00—0
Limit behavior of 27(9, &,n). For the term 27 (0, ¢,mn), we have

B¢ (ite)])
a(|ghr:)))

<Iy(e,n) + I2(g, n) + I3(e, n),

9121})17(9,8,}4):/95"(145)

where

I(e,n) =
se[k l]

oe<|s|)
V(&i () - @) o ((¢xGte) - &i(@)), ) S, (ite) da,

[ BUL @) [ Lo
Iy (e, m) = i 7{1('4(&8)')01(% elite), V(@)
V(¢h(e) — ¢i@)), @ ((6ae) - ¢i@)), ) S, (e) dx
and
atem = [ f E:ZE ;:; (5, ¢L(@.), Ve () V(@)

x (6 e) = (@), ) S, (ize) dx
Combining (4.3) with (4.4), we infer that
gigg)ln(s,n) =0
and
2213)173(8,1/1) =0.
Substituting (4.20) and (4.21) into (4.19), we obtain

lim 11m 1.(0,e,n) < 11m I71(g, n).

e—>00

Limit behavior of 1s(6,¢,n). It is straightforward that

lim lim hm Is(6,¢,n) = 0.

n—>o0e—->060—-0

x, Cine), VEi(in:)) — a(x, ¢h(ie), Vi (i) ]

(4.18)

o((5ile) - ¢l(@)), )alw, its, Vite) Vi (ide) dx

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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Limit behavior of 1,(9, ¢, ). Note that a(x, s,0) = 0 for a.e. x € Q and every s € R, and we
get

lim 1,(0, &, n)
6—0

).

+ /Q . S, (e )e” “ O (1= ¢l(w), )alw, ite, Vide) - V(I - g4()), dox

€2

+ /Q | Suie)e” " O (k= @), )alw, e, Vite) - V (k = g ()., dx

€3

Sy (e) @' (54 (ite) — ¢L(@)) ) ale, ihe, Vie) - V (G (iae) — £1(i0)) , das

k
el

= I (&) + Ia(e) + I3 (e), (4.24)
where

QN =xeQ:k<u. <1,
Q =xeQ:u >,

Qh=(xeQ:u <k

Using (4.3), (4.4), and (4.11), it is clear that

lim Iy(s) =0 (4.25)
and

lim Ir3(e) = 0. (4.26)

£—

Note that a(x,s,0) = 0 for a.e. x € Q2 and every s € R, the term 11(¢) can be rewritten as
follows:

I(e) = Ji(e) + Ja(e),
where
Jie) = /Q S, () L), VL)) - al £l Gie), Vel(@)]
-V ((¢te) - &), )o' ((5aite) - ¢h(@)), ) dw,
Jole) = / S, (1), ¢H(@e), VEL(@)
Q
-V ((¢he) - @), )¢ ((5é@e) - ¢i(m) ) dov.
By (4.3), (4.4), and (4.10), we find that

lirr(1)]2(8) =0. (4.27)
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As a direct consequence of (4.24)-(4.27), we have
Iim lim 1,(0, &, ) = Iim J; (¢). (4.28)
e—>060—0 e—>0

Choosing A = 2 maXe(x % in the definition of ¢, and then combining the limit behav-
iors of 1,(0, &, n)-15(8, &, ), we get

Jim Tim | 5, @) [a 0 Glie), V6iliie)) - ale 5i(), V4(@)

-V ((¢4(e) - ¢ @), ) o' ((¢é@e) - ¢4(@)), ) dx <0,

which yields

Jim Tim | 5, )0 Gl@e), V6ilite)) - alo gi(ite), VE(@)

-V ((¢h(ie) - ¢i(@)),) dx < 0. (4.29)

Step 4.3. Choosing v = —Sn(its)e_”g(5‘5)”"’(515(’28)%0(({,5(518) - é']i(ljt))_) as a test function in
(4.1), then arguing as before, we have

Jim tim | S, ) [a(n 64(e), VEL@)) = aln i), VE(@)]

-V ((gh(e) - ¢f(@) ) dae > 0. (4.30)

It follows from (4.29) and (4.30) that

lim Tim QS;(ﬁg)[a(x, 04 (ite), Vg (iae)) — alx, ¢(ine), Vo4 (@) |

-V (¢iite) - ¢i(@)) dx < 0. (4.31)

Taking into account that S (iz;)a(x, ;“,f(ﬁg), V;,f(ﬁg)) = al(x, ;,f(ﬁg), V;,f(ﬁg)) for n > [, using
(4.31) we get

i [ i), Vel(i) -9 ek - cl@) de <o,
which yields

lim Q[a(x,qé(ﬁs),vck’(ﬂa)—a(x,ckl(ﬁg),vck’(ﬁ))]~V(ck’(ﬁs)—zkl(ﬁ>) dr=0. (432)

£—0
Then, arguing as in [24], we derive
V¢l(ine) — Vei(in)  strongly in (LP(Q))N and a.e. in Q. (4.33)
Step 4.4. For any fixed / > k > 0, we denote

¢(s) = min{T(s), ~k} = =k — (T)(s) + k)_, VseR.
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Choosing v = S,,(ite)ey"(ﬁf)_”@/i%»(p((f,f(ﬁs) - g:,f(it))+) as a test function in (4.1), arguing
as before we obtain

n—o00e—>0

lim lim QS;(ﬁs)[a(x, th(ae), Vi @e)) - alx, ¢l VEL @)
-V ((ghtre) - gl@),) dx < 0.

Next choosing v = —Sn(Ztg)eyf’(Zli(”_‘g))”"’(ﬁg)go((f,f(ﬁg) - E,f(ﬁ)),) as a test function in (4.1), ap-
plying the same argument we get

Jim lim | 5, )0 G(@e), V(i) - ale Gi(ite), VE (@)
V(&) = g (@)) ) dx > 0.
Proceeding as in Step 4.3, we infer that
Vi) — Vil(@) strongly in (I7(Q))" and ae. in Q. (4.34)
As a consequence of (4.33) and (4.34), we have

Xijaetsky V Ti(ite) = xqasky VI ()  strongly in (L”(Q))N and a.e. in Q. (4.35)

Step 4.5. In this step we prove that u satisfies (2.7), where u is replaced by u.
For any fixed m > k, one has

/ a(x, itg, Vi )Viie dx
{xeQ:m=<|ite (x)| <m+1}

- [ a1 V[V ) - T )] . (436)
Q
Thus, passing to the limit as ¢ tends to zero in (4.36), we deduce that, for fixed m > k > 0,

lim a(x, g, Vitg)Vii, dx
e0 JixeQum<|its (x) <m+1)

= / a(, i, Vi) [V Ty (i) = VT, (i) ] d
Q

= f a(x, i, Vit)Virdx. (4.37)
{xeQm<|u|<m+1}

Taking the limit as m tends to +00 in (4.37) and using (4.5), we conclude that i satisfies
(2.7).
In the following, we prove that u satisfies (2.8). Indeed, by (4.1), we have

/h(ﬁg)a(x,ﬁg,Vﬁg)Vvdx+/sh(itg)Wuslp_zVugVde
Q Q

+ f W (ng)a(x, i, Vir,)Virv dx
Q
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+ / el (1) | Vue P2 Vu, Viiv dx
Q
+/ h(u,)Fe(x, tte, Vitg)v dx
Q
= / h(ie)fev dx (4.38)
Q
for any given v € W®(Q) and & € W °(R) such that supp % C [/, [] for some [ > 0.
Now we first analyze the fifth term on the left-hand side of (4.38). Recall that supp /4 €
[-,1], we get

h(ite)F (%, i, Vitg) = h(ie)F (x, Ty(ike), V T)(ite)).
Therefore, for any k satisfying 0 < k </, one has
/Q h(ue)F(x, e, Vite)v dx
= / h(ite)F (x, Ty(ite), V Ty (ite)) v dx
{reulitg >k}

+/ h(ite)F (x, Ty(ite), V Ti(it:)) v dx
{xe2:|ie | <k}
=J1e + 2. (439)

Similarly to the proof of (3.33) and (3.34), using (4.3) and (4.35) we obtain

lim lim /,, = / h()F (x, Ty(@), V T)(i) )v dx
£e—> Q

k—0
:/ h(u)F(x,u, Vi) dx (4.40)
Q

and

;1_133) lim /5. =0, (4.41)
which imply that

liII(l) h(ite)F(x, the, Viae)u dx = / h(u)F(x, u, Vir)v dx. (4.42)

e=>0Ja Q

Similarly, we have

lirr(l) / W (e)a(x, g, Vitg)Vireu dx = / W (w)a(x, u, Vi) Vv dx (4.43)
E—> Q Q

and

lin(l) / h(ug)ag(x, e, Vit,)Vu dx = / h(n)a(x,u, Vi) Vo dx. (4.44)
E—> Q Q
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As far as the second term of the left-hand side of (4.38) is concerned, by (4.1) we easily

get
/th(ﬁg)Wust_zVugVudx’
- ‘ /Q (i) |V Tiue) |2V Ty(ue) Vo d
<e sup k(o) |V i) [y 1 V0 llip@),  where 7= g7(0),
thus

lim /Q eh(it,) |V |P2Vu,Vudx = 0. (4.45)
Reasoning as in (4.45), one has

8113(1) i el (i) | Ve P2 Vu,Vis,u dx = 0. (4.46)
Finally, it is clear that

lim /Q h(iie)fov dx = /Q h(@)f v dx. (4.47)

Then, letting ¢ tend to zero in (4.38), we conclude from (4.42)-(4.47) that i satisfies (2.8).
Hence, # is a renormalized solution to problem (7). O
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