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Abstract

In this work, Agranovich-Vishik type abstract elliptic operators in the half-plane are
studied. We derive maximal regularity properties of these operators in UMD-valued
Sobolev spaces. Our main aim is to prove existence and uniqueness theorems for the
solution of abstract elliptic equation with regular boundary conditions on these
function spaces. First, by applying the Fourier multiplier, we prove the separability
properties of this differential operator in R”. By using the embedding theorem and
the trace theorem, we obtain the main result.
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1 Introduction

Boundary value problems (BVPs) for differential-operator equations (DOEs) in abstract
spaces have been studied extensively by many researchers [1-11]. The maximal regularity
properties for partial differential equations (PDEs), and, particularly, for elliptic equations
have been studied in [2—4, 12—15]. The main objective of the present paper is to discuss
the BVP for a general elliptic equation with complex parameter in a Banach space-valued
Sobolev class. Regularity properties in parameter dependent elliptic equations were de-
rived in [14] for a polynomial dependence, and in [3, 13, 14] for the case of linear depen-
dence of a complex parameter. Here, the complex parameter is included polynomially in
the principal part of the equation.

Consider, on R”, the following differential operator:

A(qu): Z aa,ﬂqﬁDa; (1)
la|+p<l

depending polynomially on a complex parameter g, of order / with constant complex co-
efficients where 8 € NU {0}.

We firstly consider the following equation in the whole space:

AD,q)u = Z Ao g’ D u=f(x), x=(x,...,x,) €R", (2)
lee|+B=<l
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then we prove the separability properties of differential operator (1) in the Bochner space
L,(R"E) (i.e., E-valued L, spaces where E is a Banach space). In particular, the existence
and uniqueness of maximal regular solution is derived. In addition, we derive the uni-
formly coercive estimation of the solution in the space L,(R"; E).

Let R? = {x : x € R",x, > 0} and R” = {x : x € R", %, < 0}. We denote x = (x,%,) =
(#1,...,%y,). Consider the following BVP:

AD.Qu= ) aupq’D'u=f(), x=(x,...,x) €RY, 3)
loe|+B=<l
Bj(x’,D,q)u = Z baﬂqﬂD"‘ulxn=o :g,-(x/), j=1,...,m. (4)
lee|+B<2m

g are trace functions defined on R"™'. The boundary operators B; are subject to an al-
gebraic condition which we call Condition II (see Section 3). Then we prove the isomor-
phism theorem (algebraic and topological) of problem (3)1—(4) between E-valued Sobolev
type spaces W (R";E) and W"2"?(R";E) x [T Bll,;nj_i(R”‘l;E) (j=1,...,m). Since E
is an arbitrary UMD space, the maximal regularity properties of various class of elliptic
BVPs is obtained by choosing a different E. This condition, when g = 1, becomes the well-
known condition of Shapiro-Lopatinskii [16, 17], which is often also called the ellipticity
condition for problem (3)-(4). When g = 1, the BVP (3)-(4) is considered in a bounded do-
main with sufficiently smooth boundary, satisfying the complementing condition for all
properly elliptic differential operators in [18, 19]. In addition, Agranovich-Vishik worked
out problem (3)-(4) in a half-plane and domain with sufficiently smooth boundary [14].
Extensive references can be found in [5] (see also [17]).

While studying the elliptic operator depending on a parameter ¢, it will be convenient

for us to use norms depending on the parameter. We put

1
, 1
Weelllp = (Naell], + 1g1” 11l ;) - (5)
For any fixed ¢, the norms ||u|;,, and [[|«]|l;, are clearly equivalent.

2 Notation and background

The notation follows the usual standard. Let E be a Banach space and L,(£2; E) denotes
the space of strongly measurable E-valued functions that are defined on the measurable
subset £2 C R” with the norm

1
p
lullr(2r) = (/ IIullédx) < 00. )
2

The Banach space E is often called a UMD space if the Hilbert operator

E@=1im [ LD g
=0 [x—y|>€ X _y
is bounded in L?(£2, E) for 0 < p < co.
The term ‘UMD’ is an abbreviation for ‘unconditional martingale differences. UMD
spaces include spaces such as L7, [, for p € (1, 00).
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Let [ be an integer > 1. The E-valued Sobolev space, W"?(§2; E), of order [ on £2 is defined

by
W (QE) = {u’u € [7(2;E), D%u € IP(2;E), || <,
Nty = Nl winiiry = D 1D*u oy < oo}, (7)
|| <l
where
oLt tan
= a=(a,..,a) eNal =+ +
0x; " - 0%,
We shall set

IP(2,E) = WO(Q2,E).

By S = S(R"%; E), we denote the Schwartz space of rapidly decreasing smooth functions.
Let F denote the E-valued Fourier transform and let 1 < p < co. A function ¢ € C(R") is
called a multiplier from L (R"; E;) to LP(R”; E) if the mapping f — Ty,f = F 'y (§)Ef for
f € S(R"; E,) is well defined and provided that there is a constant C so that

I Tyfllr@ney) < CIf llr@nEy)-

The norm of ¥ in M,(E) is defined by

1Y I,y = 1 Tyl o @) — L2 (R E) -

Let m; be positive integers, k; be non-negative integers, s; be positive numbers and m; >
si—ki>0,i=1,2,...,n,5=(51,82,...,84), L <p < 00,1 < g <00, 0<yy < 00. The E-valued
Besov spaces B;,’q(.Q ; E) are defined as

B, (§2;E) = {f if € Lp($2:E), I llsg, (2:5) = If llzp(2:8)

n h 1
+ Z( f * - (Gimkge] | AT, Q)nynjpm) dh) P oo}
i=1 \WO

for 1 < g < oo. For g = 00, recall that

n mi i

14;" (1, 2)D; f |l (2:8)

s (@5 =), Su ,
V1135, (2589 2 0<h<11)40 o

The definition ofB;'q(.Q;E) is independent of m; and k;.

Let £2 be a domain in R”. A linear operator T mapping W"(§2; E) into W"?(R"; E) is
called an extension for §2 provided that, for every u € W?(§2; E), the equality Tu(x) = u(x)
holds a.e. in §2, and for each 1 there is a constant K such that

| Tee| | wymp mnsey < K ttllwme(2;)- (8)
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Now, we shall give some theorems which will be used to prove the maximal regularity
properties of elliptic differential equations in E-valued Sobolev spaces.

By using [6] and an interpolation of Banach spaces (see [3-8, 11, 16, 17]), we obtain the
following.

Theorem 1 (Trace theorem) Let E be a UMD space. Then the transformations

u—u, (x¥,0), j=0,1,....m-1,

are bounded, linear, and surjective from W™ (R’; E) into BZ;_% (R"LE).
Proof 1t is clear that

W™ (RISE) = W™ (Ry; W™ (RS E), L7 (R" E)).
Then by the virtue of the trace theorem of [6], the operator

u— uin (x/, 0)

will be linear, bounded, and surjective from W”™?(R";E) into (W™P(R"};E), LP(R";
E))

o

"o

It is well known that (see, for example, [16])

il
) = BZP} g (R}H;E)'

(W™ (R E), LP(R*;E)),

Jt

§‘w»—

This completes the proof. O

Theorem 2 (Extension theorem) Let E be a UMD-space. Then there exists a bounded
linear extension operator from WP (R"; E) to W"?(R";E).

Proof By virtue of [5], the restriction to R} of a function in C{°(R";E) is dense in
WP(RY; E) for any m and p. So, we define the extension operator T only for such func-
tions. Let y € C*°([0, 00)) be a real-valued function satisfying ¥ (t) = 1if £ € [0, %], Y()=0
ift > 1. Let u € C§°(R*; E). Then we set

u(x), ifxeR’,

T1 =
u(x) S o af (~2kx)u(x', —2kx,), ifxeR”,

where ay is a sequence defined as follows:
oo
Y 2" =(-1)", n=0 )
k=0

and

o0
Z 27K x| < 0. (10)
k=0
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It is clear that Tu has compact support in C“(Ei;E) N C®([R";E). If x € R”, we have

On

D*Tu(x) = Zak Z (O;”) (_gk)“n an—f(_zkxn)D{qD“,u(x/, _kan);

k=0 j=0
which we write
D*Tu(x) = Y Wi(x). (11)
k=0

Since ¥ (x) = 0 when —x,, > 2,}—4, it follows from (10) that the above series converges abso-
lutely and uniformly as x,, tends to zero. Using (11), we get

lim D*Tu(x) = lin(l)+ D% Tu(x) = D* Tu(0).

xp—0~
Hence, we say that D“Tu € C{°(R"; E). Moreover, if |o| < m,

p

| @) < K a2 Y | DPu(a, -2"%.) |15,

|Bl<m

where K; depends on m, p, n, and f. Integrating over R”,

1 1
’ 1 v
{fm ||wk||’g} §1<1|ak|2k'"{(§) > fRE||Dﬁu(x/,-2kx,,)|\‘;dx} .

|Bl<m

Hence

1
1l yor @) = 1<1|ak|2k'“{ > /R ) ||Dﬂu(v>||’2dy}p

|Bl=m

= K |ag 25 sl wmo ey - 12)

It follows from (10)-(11) that

(e ¢]

ki
1D Tut] 1 on ey < Kilttllwmogrsey Y lax|2 < Ko el wmo sy
k=0

It is obvious that
||D‘1 Tu”LP(Rﬁ;E) < Ks|lu|| WP (R"E) -
Combining these, we obtain
| Tee | wrmp gy < Ky l|tall vmp mr)s
with K = K(m, p, n). Thus, the proof is finished. a

By virtue of [8] we state the following theorems.

Page 5 of 15
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Theorem 3 (Embedding theorem) Let E be a UMD space and a = (a1, ...,ay), |a| < m,
0<u< ‘iml Then the embedding

D*W™P(R';E) — L¥(R";E) (13)
is continuous, and for all u € WP (R;E) and 0 < h < hy, the following estimate holds:

|07 ut] p gursey < B Nl wmoeersey + B N oo (14)

Theorem 4 (Fourier multiplier theorem) Let E be a UMD space and v be a C"™*! function
defined on R". Assume there is a constant cy, such that for all multi-indices o satisfying

|o| < m+1 we have
|x|'°“|D“1//(x)| <cy. (15)

Then for 1 < p < 0o the operator Ty, which is defined as F'F, has an extension to
LP(R"; E) which satisfies

1Ty f Nl < cpllf llip-

The constants c, depend only on cy,, n, and p (see [20]).

3 Elliptic problem in R"
We shall consider the equation

A(D, q)u(x,q) = f(x, q) (16)

in the whole space R”, where A(D, g) is a differential operator with constant complex co-
efficients depending polynomially on a complex parameter g in such a way that, after re-
placing D = (Dy,...,D,) by & = (&,...,§,), we get a homogeneous polynomial A(§,q) of
degree s. Here, s is a non-negative integer. We symbolize it as

AD,q)= Y awpq’D” 17)

lee|+B=<s

and the symbol of the operator is as follows:

AEq) = Y aupq’t”.

lee[+B=<s

The parameter varies among the limits of a closed sector Q of the complex plane, with

vertex at the origin of coordinates. That is,

Q={q:a <argqg < B}

We begin our analysis by proving Proposition 1 with the help of Theorem 3.
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Proposition1 Let E be a UMD space. For | > s, the operator A(D, q) is a bounded operator
from W' (R"; E) to WP (R"; E). More precisely, we have the following estimate:

IAull yi-sp + |1 Aully < Cy{[|ulx, @) | i + Il el 20}, (18)

where the constants C; and C} are independent of g and u.

Proof Let u € W"?(R"; E) be any function. By taking the norm of A(D, g)u, and using (5)

and interpolation, we obtain

I—
Aull—sp = 1A=,y + || [ Aullo,p

= Z Z aaﬁqﬂDaﬂ/u + |61|l y Z aaﬁq
lyl<i-s" |a|+B=<s 0.p la+B<s
Z ||as,0D””u +oe ao,sqSuHO,p
lyl<l-s
+1q"* |asoDu + -+ + ao,sqsu”()p

< Z “ﬂsoDﬂyu} o+ Z ||a03q‘u||0p
ly|<i-s ly|=l-s

+lal™{lasoDulo, v+ |aosa'ully, }

< > flasoD?ully, + - +lal'laosullo,-
lyl<!

Since the coeficients of the operator A are constants, by using Theorem 3, we obtain

Azl s,y (R E <c{zupm||0p -+|q|’||u||o,p}=C|||u|||z,p(R";E),
lyl=<i

where C is chosen such that C = max{ajx : j,k =1,...,m}. This completes the proof.  [J
We require the following conditions.

Condition I
(a) If|€] + |q] #0, then A(&,q) #0 forallg € Qand & e R” (§ #0).
(b) We suppose A(&,q) > M(I€|* + |g|°)™ holds for all g € Q and & € R” (£ #0), where
M is a constant.

The main conclusion of this section is the following result.

Theorem 5 Suppose that Condition 1 is satisfied, | > s, and 0 < p < co. Then for f €
WP (R"; E) there exists one and only one solution u € W*?(R"; E) of problem (16). More-

over, the coercive uniform estimate holds:

leelilyer < Culllf llyi-sp (19)

for |q| > qo where the constant C, is independent of q and u.
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Proof First of all, we will prove that there is a solution « € W*”(R"; E). Consider the equa-

tion

AD,qu(xq) = Y aupq’Dulx,q) =f(x,q). (20)

la|+B=s

Applying the Fourier transformation F to both sides of (20), we get

AE QFux,q) =Ff(v,q), A q) = Y awpq’s". (21)

] +B=s

By Condition I, for a non-vanishing g € Q, § € R” we have A(§,q) # 0. Hence, from (21)
we obtain

i, q) = ANE, q)f (£,9).

Now, we rewrite the inequality (19) as follows:

Y oIDul,, + gl lul < C{ D 1D+ |q|l_s|lf||u’}~

lor| <t |Bl<l-s

Moreover, by using the Fourier transformation, we see that the above estimate is equiva-
lent to

S ety | al,, <cf Y 1e @, sale L |

=<1 |Bl=l-s
Replacing i with A~}(£, )f we obtain

Y IE AT E g |, + gl [FATE 9 |,

lor| =<t

<c| X 1@y a1

|Bl=l-s

We have to verify the following inequality to finish the proof:

Y IE @A™ E o [, + lal | F AT E e,

|t

(g,

|B<l-s

Let us rewrite the inequalities as follows:

i} qu(iS)“A‘l(é,q)( , : )fH
F1=2= B4 s
H 2ipr=i-s8) + 4 wg-s(lé) P s

L lgl'ATE 9 < , } )/H
F 1 B I-s
+ H Z“‘;‘Sl,s(lé)ﬁ + ql_s Z (lé) +q pEE

|BI<l-s
(i

(i&)” + ql)/H :
|B<l-s LPRE)

Page 8 of 15
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Define the following functions:

|
nen-laaeo T @)

|Bl<l=s

-1
Va(€,q) = Z(is)“A*(é,q)( >+ q’*) :

lo|<I 1Bl<l-s

In order to prove the above estimate, we have to show that the functions (£, g) and
V¥ (§,q) are Fourier multipliers in L?(R"; E). By applying the multiplier theorem (see, for
example, [3, 20]), we will show that v € C*}(R%; B(E)), k = 1,2, for |a| < # + 1. That is,

&1“| D&, q)| < Cypy  i=1,2. 22)

For every k € N there exists a constant C,,x such that

E1F < Cux Y |EP], (23)
|Bl=k
where & = (&,...,&,).
Let || = 0. Using the inequality (23) and Condition I(a) we find that
lql' < GiAG, 9| (181" +141™), (24)

where C; is a constant depending on . Similarly, we can apply the same process to
[¥2(§,9)| < C, to obtain

&' < G |AG, @] (117 +1917), (25)

where C, is also a constant depending on ¥,. If we choose C’ = max{C;, C,}, we obtain the
following inequality from (24)-(25):

[

W(Iéls +1q1°) < C'|A(E, q)|. (26)

I=s| 1l-s
Because & and g are not zero at the same time, and % is bounded as & and g tend

to infinity, we can write

(1€ +14I°) < ClAE, )|, (27)
where C is a constant that does not dependent on & or g. That is, we get |3 (x)| < C; and
[Ya(x)] < Cy. Let oy =g =+ = 0tgg = 0ty1 = -+ - = &ty = 0, and o = 1. Then, by using the
boundedness of v, we obtain

= || | é <: / / k) '

B=s

Page 9 of 15
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-1
=lq! (ak > capg’E™ sﬁk) (Z capq"E" s;”f)
o<t lo| <l
B=s B=s
=alql' <G,

where &' = (&,...,&1,Eks15 -+, En) and o = (0, ..., Qg1 Aps1s - ooy ).

In a similar way, we obtain the above estimate for all @ with |«| <7 + 1. Then we have
|&]%|D* Y1 (x)] < C1. Moreover, applying the same operations we obtain |£|*|D*V;(c)| < C,.
That is, the functions ¥, ¥, are multipliers in L”(R"; E). Hence, we find that there is a
solution u € W (R E) for f € W *?(R"; E) and the coercive estimate (19) holds.

Finally, to show that the solution is unique, we use the inequality (19). Suppose that
there are two solutions u; and u; satisfying Au; = f and Auy = f. If we subtract Auy = f
from Auy =f we get

A(ug —uy) = 0.
Hence, by the estimate (19) we obtain
etr — walll o gy < C1|||O|||Wl—s,p(Rn;E) =l = w2l wipgng) = 0,
which implies that u; = u,. O

4 Elliptic problem in the half-space
In this section, we consider the following boundary value problem:

AD,Qu= Y awq’D'u=f(x), xeR, (28)
loe|+p<2m
Bj(x',D,q)u = Z bapq’ D tls,-0 =gi(x), j=1,...,m. (29)
lal+B=2m

Here ' = (x1,...,%,-1); A(D,q) and B;(D, q) denote the differential operator with constant
complex coefficients depending on a complex parameter g. By replacing D by & we ob-
tain homogeneous polynomials A(¢,q) and B;(&,g) in (&1,...,&,,q) of degree 2m and m;,
respectively. The parameter g is the same as before.

The operators in (28) and (29) can be connected as follows:

N = {A(D»Q)»Bl(D: Q):BZ(D: Q): .. "Bm(D! 61)} (30)

First, by using the embedding theorem (Theorem 3) and the trace theorem (Theorem 1)
in the space W?(R"; E), we obtain the following.

Proposition 2 Let E be a UMD space and | > 2m be an integer. Then N is a bounded

lemi—L
linear operator from W' (R";E) to W=2mP(R";E) x ]_[j”’:pr,;n’ PRYLE) G=1,...,m).
Moreover, we have the estimate

m
Wwi-2mp il ot < CY el yyins (31)
Azl 2 + gl 1 <C
=1 Byy' ¥
i ’

where the constant C{ does not depend on q or u.
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Let F’ denote the Fourier transform with respect to x' = (x1,...,%,_1). By applying the
Fourier transformation F’ in problem (28)-(29) with respect to x’ (' — &’), supposing
that f = 0, and by replacing x, with y, we get the problem on the half-line

A(s . dy,q)vw)— . 50, (32)

, .d
Bf(f "ld—y"f)

depending on the parameters &’ and ¢.

=hj, j=1,...,m, (33)
=0

We denote by 1/ (§',g) the roots of A(¢§’, 4, q) with positive imaginary part and we set
m m
(g =] - )= (€ g,
=1 k=0

where the coefficients ¢} (§', g) are analytic functions of §’ € R” and §’,q # 0, and they are
homogeneous of degree k. Moreover, for every rectifiable Jordan curve y in the complex
plane which encircles all the roots )\; (see [5]) we have

1 [ A€ hq)
—,/#Akdxzajk, 0<j<m-1,0<k<m-1, (34)
2mi ), A*(E,Aq)

where A;fn_j_l(é ', X, q) is defined as follows:

m—j-1

A (Eg) = ) (gL qamT Tt
k=0

Condition II For |&| +|g| #0, g € Q and &’ € R"}, the polynomials
Bl(-‘;:,,)\;Q);Bz(g/,)n(rI),-H,Bm(f/,)h,(rI) (35)
in A are linearly independent modulo

(E ) =] [0 -27 (5, 9)).
j=1

Let
B(§',2,9) = QA" (£, 1, q) + Bj(§',2q)-

Condition II is equivalent to the fact that, if B} is given by

k=0

the determinant of the matrix {b’k} is not equal to zero for all &’ € R"! such that |£'| + |q| #

0,9 € Q (see [5]).
For g = 0 this condition is the same as the Shapiro-Lopatinskii condition.

Page 11 of 15
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Proposition 3 Assume that Condition 1 holds. Then Condition 11 is equivalent to the fact
that problem (32)-(33) admits a solution belonging to S(R;E), forallh; € E,j=1,...,m-1.

Proof Assume that Condition II is satisfied and let /; : R*1x C—E, i=0,...,m—1,be
m given E-valued functions and &’ (# 0) € R”. Then, since the determinant of the matrix

{b:;}z ~o does not vanish, the system

Zbué qv,é q) i=0,...,m-1,

has unique E-valued solutions {v;(¢',¢q) }j’ﬁ(’)l which depend on &’ and g. We set, in a similar
way to [5],

m-1 M 4
u(é/; X () = / Z V} %elxnx d)"l
j=0

where y is a rectifiable Jordan curve which encircles the roots A} (£, q) of A(§', A, q) (see [5],
p-130). Here, the function u(&',x,, ) is also an E-valued function, and it satisfies (32); fur-
thermore, in a similar way to [5], we find that it also satisfies the boundary conditions (33).

Hence, u is a unique solution of (32)-(33). O

Theorem 6 Suppose that Conditions 1 and 11 are satisfied. Let | be an integer greater
than 2m and 1 < p < 0o. Assume E is a UMD-space. Then, with a non-vanishing q € Q,

I—m—1
Sfor any functions f € W'=2"P(R";E) and g; € B,, ! (R"YE) there is a unique solution
u € W (R"; E) of problem (28)-(29). In addition, for |q| > qo > 0 the following uniformly
coercive estimate holds:

llzelll e < Cy M Myg-2mp + Z |||g,||| gL (7 (36)

j=1 1717
where the constant C does not depend on q or u.
Proof Let T be the extension operator from W? (R";E) to W2 (R"; E). By the extension

theorem (Theorem 2), T is a bounded linear operator from Wl'p(]Rf;E) to W (R"E).
First, we consider the equation

AD,@u=Tf, xeR". (37)
By using the Fourier transformation, we find that (37) has a solution expressed as

i = FLA™\ (&, )F(TY). (38)
The following estimate holds:

2zl wp ey < CLNTS Ml ygt-2m e - (39)
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By Theorem 5, this solution belongs to W*?(R”; E); so its restriction uo = it|gn belongs to
WP (R E).
Then the following estimate holds:

lleco lll i gy < C2|”f|||wlf2m.p(m;g)~ (40)

Now, we consider the problem

AD,Qu; =0, xeR], (41)

B;(D, q)u1]x,-0 = g — &oj» (42)
where

ng :Bj(D,q)u0|xn=o, j= 1,....,m (43)

I-mj—1
such that, by virtue of the trace theorem (Theorem 1), go; € B,,, 7P (RLE).
First, we have to show that problem (41)-(42) has a unique solution #; € W"?(R”; E) and
that the following estimate holds:

m
eer i@y < Cs ) g = ol 1o (44)
j=1 Byp T (R*LE)

with a constant C; independent of g or of the functions considered. Then it is clear that
u = uy + 1 is a solution of (36), and by Proposition 2 and (40) the following estimate is
satisfied:

lgoll 1., }

pp

= Calllwolll -1 = CaCallf llp-2mp- (45)
BP»}’ ?
Moreover, by using the trace theorem (Theorem 1) and estimate (45), we get

el wo < Moo lllwer + lleealll i

< Gallif ll-2mp + C5 Y _ llgll

l—m/-—
j=1 Bpp

m
v6 Yl
3 G2 lgoll 1,
j=1 2

m
< Callfllwramp + Cs ) gl 103

j=1 (2

with constants C;, C4 independent of g and .
Thus, it suffices to prove that the problem

AD,qQu(x) =0, xeR], (46)

Bi(D,q)u(x)|x,-0 =g (=1,...,m) (47)

has a unique solution u € W (R%; E) and that estimate (36) holds.


http://www.journalofinequalitiesandapplications.com/content/2014/1/233

Ozer and Shakhmurov Journal of Inequalities and Applications 2014, 2014:233 Page 14 of 15
http://www.journalofinequalitiesandapplications.com/content/2014/1/233

Applying the Fourier transformation with respect to " = (xy,...,%,,) to problem (46)-
(47), we obtain

A(¢,Dy,q)F'u=0, (48)
Bi(§,Dy,q)F ttls,-0=F'gy (i=1,...,m). (49)

Now we apply Proposition 3 to solve problem (4.8)-(49). We find that problem (48)-(49)
has a solution u € W (R", E), and it is obvious that this solution is unique. This completes
the proof of the theorem. d

5 Application
Let E = [, where

Iy = {u={uk};'il: (me) = llully, <oo}. (50)
k=1

Consider the BVP for a system of elliptic equations in R”

Li(x,D)u = Z akaﬁqﬁD“u:ﬁ, k=1,...,N,s,N e Nx e R", (51)

loe|+B<s
where aiqp, k =1,...,N, are complex coefficients.

Theorem 7 Let Condition 1 hold. Then for f, € W'=P(R"; lg), p,q € (1,00) there is a unique
solution u € W' (R";1,) of problem (51) and the following coercive estimate holds:

el vt sy < Kl Mlwpt-sio gy,

Now, consider the BVP for system of elliptic equations in R’ as follows:

{Lk(x,D)u = 3"t peam Fkapd’ D1t = fi, k=1,...,N,N€N, 52)

Bigtl,-0 = 3ot pzmy; bropid” D Uls,-0 = g % €RY,

where m;; < 2m -1, and ag.g and byqg; are complex coefficients.
From Theorem 6 we obtain the following.

Theorem 8 Let Conditions 1 and 11 hold. Then for fi € W"S’P(Rf;lq), p.q € (1,00) and

l—mpi—L
g € Bp,:lk/ P (R, lq), problem (52) has a unique solution u € WZ’P(]RZ; ly) and the uniform
coercive estimate

m
Maelll vt g,y < Koy W Mlwt-zmperg,y + Y Ml

Z—mk-—l
7P (n-l.
j=1 Byp R Lilg)

holds.
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