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1 Introduction

The gradient-projection algorithm is a classical power method for solving constrained
convex optimization problems and has been studied by many authors (see [1-14] and the
references therein). The method has recently been applied to solve split feasibility prob-
lems which find applications in image reconstruction and the intensity modulated radia-
tion therapy (see [15-22]).

Consider the problem of minimizing f over the constraint set C (assuming that C is
a nonempty closed and convex subset of a real Hilbert space H). If f : H — R is a con-
vex and continuously Fréchet differentiable functional, the gradient-projection algorithm
generates a sequence {x,}5, determined by the gradient of f and the metric projection
onto C. Under the condition that f has a Lipschitz continuous and strongly monotone
gradient, the sequence {x,}}°, can be strongly convergent to a minimizer of f in C. If the
gradient of f is only assumed to be inverse strongly monotone, then {x,}:°, can only be
weakly convergent if H is infinite-dimensional.

Recently, Xu [23] gave an operator-oriented approach as an alternative to the gradient-
projection method and to the relaxed gradient-projection algorithm, namely, an aver-
aged mapping approach. He also presented two modifications of gradient-projection al-
gorithms which are shown to have strong convergence.

On the other hand, regularization, in particular the traditional Tikhonov regularization,
is usually used to solve ill-posed optimization problems [24, 25]. Under some conditions,
we know that the regularization method is weakly convergent.
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The purpose of this paper is to present the general iterative method combining the reg-
ularization method and the averaged mapping approach. We first propose implicit and ex-
plicit iterative schemes for solving a constrained convex minimization problem and prove
that the methods converge strongly to a solution of the minimization problem, which is
also a solution of the variational inequality. Furthermore, we use the above method to
solve a split feasibility problem.

2 Preliminaries

Throughout the paper, we assume that H is a real Hilbert space whose inner product and
norm are denoted by (-,-) and || - ||, respectively, and that C is a nonempty closed convex
subset of H. The set of fixed points of a mapping T is denoted by Fix(T), that is, Fix(T) =
{x € H: Tx = x}. We write x, — x to indicate that the sequence {x,} converges weakly
to x. The fact that the sequence {x,} converges strongly to x is denoted by x,, — x. The
following definition and results are needed in the subsequent sections.

Recall that a mapping 7' : H — H is said to be L-Lipschitzian if

ITx - Tyl < Lllx-yl, VxyeH, @)

where L > 0 is a constant. In particular, if L € [0,1), then T is called a contraction on H;
if L =1, then T is called a nonexpansive mapping on H. T is called firmly nonexpansive if
2T — I is nonexpansive, or equivalently, (x —y, Tx — Ty) > || Tx — Ty||?, ¥,y € H. Alterna-
tively, T is firmly nonexpansive if and only if T can be expressed as T = %(I + W), where
W : H — H is nonexpansive.

Definition 2.1 A mapping 7' : H — H issaid to be an averaged mapping if it can be written
as the average of the identity / and a nonexpansive mapping; that is,

T=01-a)+aW, (2)

where « is a number in (0,1) and W : H — H is nonexpansive. More precisely, when (2)
holds, we say that T is ar-averaged. Clearly, a firmly nonexpansive mapping (in particular,

projection) is a %-averaged map.

Proposition 2.1 [16, 26] For given operators W, T,V : H — H:
Q) IfT=0-0)W +aV for some o € (0,1) and if W is averaged and V is

nonexpansive, then T is averaged.

(ii) T isfirmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

(iii) f T=Q-o)W +aV for some a € (0,1) and if W is firmly nonexpansive and V is
nonexpansive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the
mappings {T:}Y, is averaged, then so is the composite T - - - Tn. In particular, if Ty is
ar-averaged and T, is ay-averaged, then the composite T1 T, is a-averaged, where

o =01 +0) — 0109,

Recall that the metric (or nearest point) projection from H onto C is the mapping Pc :
H — Cwhich assigns to each point x € H the unique point Pcx € C satisfying the property

ll = Pex|| = inf ||lx — y|| =: d(x, C). 3)
yeC
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Lemma 2.1 For given x € H:
(i) z=Pcx if and only if

x—zy-2)<0, VyeC;
(i) z=Pcx if and only if
le=zI* < = yI* = ly-2I?, VyeC;
(iii)
(Pcx — Pcy,x —y) > ||[Pcx - Pcyl|®,  Vx,y € H.
Consequently, Pc is nonexpansive.
Lemma 2.2 The following inequality holds in a Hilbert space X:
e+ 911> < llx1? + 2(n,2+3),  VxyeX.
Lemma 2.3 [27] In a Hilbert space H, we have
[ax+ (1 —,\)y”2 =Alxl? + A= W)yI* - 2@ =) |x—9yl? Vx,y € H and A € [0,1].

Lemma 2.4 (Demiclosedness principle [27]) Let C be a closed and convex subset of a
Hilbert space H, and let T : C — C be a nonexpansive mapping with Fix(T) # 9. If {x,}52,
is a sequence in C weakly converging to x and if {(I — T)x,}52, converges strongly to y, then
(I - T)x = y. In particular, if y = 0, then x € Fix(T).

Definition 2.2 A nonlinear operator G with domain D(G) € H and range R(G) C H is
said to be:

(i) monotone if
(x—y,Gx—Gy) >0, Vx,yeD(G),
(ii) B-strongly monotone if there exists 8 > 0 such that
(x-y,Gx—Gy) = Blx—yI* Vx,yeDG),
(ili) v-inverse strongly monotone (for short, v-ism) if there exists v > 0 such that
(x-y,Gx - Gy) > v|Gx - Gy|?>, Vx,y<€D(G).
Proposition 2.2 [16] Let T : H — H be an operator from H to itself.
(i) T is nonexpansive if and only if the complement I — T is %—ism.
(ii) If T is v-ism, then fory >0, y T is L-ism.
¥

(ili) T is averaged if and only if the complement I — T is v-ism for some v > 1/2. Indeed,
fora €(0,1), T is a-averaged if and only if I — T is %—l’sm.
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Lemma 2.5 [6] Assume that {a,} is a sequence of nonnegative real numbers such that
ans1 < (1= yn)an + Yudy, n=0,

where {y,} is a sequence in (0,1) and {3,} is a sequence in R such that
@ thil Yn = O0;
(i) limsup,_, 8, <0o0r Y o2, yuld,| < co.

Then lim,_, o a, = 0.

3 Main results
We now look at the constrained convex minimization problem:

gggf (), (4)

where C is a closed and convex subset of a Hilbert space H and f : C — R is a real-valued
convex function. Assume that problem (4) is consistent, let S denote the solution set. If f is
Fréchet differentiable, then the gradient-projection algorithm (GPA) generates a sequence
{%4}52o according to the recursive formula

Xp+l = Projc(l - va)(xn): n= 0; (5)
or more generally,
Xn+l = PI'OjC(I - ynvf)(xn); n= 0: (6)

where, in both (5) and (6), the initial guess % is taken from C arbitrarily, the parameters
y or y, are positive real numbers.

Asamatter of fact, it is known that if V fails to be strongly monotone, and is only +-ism,
namely, there is a constant L > 0 such that

2
’

V£ @) - V)

x,y€C,

b~ =

(x =9, Vf(x) - V() =

under some assumption for y or y,, then algorithms (5) and (6) can still converge in the
weak topology.
Now consider the regularized minimization problem

minf, (v) := ggg{f(x) + %lellz},

where « > 0 is the regularization parameter, and again f is convex with a %—ism gradi-
ent Vf.
It is known that the regularization method is defined as follows:

Xn+l = ProjC(I - va;xn)(xn)'

We also know that {x,} — X, where ¥ is a solution of constrained convex minimization

problem (4).
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Let 1 : C — H be a contraction with a constant p > 0. In this section, we introduce the
following implicit scheme generating a net {x,, } in an implicit way:

Koy = Pe[sh(xse) + (1 8) Ty X, ], 7)

where 0 < y < %, t; € (0, % —L). Let T;, and s satisfy the following conditions:
(i) A o= A(t) = 21
(i) PcI -y Vf,) =Ml +(1-2)T,,.
Consider a mapping

Qux = Pc[sh(x) + 1-9)Tyx], VxeC. (8)
It is easy to see that Q; is a contraction. Indeed, we have
1Qwx = Quyl < [[sh(x) + (L= 8) T — [sh(y) + 1 =) T, ] |
< psllx =yl + A =s)llx =yl = [1 = Q= p)s]llx -y
Hence, Q, has a unique fixed point in C, denoted by x;, , which uniquely solves fixed point

equation (7).

We proved the strong convergence of {x,,}, ., 2_; to a solution x* of the minimization
S ’ Y
problem

(I-ha*,x*—2)<0, VzeS. )

For a given arbitrary guess xy € C and a sequence {«,} € (0, % — L), we also propose the
following explicit scheme that generates a sequence {x,} in an explicit way:

xn1 = Pc [enh(xn) + (1 - On)Tnxn]’ n=>0, (10)

where 0 < y < %, Ap = W and Pc(I - yVf,,) = Al + 1 = 1,)T, for each n > 0. It is

proven that this sequence {x,} converges strongly to a minimizer x* € S of (4).

3.1 Convergence of the implicit scheme
Proposition 3.1 If0<y < %, a € (0, % —L), Vfis %-ism, then

PrOjC(I_ yvﬁr) = (1 - MO()I + Ua Tou

Projc(I - yVf) = (L= ) + u T,

2+y (L+a) 2+yL
where p, = =570, 1= ==,

In addition, forVx € C,
[ Tox — Tx|| < aM(x),
where

M(x) = y (5llxll + [ Tx]).

Page 5 of 15
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Proof Since Vf is %—ism, so yVfy is m-ism, by Proposition 2.2, I — yVf, is @-

averaged, because Proj is %—averaged, by Proposition 2.1, Proj (I — y Vf,) is 1, -averaged,

ie.,

Projo(I -y Vfy) = (1 — uo)l + po T,

where gy = W. The same case holds for Proj-(I — y Vf).
Hence,

|Projc(I - ¥ Vfo)x = Proje(I - y Ve )x||
= || (1 = pa ) + pro Toxe — T
<|U-yVR)x-UT-yVi)x|
=y || Vfulo) = Vf @) = aylixl,

then

o (Tox) — uTx| < I = palllxll + ey llxll,

5 T
T T < XEILENTED
2+ y(L+a)

where M(x) = y (5||x|| + || Tx|]). a

Proposition 3.2 Let h: C — H be a contraction with 0 < p <land 0 <y < %, let t; be
continuous with respect to s, t; = o(s). Suppose that problem (4) is consistent, let S denote the
solution set for each s € (0,1), and let x; denote a unique solution of fixed point equation
(7). Then the following properties hold for the net {x,; }:
(i) {xs,ts}tse(o,%-L) is bounded,
(i) limg_ o |12, — Tyl = 05
(iii) x5, defines a continuous curve from (0,1) into C.

Proof (i) Take any p € S, then
X1, — P =Pc [sh(xs,ts) +(1-5s) Ttsxs,tx] — Pcp.
Therefore,
sz, = pIl < spllxss, = pll +5[A(p) = p[| + A= 5)| Tysr, = Tp |

< spliss, —pll + 5| h@) = p| + (1= $)[ Ty, — Tepll + | Toup — Tpll]
<[1-Q-p)s]llxss, - pll + 5| A(p) - p|| + A - 5)t || M(p)

’

hence,

h(p) — t
e —pl < PO =P g B

T A=) |M@)|. (1)

So, {xs} is bounded.
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(ii)
15,6, — Tyeots s Il < HSh(xs,ts) — 8T, Xs s, ” — 0.
(iii) Take s, s € (0,1), and calculate

”xs,ts - xso,tSO ” =< ||5h(xs,t5) + (1 - S) Ttsxs,ts - [SOh(xso,tSO) + (1 - SO)TtSO xSO:tS()] ||
= [|s(Aless,) = Mg 1y)) + (5 = 50) [Asgty) = Ty Fsortsy )
+ (1= 8) [Ty x5, — Ttsxso,ts()] +(1- S)[Ttsxso,ts() - Ttsoxso,zso] ||

=< Sp”xs,ts = Xs0,t50 I+ (1-5) ”xs,ts ~ Xso,ts, I

+(1=-9)l Tt%s0,t55 = Tty %ot | + 18 = S0l “h(xso,ts() ) - Tty %so s |15 12)

I Ttsxso,tso = Ttso Kso.ts, Il
_ | 4PcU -y Vfi) -2 -y(L+ ts)llx
2+y(L+1t) S0-tso
4Pl - yVfy) - 2=y (L + )]
- st:ts
2+ y(L+t,) 0
_ | 4Pt -y 95 4Pc(I-yVfy,)
—x —_——_—_—
24y(L+ty) B0 24 yp(L+t, o) sotso
—[2—V(L+ts)]x . [Z—V(L+ts0)]x
24y(L+t) 0T 2hy(Lty,)
H 412+ (L + 6Pl - y Vs, — 42+ V(L + E)IPC — ¥ Vfy Yoyt
2+y(L+ )2+ y(L+tg)]

4y |ts — Lo | 1%50,¢4, |
2+y(L+t)][2+y(L+t )]
4y (tsg = t)Pc(l — ¥ Vs )Xso,15,
” 2+yL+t)][2+y(L+tg,)]

42 +y L+ )P =y Vi )xso,t, — Pcl = ¥ Vs Moo t5, ]
2+y(L+)]2+y(L+1y)]

dylts - Ly, | ”xso tso I

[2 +y (L +1t)][2+ v (L + )]

= Mt — B . (13)

So, by (12) and (13),
(195, = Xso,t5, =0 (s— sg). O
Theorem 3.1 Assume that minimization problem (4) is consistent, and let S denote the
solution set. Assume that the gradient Vf is %—ism. Let h: C — H be a p-contraction with

p €[0,1),

51, = Pc[sh(xse) + (1 — ) Ty, ],
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where 0 <y < %, t; € (0, % —L), t; = o(s). Let T, satisfy the following conditions:

(i) &= At) = X,

(i) PcU-yVfi) =2+ (1 -A)Ty.
Then the net {x,, } converges strongly as s — 0 to a minimizer of problem (4), which is also
the unique solution of the variational inequality

x*es, ((I — h)x*,x—x*) >0, VxeS.

Proof Set Projc(I —yVf)=Q1-1)[+1T, 7 = %. Let yor, = sh(xss) + 1 —8) T X, ts €
(0,%-1L).
We then have x;,, = Pcy;,,. For any given z € S, z = Pc(I — y Vf)z, we obtain
xs,ts —zZ= PCyS,ts _yS:ts +ys,ts -z
= Pcysits = Ysts + Sh(Ksz) + (1= 8) Ty — Tz
= PcYst, — Vs, + s[h(xs,ts) - h(z)] + s[h(z) - Tz] + (1 =9)[Tyxss, — Tz].
Next we prove that {x;;} — x* € S, which is also the unique solution of the variational
inequality. We have
%, = 21% = (PcYst, = Yster PYss — 2) + s(h(sr,) = (@), %o, — 2)
+ S(h(z) — Tz, x5, — z) + (1= )Ty 5, — T2, %sp, — 2)
< splise, — 2l + s(h(z) — Tz, %54, — 2) + (1 = $){ Ty, — T2, X5, — 2)
<[1- = p)s]ll%ss, — 2l + s{h(z) — Tz, %4, - 2)

+ (L= 9)t; | M(@)|| 1%z, — 2.

So,

(h(2) = Tz, %5 —2) (1 = )t M (2) |15, — 2l

5., — 211> < +
o 1-p s(1-p)

(14)

Then if x;, ,, — p, then x;, , — p. Next, we prove that
%56, = Projc( — ¥ V)agy, | — 0.

Since

= ||)\‘x5vts + (L= A) T, (xsp,) — Kz,

[Projc(I — ¥ Vifi ot e, — %,

< “ Ty (s,) — s “

So,

”xs,ts —Projc(I — y V)%s, | < visll®ss |l + H Ty, (%s,5,) — %55, H — 0.

Finally, we prove that {x,, } — x* € S, which is also the unique solution of the variational
inequality. We only need to prove that if x;, , — X, then

(T-hx,x-%)>0, VxeS.
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Suppose that x;, ;, — X, by Lemma 2.4 and ||x; s, — Proj(I — ¥ Vf)xs || — 0, % = Proj (I -
¥ Vf)x, it follows that x € S. Note that x;, , — X by (14). From the definition

54y = Pe[sh(se) + (1= 8) Ty, ],

we have
1 1
- h)(xsn,ts,,) = S—(P CYsnts, —ys,,,tsn) - S—[(l - Ttsn )xsn,tsn] + [xsn,tsn - Tlsnxsn:tsn]'
n n
So
(I = 1)@, ) s, = 2)
=— (PCysﬂ,tsn = Vsutsyr Xsts, — z)
Sn
1
- S_<xsn,ts,,, - Ttsnxsn,tsn’xsn,tsn —2z) + K, t5, — T, Kt 1 Xsuts, — z)
n
1
=< —;<(1 - Ttsn )xsn,tsn;xsn,tsn - Z> + ((1 - Ttsn )xsn,tsn’xsn,tsn - Z)
1 1
<-— ((1 = T)Xsy b5, Kspts, — Z) - —((T =Ty, )xsn,tsn;xsn,tsn - Z)
Sn Sn
+ (xsn,tsn - Ttsn KXspotsy r Xsutsy ~ z),
then
((I —h)x,x— z) = lim <(1 = 1) (K, 15, ) X 5, — z) <0. (15)
n—0o0
So, {xs:,} = x* € S, which is also the unique solution of the variational inequality. g

3.2 Convergence of the explicit scheme

Theorem 3.2 Assume that minimization problem (4) is consistent, and let S denote the
solution set. Assume that the gradient Vf is %-ism. Let h: C — H be a p-contraction with
p €[0,1). Let a sequence {x,}.°, be generated by the following hybrid gradient projection
algorithm:

Xns1 = Pe[0uh(x,) + 1= 6,)Tu(x4)], n=0,1,2,..., (16)

where 0 <y < %, Pl - yVfyl =20+ 1 =1,)T, and X, = W, and, in addition,
assume that the following conditions are satisfied for {0,}5°, and {0, }52:
(i) 6, — 0; ay, = 0(6,);
(i) Y 0706 = 00;
(iil) D=2 61 = Oal < 00;
(iv) Y20 lotmet — o < 00.
Then the sequence {x,}5 , converges in norm to a minimizer of (4) which is also the unique

solution of the variational inequality (VI)

€S, (I-hx*x-x>0, VxeS.
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In other words, x* is the unique fixed point of the contraction Projs h,
x* = Projg h(x*).

Proof (1°) We first prove that {x,}>°, is bounded. Set Proj.(I - yVf) = (1 =) + T T, T =
27k Indeed, we have, for X € S,
%1 — %Il

= | Pc[0uh(xn) + (1 = 6,) Tu(x4)] - PcX|

< H@nh(xn) + (1= 0,) Ty () — %)

= [0 (h(xn) = h(Z)) + 0, (R(Z) = X) + (1 = 0,)(Tn(xn) = %) |

< 0upllay = El| + 0, | (%) - %] + 1= 0)[lxn — &l + | Tu (%) - T@)|]

< (1= (1= p)0n) 1% — &Il + 0, | 1) - | + 0, | M(F) |

Smax{llx,,—xn, [l - x||+||M(x)H]}

So, {x,} is bounded.
(2°) Next we prove that [|%,.1 — %] — 0 as 7 — .
%041 — %l
= | Pc[0nht(xn) + (1 = 0,) Tun] = Pc[Ou-sh(®n-1) + (1 = 0t) Tyordu | |
< || [Onhrn) + A = 0,) Tutn] = [Ou-th(n-1) + (1 = Ot) Tpo1 ] |
= [0 (A(xn) = B(xp1)) + (1 = 6,) (Tt — Tyinon)
+ (O = 0n) (M(en-1) — Tueno1) + (1= O (Tptno1 — Tuoan-) |

= [1 -1~ ,O)Qn] % = %p1ll + M6y = 01| + (1 = O )| Tuxn1 — Tyoana ll,
but

” Tnxn—l - Tn—lxn—l ”

4P~y Vfu) 2y (L + )l
2+ y(L+ay,)

4Pl =y Vi) - 2= y(L + )l
2+ y(L+oy,q)

4Pc(l -y Vfa,) x, 4Pc(I - yVﬁm)
2+ y(L+ay) -+ 2+ y(L+a,q)

n-1

n-1

H—[2—V(L+an)] 2-y(L+a,)] L

X1+
2+ y(L+ay) -t 2+ y(L+ayu)

_ H 412+ y(L+ay1)]Pc -y Vfa,)%n1 — 412 + Y (L + 0,)]Pc = y Ve,  )%n
2+y@L+a)l2+y(L+ay)]
+ 4)/|Oln—0ln 1|”xn 1”
2+ y(L+a)]2+y(L+o,1)]
” 4)/ Oy-1 _an)PC(I }/Vﬁxn Xn-1
2+y(L+a)l2+yL+a,)]
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42+ y(L +a,))[Pcl =y Ve, )xn1 = Pcl = ¥ Ve, )xp1]
+
2+y(L+an)]2+y(L+a,1)]
. dylay, —op|llxp-1l
2+y(L+an)]2+y(L+a,)]
< Ayl — o I1Pc( =y Vfe, )%l
2+y(L+an)]2+y(L+a,1)]
4y o1 — oy 2+ V(L + ) 1% |l
2+y(L+an)]2+y(L+a,)
4y lay — ana|l|% ]
2+ y(L+an)]2+y(L+a,)

<lan1 = [y |Pcl = ¥ Ve )%nar | + 57 %01 ll]

< Mslo — ayl.
So,
61 = 2]l < [1= (1= )0 ] 120 = X || + M2 16 = 01| + M3t 1 — atl,
by Lemma 2.5,
1641 = %ull — O.

(3°) Next we show that |x, — T,x,| — 0.
Indeed, it follows that

”xn - Tnxn” = ||xn _xn+1” + ||xn+1 - Tnxn”
= %y —Xpaall + ”Pc[enh(xn) +(1- Gn)Tn(xn)] —PcT(x4) ||

< 1% = Kt ll + O | 1Cen) — T | — 0.
Now we show that

lim sup(h(x*) —x*, %, —x*) <0.
n—o0

Let x,, — X, observe that
“PC(I_ va&n)xn —Xn || = ||)"n1+ (1 _)\n)Tnxn —Xn ||

= (1 - )\n)” Ty, _xn”

< N T — xulls
hence we have

|Pc(I =y Vf)xn — 4
< |Pcl = ¥V )xn = Pl = y Vo, )xu | + | Pl = ¥ Vo, )2n = 4 |

< yaullx.ll + | Tuxp — xull — 0.
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So
lim ||Pc( =y Vf)x, — %4 =0,
n—0oQ

by Lemma 2.4 and lim,,_, « [|Pc({ — ¥ Vf)x,, — %4|| = 0, then
% =Pc(I -y Vf) ).

This shows that

limsup{h(x*) — x*, %, —x*) < 0.

n—00

It follows that

—
= ”Pc[enh(xn) + (1 - en)Tn(xn)] - ch* ”2

< ||0n(ACxn) = %) + (1 = O) (Tt — Tx*) ||2

= (|6 (BGen) = 1 (x*)) + (1 = 6,) (T — T*) + 6, ((x*) —*) ||°
< ||6u(Bl@n) = B(x*)) + (1 = 0,) (T = Tx*) | * + 20,{h(x*) = 6%, 201 —2*)
<0, || 1() — (%) | + (1= 0| (T — %) |* + 26, {B(x") = &, %01 — )
< 6,0 |0 = &*||* + 1= 6,)|| (Tuxn — Tux* + Tox* — ") ||°

+ 20, (1 (x*) — &*, X1 — x7)
< 000w = 22 + (= B[00 = 2" | + M ()] + 20,011 (") = 2 2ger — 5°)
< [1- Q= )] en =" |” + (1= ) [20M (") [ - 27 + 07 (M (x))]

+20,(h(x") — &%, %1 — &%).

Hence,
”xn+l - ”2 = (1—/3,,)”96,, - ”2 +:3n8n7 (17)
IBVI = (1 - ,O)Qm

1 [a, . . 2 %
n= E[Z—nu—en)zM(x ) oen = %[ + @ = 6,) (M (x ))2‘;—”

+ 2<h(x*) — X" X1 — x*)],
by Lemma 2.5 and lim,_,« 8, = 0, Ziio Bn = 00, limsup,,_, . 8, <0, we have x, — x*. [

4 Application of the iterative method
Next, we give an application of Theorem 3.2 to the split feasibility problem (say SFP, for
short) which was introduced by Censor and Elfving [15].

Find x € C such that Ax € Q, (18)
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where C and Q are nonempty closed convex subsets of Hilbert spaces H; and H, respec-
tively. A : H; — H, is a bounded linear operator.

It is clear that x* is a solution of split feasibility problem (18) if and only if x* € C and
Ax* - PoAx* = 0.

We define the proximity function f by

1
Sfx) = S llAx - PoAx|?,
and consider the convex optimization problem
. ! 2
minf (x) = min — ||Ax — PoAx||”. (19)
xeC xeC 2

Then x* solves split feasibility problem (18) if and only if x* solves minimization (19) with
minimizer equal to 0. Byrne [16] introduced the so-called CQ algorithm to solve the (SEP)

Xnsl = PC(I - /’LA*(I - PQ)A)xm n=>0, (20)
2 2
where0<,u<m: A
He obtained that the sequence {x,} generated by (20) converges weakly to a solution of

the (SFP).
Now we consider the regularization technique. Let

1 o
Jul®) = Z1|Ax = PoAx|* + — ||x]1%,
2 2
then we establish the iterative scheme as follows:
Xne1 =Pc [enh(xn) +(1- en)Tnxn]: n>0,
where /& : C — H; is a contraction with 0 < p < 1,

Pc[l = u(A*(I = PQ)A + anl)] = Ayl + (1= Ay) Ty,

2 - n(IAI? + )

Ay = 2

Applying Theorem 3.2, we obtain the following result.

Theorem 4.1 Assume that the split problem is consistent, let the sequence {x,} be generated
by

KXn+l = PC[enh(xn) +(1- en)Tnxn]: n>0,
where

Pc[l - u(A*(I = PQ)A + aul)] = Ayl + (1= 1) Ty,

2 - (AN + o)
M T

and the sequence {6,} C (0,1), {a,,} and {6,} satisfy the following conditions:

Page 13 0of 15
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2

() 6 — 050 <t < gty = s

)
(i) Yo On = 00;
(iii) Zn:O |01 — O] < 00;
(iv) Y020 lotner — ol < 00;
) au =0(6,).

Then the sequence {x,} converges strongly to the solution of split feasibility problem (18).

Proof By the definition of the proximity function f, we have

Vf(x) = A*(I - Projy)Ax,

and Vf is 1/||A||?-ism, i.e., since Pron is 1/2-averaged mapping, then 7 — Pron is 1-ism,

(V) = VF )%= 5) = VIAN - | Vf @) - Vf o)
= (A*(I - Projo)Ax — A*(I - Proj,)Ay, x — y)
~1/JJAI> - || A*(I - Projy)Ax — A*(I - Projo)Ay|”
= (A*[(I - Projo)Ax — (I - Projg)Ay],x — y)
~1/||AI* - || A*[( - Proj)Ax — (I - Projg)Ay]||*
= ((I - Projp)Ax — (I — Proj,)Ay, Ax — Ay)
~1/J|AI> - || A*[(I - Proj)Ax — (I - Projg)Ay] ||
> || (I - Projg)Ax - (I - Projp)Ay|*
— |7 - Projo)Ax - (I - Projp)Ay|*
=0.
Hence, (Vf(x) - Vf(),x - y) = 1/ A|I* - | Vf(x) - VD>
Set f5,, (%) = f(x) + %||x]1%; consequently,
Via(x) = Vf(x) + al(x)
= A*(I - Projg)Ax + ax.

Let y = u, L = ||A||?, then the iterative scheme is equivalent to

Xn+l = PC[enh(xn) + (1 - en)Tnxn]: n>0,

where 0 < y < %, PI-yVfyl=2d+(1=2,)T,and A, = ﬂ.

Due to Theorem 3.2, we have the conclusion immediately.
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