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1 Introduction

Many identities that evaluate trigonometric sums in closed form can be found in the lit-
erature. For example, in a solution to a problem in SIAM Review [2], p.157, Fisher shows
that

k=1
p-1
K 4
sec4(ﬂ) = —(2‘104 +5p% - 7).
= 2p 45

General results giving closed forms for the power sums of secants Z‘,: seczn(%) and

2n ( km

2p+1)’ for many values of the positive integer #, can be found in [3] and [4].

izl sec
Also, in [5] the author proves that

? ( 2km ) P if p is even,
Z sec =
o1 2p+1 -p-1 ifpisodd.

However, while there are many cases where closed forms for finite trigonometric sums
can be obtained, it seems that there are no such formulas for the sums we are interested
in.
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In this paper we study the trigonometric sums I, and J, defined for positive integers p
by the formulas

sl 1 L km
=Y —— = =), 11
? k; sin(km /p) ZCSC( p ) (L)

p-1
]p = kCOt(k—n>, (12)

with empty sums interpreted as 0.

To the best of the author’s knowledge there no closed form for I, is known, and the
same can be said about the sum J,. Therefore, we will look for asymptotic expansions for
these sums and will give some tight inequalities that bound I, and J,. This investigation
complements the work of Chen in [1], Chapter 7, where it was asked, as an open problem,
whether the inequality

I, < =(Inp+y -In(n/2))

Y

holds true for p > 3 (here y is the so-called the Euler-Mascheroni constant). In fact, it will
be proved that for every positive integer p and every nonnegative integer #, we have

2n 2k-1
2p (2% =2)b% (7

I, <—(1 -1 2 E 1)ff—= —

p<j_[(np+y e/ ))+k:1( ) k-(2k)! \p

and

2n+1 2k-1
2]9 k (22k - 2)b%k T
I,> ;(lnp+y—ln(n/2))+k2:1:(—1) k-2 \p ’

where the by;’s are Bernoulli numbers (see Theorem 3.4). The corresponding inequalities
for ], are also proved (see Theorem 3.9).

Harmonic numbers play an important role in this investigation. Recall that the nth har-
monic number H, is defined by H,, = ZZ:] 1/k (with the convention Hy = 0). In this work,
a link between our trigonometric sums /, and J, and the sum of several series related to
harmonic numbers is uncovered. Indeed, the well-known fact that H,, = Inn + y + ﬁ +
(’)(niz) proves the convergence of the numerical series,

= 1
Cp= ;(Hpn —In(pn) -y - 2P7>,
Dp = Z(_l)n_l (Hpn - ln(P”) - J/),
n=1

00
Ep = Z(_I)H(Hp(nﬂ) _Hpn)1
n=0

for every positive integer p.
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An interplay between the considered trigonometric sums and the sum of these series
will allow us to prove sharp inequalities for I, and J,, and to find the expression of the
sums C,, D), and E, in terms of I, and J,.

The main tool will be the following formulation ([6], Corollary 8.2) of the Euler-

Maclaurin summation formula.

Theorem 1.1 Consider a positive integer m, and a function f that has a continuous (2m —
1)st derivative on [0,1]. If f®"V is decreasing, then

1 m-1 b
/0 f(t)de =f(1) ;f(o) B > (221()!5]“2,(71) + (-1™R,,

with

_ 12 |B2m—l(t)| (2m-1) (2m-1)
Rm_/o o (@) - - 0) de

and

0<R,=

G 1O~/ ),

where the byy’s are Bernoulli numbers, Byy,_1 is the Bernoulli polynomial of degree 2m — 1,
and the notation 8g for a function g : [0,1] — C means g(1) — g(0).

For more information on the Bernoulli polynomials, Bernoulli numbers, and the Euler-
Maclaurin formula, the reader may refer to [6—10], and the references therein. This paper
is organized as follows. In Section 2 we find the asymptotic expansions of C, and D, for

large p. In Section 3, the inequalities the trigonometric sums I, and J, are proved.

2 Asymptotic expansions for the sum of certain series related to harmonic
numbers
In the next lemma, the asymptotic expansion of (H,),cn is presented. It can be found

implicitly in Chapter 9 of [11]; we present a proof for convenience of the reader.

Lemma 2.1 For every positive integer n and nonnegative integer m, we have

1 by 1
2k

H, =1 — N2 ()R,
nn+y+2n ka;y( n2k+( )R,
with

1/2 oo 1 1

Rn,m = / BZm—l(t) ( A - 7. ) dt.
0 | ‘; (j+2)>  (j+1-t)¥m

152
Moreover, 0 < R, ,,, < 2m,;;”2n1'
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Proof Note that for j > 1 we have

1 1 lr1 1 Loy
7—1n<1+7> 2/ <—‘—’—)dt=/ — dt.
j j o \Jj Jj+t jG +1t)

Adding these equalities as j varies from 1 to # — 1 we conclude that

1 Y
H,,—lnn—;:/o (Zj(j+t)>dt'

j=1

Thus, letting # tend to oo, and using the monotone convergence theorem, we conclude

1 S t
szo (Zi(iﬂ))dt'

j-1

It follows that

1 [t
+Inn-H,+~= — dt.
! n /o (ZJ(J+t)>

j=n

So, let us consider the function f;, : [0,1] — R defined by

— t
n(t) = . .
/ ]Z JjG+1)
Note that f,(0) = 0, f,(1) = 1/n, and that f, is infinitely continuously derivable with

fok)(t) k+1 = 1
o = (—1) Z W’ for k > 1.
j=n

In particular,

(Zk_l)(t) 0 1

n

(k=1 G+

for k > 1.
So, f,fzmil) is decreasing on the interval [0, 1], and

an(zk—l) oo 1 o0 1 1
2k-1)! 2 (j +1)% _Zka Tk

j=n Jj=n

Applying Theorem 1.1 to f;;, and using the above data, we get

1 2 b
2k 1
y+Inn-H,+— = E —t (=)™ Ry m
2n pan 2kn

with

1/2 R 1 1
Rupm =/o [Ban-1(0)] ;((j+t)2m B (j+1—t)2m) &
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and

6-(2m—1)!

0<Rn,m < W.

The important estimate is the lower bound, i.e. R,,,, > 0. In fact, considering separately

the cases m odd and m even, we obtain, for every nonnegative integer m':

2m’
by 1
Hy<lnn+y+——-) —. . —
" V¥ o = 2k n2k

and

2m’+1
1

bax
H,>Inn+y+— - —_— —.
" Y o Z 2k n2k

This yields the following more precise estimate for the error term:

1 & by b2
O<(-)"\H,-Inn-y - — + 2 L
<D ( g Y T o ;2/(~n2k)<2m-n2m
which is valid for every positive integer . O

Now, consider the two sequences (c,),>1 and (d,),>1 defined by
1
¢ch=H,-lnn-y - oy and d,=H,-lnn-y.
n

For a positive integer p, we know according to Lemma 2.1 that ¢,, = (’)(niz), it follows
that the series Y oo, cpn is convergent. Similarly, since dp, = cp, + 2%;4 and the series
Y 2 (=1)""'/n is convergent, we conclude that Y .-, (~1)""'d,, is also convergent. In the

following we aim to find asymptotic expansions (for large p) of the following sums:

0 o 1

Cp = ;Cpn = ;(Hpn —In(pn) -y - 2P7>’ (2.1)

Dyp= (-1)""dpy =Y (-1)"(Hpu — In(pn) - ), (2.2)
n=1 n=1

Ep = Z(_l)n(Hp(rHl) _Hpn)« (2.3)
n=0

Theorem 2.2 If p and m are positive integers and C, is defined by (2.1), then

m-1
byrt (2k) ¢(2m) ,
Cp=- Z S + (—1)ngp,m, With 0 < €pm < |bom|,
k-1

where ¢ is the well-known Riemann zeta function.
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Proof Indeed, we conclude from Lemma 2.1 that

1 - b2k 1 (_1)m Tpn,m
H,,—In - ——:—E D 2
pn (pn) -y 2pn o 2% - pk p2k T 2w pPm p2m

with 0 <7, < |bam|. It follows that

where 7, = Y, L

Hence

o0 o0

- Vom, 1

0 <Py = E ;;,:’ < byl E nm=|b2m|§(2m)
n=1 n=1

and the desired conclusion follows with &, ,,, = 75,/ (2m).

For example, taking m = 3, we obtain

i H,, - In(pn) 1 w2 4 o 1
—In(pn) -y - — | =— +—+ 0= ).
.\ Y=o ) T 7202 T 10,8000 T\ S

In the next proposition we have the analogous result corresponding to D,,.

Theorem 2.3 If p and m are positive integers and D, is defined by (2.2), then

1 m-1
_In2 5 bun@h) o, n@m)

D,=— — ,
P op p 2k - p* 2m - pPm P

with 0 < sé,m < |baml,

where 1 is the Dirichlet eta function [12].

Proof Indeed, let us define 4, by the formula

1 m-1 bzk
Anm =Hn—lnn—y—ﬂ+zm
k=1

with empty sum equal to 0. We have shown in the proof of Lemma 2.1 that

1/2
(1) = / | Bas (D) g (0) it
0

where g, ,, is the positive decreasing function on [0,1/2] defined by

o]

1 1
gn,Wl(t):Z((j+t)2m - (]‘+1_t)2m>.

j=n

Page 6 of 15
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Now, for every ¢ € [0,1/2] the sequence (g, »(t))s=1 is positive and decreasing to 0. So,
using the alternating series criterion [13], Theorem 7.8 and Corollary 7.9, we see that, for
every N >1and ¢ € [0,1/2],

oo

Z(_l)n_lgnp,m(t)

n=N

1
< gnp,m(t) < gnpm(0) = W

This proves the uniform convergence on [0,1/2] of the series
o0
Gpm(®) =) (1) gupm(2).
n=1
Consequently
00 172
V" SV = [ (B O]Gmto)d.
n=1 0

Now using the properties of an alternating series, we see that for ¢ € (0,1/2) we have

oo

1 1 1
0 < Gpm(t) < gpm(t) < gpm(0) = <— - 7) =—.
p & & j:Zp m T (r 1)2m pm
Thus,
e (-1)"
Z(_l)n ldpn,m = —mpp,m
n=1 P2
. 1/2
with 0 < ppm <[5 [Bam-1(t)| dt.
On the other hand we have
= 1 (D) R by o ()
Z(_l)n_ldp”’” =Dp-7 Z * 2%k 2%
n=1 Zp n=1 n k=1 2kp n=1 n
m-1
In2 boyxn(2k)
0,2, 53l
2p o 2k-p
Thus
2 by (-1
X _

S — = 4
i 2kep p Prim

Now, the important estimate for p,, ,, is the lower bound, i.e. p,,,, > 0. In fact, considering

separately the cases m odd and m even, we obtain, for every nonnegative integer m':

_In2 SN (k)
Pop &2k p
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and

In2 2’”2/31 boan(2K)

D,> .
P7 op e 2k p*

This yields the following more precise estimate for the error term:

m-1
m In2 byn(2k) [Daym|1(2mm1)
0<(-1) (Dp - E + Z 2kpk < 2m - p>m
k=1

and the desired conclusion follows. O

The case of E,, which is the sum of another alternating series (2.3), is discussed in the

next lemma where it is shown that E, can easily be expressed in terms of D,.

Lemma 2.4 For a positive integer p, we have

E,=Inp+vy —ln(%) +2D,,
where Dy, is the sum defined by (2.2).

Proof Indeed

2D, =dy+ Y (<1 dpy+ Y _(-1)"d

n=2 n=1

=dy+ Y () "dypuey + Y _(-1)"dy
n=1 n=1

=dy+ Y (=1 dpn — dpiue)

n=1
- = n+l
=dy+ Z(—l)"(Hp(nn) —Hp,) + 2:(—1)”‘1 ln(7>
n=1 n=1
- = n+l
= —1Ilp -r+ Z(_I)W(Hp(nﬂ) _Hpn) + Z(—l)n_l ln(—n )
n=0 n=1

Using the Wallis formula for 7 [8], Formula 0.262, we have

> n+1 > 2n 2n
-1)" 11 =) 1 :
Z( ) n( n ) Z n(2n—1 2n+1>

n=1 n=1

- —1nf[1(1— 4%2) =ln<%)

and the desired formula follows. O
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3 Inequalities for trigonometric sums
As we mentioned in the introduction, we are interested in the sum of cosecants I, defined

by (1.1) and the sum of cotangents J, defined by (1.2). Many other trigonometric sums can
be expressed in terms of I, and /,. The next lemma lists some of these identities.

Lemma 3.1 For a positive integer p let

k=1 k=1
p-1 p
k (2k—1)71)
L,= _, M, = 2k —1)cot[ ——— ).
v Py sin(km /p) P ZI:( )co ( 2p
Then:
(i) K, =K, =1,
(ii) L, = (p/2)I,.

(111) Mp = (p/z)]Zp - 2]p = _plp

Proof First, note that the change of summation variable k <— p — k proves that K, = I~(p.
So, using the trigonometric identity tan6 + cot = 2 csc(20) we obtain (i) as follows:

21<p:1<p+1~<p:§(tan(/;—;>+ (kn)> 2chc( )

Similarly, (ii) follows from the change of summation variable k <—p —kin L,:

p-1
= =pl,— L,
Py sm(k / 7 /p)
Also,
» km km
M, = Z kcot( ) chot<g) - Z kcot(g>
1<k<2p k=1 1<k<2p
k odd k even
2p-1 p-1
k
chot( ) chot(—n) =Jop = 2Jp.
k=1 p
But

ch t< ) 2i:lkcot< )

k=p+1

chot( ) Z(Zp k)cot( p)
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Thus, using (i) and the trigonometric identity cot(6/2) — cotd = csc we obtain

k
My =Jop — —22k(00t< )—cot( n)) - 2pl,
p
! krm
=2 Zk csc<—> —-2pl, =2L, - 2pl, = —pl,.
p

This concludes the proof of (iii). a
Proposition 3.2 For p > 2, let I, be the sum of cosecants defined by the (1.1). Then

2In2 2p
[p= - +; p

21 2 2 4
__ e, —p(lnp +y —1In(7/2)) + —pr,
T T T

where D, and E, are defined by Eqs. (2.2) and (2.3), respectively.

Proof Indeed, our starting point will be the ‘simple fraction’ expansion ([14], Chapter 5,

Section 2) of the cosecant function:

T )" 1 &K1 1
sin(mo) =Za_n=5+2(—l) (a—n+a+n)’

nez n=1

which is valid for « € C \ Z. Using this formula with « = k/p for k =1,2,...,p — 1 and

adding, we conclude that

k=1
p-1 1 pn-1 p(n+l)
n
% Z(D( > e
k=1 j= p(n—1)+1 =pn+1

and this result can be expressed in terms of the harmonic numbers as follows:

[o¢]
b4
;IP = Hp1+ ) (-1)"(=Hpn1 + Hyu1) + Hyueny1 = Hp)
n=1
1
n
=H, 1+;( 1" (Hp(ns1) — 2Hpn + Hyp(n 1))+_Z:( 1) (Z_ n+1>

. N R Y o i
=Hyoy + ) (1) (Hyus1) — 2Hpn + Hp(uop) + p ( —+ > p

n=1 n=1 n=2

ad oo

2 1

=Hp+ Z(_I)H(HP(V‘*U = 2Hpy + Hp(y-1)) = p Z(—l)n_l n
- n=1

[e¢]

2In2
= HP - p + Z(_I)H(Hp(;ﬂl) - 2Hpn + Hp(n,l)),
n=1
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Thus
T 2In2 =
_Ip = H + Z( 1) (H (n+1) pn) + Z(_I)H(Hp(n—l) - Hpn)
p p n=1
o0 oo
Z( 1) ( p(n+l) — Hpn) + Z(_I)H(Hp(n—l) - Hpn)
n=0 n=1
=E,+E,=2E,
and the desired formula follows according to Lemma 2.4. d

Combining Proposition 3.2 and Theorem 2.3, we obtain the following.

Proposition 3.3 For p > 2 and m > 1, we have

mz‘fzbm(Zk)+(_ m 202m)

wl,=2plnp +2(y —In(7/2))p - k-1

2m—1 "~ P
m-
k=1 p

with 0 <e,, ,, < |bym|.
Using the well-known result ([8], [12], Formula 9.542):

(22k—1 _ 1)7T2k(—1)k_1b2k
(2k)! ’

n(2k) = (1 -2"%)¢(2k) =

and considering separately the cases m even and m odd we obtain the following result.

Theorem 3.4 For every positive integer p and every nonnegative integer n, the sum of cose-
cants I, defined by (1.1) satisfies the following inequalities:

2p < e A
I, < —(I -1 2 1) — — ’
p<n(np+y n(mw/ ))+Z( ) »

= k- (2k)!
2n+1 2%k 2 2k-1
2p x (2 bzk
1p>;(lnp+y—ln(n/2) E (1) o \p .

As an example, for # = 0 we obtain the following inequality, valid for every p > 1:
2 2
;p(lnp +y —In(7/2)) - 3%9 <I,< ;p(lnp +y —1In(7/2)).

This answers positively the open problem proposed in Section 7.4 of [1].

Remark 3.5 The asymptotic expansion of I, was proposed as an exercise in [9], Exer-
cise 13, p.460, and it was attributed to Waldvogel, but the result there is less precise than
Theorem 3.4 because here we have inequalities valid in the whole range of p.

Now we turn our attention to the other trigonometric sum, /,. The first step is to find an
analogous result to Proposition 3.2 for the trigonometric sum J,, is the next lemma, where
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an asymptotic expansion for J, is proved but it has a harmonic number as an undesired

term; later it will be removed.

Lemma 3.6 For every positive integers p, there is a real number 6, € (0,1) such that
2 2 P
]y =-p~H, +In(27)p~ - 5" Op.
Proof Indeed, let ¢ be the function defined by
1
¢(x) = rxcot(mx) + —.
1-x

According to the partial fraction expansion formula for the cotangent function ([14],
Chapter 5, Section 2) we know that

oo
x x x
x)=2+——+ + .
) x+1 Z(x—n x+n)

n=2

Thus, ¢ is defined and analytic on the interval (—1,2). Let us show that ¢ is concave on
this interval. Indeed, it is straightforward to check that, for -1 < x < 2, we have

RSN BPS oY ( -
<p(x)——(1+x)3 222:((n—x)3+(n+x)3><0

So, we can use Theorem 1.1 with m =1 applied to the function x — (p(’%k) forl<k<pto

(k+D/p 1 k+1 k 3 (. (k S k+1
0<p/ px)dx— ol — | +ol =] ) = S\t =)ol — )
kip 2 p p 2p7 p p

Adding these inequalities and noting that ¢(0) = 2, ¢’(0) =1, ¢(1) = 1, and ¢'(1) = —7%/3,
we get

get

1 3+7x% 1

0 1()d X pH,
—_ T _ < <,
<p/0<px TR T T 0wy S

Also, for x € [0,1), we have
/ e(t)dt = —In(1 — x) + xInsin(rx) — / Insin(rt) dt,
0 0

and, letting x tend to 1 we obtain
1 1
f o(t)dt = In(w) —/ Insin(w£) dt = In(27),
0 0

where we used the fact fol Insin(zwt)dt = —In2 (see [8], 4.224 Formula 3). So, we have
proved that

0<pin@r)- "), —pH, -+ 1
<pln@2r)-—J,-pH,— = < —,

which is equivalent to the desired conclusion. d
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The next proposition gives an analogous result to Proposition 3.2 for the trigonometric

sum /.

Proposition 3.7 For a positive integer p, let ], be the sum of cotangents defined by (1.2).
Then

)y = —p’Inp + (ln(2n) - y)p2 —p+2p*C,,
where C, is given by (2.1).

Proof Recall thatc, =H, —Ilnn—y — ﬁ satisfies ¢, = O(1/n%). Thus, the two series

oo oo
Cy= Z cpn  and E'p = Z(—l)”_lcpy,
n=1 n=1
are convergent. Further, we note that (N,"p =D, - 1;—; where D, is defined by (2.2).
According to Proposition 3.2 we have

~ In(z/2)-y -1
A % (31)
P

Now, noting that

o0
Cy= E Con + E Con = E cpn+2 Copns
=1

n>1 n>1 n>1 n
n odd neven n odd
00
Cy= E Con — E Con = E Con — E Copn
n>1 n>1 n>1 n=1
nodd neven nodd

we conclude that C, - E"p =2Cy,, or equivalently
Cp—2Cy, = C,. (3.2)

On the other hand, for a positive integer p let us define F, by

1 —In(2 1
- Dpry - AT n(2) + —+ T Jp- (3.3)
2 2p  2p?

Ey
It is easy to check, using Lemma 3.1(iii), that

In(z/2)-Inp-y =

Fp_ZFZp: 9 4_192(]219_2]19)

In(z/2) - Inp
_InGr/2)-lnp-y | 1, (3.4)
2 4p

We conclude from (3.2) and (3.4) that C, — 2Cy,, = F, — 2F,,, or equivalently

Cy, — F, = 2(Cyp — Fyp).
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Hence,
VYm >1, Cp - Fp = Zm(CZmp - Fzmp). (35)

Now, using Lemma 2.1 to replace H, in Lemma 3.6, we obtain

b4 1 1
p—zlp = 1n(27'[) —Hp - E + O<E>
1 1
=InQ2r)-Inp-y - —+ (9(—2)
p p
Thus F, = (’)(1%). Similarly, from the fact that ¢, = O(niz) we conclude also that C, = (9(1%).

Consequently, there exists a constant x such that, for large values of p, we have |C, — F, | <
K/ pz. So, from (3.5), we see that for large values of m we have

|Cp = EFpl =<

2mp2

and letting m tend to +00 we obtain C, = F,,, which is equivalent to the announced result.
O

Combining Proposition 3.7 and Theorem 2.2, we obtain the following.

Proposition 3.8 For p > 2 and m > 1, we have

m-1
by (2k w C2m
n,=-p’Inp+ (InQ2n) - y)p* -p - Z kz_k;ﬁk_z) (= ) 2m) = Epm>
k=1

with 0 < &, < |boy|, where ¢ is the well-known Riemann zeta function.

Using the values of the ¢(2k)’s [8], Formula 9.542, and considering separately the cases
m even and m odd, we obtain the next result.

Theorem 3.9 For every positive integer p and every nonnegative integer n, the sum of
cotangents ], defined by (1.2) satisfies the following inequalities:

o 27 2k-2
/p<—(‘p Inp + (In@27) -y )p* ~ p +2”Z( )kk (22kk)'< ) ,

. 2n+1 . %k 27T 2k=2
Jp> —(=p*Inp + (In@27) - y)p* - p +2”Z D) 2k)‘< )

As an example, for n = 0 we obtain the following double inequality, which is valid for
p>1

1
0<—(=p*Inp+ (In@7) - y)p* ~p) ~Jp <
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Remark 3.10 Note that we have proved the following results. For a positive integer p:

oo

-1
. In(z/2)—y -lnp In2 =x L km
E (-1)"YH,, —In(pn) —y) = ————— = 4+ —— 4+ — csel — ),

1\ 1 —In@r) 1 = k
S (Hyo—tnpmy -y — 1) = P2y =@ LTy (KT,
2pn 2 2p 2p p

n=1

These results are to be compared with those in [15]; see also [16].
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