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Abstract

In this article, we consider the nonlinear viscoelastic equation
t

Uy — AU+ /g(t — 7)Au(t)dt — wAu; + pu; = lulP~2u
0

with initial conditions and Dirichlet boundary conditions. We first prove a local
existence theorem and show, for some appropriate assumption on g and the initial
data, that this solution is global with energy which decays exponentially under the
potential well. Secondly, not only finite time blow-up for solutions starting in the
unstable set is proved, but also under some appropriate assumptions on g and the
initial data, a blow-up result with positive initial energy is established. Finally, we also
prove the boundedness of global solutions for strong (@ > 0) damping case.
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1. Introduction
In this article we study the behavior of solutions for the following nonlinear viscoelas-
tic equation

t
uy — Au+ [ g(t — t)Au(r)dr — oAu, + pu, = [uff ?u,xeQ, >0,
0

1.1
u(x,t) =0, x€od2, t>0, (1.1)

u(x, 0) = uo(x), uc(x,0) = uy(x) x e,

where Q is a bounded domain in R” with a smooth boundary 0Q), g is a positive

function satisfying some conditions to be specified later, w, u satisfy
w>0, u>-—-\o (1.2)

A being the first eigenvalue of the operator -A under homogeneous Dirichlet bound-

ary conditions, and

, forw >0,
2<p={p2 ifn>3 2<p<oo ifn=1,2. (1.3)

, forw =0,
-2
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This problem has its origin in the mathematical description of viscoelastic materials. It is
well known that viscoelastic materials exhibit natural damping, which is due to the special
property of these materials to retain a memory of their past history. A general theory con-
cerning problem (1.1) in the case @ = 0 and y# = 0 is available in literature (see [1-4]). The
asymptotic behavior of the solutions to (1.1) has been studied in [5-8], we also refer to
[9,10] for the asymptotic decay of the solutions to problems analogous to (1.1). Among
other known results about problem (1.1) with @ = 0 and y# = 0, we recall that in [7,8], it is
proved that the exponential decay of g is a sufficient condition to the exponential decay of
the solution u. In [5] it is also proved that, when @ = 0 and g = 0, the exponential decay
of g is necessary for the exponential decay of u. When @ + u # 0, Fabrizio and Polidoro
[11] showed that the exponential decay of g is a necessary condition for the exponential
decay of u. The case of only having fot g(t — 7)Au(t)dr may be very restrictive in many
physical problems. Also, problem (1.1) is applied to the theory of the heat conduction
with memory, see [12-16]. Therefore, the dynamics of (1.1) are of great importance and
interest as they have wide applications in natural sciences.

This type of problem have been considered by many authors and several results con-
cerning existence, nonexistence, and asymptotic behavior have been established. Caval-
canti et al. [17] studied the following equation:

t
Uy — A+ /g(t —1)Au(t)dr +a(x)u; + [ul’u =0, in Q x (0,00)

0

for a : QO — R*, a function, which may be null on a part of the domain Q. Under the
conditions that a(x) = ag > 0 on Q; € Q, with Q; satisfying some geometry restric-
tions and

—&18(1) <g(t) < —&38(1), t=0,

The authors established an exponential rate of decay. This latter result has been
improved by Cavalcanti and Oquendo [18] and Berrimi and Messaoudi [19]. In their
work, Cavalcanti and Oquendo [18] considered the situation where the internal dissipation
acts on a part of Q and the viscoelastic dissipation acts on the other part. They established
both exponential and polynomial decay results under conditions on g and its derivatives
up to the third order, whereas Berrimi and Messaoudi [19] allowed the internal dissipation
to be nonlinear. They also showed that the dissipation induced by the integral term is
strong enough to stabilize the system and established an exponential decay for the solution
energy provided that g satisfies a relation of the form

g(r) < —&g(t), t=>o.

In [20], Berrimi and Messaoudi considered problem (1.1) for @ = g = 0. They estab-
lished a local existence result and showed, for certain initial data and suitable condi-
tions on g, that this solution is global with energy which decays exponentially or
polynomially depending on the rate of the decay of the relaxation function g.

For nonexistence, we should mention that Messaoudi [21] looked into the equation

t
Uy — Au+ /g(t — 1) Au(t)dr + [u|™u = [ul’"u, in Q x (0,00) (1.4)
0
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and proved, under appropriate relations between p, m and g, a blow-up result. This
work generalizes earlier ones by Georgiev and Todorova [22] and Messaoudi [23], in
which a similar result has been established for the wave equation (g = 0). This result
was later improved by Messaoudi [24], to certain solutions with positive initial energy.
A similar result was also obtained by Wu [25] using a different method. For the pro-
blem (1.4) in R” and with m = 2, Kafini and Messaoudi [26] showed, for suitable con-
ditions on g and initial data, that solutions with negative energy blow up in finite time.
More recently, Wang [27] has investigated a sufficient condition of the initial data with
arbitrarily positive initial energy such that the corresponding solution of Equation (1.4)
with m = 2 blows up in finite time. This result improved the blow-up results in
[21,24].

In this article, we first consider (1.1) and establish a local existence result. In addi-
tion, using the ideas of the “potential well” theory introduced by Payne and Sattinger
[28], we show that for some appropriate assumption on g (but without exponential
decay property) and the initial data, that this solution is global with energy which
decays exponentially under the potential well. Secondly, not only finite time blow up
for solutions starting in the unstable set is proved, but also under some appropriate
assumptions on g and the initial data, a blow-up result with positive initial energy is
established. Finally, we also prove the boundedness of global solutions u(¢) to problem
(1.1) for strong (@ > 0) damping, namely, u € L* (R*; H(IJ(Q)) nwhe ([R*;Lz(Q)).

This article is organized as follows. In Section 2 we introduce some notation and
prepare some material. Section 3 is devoted to global existence for solutions under the
potential well and the decay result. In Section 4 we will show that there are solutions
of (1.1) with positive initial energy or with arbitrary positive initial energy that blow up
in finite time. The last Section we will prove the boundedness of global solutions (%)
to problem (1.1) for strong (@ > 0) damping.

2. Preliminaries

We denote by || - ||, the L7(Q) norm for 1 < g < o and by ||V - ||, the Dirichlet norm in
H{ (). Moreover, for later use we denote by (.- the duality pairing between H'(Q)
and H}(2). When @ > 0 (resp. ® = 0) for v, w € H}(2) (resp. for all v, w e L*(Q)),

we put

(v, w). =w/Vv~Vw+u/vw, lvll, = (v,v)i/z,
Q Q

by (1.2), || - |- is an equivalent norm over H}(S2) (resp. L (Q)).
Let a > 0. Define /,, I,: H}(2) = R by

a 1
Ja= IVull3 ) lullh,  Lo=alvul - llul).

In this case, the “potential depth” is defined as

d, = inf  maxJ,(Au).
weHg(2)\{0} 420
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It is easy to see that the “potential well” is positive, see [28,29] for details. Next, we
define stable and unstable sets respectively:
W, = {u € Hy(Q)Ia(u) > 0, Ja(u) < da} U{0},
Vo ={u e Hy(Q)(u) <0, Ja(u) <da}.

Finally, we consider the energy functional E(¢) = E(u(z),u,(t)) defined by
t

E(t) = ;_ Hu[(t)Hi + ; 1-— /g(s)ds ||Vu(t)||§ n ;_ (g0 Vu) (1) — ; ||u||,€,
0

where

t

(g0v)(t) = /g(t — 1) Ju(r) = v(2)]; dr.

0

For the relaxation function g(£) we assume
(Gl) ge C0, =) is a non-negative and non-increasing function satisfying
0o
1—/g(s)ds=1—/c=l>0.
0

p/2 -1
/2 —1+1/(2p)

Remark 2.1. Condition (1.3) is needed to establish the local existence result. In fact

(G2) / s <
0

under this condition, the nonlinearity is Lipschitz from H'(Q) to L*(Q). Condition
(G1) is necessary to guarantee the hyperbolicity and well-posedness of problem (1.1).

3. Global existence and exponential energy decay

In this section we study the global existence of solutions for problem (1.1). For this
purpose, we first consider a related linear problem. Then, we use the well-known con-
traction mapping theorem to prove the existence of solutions to the nonlinear pro-
blem. Throughout the section, we restrict ourselves to the case @ > 0, 4 = 0 and n > 3,
the other cases being similar (and simpler).

For a given T > 0, we consider the space H = C ([0, T]; H}(2)) N C" ([0, T]; L* (X))
equipped with the norm

It = max (1] vu@)[; + [w(013).
Lemma 3.1. Assume (G1), (1.2) and (1.3) hold. For every T > 0, every u € H and
every initial data (uo, u1) € H)(2) x L?(2) there exists a unique
veHnNC? ([0, T;H! (Q)) suchthaty € L? ([0, T];H(l)(Q)) ,
which solves the linear problem
vy — Av+ [3 g(t — T)Av()dT — wA + pvg = [ulP 2y, (x,t) € 2 x [0, T],

v(x,t) =0, (x,t) € 02 x [0, T], (3.1)
v(x,0) = up(x), ve(x, 0) = up(x) x € Q.
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Proof. The proof follows from a directly application of the Galerkin method as in
[22,30], thus we omit it here.
Theorem 3.2. Assume (G1), (1.2) and (1.3) hold. For any initial data

(uo, u1) € HY(R) x L?(R2), there exists a real number T,, > 0 such that problem (1.1)

has a unique local weak solution
ue HNC* ([0, Tn);H'(R)) such thaty, € L* ([0, T]; Hy(R)) .

If T, < o, then
lim (Hvu@]; + |u@]; = o)) (3.2)

Proof. Taking (uo, u1) € Hj(2) x L*(2) and letting R = 2 (|[Vuo|l3 + [lu1|13) . For any

T > 0, we consider
F ={u e M :u(0) = upu,(0) = uy and |Jull3; <R}.

By Lemma 3.1, for any 4y € F we may define v = ®(u), being the unique solution to
problem (3.1). We claim that, for a suitable 7' > 0, ® is a contractive map from F
into itself. Given y e F, multiplying (3.1) by v, and integrating over [0,t] < [0,7], we
have

t

(] + (1 -/ g(s)ds) [Vl + (g 94) 0 +2 [ ()] de

0 0
t t t

= / (8 o Vv)dr — /g(r) | Vv(r)”;dt + Vo3 + llur 13 + 2/ / |u(r)|p72u(r)v,(r)dxdr (3.3)
0 Q

0 0

t
< [IVuoll3 + ||u1||§+2//|u(r)\”’2u(r)u,(r)dxdr,
0 Q

here taking into account the condition (G1). For the last term, using Holder, Sobolev,

and Young inequalities, we have

t T
2 [ [ e < ¢ [ )l )]
0 Q 0 (3.4)

T T
<C Hu(r)Hfl ||v,(r)H*dr < C,TR*P-1 4 2 ||U1(T)||i dr,
/ /

where 2* = 2n1/(n-2). Combining (3.3) with (3.4) and taking the maximum over [0, 77,
we get

1
IvllZ, < 2R2 + C,TR2(P1),

Choosing T sufficiently small such that C,TR?*?"™Y < R?/2, we get |[vlly <R, which
shows that ® maps F into itself.

Next, we verify that @ is a contraction. Taking w; and w, in F, subtracting the two
equations (3.1) for v; = ®(w;) and v, = ®(w,) and setting w = v;- v,, then we have for
all ¢ € H)(Q) and ae. £ € [0,7]

Page 5 of 27
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(wy, @) + / Vuw(t) - Vodx + / /g(t — 1) Aw(t)drpdx + / Vuw(t) - Vodx + 1 / w(t)pdx
= [ (0l 0 ~ ) a(0))

Q

By taking ¢ = w, in (3.5) and arguing as above, we obtain
2 _
| ®(w1) — @(w2) [, = w3, < C3R¥T flwy — wall3, < e llwy — w3,

for some ¢ < 1 provided T is sufficiently small. This proves the claim. By the contrac-
tion mapping principle, there exists a unique (weak) solution to (1.1) defined on [0,
T,.).

By the construction above, we observe that the local existence time of u# merely
depends (through R) on the norms of the initial data. Therefore, as long as ||u(t) ||H
remains bounded, the solution may be continued, see also [[31], p. 158], for a similar
argument. Hence, if 7}, < o, we have

lim (1]vu()] + |u(®]3) = lim [u(0)],, = oo.

Before we state and prove our global existence result, we need the following lemmas.
Lemma 3.3. [24, Lemma 2.1] Assume (G1), (1.2) and (1.3) hold. Let u(t) be a solution
of (1.1). Then E(t) is nonincreasing, that is

E() = — |u()]?+ ;(g' o Vi)(t) — ; 3(0) | Vu(@|? < 0. (3.6)

Moreover, the following energy inequality holds:
t
E(t) +/ Hu,(t)”i dv <E(s), for0<s<t<Ty. (3.7)
N

Lemma 3.4. Assume (G1), (1.2) and (1.3) hold, and 0 <a < l. Let u(x, t) be a local
solution of problem (1.1) with initial data (uo, u1) € H}(RQ) x L?(R). Then the follow-
ing assertions hold.

(1) If there exists a number ty € [0,T,,) such that u(-ty) € W, and E(ty) <d,, then u(-,
t) e W, and E(t) <d, for all t € [to,T,,).

(2) If there exists a number ty € [0,T,,) such that u(., ty) € V, and E(ty) <d,, then u(-,
t) e V, and E(t) <d, for all t € [t,,T,,).

Proof. The proof is almost the same that of Tsutsumi [32].

The following integral inequality plays an important role in our proof of the energy
decay of the solutions to problem (1.1).

Lemma 3.5. [33]Assume that the function ¢ : R* U {0} — R" U {0} is a non-increas-
ing function and that there exists a constant ¢ > 0 such that

oo

/ p(s)ds < co(t)

t

Page 6 of 27
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for every t € [0, o). Then
¢(1) = ¢(0)exp(1 — t/c)

for every t > c.
Theorem 3.6. Assume (G1), (1.2) and (1.3) hold, and 0 <a < I. Let u(x, t) be a local

solution of problem (1.1) with initial data (uo,u1) € H}(Q) x L*(Q). In addition
assume that u(0) € W, and E(0) <d,, then the corresponding solution to (1.1) globally
exists, i.e., T,, = . Moreover, if d, <0 and 6 =1 - [ > 0 is small sufficiently such that

p-2
WEQ) 2y, 30
2

1—Cp(52)< 2(p—2)l>

where § = (p — ;)_)/(zp)l”/“”z] c =2 (Q)and C(Q) is the optimal constant of Sobolev
imbedding H}(Q) < LP(R), then the energy decay is
E(t) < E(0)exp(1 — C 't)

for every t € [0, o), where C is some positive constant.
Proof. We only consider the case w > 0 and ¢ > - Aw. In order to get T,, = o, by
Theorem 3.2, it suffices to show that

L[ vu@)]; + Ju @]

is bounded independently of ¢. Since u(0) € W, and E(0) <d,, it follows from Lemma
3.4 that

u(t,-) e W,, E(t) <d, for [0, Ty).

On the other hand, since u(¢, -) € W, means
-2
Ja(w) = 2 )a |Vu(];  for [0, ). (3.8)

So, it follows from (3.8) and Lemma 3.3 with s = 0 that

-2 1 1
N 0 O PG A R PHOT

t
<E@1) + / |u(e)|}de < E(0) <d, for [0,Ty),
0

which implies
2 2
Hvu@ly + |w@]; = Cda,
where C is a positive constant depending only on / and p.

From Lemma 3.3 we have

t

)
B0) = B() = ) (1 -/ g(s)ds) Va3 = )l = Va3 =t}

0
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which together with u(t, -) € W, yields

2p

||Vu(t)||2 - ( )— (P 2)1

E(t E(0).

z)z

In addition,

<1_?wwmws(1—?y?mHWw0M

p—2
< icﬂ(sz)( " ipz)lE(0)> 2 E(1) < 2(1 — £)E(1),
where
-2
e=1 —Cp(Q)((pz_pz)E(O)> 202,

Note that E(0) <6, we see that € > 0.
Multiplying (1.1) by u(¢) and integrating over Q x [£1,t5] (0 < £ < 1), we get

t t
= f/u (un — Au+ /g(t — 1) Au(t)dr — wAu; + pu, — Iulp_zu)dtdx
Q 0
5] t [} 153
- |:/u(t)ut(t)dx:| —/ ||ut(t)||§dt+/ ||Vu(t)||§dt—/||u(t)||gdt
t 5] t t

Q

+/(u(t):uc(t))*dH!Q/O/g(t—I)Au(t)u(t)dtdxdt

51

= | | u(®)u(t)dx ) -2 [ [[ue(2) ||§dt+ 2 [ E(t)dt + 2 [ ||u(t) ||£dt
p

Q t 15}
[

/(goVu (t)dt+//g(r)dr |Vu(t)||2dt+/(u(t) u,(t)),dt

f//g(t_T)A“(T)u(t)drdxdt

For the last term in (3.11), one has

-2 g(t — t)Au(r)u(r)drdx = 2 8(t — )Vu(r)Vu(t)drdx
[l [1

t t

=/g(t—‘[) (Ivu@|; + [Vu(2)]3) de —/g(t—‘t)(”Vu(t) = vu(t)[3)de

0 0

(3.9

(3.10)

(3.11)

(3.12)

Page 8 of 27
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Combining (3.11) and (3.12), we have

sz(z)dt+ (i _ 1) / Juo] e

3]

153

— |:f u(t)ut(t)dx:| +2[ [[ue(2) ||§dt+ ; / (g0 Vu) (t)dt

Q . f

—;//g(t)dt ||Vu(t)||§dt+;//g(t—t) HVu(r)Hidtdt—/(u(t),ut(t))*dt (3.13)

< [ f u(t)ut(t)dx:| +2 [ ()| e + / (g0 Vu)(t)dt
// (t—r)HVu(f)szrdt /u(t) u, (1)), dt,

where the last inequality comes from (G1). For the left-hand side of the (3.13), by
(3.10) we obtain

t 5 t 5]
Z/E(t)dt+ (p - 1)/ Ju)|) de = Ze/E(t)dt. (3.14)

We next estimate every term of the right-hand side of the (3.13). Firstly, by Holder
inequality and Poincaré inequality

[ luoulas < a3+ ) lu@] < [V + E0)
Q

Using (3.9) we see that
[ u®u ()] dx = £,
Q

where ¢; is a constant independent on u, from which follows that
12}

/u(t)u[(t)dx < 2¢1E(t). (3.15)

Q t

Since u(t, -) € W,, we have 0 <I,(u) < E(f). Thus, from (3.7), we deduce that

[ Iutol = e,

which implies

/ |Vu ()| < c2E(n).

Page 9 of 27
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Hence, by Poincaré inequality we get
5]
2 / Jue() |3 de < 2¢5E (1), (3.16)
3]

where ¢; is a constant independent on «. In addition, using Young’s inequality for con-
volution ||f*gll, < IIfllglls with 1/g = 1/r + 1/s - 1 and 1 < g,1,s < oo, noting that if g = 1,
then r = 1 and s = 1, we have
th t t 5] 15}
/ /g(t — 1) | Vu(e)|; drdt < /g(t)dt/ |Vu()|5de < (1 - 1)/ |Vu(t)| de.
L 0 51 ty

151

Further, by (3.9) we then have

/ / g(t — 1) | Vu(o) | drdt < 2(‘;(:)? E(t)dt (3.17)
L 0 3]

and
/ / g(t — 7) | Vu(e)|? drdt < 2(’;(:)11) E(t)dt. (3.18)
4o t

Combining (3.17) and (3.18), we get

1) ot _ 1 53
;/(goVu)(t)dt/-/g(t—f) (Ivul3 + Va3 dede < PO-D [ pa. (3.19)
t L 0

(r—2)I
4

By Poincaré inequality and (3.9), we also have the following estimate

173 [5) d

2 2 2

—2 [ o u).de == [ 5 100 = Jue)] = fuce)|:
t f (3.20)
4p(ho + 1)
Alp— 1)l
where ¢, is a constant independent on u.

Combining (3.13)-(3.20), we obtain

<2kw+u

= 2 IIW(ﬁ)IIﬁ = E(t1) < caE(11),

2}
28/E(t)dt < 2CE(t1) +

5]

s5p(1—1) [

o2y | F

1

where C is a constant independent on u, that is

p—2 tz
2pE(0) 2 .7 5p(1-1) -
1 —C"(Q)< b2 > 12 — 2 — )1 /E(t)dt < CE(1y). (3.21)
Denote
p—2
~ 2pE(0)\ o2 .=» 5p(1-1)
a=1-o@()) 2 0 T
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We rewrite (3.21)
o

a/E(r)dr < CE(t)

t

for every t € [0, ).
Since a > 0 when ¢ = 1 - [ > 0 small sufficiently by Lemma 3.5, we obtain the fol-
lowing energy decay for problem (1.1) as

E(t) < E(0) exp(1 — aC't)

for every t > Ca™'.
Remark 3.1. For the definition of d, and Sobolev imbedding inequality, we have

2p

g P=2 0 (IVul Y p =2
T llull,

and

lull, = ClIVull,.

Since LP(RQ) <> H}(S2) is compact, the best constants and the best function v(x) in
the above Sobolev imbedding inequality can be attained. For example, n = 1, p = o, Q

= (¢, d) € R, the best C and the best function v(x) are attained, see [34]. In this case,

—_2 P
< p aP~2CP=2 < 0. Then, we can take the initial data uy = v(x) which yields

2p
the set of the initial data that yields the exponential decay is not empty.

da

4. Blow-up solution
In this section, we deal with the blow-up solutions of problem (1.1). The basic idea
comes from [30], however our argument contains nontrival modifications.

Lemma 4.1. Assume (G1), (1.2) and (1.3) hold. Let u(x,t) be a local solution of pro-

blem (1.1) on [0,T,,) with initial data (uo, u1) € Hy(R) x L*(Q). If T,, < =, then
-2
lir%l ||u(t) ||q = oo forall g > 1 such that n(p2 ) <q<p. (4.1)
t—Ty

Moreover, if n 2 3 and p = 2n/(n - 2) = 2* (v > 0), then (4.1) also holds for q = p.
Proof. From (3.7), we have

1 I 1

5 @ 5+ v = ) Ju@]) + E©), telo0,Tn), (4.2)
which, together with (3.2), implies

tl_i)r%n Hu(t) ||p = 00. (4.3)

This proves (4.1) at once for the case of p = g = 2n/(n - 2). For the remaining cases,
notice (4.3) that implies

Page 11 of 27
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llirj‘[l [Vu(t)], = cc. (4.4)
Moveover, by (4.2) we obtain

| Vu)|; < i Ju@]] +2E(0), tel0,Tn).

From the Gagliardo-Nirenberg inequality we have

2n(p —q)

[l = Ll vy fora= SO0

which yields
2 —o o
[vu@]; < JE©) + G Jum ™ [vu]f

Since n(p - 2)/2 <q <p implies 0 < < 1 and po < 2, the above inequality combined
with (4.4) immediately yields (4.1).

Next we will prove the main blow-up result by the concavity method of Levine
[35,36] and the estimates similar as [30].

Theorem 4.2. Assume (G1), (G2), (1.2) and (1.3) hold. Let u(x,t) be a local solution of
problem (1.1) with initial data (ug, u1) € H}(Q) x L?(R). If @ > 0, then there is a real
number ty € [0,T,) such that u(ty, -) € Vi and E(ty) <dy if and only if T, < o, where

1 oo
k=l—P(p_2) O/.g(s)ds.

Proof. We first consider “if part”, without loss of generality, we may assume that £, =
0. Assume by contradiction that the solution u is global. Then, for any 7" > 0 we con-
sider H(t) : [0,7] — R, defined by

H(t) = [u(®)]; +f |u(@)|)? dr + (T = 1) lluoli? .
0

A direct computation yields

H(t) = 2/u(t)u[(t)dx + u(t) Hi — Jluoll? = qu(t)ut(t)dx+ 2/ (u(t), u(z)),dr

Q Q

and
H"() = 2 (g, u(t)) + 2 | ue(2) ||§ +2(u(t), u(t))., forae. te|0,T].

By multiplying (1.1) by # and integrating over Q, we have

(g, (1)) + (u(0), (1)) = — | Vu()|> - / / 8l — ) Au(e)dru(ds + [u(n)|”,  (4.5)
Q 0
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which implies
H'(1) = 2 [w(@)] - 2| Vu@)]? -2 / / 8(t = 7)Au(e)dzu(@)ds + 2 Ju(o) .
Q 0

Therefore, we have

HOH" (1) -7 ) 2 1 (1)

= 2H(t) (Hul(t)“; — | Vu@)|> —//g(t—r)Au(r)dru(t)dx+ ||u(t)H§)
Q0

. 2
—(p+2) ( [ u(t)u()dx + [ (u(x), ut(r))*dr) (4.6)

Q 0

= 2H(t) (||ut(t)||§ — | vu@|; - / / g(t — T) Au(t)dru(t)dx + ||u(t)||§)
Q0

+(p+2) (G(t) — (H(t) = (T — 1) luoll?) (||ut(t) 5+ / ||ut(r)||idr)) ,
0

where G(¢) : [0,7] > R, is the function defined by

(1) - (uumui+ / nu(r)nidr) (Ilut(r)||§+ / ||ut(r)uidr)
0 t 0 )

— (/ u(t)ut(t)dx+/(u(r),ut(r))*dt) .
0

Q

Using the Schwarz inequality, we have

( f u(t)ut(t)dx) < [u@®]3 (1)

Q

t 2 ¢ t
( / (”(T)fut(f))*df) < [l e [ o) e
0 0 0

2
27

and

1 1
/u(t)ur(t)dx/(u(t),ut(t))*df < u(t)”z(/ ut(r)Hidr) ||ut(t)||2(/ Hu(r)}}jdr)
Q 0 0 0

< Nl [ o ar ) Ju@ ) [ Juolar,
0 0
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These three inequalities entail G(f) > 0 for every [0, T]. Using (4.6), we get
1/ p + 2 / 2
H(t)H" (1) — 4 H'(t)* = H(¢t)L(t) fora.e.te[0,T], (4.7)

where

1) = ~p ()} - 2| vu]; 2 [u] - (p+2) [ o] e
0 (4.8)

-2 g(t — ©)Au(r)dru(t)dx.
/1

For the last term on the left of (4.8), we have

t

—/jg(t—r)Au(r)dru(t)dx= /g(t— t)/Vu(t)Vu(t)dxdt
Q 0 Q

0
t

= /g(t —1) / Vu()V (u(t) — u(r)) dxdr + fg(t — 1) || Vu(t) ||§ dr (4.9)
0 Q

0
= /g(t—t)/Vu(t)V(u(t)—u(t))dxdt+fg(t) ||Vu(t)“§dt.
0 Q 0

Combining (4.8) with (4.9), we get

L(t) = —pu ()] - 2 (1 - / g(r)dr) [ V(@] +2 Ju@]
0

t t

+2/g(t—r)/Vu(t)V(u(r)—u(r))dxdr — (p+2)/ ||u[(r)Hidr
0 Q 0

> —p|u(0)]; -2 (1 - /g(t)dt) [vu@]; + 2 [u@]) - 2 (Z jg(t— 7)|Vu(r)

0 0
—Vu(t) dr + zlp / 8(7) ||Vu(r)|§dr) ~(p+2) f o)) de
0 0
> —2pE(t) + (p—2) (1 - jg(f)df) [vu@|; - ;/g(r) [Vu()|; de
0 0

- (p+2)/ |u(0)|? de.
0

Using (3.7), we have

5O+ [ Juo)|2de < £),
0

Page 14 of 27
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and then

L(®) = =2pE(0) + (p - 2) (1 -/ g(r)dr) [vul; - ; [ s Ivueliar
0 0

+(p—2)/{|ul(r)Hidr
0

> —2pE(O)+(p—2)/ Jue(2)|? de + ((p—z) (1 —/g(r)dr) - ;/g(r)dr) |vuo)];
0

0 0

p— 2 ? 1 ‘ 2
> 2p( 2 ((1 — O/g(r)dr) — p(p—2) O/g(r)dr) HVu(t)”2 E(O))

+(p— 2)/ [ue(2)|? de
0

- p=21, 1 \ 2 e (p— \ 2
_m(%,é W_ﬂ!mmﬂhmwzﬂm)(pm!wmmm

72 ;
>2p (Pzp k”Vu(t)”ifE(O)) +(p72)/ Jue(2)|? de.
0

Since

r p/2—1
!gm$<pm—1+uum'

we have
O<k=I1- ! ]O(t)dt<l
p(p—z)og -

By Lemma 3.4, we have
u(t,-) € Vyand E(t) < d, forte[0,Ty).

Then, we have

2p

p=2,,0 [Vu(® IIé’p_2 P

Ju@] s

The above inequality comes from [29]; see [28,29] for further details. Since E(0) <dy,
there exists 0 > 0 (independent of T) such that

d, < >, forte[0,Tw). (4.10)

-2
k] vu(o)

L(t) > 8, forte[0,T]. (4.11)

From (4.10) and the definition of H(t), there also exists p > 0 (independent of 7)
such that

H(t) = p, forte|[0,T]. (4.12)
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By (4.7), (4.11), and (4.12) it follows that
2
H(O)H' (1) — ”Z H'(1)2 > 8p, forae. te[0,T].

Setting y(¢) = H()??"* then we have

-2 p+6
Y() < P 4 Spy(t)P=2, fora.e.te]0,T],

which implies that y(£) reaches 0 in finite time, say as ¢ — T*. Since T* is indepen-
dent of the initial choice of T, we may assume that 7% <7T. This tells us that

lim H(t) = oo.
Jip, H(O) = o0
In turn, this implies that

. 2
Jim [Vu()|; = oc. (4.13)

Indeed, if |u(t) Hi — 00 as t — T% then (4.13) immediately follows. On the contrary,

if ||u(t) ||§ remains bounded on [0,7%), then

t
. 2
tim [ u(o)]de - o0,
0

so that again (4.13) is satisfied. This implies a contradiction, ie., T, < oo.
Conversely, for “only if part” we assume now that T, < . Notice first that, for every
t > 0, there holds

2

[l = | [l | = (], )

Hence, by (3.7) and 0 <k < [, we have
1 1 2
HIu(0) = E@©) = E(0) = (Ju(], — full.)" (4.14)
By Lemma 4.1 we have |[Vu(¢f)||l, &> « as t > T, i.e., |u()||- > < as t > T,
together with (4.14) which implies
Jim T (u(t)) = lim E(t) = —oo. (4.15)

Since Ji(u(t)) < E(t), by (4.15) we obtain that
Je(u(t)) < E(to) < dp  I(u(to)) <O

for some ¢y € [0,7,,). These imply u(ty) € Vi, E(ty) <dj.

Remark 4.1. The “if part” of Theorem 4.2 means that the solution to (1.1) blows up
in a finite time for suitable “large” initial data u, and u, in the sense of g € Vi and E
(0) <d. Also, (4.15) is an essential behavior for which the solution of (1.1) blows up in
a finite time.
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Remark 4.2. In Theorem 4.2, we restrict ® > 0 in order to prove the “only if part”.
In fact, if @ > 0, it is easy to obtain [u(t)||- — « as t — T, from ||Vu(t)||, > < as t >
T, which implies E(t) — -o0 as t > T,,. If ® = 0 (only with weak damping), assuming
2 <p <2 + 2/n, then we can obtain [u ()|, = « as t > T, (see [37] for details)
which yields that Theorem 4.2 also holds for the case of @ = 0 with 2 <p <2 + 2/n.

Next, we consider the blow-up solution of problem (1.1) for the case of weak damp-
ing (0 = 0) with arbitrary positive initial energy. We need an addition assumption on

the relaxation function g:
(G3) The function of e;- g(1) is of positive in the following sense:

t

/ o(s) / ¢ 2 g(s — 7)u(r)deds > 0,
0

0

Vv e CY[0,%)) and V¢ > 0.
Obviously, g(¢) = ee”* with 0 <¢ < 1 satisfies assumptions (G1)-(G3). Let

I(u) = I (u) = [ Vul3 — llull;.

Lemma 4.3. [27, Lemma 2.1]) Assume that g(t) satisfies (G1), (G3) and A(t) is a
function that is twice continuously differentiable, satisfying

t
A'(8) + nA'(1) > [g(t — 1) [ Vu(r)Vu(t)dxdr,
0 Q
A(0) >, A(0) > 0,
for every ¢l [0,T,,), where u(z) is the corresponding solution of problem (1.1) with

weak damping. Then the function A(t) is strictly increasing on [0,T,,).
Lemma 4.4. Suppose that ug € H)(R2), u; € L*(Q) satisfy

/uo(x)ul(x)dx > 0.
Q
If the local solution u(t) of problem (1.1) with weak damping exists on [0,T,,) and
satisfies I(u(t)) < 0, then Hu(t) ||§is strictly increasing on [0,T,,).
Proof. Since u(?) is the local solution of problem (1.1) with weak damping, by a sim-

ple computation we have

d2
i W1 = [ (Ja O + s

Q
t

= ||ut(t) ||§ —;L/-uutdx—l(u(t)) +/g(t— r)/Vu(r)Vu(t)dxdr
Q 0 Q

> —u/uutdx+/g(t—t)/Vu(r)Vu(t)dxdt,
Q 0 Q
where the last inequality uses /(u(t)) < 0. Then we get

t

2
jtz ||u(t)||§+u5t Ju)] > /g(t—f)/Vu(r)Vu(t)dxdt.
Q

0
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Therefore, this lemma comes from Lemma 4.3.
Theorem 4.5. Assume (G1), (G3), (1.2) and (1.3) hold. Let u(x,t) be a local solution of
problem (1.1) with initial data (uo, u1) € H}(Q) x L*(Q). If ® = 0, g(s) also satisfies

[ (-2
0/ g(s)ds < (017 (4.16)

and (ug,u,) satisfies the following conditions

2pE(0)

E(0) > 0, /uo(x)ul(x)dx >0, I(u) <0, luol?> (p— 2)2° (4.17)

Q

where

1 o0
k=l—p(p_2)b/g(s)ds>0

and A is the first eigenvalue of the operator -A under homogeneous Dirichlet bound-
ary conditions, then the corresponding solution u(t) of problem (1.1) blows up in a finite
time, e, T,, < .

Proof. Without loss of generality, we may assume y = 1. First, by a contradiction
argument we claim that

I(u(t)) <O, (4.18)
and

2pE(0)

Ju)]3 > (kp— 20" (4.19)

for every t € [0,7,,). If this was not the case, then there would exist a time ¢; such
that

t; =min {t € (0, T;n) : I(u(t)) = 0} > 0. (4.20)
By the continuity of the solution u(f) as a function of ¢, we see that I(x4(¢)) < 0 when ¢
€ (0,t;) and I(u(t)) = 0. Thus by Lemma 4.4 we have

2pE(0)
(kp — 2)2"

Ju@®)]; > luoll3 >

for every t € [0,¢;). In addition, it is obvious that ||u(t) H; is continuous on [0,t].

Thus the following inequality is obtained:

2pE(0)

2
t . .
Hu( 1)H2 = (kp—2)k (421)
On the other hand, it follows from the definition of E(¢) and (3.7) that
15}
1
1- / g(s)ds | [ Vu(e)|; - ) Ju()]} < E(0). (4.22)

0
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t

Since 0 <k<l<1-— f g(s)ds, from (4.22), we have

0
®1vuten)2 = Ju]? < Bo)
2 Yl ™y - '

Noting the fact that I(u(¢;)) = 0, we then have

kp —

2
2 IVu@)]; = E©)

Thus, by the Poincaré inequality and (4.16) we have

2pE(0)

oo — 2 (4.23)

Ju(n)]; < (

Obviously, there is a contradiction between (4.21) and (4.23). Thus, we have proved
that (4.18) is true for every for every t € [0,7,,). Furthermore, by Lemma 4.4 we see
that (4.19) is also valid on ¢ € [0,T,,).

Secondly, we prove that the solution of problem (1.1) blows up in a finite time. The
proof is similar “if part” in the Theorem 4.2, for the convenience of the readers, we
give the sketch of the proof here. Assume by contradiction that the solution u is glo-
bal. Then, for sufficiently large 7' > 0 we consider ®(t) : [0,7] — R, defined by

t
o(1) = Ju()|> +/ |u(x)|)5 dr + (T = 1) lluoll3 .
0
A direct computation yields

D'(t) = 2fu(t)ut(t)dx+ u(t) H; — lluoll? = 2/u(t)u[(t)dx+ 2/ (u(z), ue(z))dr
0

Q Q

and
®"(1) = 2 (t, u(t)) + 2 | ue(O) |5 + 2 (u(t), u (1)), forae.te0,7T).

where (u(2),u,(t)) = fqu(t)ut)dx. By multiplying (1.1) by u and integrating over (,
we have

(e u(®)) + (u(t), (1)) = — | Vu()|? — / f 8(t — ) Au(r)dzu(t)ds + [u()|’,
Q0

which implies

o"(1) = 2 |u(0)]; — 2 |Vu()|; - z/ /g(t — ) Au(r)dru(t)de + 2 u(0) [}
Q0
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Therefore, we have
2
o) - " "o

= 20(1) (“ul(t)H; — |Vu@|? —//g(t—t)Au(t)dtu(t)dx+ ||u(t)||§)
Q0

; 2
—(p+2) ( f u(t)u (t)dx + f (U(T)/ut(T))dT) (4.24)

Q 0

= 20(t) (||ut(t)||§— |vu)|; —//g(t—t)Au(t)dtu(t)dx+ ||u(t)||g)
Q 0

+(p+2) (wm —(®(1) = (T = 1) lluol3) (”ut(t) 5+ / ()] dr)) ,
0

where W(¢) : [0,7] > R, is the function defined by

W) - (numni - ||u<r>||§dr) (llut(t)||§+ / ||u,(f)||;df)
- (/ u(t)ul(t)dx+/ (u(r), ue(x)) d‘L’) .

Q 0
Using the Schwarz inequality, we have

2
( / u(t)uf(t)dx) < Ju@ w3

27
Q

(/ u(t), ut(r) ) /||u(r)”2dr/||ut(r)”2dr,

0

and

1

t

1
‘ 2 L 2
/u(t)ut(t)dx+/(u(r), uw(t))dr < “u(t)”z(/ Hut(t)}idr) }ut(t)Hz(/ {u(r)||§dz)
0 0

Q 0
t t
1 1
= 3 WO [ @l dr « ) @ [ fuo) ae.
0 0
These three inequalities entail ¥(¢) = 0 for every [0,7]. Using (4.24), we get

O(1)@"(t) — p:;z@’(tf > ®(1)Y(t) forae.te]0,T], (4.25)
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where

10 ==}~ 2[vu@l; 2 Ju@l) - ¢ +2) [ fue)] e
0

(4.26)

-2 g(t — v)Au(r)dru(t)dx.
[1

Combining (4.9) with (4.26), we get
t

()= —plu (0]} -2 (1 -/ gmdr) I9uo) 13 2 )

0
t t

+2 [ gt—1) | Vu(©)V(u(r) —u(t)) dxdr — (p +2) ||u[(r)||2dr
[se0] [k

= —p|u®)]; -2 (1 —fg(r)dr) [vu@l +2uo]; - 2 (Z /g(t—rnw(r)
0 0

— Vu(t)dr + zlpfg(r) ||Vu(x)||§dr) - (p+2)/ Jue()|5 de

0

t 1 t
> —2pE(D) + (p— 2) (1 - /g(r)dr) |vu()|; - ) /g(r) |Vu(0)|; de
0 0
—(p+2)/||ut(r)||§dr.
0
Using (3.7) for @ = 0, we have
t
E(¢) +/ |u(z)| d < E(0),
0
and then
Y(0) = ~2pE(0) + (p = 2) (1 - g(r)dr) [vut]; - :, JEGIRZCIRE
0 0

—(p+2)[ () | de
0

> —2pE(0) + (p — 2)/ Jue(2) |5 de + ((p— 2) (1 - /g(r)dr) - ; /g(r)dr) |vu()|>
0

0 0

> 2p (Pz_pz ((1 — Ofg(r)dr) — p(pl—z) 0/‘g(t)dr) ||Vu(t)“§ E(O))

+(p— z)/ Jue(e) |3 de
0

2 (f’z‘pz (z p(pl_z) / g(r)dr) [Vu(o)|; E(O)) +(p-2) / Ju (o)} de

-2 7
2p (Pzp k||Vu(t)||§—E(o)> +(p—2)/||ut(r)”;dr
0

v

%

t
-2
22p<p2p Meuuoui—E(O))+(p—2)/\|u[(r)||§dff
0

Page 21 of 27



Liang and Gao Journal of Inequalities and Applications 2012, 2012:33
http://www.journalofinequalitiesandapplications.com/content/2012/1/33

where the last inequality follows from Lemma 4.4 and the Poincaré inequality. Since
0 <k < 1, we have pk - 2 < (p - 2)k. From (4.17), we get

(p—2)k
2

2
Alluoll3 — E(0) > p 2 Alluoll3 — E(0) > 0.

Therefore, there exists J; > 0 (independent of T) such that
Y(t) =48 forte]0,T]. (4.27)

From Lemma 4.4, (4.17) and the definition of ®(¢), there also exists p; > 0 (indepen-
dent of T) such that

®(t) = p; fortel0,T]. (4.28)

By (4.24), (4.27), and (4.28) it follows that
2
O (1) (1) — p; ®(1)2 = 8,p forae tel0,T].

The rest of the proof is the same as “if part” in the Theorem 4.2, so we omit it here.

5. The boundedness of global solution
In this section, we will prove the boundedness of global solutions u(f) to problem (1.1)
for strong (@ > 0) damping, namely,

ue L (R Hy () N W™ (R L* (). (5.1)
Throughout this section, we assume that
E (u(t), u,(t)) =E(t) = d; forallt> 0. (5.2)

If (5.2) holds, then the solution to problem (1.1) for strong (@ > 0) damping is global.
Indeed, if u(z) blows up in finite time, by Theorem 4.2, E(ty) <dj for some £, > 0.
Hence, E(u(t),ut)) = E(t) <dy for all t > t,. This is a contradiction.

Since u(t) € Hy(S2) for a.e. £ > 0, we combine Poincare inequality with (3.7) and

(5.2) to show that, for every t > 0 we have
t t
/ |uwe(0)]3 dr < c/ |ue(2)|)? dr < C(E(0) — di).
0 0
Letting ¢ — oo, we conclude that
00 0
/Hut(r)”;dr < 0, f | Vi (2)])5 dr < oo (5.3)
0 0

Furthermore, observe that by the definition of E(¢), we have

w2 * [vu)|2 - pE(0). (5.4)
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Since
(g, (1)) = jt / u(tu(®)dx — |u(1)]; forae. te [0, 00].
Q

from (4.5), we have

Q

M ( [ wuas  Jue) Hi) = 3= 19uidtutf- [ [ - auzua (5.5)
Q0

Combining (4.9) with (5.5), we get

¢ ( [ wtouas = 2 Jucy ni)

Q
t

luell3 = (Vull3 + llulh + fg(r) | Vu()]; de
0

t

N / gt —1) / Vau(0)V (u(r) — u(t))dxde (56
0 Q

1 1
> ugll3 — [1Vull3 + llully + 5 /g(r) ||Vu(t)||§dr - 2(goVu)(1')
0

1 1
>(1- P T\ Vul? = E(r) >
_< p)nunp  IVul} = E@0) =

\Y

—1I-1
v 2) IVull2 — pE(0),

where the last inequality follows from (5.4).

Inspired by Gazzola and Weth [38] we now prove a crucial stability result.

Lemma 5.1. Assume (G1), (G2), (1.2) and (1.3) hold. If u(t) is a solution to problem
(1.1) for strong (v > 0) damping satisfying E(u(t),u,t)) = E(t) = dy for all t > 0, then we
have

lim |Vu(t) — Vu(t+n)|, =0, Vnp>o.

Proof. Fixed 1 > 0, by (3.7), for every t > 0 we have

t+n 2 t+n
Q/Vu(t)—Vu(t+n)|2dx=Q/ [Vut(t)dt < ngftf Vi (7)| de

< cn/ Juc(z)|? de < Cn(E(t) — E(t + n)).
0

Since E(t) is nonincreasing and lower bounded by dj, E(¢) admits finite limit as ¢ — oo.
This immediately yields the assertion by letting t — < in the previous inequality.
Theorem 5.2. Assume (G1), (1.2) and (1.3) hold. In addition, g(s) also satisfies

r -2
/ g(s)ds < Z_ g (5.7)
0
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If u(t) is a solution to problem (1.1) for strong (v > 0) damping satisfying E(u(t),u(t))
= E(t) = dy for all t = 0, then the solution u(t) satisfies (5.1).
Proof. Assuming by contradiction that (5.1) fails, namely that there exists a diverging

sequence ¢; © R, such that
Hut(t])Hi + HVu(t])”; — 00 asj— oo. (5.8)

Then, by the definition of E(¢) and (5.2), we have [lu(t)], — < as j — <. By Sobolev

inequality we get

[Vu(t)], > oo asj— oc. (5.9)

By (5.9) and continuity, we can select a diverging sequence ¢, C R, such that

||u(fm)||i = m? + 1. Moreover, by Lemma 5.1, we have

rliﬁnolosup {n >0: ||u(t) —u(t+ n)||* <1, Vt> r} = 0.
Then, we find a second diverging sequence 7,, € R, such that

m? < ||u(t) ||i <m?+2 foreveryte [ty tn+Tnl. (5.10)
In view of (5.3), for all m sufficiently large,

there exists t,; € [ty, Iy + 1] such that H“f(tm)Hi < 2dy,. (5.11)
Clearly, up to renaming z,, into (z,, - 1) we now have

m? < |u(t) ||i <m?+2 foreveryt € [tm, tm + Tm]. (5.12)

Also, for m large enough, there holds

1
/u(tm)ut(tm)dx+ 5 |u(tn)|? = 0. (5.13)
Q

Indeed, by (5.10), (5.12), Young, Holder, and Poincaré inequalities,

[ sttt )2 = ) Juton)l? = Juten)] Juen)

Q

1 2 , 2 m?
)l — ¢ a2 = ™~ 26z 0

A%

for every m large enough. By (5.13) integrating (5.6) on the time interval [¢,,t] for ¢
e (t,pt, + T, entails
t t
[ wmutoas ol = [ (O7 0 ol - e ) ar = ¢s [l ar (5.1
Q tm

tm

provided m is sufficiently large, where the last inequality follows from (5.7) and the
equivalent norm ||-||- and H}(£2). On the other hand, by Young, Holder, and Poincaré

inequalities,
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[ s a2 <l fuol, « ) uwl? < 5 Il +& w2 5.15)
Q

Set
t
T(t) = / ||u(t)||i dr  forevery t € (ty, tm + Tm].
m

Combining (5.14) with (5.15), we have the following differential inequality
T (6) = yT(t) = & |ue(t) |5 for every t € (tm, tw + T,

for some y > 0 and ¢3 > 0. Hence

2
Iu(?) @13
>y — f t€ (twt : (5.16)
(t) = Yy —C5 rot) or every t € (L, tym + T
By (5.12), we have
) m2ty, T
T(t) = m?(t — tyy) > 5 for every t € [t + ) rtm+ T (5.17)

Then, from (5.16) and (5.17), we obtain

On(®) g w01

T
() — for every t € [ty + 2m, tm + Tm]. (5.18)

Integrating (5.18) over [tm + %', tm + Tm] and taking into account (5.3) we find

YT, 2¢ 3
log Uy (tm + ) = 1og Ty (b + Ti) + 2m " it

oo
where we have set o = f ||ut(r)H§ dt. Hence, up to enlarging m, we may take the
0

exponential and we finally conclude that
tn+Tm Tm
1 meT,
||u(t)||i dr = 1_‘m(tm + Tm) = 2Fm (tm + )ey 2 > meV 2, (5.19)
I
where we also used (5.17). On the other hand, by inequality (5.12), it turns out that

tn+Tm
||u(r)||i dv < (m* +2) ty,

U

which contradicts (5.19) as 7,, — <. Therefor, (5.8) is false and {u(¢)} is bounded,
namely there exists C such that

lu@ |+ | vu@®]; <C forallt=o.
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