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Abstract

In this paper, we introduce and analyze a multistep Mann-type extragradient iterative
algorithm by combining Korpelevich's extragradient method, viscosity approximation
method, hybrid steepest-descent method, Mann’s iteration method, and the
projection method. It is proven that under appropriate assumptions, the proposed
algorithm converges strongly to a common element of the fixed point set of infinitely
many nonexpansive mappings and a strict pseudocontraction, the solution set of
finitely many generalized mixed equilibrium problems (GMEPs), the solution set of
finitely many variational inclusions and the solution set of a variational inequality
problem (VIP), which is just a unique solution of a system of hierarchical variational
inequalities (SHVI) in a real Hilbert space. The results obtained in this paper improve
and extend the corresponding results announced by many others.
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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H and P¢ be the metric
projection of H onto C. Let S: C — H be a nonlinear mapping on C. We denote by Fix(S)
the set of fixed points of S and by R the set of all real numbers. Let A : C — H be a nonlinear
mapping on C. We consider the following variational inequality problem (VIP): find a
point x € C such that

(Ax,y—x) >0, VyeC. (1.1)

The solution set of VIP (1.1) is denoted by VI(C, A).

The VIP (1.1) was first discussed by Lions [1]. There are many applications of VIP (1.1)
in various fields; see, e.g., [2-5]. It is well known that, if A is a strongly monotone and
Lipschitz-continuous mapping on C, then VIP (1.1) has a unique solution. In 1976, Kor-
pelevich [6] proposed an iterative algorithm for solving the VIP (1.1) in Euclidean space R”:

In = Pclxy — TAxy),
Xn+l = PC(xn - TAyn): Vn > O,
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with t > 0 a given number, which is known as the extragradient method. The literature on
the VIP is vast and Korpelevich’s extragradient method has received great attention given
by many authors, who improved it in various ways; see, e.g., [7—16] and references therein,
to name but a few.

Let ¢ : C — R be a real-valued function, A : H — H be a nonlinear mapping and © :
C x C — R be a bifunction. In 2008, Peng and Yao [9] introduced the generalized mixed
equilibrium problem (GMEP) of finding x € C such that

Ox,y) + o) —px) + (Ax,y—x) >0, VyeC. (1.2)

We denote the set of solutions of GMEP (1.2) by GMEP(®, ¢, A). The GMEP (1.2) is very
general in the sense that it includes, as special cases, optimization problems, variational in-
equalities, minimax problems, Nash equilibrium problems in noncooperative games and
others. The GMEP is further considered and studied; see, e.g., [7, 10, 14, 16—19]. In par-
ticular, if ¢ = 0, then GMEP (1.2) reduces to the generalized equilibrium problem (GEP)
which is to find x € C such that

Ox,y) + (Ax,y-—x) >0, VyeC.

It was introduced and studied by Takahashi and Takahashi [20]. The set of solutions of
GEP is denoted by GEP(®, A).

If A =0, then GMEP (1.2) reduces to the mixed equilibrium problem (MEP) which is to
find x € C such that

O,y +9(») -¢ox) >0, VyeC.

It was considered and studied in [21]. The set of solutions of MEP is denoted by MEP(O, ¢).
If p =0, A =0, then GMEP (1.2) reduces to the equilibrium problem (EP) which is to
find x € C such that

O(x,y) >0, VyeC.

It was considered and studied in [22—24]. The set of solutions of EP is denoted by EP(®).

On the other hand, let B be a single-valued mapping of C into H and R be a multivalued
mapping with D(R) = C. Consider the following variational inclusion: find a point x € C
such that

0 € Bx + Rx. (1.3)

We denote by I(B,R) the solution set of the variational inclusion (1.3). In particular, if
B =R=0, then I(B,R) = C. If B = 0, then problem (1.3) becomes the inclusion problem
introduced by Rockafellar [25]. It is well known that problem (1.3) provides a convenient
framework for the unified study of optimal solutions in many optimization related areas
including mathematical programming, complementarity problems, variational inequali-

ties, optimal control, mathematical economics, equilibria and game theory, etc. Let a set-
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valued mapping R : D(R) C H — 2! be maximal monotone. We define the resolvent op-
erator Jg; : H — D(R) associated with R and A as follows:

Jro=U+AR), VxeH,

where A is a positive number.

In 1998, Huang [26] studied problem (1.3) in the case where R is maximal monotone and
B is strongly monotone and Lipschitz continuous with D(R) = C = H. Subsequently, Zeng
et al. [27] further studied problem (1.3) in the case which is more general than Huang’s
one [26]. Moreover, the authors [27] obtained the same strong convergence conclusion as
in Huang’s result [26]. In addition, the authors also gave the geometric convergence rate
estimate for approximate solutions. Also, various types of iterative algorithms for solving
variational inclusions have been further studied and developed; for more details, refer to
[11, 19, 28—30] and the references therein.

Let S and T be two nonexpansive mappings. In 2009, Yao et al. [31] considered the
following hierarchical variational inequality problem (HVIP): find hierarchically a fixed
point of T, which is a solution to the VIP for monotone mapping I — S; namely, find x €
Fix(T) such that

(I-8)%p-x) >0, VpeFix(T). (1.4)

The solution set of the hierarchical VIP (1.4) is denoted by A. It is not hard to check that
solving the hierarchical VIP (1.4) is equivalent to the fixed point problem of the composite
mapping Prix()S, i.e., find X € C such that ¥ = Prix1)SX. The authors [31] introduced and
analyzed the following iterative algorithm for solving the HVIP (1.4):

Yn = BuSxy + (L= By)%n,

1.5)
K1 =0y Vay + (1— o) Ty, Vr>0.

It is proved [31, Theorem 3.2] that {x,} converges strongly to x = P, V¥, which solves
the hierarchical VIP:

(1 -8)x,p-%) <0, VpeFix(I).

Very recently, Kong et al. [7] introduced and considered the following system of hierar-
chical variational inequalities (SHVI) (over the fixed point set of a strictly pseudocontrac-
tive mapping) with a variational inequality constraint:

to find #* € & such that

(WF —yV)x*,x —x*) >0, VxeFix(T)NVI(C,A), (1.6)
((WF —yS)x*,y —x*) =0, VyeFix(T) N VI(C,A). '
In particular, if T = T; and A = I — T3, where T;: C — C is &;-strictly pseudocontractive
for i = 1,2, SHVI (1.6) reduces to the following:
to find x#* € 2 such that

{ (WF =y V)a*,x—x*) >0, Va € Fix(T;) N Fix(Ty), W)

>
((WF —yS)x*,y —x*) =0, VyeFix(T1) NFix(T2).
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The authors in [7] proposed the following algorithm for solving SHVI (1.6) and pre-
sented its convergence analysis:

xo=x € C chosen arbitrarily,

Vn = Pc(xn = vuAuxy),

Zn = Bun + YnPc (%, — VnAnyn) + 0, TPc(x, — VnAnyn)y

Fni1 = Py (8, Van + (1= 8,)8x4) + (I = AyptF)z4), Vn >0,

1.8)

where A, = oI + A for all n > 0. In particular, if V = 0, then (1.8) reduces to the following
iterative scheme:

x9=x€ C chosen arbitrarily,
Yn = Pc(xy — vuAnxn), (1.9)
Zn = Bun + YnPc (%, — VnAnyn) + 0, TPc(x), — VnAnyn)r

Xne1 = Pc[r,(1-8,)ySx, + (I — AyuF)z,], VYn>0.

In this paper, we introduce and study the following system of hierarchical variational
inequalities (SHVI) (over the fixed point set of an infinite family of nonexpansive map-
pings and a strictly pseudocontractive mapping) with constraints of finitely many GMEPs,
finitely many variational inclusions and the VIP (1.1):

Let M, N be two positive integers. Assume that

(i) A:C— H isamonotone and L-Lipschitzian mapping and F: C — H is
k -Lipschitzian and n-strongly monotone with positive constants «, 7 > 0 such that
0<y§rand0<,u<i—'2’wheret:1— 1-—u(2n — ux?);

(i) O isa bifunction from C x C to R satisfying (A1)-(A4) and ¢ : C — RU {+o0} is a
proper lower semicontinuous and convex function with restriction (B1) or (B2),
where k € {1,2,...,M};

(iii) R;:C — 2 is a maximal monotone mapping, and A : H — H and B; : C — H are
Wr-inverse-strongly monotone and 7;-inverse strongly monotone, respectively,
where k € {1,2,...,M}and i€ {1,2,...,N};

(iv) {T,}:2; is a sequence of nonexpansive self-mappings on C, T: C — C is a &-strict
pseudocontraction, S: C — C is a nonexpansive mapping and V: C — H is a
p-contraction with coefficient p € [0,1);

v) 2 := N2, Fix(T,,) Nl GMEP(Oy, ¢x, Ax) N (X, 1B, R) N VI(C, A) NFix(T) # 8.

Then the objective is to find x* € §2 such that

((WF —yV)x*,x—x*) >0, Vxef2, (110)
((LF —yS)x*,y—x*) >0, Vye L. '
In particular, whenever V = 0, the objective is to find x* € £2 such that
(Fx*,x —x*) >0, Vxe$2,
(1.11)
((LF —yS)x*,y—x*) >0, Vye .

Motivated and inspired by the above facts, we introduce and analyze a multistep
Mann-type extragradient iterative algorithm by combining Korpelevich’s extragradient

Page 4 of 32
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method, viscosity approximation method, hybrid steepest-descent method, Mann’s it-
eration method and projection method. It is proven that under mild conditions, the
proposed algorithm converges strongly to a common element x* € 2 := (2, Fix(7),) N
ML, GMEP(Oy, ¢x, Ax) N (X, 1(B;, R;) N VI(C, A) N Fix(T) of the solution set of finitely
many GMEPs, the solution set of finitely many variational inclusions, the solution set of
VIP (1.1) and the fixed point set of an infinite family of nonexpansive mappings {7, }:°,
and a strict pseudocontraction T, which is just a unique solution of the SHVI (1.10). The
results obtained in this paper improve and extend the corresponding results announced

by many others. For recent related work, we refer to [32] and the references therein.

2 Preliminaries
Throughout this paper, we assume that H is a real Hilbert space whose inner product and
norm are denoted by (-,-) and || - ||, respectively.

Then we have the following inequality:
e+ ylI* < [l%l* + 20y, +y), Va,y€H.

We write x,, — x to indicate that the sequence {x,} converges weakly to x and x,, — x to
indicate that the sequence {x,} converges strongly to x. Moreover, we use w,,(x,) to denote

the weak w-limit set of the sequence {x,}, i.e.,
wy(x,) = {x € H : x,, — x for some subsequence {x,,} of {x,,}}.

Lemma 2.1 Let H be a real Hilbert space. Then the following hold.:
@ llx=yI? = x> = IylI* = 2(x - y,9) for all x,y € H;
(b) 112+ eIl = Allxll? + pliyll® = hpellx = yI|2 for all x,y € H and &, p € [0,1] with
A+p=1
(c) If{x,} is a sequence in H such that x,, — x, it follows that

limsup ||, — y||? = limsup ||, —x|® + [|x —y||>, VyeH.
n—00 n—oo

2.1 Nonexpansive type mappings
Let C be a nonempty closed convex subset of H. The metric (or nearest point) projection
from H onto C is the mapping Pc : H — C which assigns to each point x € H the unique
point Pcx € C satisfying the property

llx = Pex|l = inf [|lx — y|| =: d(x, C).
yeC

The following properties of projections are useful and pertinent to our purpose.

Proposition 2.1 Given any x € H and z € C. Then we have the following:
(i) z=Pcx & (x—2z,y—2) <0,Vy e C;
(i) z=Pcx & llx—z|* < llx = yI* = ly -zl ¥y € C;
(iii) (Pcx — Pcy,x —9) > |Pcx — Py, Vy € H.
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Definition 2.1 A mapping T: H — H is said to be

(a) nonexpansive if
ITx - Tyl < llx-yll, Vx,y€H;

(b) firmly nonexpansive if 2T — I is nonexpansive, or equivalently, if T is

1-inverse-strongly monotone (1-ism),
(x—yTx—Ty) > | Tx— Ty|*>, Vx,y€H.

Alternatively, T is firmly nonexpansive if and only if T can be expressed as T = %(I +S),
where S: H — H is nonexpansive and I is the identity mapping on H. Note projections

are firmly nonexpansive.

Definition 2.2 A mapping T : H — H is said to be an averaged mapping if it can be writ-
ten as the average of the identity I and a nonexpansive mapping, thatis, 7 = (1 — o)l + oS,

where @ € (0,1) and S : H — H is nonexpansive.

Proposition 2.2 ([33]) Let T : H — H be a given mapping. Then:
(i) T is nonexpansive if and only if the complement I — T is %—z’sm.
(i) If T is v-ism, then for y >0, y T is %—ism.
(i) T is averaged if and only if the complement I — T is v-ism for some v > 1/2. Indeed,
. . . L1 .
Jora €(0,1), T is a-averaged if and only if I - T is 5 -ism.

Proposition 2.3 ([33, 34]) Let S, T,V : H— H be given operators.
() fT=Q0-a)S+aV forsomea € (0,1) and if S is averaged and V is nonexpansive,
then T is averaged.

(il) T isfirmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

(iti) If T =1 -w)S+aV forsomea € (0,1) and if S is firmly nonexpansive and V is
nonexpansive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the
mappings {T;}Y, is averaged, then so is the composite T - - - Ty. In particular, if T is
ay-averaged and T, is ay-averaged, where ay, a3 € (0,1), then the composite Ty Ty is
a-averaged, where a = a1 + oty — Q10tp.

(v) Ifthe mappings {T;}Y, are averaged and have a common fixed point, then

N
[\Fix(T:) = Fix(Ty - T).

i=1

We need some facts and tools which are listed as lemmas below.

Lemma 2.2 ([35, Demiclosedness principle]) Let C be a nonempty closed convex subset of
a real Hilbert space H. Let S be a nonexpansive self-mapping on C. Then I - S is demiclosed
at 0.

Page 6 of 32
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Let {T,}:°; be an infinite family of nonexpansive self-mappings on C and {A,}32, be a
sequence in [0,1]. For any n > 1, define a mapping W), on C as follows:

Un,rz+1 = ];

Un,rz = )‘-n Tn un,n+1 + (1 - )‘-n)l,

un,n—l = )\n—l Tn—l un,n + (1 - )"rz—l)Ir

Ui = M Tilpjerr + (1= A1, (2.1)
Upir = M T Ui + (1= M),

Upo = Mo Tolys + (1= A2)I,

Wn = Un,l = lelL[,,,z + (1 — )»1)]

Such a mapping W, is called the W-mapping generated by T}, T;_1,..., 71 and Ay, A,_1,
c A

Lemma 2.3 ([36]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{T,)32, be a sequence of nonexpansive self-mappings on C such that (., Fix(T,) # ¥ and
let {L,}02, be a sequence in (0,b] for some b € (0,1). Then, for every x € C and k > 1 the
limit lim,,_, oo Uy, gx exists, where U,k is defined as in (2.1).

Remark 2.1 ([37, Remark 3.1]) It can be known from Lemma 2.4 that if D is a nonempty
bounded subset of C, then for € > 0 there exists ny > k such that sup,p, ||Uyxx — Upx| < €
for all n > ny.

Remark 2.2 ([37, Remark 3.2]) Utilizing Lemma 2.4, we define a mapping W : C — C as
follows:

Wx = lim Wyx= lim U,;x, VxeC.
n—>00 H—> 00
Such a W is called the W-mapping generated by 71, T, ... and A, Ay, ... . Since W, is non-
expansive, W : C — C is also nonexpansive. For a bounded sequence {x,} in C, we put
D = {x, : n > 1}. Hence, it is clear from Remark 2.1 that for an arbitrary € > 0, there exists
Ny > 1 such that for all n > N

” ann - Wxn” = ”Un,lxn - len” <sup ||Un,1x - le” <e.

xeD

This implies that lim,,_, o, || W%, — Wx,,|| = 0.

Lemma 2.4 ([36]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{T,1}32, be a sequence of nonexpansive self-mappings on C such that (-, Fix(T,) # ¥, and
let {1,)52, be a sequence in (0, b] for some b € (0,1). Then Fix(W) = (-, Fix(T,).

It is clear that, in a real Hilbert space H, T : C — C is &-strictly pseudocontractive if and
only if the following inequality holds:
-&

1
(Tx - Ty,x—y) < |lx—y|I*> - —

2

|z-T)x-(I-T)y|", V¥xyeC.
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This immediately implies that if 7" is a & -strictly pseudocontractive mapping, then / — T
is %—inverse—strongly monotone; for further detail, we refer to [38] and the references
therein. It is well known that the class of strict pseudocontractions strictly includes the
class of nonexpansive mappings and that the class of pseudocontractions strictly includes
the class of strict pseudocontractions. In addition, for the extension of strict pseudocon-

tractions, please the reader refer to [39] and the references therein.

Proposition 2.4 ([38, Proposition 2.1]) Let C be a nonempty closed convex subset of a real
Hilbert space H and T : C — C be a mapping.
(i) If T is a &-strictly pseudocontractive mapping, then T satisfies the Lipschitzian
condition

ITa- T < T Iyl ¥ayec.

(i) If T is a &-strictly pseudocontractive mapping, then the mapping I — T is demiclosed
at 0, that is, if {x,,} is a sequence in C such that x, — x and (I — T)x,, — 0, then
(I-T)x=0.

(iii) If T is &-(quasi-)strict pseudocontraction, then the fixed point set Fix(T) of T is
closed and convex so that the projection Prix(ry is well defined.

Proposition 2.5 ([40]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let T : C — C be a &-strictly pseudocontractive mapping. Let y and § be two nonnegative
real numbers such that (y + 8)& <y. Then

ly@—9)+8(Tx-Ty)| <(y +dllx-yl, VxyeC.

2.2 Mixed equilibrium problems
We list some elementary conclusions for the MEP.

It was assumed in [9] that ©® : C x C — Ris a bifunction satisfying conditions (Al)-(A4)
and ¢ : C — R is a lower semicontinuous and convex function with restriction (B1) or
(B2), where

(Al) O(x,x) =0 forallx € C;

(A2) © is monotone, i.e., O(x,y) + O(y,x) <0 for any x,y € C;

(A3) O is upper-hemicontinuous, ie., for each x,y,z € C,

limsup O (tz + (1 - t)x,y) < O(x,y);

t—0*

(A4) O(x,-) is convex and lower semicontinuous for each x € C;
(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such
that for any z € C \ Dy,

1
O@2) +90x) = 9(2) + ~(x — 22~ 2) < 0;
(B2) Cis abounded set.

Proposition 2.6 ([21]) Assume that ® : C x C — R satisfies (Al)-(A4) and let ¢ : C — R
be a proper lower semicontinuous and convex function. Assume that either (Bl) or (B2)
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holds. Forr > 0 and x € H, define a mapping T H > C as follows:
1
T©9) (x) = {z €C:0(z9) +9()—¢k) + - (y—z,z-x) > 0,Vy € C}
r

for all x € H. Then the following hold:
(i) foreachxeH, T (x) is nonempty and single-valued,
(i) 7% is firmly nonexpansive, that is, for any x,y € H,

| 79— TEOy|* <(TE9x - TO¥)y,x - y);

(iii) Fix(T'°*)) = MEP(®, ¢);
(iv) MEP(O, ) is closed and convex;
V) T % - TOg)2 < =t (T — T, T % — x) for all s,t >0 and x € H.

2.3 Monotone operators
Definition 2.3 Let T be a nonlinear operator with the domain D(T) € H and the range
R(T) C H. Then T is said to be

(i) monotone if
(Tx— Ty,x —y) >0, Vx,ye€D(T);
(ii) B-strongly monotone if there exists a constant 8 > 0 such that
(Tx = Ty,x~9) 2 yllx = yll*,  ¥x,y € D(T);
(ili) v-inverse-strongly monotone if there exists a constant v > 0 such that
(Tx — Ty,x —y) > v||Tx — Ty||*, Vx,y € D(T).

It can easily be seen that if T is nonexpansive, then / — T is monotone. It is also easy to see
that the projection P¢ is 1-ism. Inverse strongly monotone (also referred to as co-coercive)
operators have been applied widely in solving practical problems in various fields, for in-
stance, in traffic assignment problems; see [41, 42]. On the other hand, it is obvious that
if A is ¢-inverse-strongly monotone, then A is monotone and %—Lipschitz continuous.
Moreover, we also have, for all #,v € Cand A > 0,

H(I - Mu—-(I - AA)V”2 = H (u—v) = AMAu - Av) ||2
= |lu—v||* = 20 {Au — Av,u — v) + A||Au — Av|?
< llu=v|* + A1 - 20) [ Au - Av|*. (2.2)
So, if » <2¢, then I — 1A is a nonexpansive mapping from C to H.
Let C be a nonempty closed convex subset of a real Hilbert space H. We introduce some

notations. Let A be a number in (0,1] and let u > 0. Associated with a nonexpansive map-
ping T': C — C, we define the mapping T* : C — H by

T x:= Tx - \uF(Tx), VxeC,
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where F : C — H is an operator such that, for some positive constants «,n > 0, F is
k-Lipschitzian and n-strongly monotone on C; that is, F satisfies the conditions:

|IFx—Fyl <llx-yl and (Fx—Fyx—y =nllx—yl% V¥xyeC.
Lemma 2.5 (see [43, Lemma 3.1]) T? is a contraction provided 0 < i < i—;’ ; that is,
| 7%= T*y| <@ =20)lx -yl VxyeC,

where t =1 — /1 - u(2n — uk?) € (0,1].

Remark 2.3 (i) Since F is k-Lipschitzian and 7n-strongly monotone on C, we get 0 <
n<k. Hence,whenever()<u<i—g’,wehave0<1—\/m§1. So,t=1-
V1-u2n-puk?) e (0,1].

(ii) In Lemma 2.5, put F = %1 and p = 2. Then we know thatk =n=35,0<pu=2< i—;’ =4
and

ot iun ) 1 12 b oo (1))

Lemma2.6 LetA: C — H beamonotone mapping. The characterization of the projection

(see Proposition 2.1(i)) implies
ueVI(C,A) & u=Pc(u-rAu), VYA>O0.

Finally, recall that a set-valued mapping T:D(T) € H — 2" is called monotone if for all
x,y € D(T),f eTx and g e Ty imply

f —g,x—y) =0.

A set-valued mapping T is called maximal monotone if 7 is monotone and I+ )\T‘)D(T) =
H for each A > 0. We denote by G(T) the graph of T. It is well known that a monotone
mapping T is maximal if and only if, for (x,f) € H x H, (f —g,x —y) > 0 for every (y,g) €
G(T) implies f € Tx. Next we provide an example to illustrate the concept of maximal
monotone mapping.

Let A: C — H be a monotone, k-Lipschitz-continuous mapping and let Ncv be the
normal coneto CatveC,i.e,

Ncw)={ueH:(v-xu)>0,¥x e C}.
Define

~ Av+Nc(v), ifvecC,
Tv=
@, ifvécC.

Then T is maximal monotone (see [25]) such that

0eTv & veVIGA). (2.3)
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Let R: D(R) € H — 2 be a maximal monotone mapping. Let A, i > 0 be two positive
numbers.

Lemma 2.7 (see [44]) We have the resolvent identity

n n
Jrax =Jrp <xx + (1 - x)]&;ﬁ), Vx e H.

In terms of Huang [26] (see also [27]), we have the following property for the resolvent
operator Jr; : H — D(R).

Lemma 2.8 i, is single-valued and firmly nonexpansive, i.e.,

o = Trps % =) = Wrox = JroyllI*>,  Vx,y € H.
Consequently, Jz, is nonexpansive and monotone.

Lemma 2.9 ([11]) Let R be a maximal monotone mapping with D(R) = C. Then for any
given A >0, u € C is a solution of problem (1.3) if and only if u € C satisfies

u = Jr;(u — LBu).

Lemma 2.10 ([27]) Let R be a maximal monotone mapping with D(R) = C and let B: C —
H be a strongly monotone, continuous and single-valued mapping. Then for each z € H, the
equation z € (B + AR)x has a unique solution x; for A > 0.

Lemma 2.11 ([11]) Let R be a maximal monotone mapping with D(R) = C and B: C — H
be a monotone, continuous and single-valued mapping. Then (I + A(R + B))C = H for each
A > 0. In this case, R + B is maximal monotone.

2.4 Technical lemmas
The following lemma plays a key role in proving strong convergence of the sequences
generated by our algorithms.

Lemma 2.12 ([45]) Let {a,} be a sequence of nonnegative real numbers satisfying the prop-
erty:

an1 <1 -s)a,+8,b, +t,, Vn>1,

where {s,} C (0,1] and {b,} are such that
(i) D02y 80 =005
(ii) either limsup,_, b, <0 or > o2 |syby| < o0;
(il) Y02, £ < 00 where t, > 0, for all n > 1.

Then lim,_, o a,, = 0.

Lemma 2.13 ([46]) Let {«,} and {B,.} be the sequences of nonnegative real numbers and a
sequence of real numbers, respectively, such that limsup,,_, ., o, < 00 and limsup,,_, . Bn <
0. Then limsup,,_, ., &, B, <O0.
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3 Main results

In this section, we will introduce and analyze a multistep Mann-type extragradient itera-
tive algorithm for finding a solution of SHVI (1.10) (over the fixed point set of an infinite
family of nonexpansive mappings and a strict pseudocontraction) with constraints of sev-
eral problems: finitely many GMEDPs, finitely many variational inclusions and VIP (1.1) in
a real Hilbert space. This algorithm is based on Korpelevich’s extragradient method, vis-
cosity approximation method, hybrid steepest-descent method, Mann’s iteration method
and projection method. We prove the strong convergence of the proposed algorithm to a
unique solution of SHVI (1.10) under suitable conditions.

We are now in a position to state and prove the main result in this paper.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
M, N be two positive integers. Let Oy be a bifunction from C x C to R satisfying (Al)-
(A4) and @i : C — RU {+00} be a proper lower semicontinuous and convex function with
restriction (B1) or (B2), where k € {1,2,...,M}. Let R, : C — 2" be a maximal mono-
tone mapping and let Ay : H — H and B; : C — H be u-inverse-strongly monotone
and n;-inverse-strongly monotone, respectively, where k € {1,2,...,M},i €{1,2,...,N}. Let
{T.}2, be a sequence of nonexpansive self-mappings on C and {),},2, be a sequence
in (0,b] for some b € (0,1). Let T : C — C be a &-strictly pseudocontractive mapping,
S : C — C be a nonexpansive mapping and V : C — H be a p-contraction with coeffi-
cient p € [0,1). Let A: C — H be a %—inverse—strongly monotone mapping, and F : C — H
be k-Lipschitzian and n-strongly monotone with positive constants «,n > 0 such that
0<puc< i—g and 0 <y <t where t =1 - m Assume that SHVI (1.10)
over §2 := (22, Fix(T,,) N ML, GMEP(Ox, ¢r, Ax) N (X, I(Bi, R;) N VI(C, A) N Fix(T) has
a solution. Let {a,} C [0,00), (v} C (0,7), {€n}, {8u}s {Bu}s {¥u}s (0w} € (0,1), and {Ain} C
[a;, b;] € (0,2n:), {ren} C lex, di] C (0,2u) wherei € {1,2,...,N} and k € {1,2,...,M}. For
arbitrarily given x; € C, let {x,} be a sequence generated by

Oty OML oM o1,
Uy = TRoM#M)(] — rM,nAM)T( MM (] rM-1uAM-1) - 7O (1 - 11,1A1) %,

"M,n TM-1,n Tn
Vi = Iragii 4 = ANnBN Ry 1 ov10 = AN—1nBN-1) -+ - TRy pg (L = A1, B1) i,
Yn = PC(Vn - VnAnVn); (31)

Zy = ,Bn ann + ynPC(Vn - vnAnyn) + 0y TPC(Vn - vnAnyn)r
Xn1 = Peleny (8, Vay + (1-8,)8x,) + (I — €uuuF)z,), VYn=>1,

where A, = o, + A for all n > 1. Suppose that
(Cl) > ay < 005
(C2) 0<liminf,_ v, <limsup,_, ., vy < %;
(C3) Bu+yntoy=1and (y, +0,)§ <y, foralln=>1;
(C4) 0 <liminfy_ o By <limsup,_, ., Bx <1 and liminf,_, o, > 0;
(C5) 0<liminf, 8, <limsup, . 8, <1;
(C6) limy oo €, =0andy -, €, = 0.
If{Sx,} is bounded, then {x,} converges strongly to a unique solution of SHVI (1.10) provided
limy,, 0 [|% — X1 || = 0.

Proof For n>1, put

AL = TR = i AD T = ric1pAg) - TP = 1Ay
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forall k €{1,2,...,M} and
Al = JRinin I = 2in B Ry iy (L = XictnBic1) - - - TRy, (L = A1, B1)

forallie {1,2,...,N}, Ag =Jand A(,), =]. Then we have u,, = A’nwx,, andv, = Aﬁlun. In addi-
tion, in terms of conditions (C1), (C2), and (C4), without loss of generality, we may assume
that {8,} C [¢,d] for some ¢,d € (0,1), {v,} C [a, b] for some &, b € (0, %), and v, (o, +L) <1
forallm>1.

One can readily see that Pc(I — v,A,) are nonexpansive for all #n > 1; see [7] (also [47]).

Next, we divide the remainder of the proof into several steps.

Step 1. {x,,} is bounded.

Take a fixed p € §2 arbitrarily. Utilizing (2.2) and Proposition 2.6(ii) we have

lin = Il = [ T = rag,uBag) AN 2, = T = rag,,Bar) A3 |
< | = raguBat) AN %0 — (I = raguBar) AL |

< |43 - AYp|

= | 43x. - A3p|

= llx, —pll. 32)
Utilizing (2.2) and Lemma 2.8 we have

Vi =PIl = ey T = ANaAN)AY 1t = Tryg i I = AnnAN) AY |
< | = Ay wAN) A sy = (I = Ay AN) AN ||

S R

< | A= A5p

= llun = pll, 33
which together with the last inequality, implies that
Iva = pll < ll%x = pII. (3.4)

Note that W,p = p for all n > 1 and Pc(I — vA)p = p for v € (0, %). Hence, from (3.1) and
(3.4), it follows that

Iy =pll = |Pcl = v4An)va = Pc - v,A)p||
< |Pcl = vuAn)vy = Pcl = v, An)p|| + | Pc = v,An)p — Pc - v,A)p||

< va—pl + | =vuAn)p - I - v,A)p|

= [l%n = pll + vactullpll. 3.5)
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Put t, = Pc(v,, — v,A,yy) for each n > 1. Then, by Proposition 2.1(ii), we have

12, —P||2 < Vi = viAuYnu —P||2 — Vi = vy — tn||2

”2 + 2V, (AnYn, p — tn)

= v = pI* = Ve -t
= v = pI* = 1Ve = tall* + 204 ((AYn = Auprp — )
+(AupPo D = Yn) + (AnYsYn — b))
< Wu =PI = Vi = tall® + 20, ({As 2 = V) + (AuYs Y = b))
= V= pII* = 1V = tall* + 20u[{(tud + A)p, P = V) + (AnYis Y — )]
< v =IP = 1vi = tall® + 20u[n (B, = Y} + (AnYns Y — ) ]
= Vi =PI = 1V = 9ul® = 20 = Y, Y = ) = 1Y — )
+ 2Va[ 0 (2,2 = Yu) + (A Vn — ) ]
= Va = I = Ve = yull® = 19 — tall?

+ 2(Vi = VudnYu = Y b = Yn) + 205000, p — Vi) (3.6)
Further, by Proposition 2.1(i), we have

(Vi = VAV = Yo b = Yn) = (Vi = VAV = Yis b = V) + (ViAuVi = VAV by — Vi)
< (WiAnVy = VuAyYns bty — V)
S VallAwvi = Ayl s = yull

< vu(aty +L)”Vn_yn||”tn_yn”' (3.7)
So, we obtain from (3.6)

2, —P||2 < llva —P||2 = lva _yn”Z — My — tn”2 + 2V = VuAnYn = Yo tn = V)
+ 20,0, (D, P = Yn)

< =1 = 1= Yull® = 190 = tall® + 20n(etn + L) [V = Yl 160 =yl
+ 20,0, |p |12 =
S 1 =I = 11V = Yull® = 170 = tall® + vt + L)1V = yull® + £ = yull®
+ 20,0, |p |12 =
= [[va = pI* + 2vs0u|pll 12 = yull + (v (tn + L)* = 1) [[vy = yul®
< llxn = P11 + 2050 |pll 12 = yull + (v s + L)* = 1) [[vy = yal®
< [l%n = pII* + 2,0 llpl 12 = Yull- (3.8)

Since (y, + 04)€ < y, for all n > 1, utilizing Proposition 2.5 and Lemma 2.1(b), from (3.5)
and (3.8), we conclude that

2 = pII* = 1| Bu Wik + Vit + 0, Tt — plI*

2

Bn(Wixty = p) + (Yn + 0) [Vn(tn - p) +ou(Tty —P)]

n n
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2

= IBVI”ann —P||2 +(yn +Gn) [yn(tn_p)"'an(Ttn —17)]

n n
2
= Bu(yn + 0n) [yn(tn — Wixy) + 0,(Tt, — ann)]
n n
2 2 ﬂ}’l 2
=< ﬁn”xn —P|| +(1_/3n)||tn —P|| - ”Zn_ ann”
l_ﬁn
= ﬁn”xn —P||2 + (1 - ﬁn)[”xn —P||2 + 2Vn0ln||P|| ||P—J/n||
B
+ (Voo + L) = 1) v — yull*] - -5 12 — W1
< 1 =PI + 2000 PI 112 = yull + (1= Ba) (Vi@ + L) = 1) 1V = yull?
Py W2
1_/3;’1
< [l = pI* + 2v,0llp | (120 — Pl + vactalipl)
B
+ (1 - ﬂn)(vﬁ(an +L)2 - 1)||Vn __yn”2 - 1-8 lz,. — Vann”2
2
< ot = pII* + 209, = pIl (V2vaeallpl) + (v 20001411l
B
+ (=B (v + L = 1) v =3l = 77 5 len - Wt 1>
2
= (”xn -pl+ ﬁvn“m”p”) +(1- ﬁn)(”ﬁ(an +L)2 - l)HVn _yn”2
=P - W2
1_1371
2
< (s = pll + V2v,0,pll) " (3.9)

Noticing the boundedness of {Sx,}, we get sup,.; |lySx, — uFp| < M for some M > 0.
Moreover, utilizing Lemma 2.5 we have from (3.1)
%1 = pll = || Pe[€ny (85 Vatn + (1= 8,)Sx,) + (I - €4uF)z,] - Pep||
< |l (8:Vitn + (1= 8,)Sx) + (I = €4uF)zs — p |
= |l€ny (84 Van + (1= 8,)Sx4) — €nptEp + (I — €uuF)z, — (I — €uuF)p|
< |\ €ny (82 Vatn + (1= 8,)Sxn) — €uiuFp| + | (I - €uptF)zn — (I — €4 F)p|
= €|8n(y Vit — nFp) + (1= 8,)(y Sxn — nFD) |
+ | - €npiF)zys = (I - €uuF)p|
< €u[Sully Van — nEpll + (1= 8,)lly Sxy — wEpl|] + (1 - €,7) |12, - pll
< eulu(Ily Van =y Vol + ly Vo — npll) + (1= 8,)M] + (1 - €,7) 12, - pll
< eu[Suypllxn - pll + 8ully Vo — uFpl| + (1 - 8,)M]
+ (1= &,0)[ %0 — pll + vV2vsellpll]
< €u[8uvp s — pll + max{M, ||y Vp - uFpl|}]
+ (1= €)%, = pll + V20,0, pll]

< €ypll%y - pll + €, max{M, |y Vp — uFpl|}


http://www.journalofinequalitiesandapplications.com/content/2014/1/460

Ceng et al. Journal of Inequalities and Applications 2014, 2014:460 Page 16 of 32
http://www.journalofinequalitiesandapplications.com/content/2014/1/460

+ (1= €,7) 1% — pll + 2v,01Ip
= [1-(x = yp)en]ln — pll + €xmax{M, ||y Vp — uFpll} + v 2va0p|

M ||VVP—MFP||}
T-yp  T-yp

= [1-(z —yp)ea]llxn —pll + (r = yp)en maX{

+ v 20,05 pl

M yVp-ubp|
smax{nxn—pu, BT RPUL favanlipll. (3.10)
T-yp T-yp

By induction, we can derive

M yVp-ubpl] —
%1 — I smax{nxl—pn, PP N Vavalipll, V=1
T-yp TP T

o]

2210 < 00) and so are the sequences {u,}, {v4},

Consequently, {x,} is bounded (due to )
{yn}; {zu}, {Av,} and {Ayn}~

Step 2. |lwy — unll = 0, Iy — vull = 0, [0 = yull = O, | — Lull = 0, llxy — Wayll — 0
and ||t, — Tt,|| — 0 as n — oo.
From (3.1) and (3.9), it follows that
%41 —P||2 = Hen)/(an Vaey + (1~ Sn)an) + (I - €utF)zy _p”2
= || €ny (8, Vay + (1 = 8,)Sx,) — €uEp + (I - €u1uF)z,, — (I - €uuF)p|*
< {[[eny (8 Vitn + (1 = 8,)8%,) — €uuaEp|| + | (I = €uptF)z, — (I - eunF)p]|}*
< {eu]| 8y Vitn — 1Ep) + (1= 8,)(y St — pFp) | + (1 = €47) 120 — I}

1 2

< En;[an”yvxn — uEp| + (1= 8,)lly Sxn — uEpll]” + (1 = €,7) |z — pII?
1 2 2

< En;[”)/vxn — uEp| + ly Sxn — nFpll|” + llza - pll

1 2 2
< En;[”)/vxn — wEpll + 1y Sxu — uEpll]” + (Ilxn — Il + V2050411

B
+(1- ,3,,)(1)5(0(” + L)2 - I)HVn _yn||2 - 1-B lz — ‘)ann”2
< (120 = pll + V20,0,l1p 1) + €, + (1= B,) (V2@ + L) = 1) v = Yl
. 120 — Wl (3.11)
l_ﬂn

where M; = supnzl{%[Hnyn — wEp|| + |y Sx, — uFp||]1%}. This together with {v,} C [, 1;] C
(o, %) and {B,} C [c,d] C (0,1) implies that
A= d)(1= ety + D) 17 =l + T 120 = Wyt

Pn
1_:371

< (190 = pll + V20,0, lp11)” = %001 — pII* + €M,
= [ (%0 = pll + V2v,0P1) = 1%051 = p1I]

< A= B)(1 =2t + L)) Vi = yull® + N2 — Wit |1
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 [(I1%n = pll + V20,0, 1P11) + [%01 = pll] + €M
< [1%1 = %l + V20,0 IPI ][ 190 = 21| + (%01 =PIl + 2050 P11 + €M
< [1%ns1 = xall + v/2b0, I pl ][I =PIl + 1nir = pll + v/ 2ba,lpl] + €,My. (312)

Note that lim,,_, » @, = lim,_, » €, = 0. Hence, taking into account the boundedness of {x,,}

and lim,,_,  [|%,41 — %]l = 0, we deduce from (3.12) that
lim v, -yl = lim |z, — Wy, | = 0. (3.13)
n—0o00 n—00

Furthermore, for simplicity, we write w,, = €,y (8, Vx, + (1 — 8,)Sx,,) + (I — €,4F)z, for all
n > 1. Then we have
Xpi1 = Xn = PcWy — Wy + €,y (8, Van + (1= 8,)Sx,) + (I — €uuuF)z,, — %,

=Pcw, —wy + €, [y (Sn Vay + (1 - 8,,)Sx,,) - /LFZ,,] + 2y — Xy
which immediately yields
Zy = % = Xpa1 — X — €nV (8 Vau + (1= 8,)S%) — 1Fzy | — (Pcwy — wy).
So, utilizing Proposition 2.1(i) we get

1z = 2> = i1 = 2 = €n v (80 Vi + (1= 8,)S2,) = 11Fz] = (Pcwy, = wi) |
< |1 = 20 = €y (85 Vitn + (1 = 8,)Sx,) — uFz,]|°
= 2{PcWy = Wy, Zn — %)
= [ ne1 = — €n[y (84 Vitn + (1 = 8,)Sx) = 1Fz] |
= 2((PcWy = Wiy Zn = PcWy) + (PcWy, — Wy, Pcwy, — %))
< [0 = 5l + €| v (80 Vit + (0 = 8,)S,) — oz |]°
+ 2((PcWy — Wi, PcWy = 2u) + |PcWn = Wull [ Pcwn — %4 l)

< 21t — xall + 262 |y (8, Viw + (1 = 8,)Sx,) — uFz, |

+ 2[| %41 = Wil [[%041 — %l

Since ||x,.1 — %,|| = 0 and €, — 0 (due to (C6)), we know from the boundedness of {w,,},
{x,}, and {z,} that

lim ||z, —x,| = 0. (3.14)
n— 00

Taking into account that ||W,x, — x,| < |W,x, — z4| + |z, — x4, we obtain from (3.13)
and (3.14)

lim ||x, — W,x,|| = 0. (3.15)
n— 00
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Next let us show that lim,,, [|%, — 4| = 0. As a matter of fact, from (3.4) and (3.8) it

follows that
12, —19”2 < llva —P||2 = lva _yn”Z —lyn - tnllz +2v,(ay + L)||vy = Yullltn = yull

+ 20,0, [Pl = yall

2 2 2 2 2 2 2
S NVe =PI = Ve = Yull” = lyn = tall +Vn(‘xn+L) 2w = yull™ + 1V = yull

+2v50u [Pl llp = yull
= |lvu = pI* + 20,0, Pl 1P = yull + (v (@ + L) = 1)1t = yull®

< [lxn —P||2 + 2v,0, | Pl 1P = yull + (Vﬁ(an + L)2 - l) 2, —J/n||2' (3.16)

Utilizing Lemma 2.1(b), from (3.9) and (3.16), we obtain

B
lzn —P||2 < Bullxn _P”2+(1_ﬂn)”tn _P||2_ 1 yIIB 1z — an,,”z
— Pn

< Bullxn = plI*> + @ = Bo) It - pII?
< Ballxn = pII* + @ = B[ % = pII* + 20,0, pll1lp = yul
+ (Voo + L) = 1)1t — 3]

< 12n = pII* + 20,0, PP = yull + (1= Ba) (v (et + L) = 1) 112 = 3%,

which immediately implies that

(1—d)(1=b*(ay + L)) It — yull?
< A= B)(1 =it + L)) Itw — yull®
< lxn = plI* = 20 = pI* + 2v,0llp N 1P = Yl

< 1% = zall (1% = 21l + 12s = pII) + 2betu Pl P = Y.

Since o, — 0, ||x, — 24|l = O (due to (3.14)) and {x,}, {y»}, {z.} are bounded, we get

lim ||, — y,| = 0. (3.17)
In the meantime, from (3.8) and (3.9) it is not hard to find that
lzn =PI < Bull®n — pII* + (1= B)lItw — pII*
< Bullxn = pI* + (L= B)[Ive = P11 + 20,0, |1l 1Ip — 3
+ (V;%(O‘n + L)2 - 1) Vi _yn||2]
< Bull%n = pI> + @ = B)llva — P11 + 2vntullp | |2 = 3. (3.18)

Now, let us show that lim,,_,  ||%, — ©,|| = lim,_ & [|%, — V|| = 0. In fact, observe that

1

” Al;xn —19H2 = H Tsli‘k,wk)(l - rk,nAk)AI;_lxn - Tﬁ?k:ﬁﬂk)([ - rk,nAk)p”z

= H - rk,nAk)Aﬁilxn - - rk,nAk)p”Z
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= HAlr(t_lxn _PH2 + rk,n(rk,n - 2Mk)nAkAﬁ_lxn —Akp“2

_ 2
< % =PI + Tien(rin — 200) || Ak Ak — Arp | (3.19)
and

| At =p||* = R T = XisB) Aty = Ty (I = inBOP
< (= %inB) Aty — (I = 2iBi)p |
< | A5 w, = p||* + Ainlhin — 200 || BAL 1, - Bip|)?
< Nt =PI + i i = 20) | BiAT 1, — Bip |

< (1% =PI + A (i — 200) | Be AL 1t~ Bip||* (3.20)
forie{1,2,...,N}and k € {1,2,...,M}. Combining (3.18), (3.19), and (3.20), we get

2w = PI* < Bulln = pII” + (1= B[V = pII* + 2vaeullpll 12 = vl

< Ballx = pI* + (L= Bo) | ALt — p|* + 20,00, P11 1P = 3l

< Bull = pI? + (L= B[l =PI + hin(hin — 21) | BiAL s, — Bip|)*]
+ 2,0 |pllllp = yull

< Bullxn —pI? + (L= B[ | Akxn = p||* + in(hin = 20)) | BAL - Bip|*]
+ 20,0, [P 1P =yl

< Ballx = pII* + (L= B [0 =PI + 1 (s — 20) |Ax X, — Agp |
4 hinOuin = 203) | BeAT 1, = Bip |*] + 20,021l 19 = 3l

= 1% = pII* + (1= Bu) [Fion (e — 200) || A AL, —Akp“2

i 2
+ Ain(Ain = 21) ”BiAi, lun —Bip” ] + 2vapllllp = yull,
which hence implies that

(1 = d)[rin ek = 1) || Ak A % —AkP”2 + Ain(20i = Ai) | Bi AL 1y — BiP”Z]
< (1= B [rn(@its = 1) [Ax AR — Arp || + Mi(@0i = hi) | Bi Al 1, — Bip|| ]
< It =PI = 125 = P1I% + 20500, Pl 1P~ 7
< 11w = 2all (16 = 21l + 120 = P11) + 20000l 12 = -

Sincean - 0! {v}’l} C [&7 2] - (Or %)’ {)\i,n} - [ﬂi; bl] C (Or2nl) and {Vk,n} C [Ckrdk] C (0: 2/’“()
wherei € {1,2,...,N}and k € {1,2,..., M}, we deduce from (3.14) and the boundedness of

{xn}7 {J/n}, {Zn} that
lim |ArAR 7%, — Agp|| =0 and  lim |BAL ', - Bp| =0, (3.21)
n—00 n—00

whereie {1,2,...,N}and k € {1,2,...,M}.
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Furthermore, by Proposition 2.6(ii) and Lemma 2.1(a) we have

| Ak, —p|* = | TR = 1y AR) Ay — ngk’wk)(l — AP
< (I = rinAR) A 50 = (I = rinAr)p, Al - p)
= 10 raA0 & 5~ U= i+ | Ak
~ | = rpA) A, — (I = ricnAr)p — (A%x, - p) ||2)
e e P

2),

— | A, — ARy — i (Ak A, — Agp)|

which implies that
[ A% —p[* < | A% =] = | Af 0 = Al = rin (A A 30 = Asp) |
= | Ak = p [ = A3 - AP = 1 A A - Arp
+ 2rk,,,<AfI_1xn - Aﬁxn,AkAﬁ"lx,, - Akp>
< |l = p ] - [ A 0~ A
2] A8, - A |48 3, - Au]
2

< llwn =PI = || A %0 = A

+ 27k | AN, — AR ||| Ak AS %, — Arp| .- (3.22)
By Lemma 2.1(a) and Lemma 2.8, we obtain

| At = | = [Jrprsy (T = inB) A 1t = Ty, (I = 2iBi)p |

< (I = AiuB) ATy — (I = hiuBi)p, Ay — p)

(¢ = 2B ALty = (1 = 2iiB)p|* + || ALt — ||

1
2
(= 2B A sy = (L = 2B = (Al - p)|)%)

IA

1 . .
(45l + | A P

A ey~ Aty — i (BiA w, ~ Bip) |

IA

1 ,
5 (=l + | A -p|?

A b = Aty = ki (BiAl s - Bp) )

IA

1 ,

5 (12 =l + | A = p |

A = At = 3 (BiA] = Bip) ),
which immediately leads to

| At = P> < Wt =PI = | ALt~ Aty — 3 (BiAS 0, — Bp) |

= llan = pl? = [ A wy = ARu, |* =32, | BiAT w, - Bip|
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+ 2)\i,,,<AL"lu,, — AZun,B,-AL_lu,, — B,-p)
< 2w = pI? = | AS = ALasy |

+ 2| ALt — Al ||| Bi AL 1 — Bip | (3.23)
Combining (3.18) and (3.23) we conclude that

I2s = pI% < Balln = pI* + (L= B) IV = pI* + 2vsca Pl 1P = Yl
< Ballxy = pI* + (1= Bo) | ALt = p|* + 20,0, P11 1P = 3l
< Ballxw - pI* + L = B[ In = pI> = | AL 0ty — Al |
+ 20 || A — Al ||| B AL n = Bip||] + 2vn0tullpll 12 = ya
< [l =l = L= B | AL 1ty — Al |

+ 2)\1‘,}1 ”Ai,_lun - Af,,l/t,, ” HBiAi,_lun - BLPH + ZVnOlnHPH ||P _yn”’
which yields

(- d)| Ay — Al |
< (U= )| ALy~ Al |
< 10 =PI = 120 =PI + 2| ALty — At || B s — Bip
+ 20,04 |pllp = 3
< 1% = 2ull (10 = Pl + 2 = pI) + 20| AT 0 = Al || B A i, = Bip|
+ 20, l1p 1 = 3l

Since a, — 0, {v,} C [4,b] C (0, %) and {A;,} C [a;,b;] C (0,2n;) wherei € {1,2,...,N}, we
deduce from (3.21) and the boundedness of {u,}, {x.}, {y4}, {z,} that

lim || AL wy — Abuy| =0, Vie{l,2,...,N} (3.24)

n—00

Also, combining (3.3), (3.18), and (3.22) we deduce that

2w = PI* < Bulln = pII” + (L= B[V — pII* + 2vaeullpll 12 = yll

< Bulln —pII* + A= B)lltn = pII* + 25021 12 =yl

< Ballxn = pII* + (L= Bo)|| Akxs = p||* + 2vacallpll 1o - ¥

< Bullxn = pI? + (L= Bo) [ - pI1% = | A%t — A, |
+ 20 | A 0 = At | | Ak A 00 = Arp] ]
+ 20,0, [P 12 = Yl

< [l = plI% = (L= )| Ak, — Ak, |
+ 2710 AK e, — AR | | Ak A% 5, - Arp |

+2va, 1 plllp = yulls
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which leads to

(1-d)| 4% %, — Ak, |?
< (1 - /3}’1) || Aln(ilxn - Aln(xn ”2
< Nt = pI* = 20 = plI* + 270 | A, — A ||| Ac A, — Arp|

+ 20,0, ||P|| ||P ~Vn I
< 1%y =zl (”xn -pl + llzn —p||) + 21k ” A/,‘,‘lxn - Al;lxn || ||AkA£_1xn —AkP”

+ 2050, [Pl llp = yull.

Since o, — 0, {v,} C [a, b] c (0, %) and {rx,} C [k, di] C (0,2k) where k € {1,2,...,M},
we deduce from (3.21) and the boundedness of {x,}, {y,}, {z,} that

Jlim | A% %, — Afxy|| =0, Vke{1,2,...,M}. (3.25)

Hence from (3.24) and (3.25) we get

= tall = | A% =AY |
< [ A%, — Alx, | + [ Alx, - A2, | + -+ | AMx, - AM, |

-0 asu— 0 (3.26)
and

”un - Vn” = ||A2bln — Aﬁfun ”
< || Agun = Aps|| + | Apsen — At + -+ + | AN 14y — AN 1

— 0 asn— oo, (3.27)

respectively. Thus, from (3.26) and (3.27) we obtain

%0 = Viull < 110 = stnll + |ty — vull > O as m — oo. (3.28)
In addition, it is clear that

I = Wanll < ll%n — Wikl + | Waxn — W .
Thus, we conclude from Remark 2.2, (3.15), and the boundedness of {x,} that

lim ||x, — Wx,| = 0. (3.29)

n—>00
Noting that ||x, — .|| < |2, — vull + ||V — yull, we have from (3.13) and (3.28) that

lim ||x, — y,|| =0. (3.30)
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Again, noting that ||t, — x| < ||, — ¥ull + |[¥x — %4, we obtain from (3.17) and (3.30)
lim ||, — %, = 0. (3.31)
Hn—0Q

Furthermore, from (3.1) we find that z,, — ,, = B,.(x,, — £,) + 0,(Tt, — t,) and hence

0u(Tty — ty) = Z2n — ty — Bu(Xn — L)
=Zy —Xp +xn_tn_/3n(xn_tn)

=2zp =% + (1= Bn) (% — 1),
which immediately leads to
oull Tty = tull < 1z = xull + (L = Bu)ln = tull < 2w = %ull + %00 = .
Consequently, from (3.14), (3.31), and liminf,_, -, 0, > 0 we get
lim ||Tt, —t,|| = 0. (3.32)
n—o0

Step 3. wy(x,) C £2.

Since H is reflexive and {x,} is bounded, there exists at least a weak convergence subse-
quence of {x,}. Hence it is well known that w,,(x,) # ¥. Now, take an arbitrary w € w,,(x,,).
Then there exists a subsequence {x,,} of {x,} such that x,, — w. From (3.24)-(3.26),
(3.28), (3.30), and (3.31), we have t,, = w, y,, = W, u,,, = w, v,, = w, Aty =~ W and
Aﬁixni — w, where m € {1,2,...,N} and k € {1,2,...,M}. Utilizing Proposition 2.4(ii)
and Lemma 2.2, we deduce from (3.29) and (3.32) that w € Fix(T) and w € Fix(W) =
Mo, Fix(T;,) (due to Lemma 2.4). Next, we prove that w € ﬂ]y\;zl (B, Ry). As a mat-
ter of fact, since B,, is 1,,-inverse-strongly monotone, B,, is a monotone and Lipschitz-
continuous mapping. It follows from Lemma 2.11 that R,, + B, is maximal monotone. Let
(v,g) € G(R,, + By), i.e., g — B,V € R,,v. Again, since Auy = J, 0, ([ — A B) AT uy,
n>1,me({l,2,...,N}, we have

A"y = DB ATty € (I + ApyuRon) Ay,

that is,

(A2 — ALty = Ao uBin Al 1) € Ry Al 1ty
m,n

In terms of the monotonicity of R,,, we get

1
<V— Alu,,g — Byv— .

m,n

(A7 — Ay — Am,anA;”-lun)> >0
and hence

(v—Au,,g)

> <v - Aluy, By + (AL”"lun - Ay, — )Lm,,,BmAZq_lun)>

m,n
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1
= <V — AU, Byyv = By Al thy + By Aty = By Ay + —— (A2 gy — A;”un)>

m,n

1
> (v— ALty By Aty — By A ) + <v - A"y, T (AT uy, — A;"un)>.
m,n

In particular,
(v— A, g) = (v = Attty By Atk — B A thy)

1
+ <V - Anml_u,,i, —_— (AZ;"luni - A;’:um)>.

)\m,ni

Since || A" u, — A7 u,|| — 0 (due to (3.24)) and ||B,, A7 u,, — B,y A7 ', || — 0 (due to the
Lipschitz continuity of B,,), we conclude from Aju,, — w and {A;,} C [a;,bi] C (0,2n;)
that

lim (v — Ay, g) = (v—w,g) > 0.

I—> 00

It follows from the maximal monotonicity of B,, + R,, that 0 € (R,, + B,,)w, i.e, w €
1(B,, R,,). Therefore, w € ﬂﬁﬂ I(B,;, R,,). Next we prove that w € ﬂkle GMEP(Ox, @i, Ax).
Since AKx,, = T(@"’(pk)(l — rinAr) A, n > 1, k€ {1,2,..., M}, we have

Tk,n
Or(Asxmy) + () = or(Afxn) + {Ax Ay 2,y = Ay

1
+ —(y - A’;xn, Aﬁxn - Aﬁ_lxn> > 0.
Tk,n

By (A2), we have
1
or(y) — gok(Aﬁx,,) + (AkAﬁ’lx,,,y - Aﬁx,,) + ;(y - Aﬁx,,, Aﬁx,, - Aﬁ_lx,,)
oyl

= @k (y; Aﬁxn)
Letz, =ty+ (1 —t)wforall £ € (0,1] and y € C. This implies that z; € C. Then we have

(Zt - Aﬁxn’Ath>
= Pk (A/;;xn) - oi(z,) + <Zt - A],‘lx,,,Akzt> - (Zt _ Aﬁxn,AkAﬁ_lxn)

Akx, — ARy,

k
- <zt — AL Xy,
Ykn

> + Oz, A’;xn)

= oi(ARx,) — oilze) + (20 — Alx, Arze — Ak Ak,
+(ze — ARy, A Ak, — A AR )
Akx, — ARy,

k
- <z, — AL Xy,
Tkn

> + Oz, Axy). (3.33)

By (3.25), we have ||AkA’;x,, —AkA';’lxn || = 0as n — oo. Furthermore, by the monotonic-
ity of Ay, we obtain (z; — Aﬁxn,Akzt —AkAﬁxn) > 0. Then by (A4) we obtain

(2t = w, Arzs) = o(W) — oi(2:) + Orlzs, ). (3.34)
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Utilizing (A1), (A4), and (3.34), we obtain

0 = Ol(zs, z0) + i(ze) — r(ze)
< tO(z,y) + 1= )Or(ze, w) + tre(y) + (1 - ) (w) — @i (22)
< t{Oclzn,y) + ok ) — k(2 | + (L= 1) (2 — w, Asz)

= t[Ok(z1,y) + 0x () — pr(z) ] + (L= Dty — w, Aezy),
and hence
0 < Olz,y) + ok (¥) — orlze) + A — )y — w, Axzy).

Letting ¢ — 0, we have, for each y € C,

0 < Or(w,y) + or(y) — (W) + (y — w, Agw).

This implies that w € GMEP(O, ¢k, Ax) and hence w € ﬂﬁl GMEP(O®y, @i, Ay). Further-
more, let us show that w € VI(C, A). In fact, define

~ Av+Ncv, ifveC,
Tv=
@, ifveC,

where Ncv={u€ H:{v—-x,u) > 0,Vx € C}. Then T is maximal monotone and 0 € Tv if
and only if v € VI(C, A); see [25]. Let (v,V) € G(T). Then we have ¥ € Tv = Av + N¢v, and
hence ¥ — Av € N¢v. So, we have (v —x, v — Av) > 0 for all x € C. On the other hand, from
Yu =Pc(vy, —v,Auv,) and v e C, we get (v, — v, A,V — Y, ¥ — V) > 0, and hence,

-V,
<V_yn7ynv ‘ +Anvn> >0.

n

Therefore, from v — Av € Ncv and y,,; € C, we have

(V_ynirf)> Z (V_yn,,AV)
Yni =V

Yni = Vn;i

nj

= (V_yn,-rAV) _<V_ynp +Anivn,->

= (V=Y AV) _<V_yni¢ +AVni>_ani(V_ynian,'>

= (V= Y AV = Ay} + (V= Y Ay — AVyy) — <v—yn,.,y”i ’V”">
V.

nj
_an,v<v_yni,vni)
.= Vy.
> (V_yn,"Aym _AVni> - <V_ym” )%> — Oy, <V_ynt’vnt>'
n;

Hence, it is easy to see that (v — w,7) > 0 as i — oo. Since T is maximal mono-
tone, we have w € 7710, and hence, w € VI(C,A). Consequently, w € (2, Fix(T,) N
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Nk, GMEP(O, o, Ar) N (N, 1B, R;) N VI(C,A) N Fix(T) =: £2. This shows that
wy(x,) C 2.
Step 4. {x,} converges strongly to a unique solution x* € §2 of SHVI (1.10).

Indeed, according to ||« — %, || — 0, we can take a subsequence {x,,} of {x,} satisfying

lim sup((y V — UWE)X*, %01 — x*) = lim sup((y V — uF)x*, %, — x*)

n— 00 n— 00
= limsup((y V — uF)x*, x,, — x*).

i—00

Without loss of generality, we may further assume that x,, — x; then x € £2 due to Step 3.
Since x* is a solution of SHVI (1.10), we get

lim sup((yV — wE)x™, %1 —x*) = <(yV — wF)x*, % - x*) <0. (3.35)

n—00

Repeating the argument of (3.35), we have

limsup((y S — wF)x*, %541 — x*) < 0. (3.36)

n—0o0
From (3.1) and (3.9), it follows that (noticing that x,,; = Pcw, and 0 < y < 1)
-
= (w,, — X1 —x*) + (Pcwn — Wy, Pcw,, —x*)
< (Wn = 2", %1 — &)
= (I - €uttF)zy — (I = €4t F)x*, Xps1 = &°) + 8p€y (Vi — V™, w41 — %)
+ 6n(l - Sn)y(sxn - Sx*xxn+1 _x*> + 8n€n<(yv - /,LF)JC*, Xn+l _x*)
+ En(l - 8n)((y5 - MF)x*:erl - x*>
< (U= &0) | zn =" [o0nr = %[ + [Suenyp + €1 = 80y ]| = % | 01 = 7|
+ 8n€n((y V = WE)X*, %41 — &%) + €4 (1= 8,)((v'S — WF)x™, 26001 — &%)
1
<(-e0i (-2 [sna - )
1 2 02
+[8uenyo+ en(1=8,)y [ ([ = [ + 01 =27[)
+ 8u€n((y V = WE)X", %1 — &%) + €4(1 = 8,)((y S — WF)x™, 2001 — %)
1
< (=) [(oon =" + V2va 2 )" + e =" ]
1
+ [SnénVP + en(l - 5n)7/]§ (Hxn _x* Hz + ”xn+1 _x* Hz)
+ 8n€n((y V = WE)X*, %1 — &%) + €,(1 = 8,)((y S = WF)x™, 041 — %)

1 ~
<(1- enr)E(Hxn —x* ||2 + o, My + ||xn+1 —x* ||2)

e nenv + et =8,07 15 (I =2 + o ")
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+8u€n{(y V = WF)*, 201 = 27} + €4(1 = 8,)((y S = WE)A", %001 — )
1
= [1-8ueny (1= )] ([ln - 5" 17+ s =27 [%) + Snenl (v V = I 01 — 7)

+€x(1 = 8,)((yS — WE)X*, X1 — x*) + 0, M,
where M, = supn21{2vn||x*||(«/§||xn —x*|| + vua,llx*])} < 0o. It turns out that

Jsemia ="

< 1—5n€n3/(1—,0) H n—x*H2 2
T 1+68,6,y(1-p) 1+8,€,y(1-p)

+ 6n(l - 5n)(()’5 - MF)x*’xn+l - x*> + anMZ]

2
1+8,6,y(1-p)
+€x(1 = 8)((y'S = WE)x™, %51 — x7)] + 200, M,

[(Snen((y V- /LF)JC*, Kn+l — x*>

=< [1 - (Sneny(l - p)] ”xn _x* ”2 + [5n€n(()’V - /LF)x*:xn-f—l - x*>

=(1- s,,)||x,, —x* ||2 +8,b, + by, (3.37)

where t,, = 201,,]\712, Sy =8,€,y (1 - p) and

i} 2 v *
" V(l—p)[1+8ne,,y(1_p)]< YV —RE)X X1 — X >
2(1-6,)

(= P duey A= S~ HE =),

In terms of conditions (C5) and (C6), we conclude from 0 <1 - p <1 that {s,,} C (0,1] and

o0 _ 2 2 2(1-5,) 2
Z"=1 $n = 00. Note that y(1=p)[1+8n€ny (1-p) (1-p 8ny (1=p)[1+8neny (1-p)] = ay(l-p

a =inf{$, : n > 1} > 0. Consequently, utilizing Lemma 2.13 we obtain

< and , where
] y ) )

2
limsupb,, < limsup (yV — uF)x*, x4 — x*
>0 i bey 0] 1)
2(1-46,
+ lim sup ( ) <(yS — WE)X*, %41 —x*)

n—oo 0¥ (1= p)[1+8,6,y(1-p)]
<0.

So, applying Lemma 2.12 to (3.37), we infer that lim,_,  [|x, — x*|| = 0. The proof is com-
plete. O

Remark 3.1 In Theorem 3.1, whenever V = 0, the iterative scheme (3.1) reduces to the

following one:

thy = T (0 = rag e An) TR = rg s pad) - TSP = 1A,
Vi = TRapien (L = ANt BN Ry i1 (L = AN-1,0BN-1) =+ TRy (L = A1,nB1) sy

Yn = Pc(vy — vuAnvi), (3.38)
Zn = Bu Wy, + VnPC(Vn - VnAnyn) +0,TPc(v, - VnAnyn);

X1 = Pcle,(1 - Sn)ysxn +( - enMF)Zn]’ Yn>1,

Page 27 of 32
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where A, = a,I + A for all n > 1. Assume that the SHVI (1.11) has a solution and that all the
conditions in Theorem 3.1 are satisfied. If {Sx,} is bounded, then {x,} converges strongly
to a unique solution of SHVI (1.11) provided lim,,_, o ||, — %,,41]| = 0.

Next we consider a special case of SHVI (1.10). In SHVI (1.10), put u =2, F = %1 and
y =t = 1. In this case, the objective is to find x* € §2 such that

(= V)x*, % — x*)
(I =8,y —x")

>0, Vxe2, (3.39)
>0, Vyef. '

Utilizing Theorem 3.1 we immediately derive the following.

Corollary 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let M,
N be two positive integers. Let Oy be a bifunction from C x C to R satisfying (A1)-(A4) and
i : C — RU{+00} be a proper lower semicontinuous and convex function with restriction
(B1) or (B2), where k € {1,2,...,M}. Let R; : C — 2 be a maximal monotone mapping and
let Ay : H— H and B;: C — H be uy-inverse-strongly monotone and n;-inverse-strongly
monotone, respectively, where k € {1,2,...,M}, i € {1,2,...,N}. Let {T,,}3°, be a sequence
of nonexpansive self-mappings on C and {A,};2, be a sequence in (0, b] for some b € (0,1).
Let T : C — C be a &-strictly pseudocontractive mapping, S : C — C be a nonexpansive
mapping and V : C — H be a p-contraction with coefficient p € [0,1). Let A: C — H bea
%—inverse—strongly monotone mapping. Assume that the SHVI (3.39) has a solution, where
2 := (32, Fix(T,,) N L, GMEP(Ox, gr, Ax) N, 1(Bi, R:) N VI(C, A) NFix(T). Let {a,} C
[0,00), {vu} C (0, 1), {€n}, {8}, {Bubs {vu)s 0} C (0,1) and Ay} C lai, bi] C (0,21m1), {riu} C
[ex, di] € (0,2uy) where i € {1,2,...,N} and k € {1,2,..., M}. For arbitrarily given x; € C,
let {x,} be a sequence generated by

Om OM-1 M- o,
ty =T} MwM)(I_rM,nAM)T( MLEM 1)(1—71\4-1,;1141\/1—1) LTI (1 - 1,nA1) %0,

"M,n YM-1,n ",
Vn :]RNv)‘N,n (I - }“N,HBN)]RN,L)»N,L” (I - )"N—I,VIBN—I) o ']Rl,)q’n (1 - )‘-l,nBl)unr
Yn = PC(Vn - vnAnVn); (340)

Zn = Bu Wy, + VnPC(Vn - VnAnyn) +0,TPc(v, - VnAnyn);
Xne1 = Pclen(8, Ve, + (1-8,)8x,) + 1 —€)z,], Vn=>1,

where A, = o, ] + A for all n > 1. Suppose that
(Cl) >0 oy < 005
(C2) 0<liminf, v, <limsup,_, . vy < %;
(C3) Bu+yut+ton=1and (y, +0,)E <yuforalln>1;
(C4) 0 <liminf,_, « B, <limsup,_, ., B, <1 and liminf,_, o, > 0;
(C5) 0<liminf,_ 8, <limsup,_, ., 8, <1;
(C6) limy oo €, =0andy -, €, = 0.
If {Sx,,} is bounded, then {x,} converges strongly to a unique solution of the SHVI (3.39)
provided lim,,_, o ||%,, — %41 = 0.

In Theorem 3.1, putting M =1 and N = 2, we obtain the following.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
61 be a bifunction from C x C to R satisfying (Al)-(A4), ¢1 : C = R U {+00} be a proper
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lower semicontinuous and convex function with restriction (B1) or (B2), and A; : H - H
be u-inverse strongly monotone. Let R; : C — 2" be a maximal monotone mapping and
B;: C — H be n;-inverse-strongly monotone, for i =1,2. Let {T,,}3°, be a sequence of non-
expansive self-mappings on C and {X,};°, be a sequence in (0,b] for some b € (0,1). Let
T :C — C be a &-strictly pseudocontractive mapping, S : C — C be a nonexpansive map-
ping and V : C — H be a p-contraction with coefficient p € [0,1). Let A: C — H be a
%—inverse—strongly monotone mapping, and F : C — H be k-Lipschitzian and n-strongly
monotone with positive constants k,1 > 0 such that 0 < u < % and0<y <t wheret =1-
\/l—u(2n——;uc2). Assume that the SHVI (1.10) has a solution, where §2 := (-, Fix(T,) N
GMEP(0, 1, A1) N1(By, R) N1(By, Ry) NVI(C, A) NFix(T). Let {at,,} C [0,00), {v,} C (0,7),
{en}, {8} {Bu} ivud o} C (0,1), {r1n} C er, di] C (0,2mm1) and {0} C [as, bi] C (0,2n;) for
i =1,2. For arbitrarily given x; € C, let {x,} be a sequence generated by

Or(uny) + o1(y) — o1(un) + (Ar1x,,y — uy) + ﬁ(un —%py—uy) >0, VyeC,

Vi = IRy U = A2,nB2)JRy g, (L = A1nB1)thn,

Vn = Pc(Vi = vuAnvi), (3.41)
Zy = B Wiy + YuPc(Vi = VA uyn) + 04 TPc (v — viAyyn),

Xns1 = Pcleny (8, Vay + (1= 8,)Sxn) + I — €,uF)z,], Vn>1,

where A, = o, ] + A for all n > 1. Suppose that
(C1) Y02 oy < 005
(C2) 0<liminf,_ v, <limsup,_, ., vy < %;
(C3) Bu+ynt+ton=1and (y, +0,)§ <y, foralln=>1;
(C4) 0<liminf,_ B, <limsup,_, ., B <1 andliminf,_, o, > 0;
(C5) 0<liminf,_ s 8, <limsup,_, 8, <1;
(C6) limyoo€,=0andd oo, €, = 00.
If {Sx,} is bounded, then {x,} converges strongly to a unique solution of the SHVI (1.10)

provided lim,,_, o ||%,, — x,,41]| = 0.
In Theorem 3.1, putting M = N =1, we obtain the following.

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
61 be a bifunction from C x C to R satisfying (Al)-(A4), ¢, : C — R U {+00} be a proper
lower semicontinuous and convex function with restriction (B1) or (B2), and A; : H - H
be . -inverse strongly monotone. Let R, : C — 2! be a maximal monotone mapping and
B, : C — H ben;-inverse-strongly monotone. Let {T,,}5°, be a sequence of nonexpansive self-
mappings on C and {A,}52, be a sequence in (0,b] for some b € (0,1). Let T: C — C be a
&-strictly pseudocontractive mapping, S : C — C be a nonexpansive mapping and 'V : C —
H be a p-contraction with coefficient p € [0,1). Let A: C — H be a %—inverse—strongly
monotone mapping, and F : C — H be k-Lipschitzian and n-strongly monotone with posi-
tive constants k,n > 0 such that 0 < 1 < i—;’ and 0 <y <1t wheret =1- /1 - u(2n — ux?).
Assume that the SHVI (1.10) has a solution, where 2 := (2, Fix(T,,) NGMEP(6), ¢1, A1) N
(B, Ry) N VI(C,A) NFix(T). Let {a} C [0,00), {vu} C (0, 1), {€n), {84}, {Bu} {vu), {0} C
(0,1), {A,n} C a1, b1] € (0,2m1) and {r1,,} C [c1,d1] C (0,2u4). For arbitrarily given x, € C,
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let {x,} be a sequence generated by

Or(ttn,y) + @1(9) = @1 () + (A1, y = ) + 5= (thy =%, = tha) 20, ¥y € C,

Vi = TR, U = ALnB1) iy,

In = Pc(vy — vuA,vy), (3.42)
Zn = BuWnkn + YuPc (Vi — VA pyn) + 04 TPc(Vi = ViuAyYn),

Xni1 = Pcleny (8, Vay + (1= 8,)Sxn) + (I — €,uF)z,], Vn>1,

where A, = ol + A for all n > 1. Suppose that
(Cl) >0 oy < 005
(C2) 0<liminf,_, v, <limsup,_, ., v, < %;

(C3) Bu+yYuton=1and (y,+0n)§ <yuforalln=>1;
(C4) 0 <liminf,_, B, <limsup,_, ., B, <1 andliminf,_, o, > 0;
(C5) 0<liminf,_ 8, <limsup, . 8, <1;
(C6) limy oo €, =0andy -, €, = 0.

If {Sx,} is bounded, then {x,} converges strongly to a unique solution of the SHVI (1.10)

provided lim,,_, « ||%, — %41 = 0.

Remark 3.2 It is obvious that our iterative scheme (3.1) is very different from Yao et al.’s
iterative one (1.5) and Kong et al.’s iterative one (1.8). Here, the three-step iterative scheme
in [7, Algorithm I] is extended to develop our five-step iterative scheme (3.1) for the SHVI
(1.10) by combining Korpelevich’s extragradient method, viscosity approximation method,
hybrid steepest-descent method [48], Mann’s iteration method and projection method. It
is worth pointing out that under the lack of the assumptions similar to those in [31, Theo-
rem 3.2], e.g., {x,} is bounded and Fix(7) NintC # @, the sequence {x,} generated by (3.1)
converges strongly to a point x* € (2, Fix(T},) N ﬂﬁl GMEP(Oy, ¢r, Ar) N ﬂf\il I(B;,R;) N
VI(C,A)NFix(T) =: £2, which is a unique solution x* € £2 of the SHVI (1.10) (over the fixed
point set of an infinite family of nonexpansive mappings {7, },°, and a &-strictly pseudo-
contractive mapping T'). It is worth emphasizing that the nonexpansive mapping 7" in (1.5)
is extended to a & -strictly pseudocontractive mapping 7 in (3.1) and the VIP in SHVI (1.6)
is extended to the setting of finitely many GMEPs and finitely many variational inclusions
in SHVI (1.10).

Remark 3.3 Our Theorem 3.1 improves, extends, supplements and develops Yao et al.
[31, Theorems 3.1 and 3.2] and Kong et al. [7, Theorem 17] in the following aspects:
(a) Our SHVI (1.10) with the unique solution x* € §2 satisfying

* *
X =P 22, Fix(T)NNL, GMEP(Or 01, Ax)NNY, 1B1,R)NVI(C,A)NFix(T) (1 —(uF - VS))’C

is more general than the problem of finding a point X € C satisfying X = Prix()SX in
[31] and than the problem of finding a point ™ € Fix(T') N VI(C, A) satisfying
x* = Prixcrynvic,a) — (WF =y S))x* in [7, Theorem 17]. It is worth emphasizing that
S is nonexpansive if and only if the complement 1 — S is %—inverse—strongly
monotone; see [19].

(b) Our five-step iterative scheme (3.1) for SHVI (1.10) is more flexible, more
advantageous and more subtle than Kong et al.’s three-step iterative one in
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[7, Algorithm I] and than Yao et al.’s two-step iterative one (1.5) because it can be
used to solve several kinds of problems, e.g., the SHVI, the HVIP and the problem of
finding a common point of four sets: (-, Fix(T},) N Fix(T),

ML, GMEP(Oy, ¢x, Ax), MY, 1B, R;) and VI(C, A). In addition, our Theorem 3.1
drops the crucial requirements in [31, Theorem 3.2] that lim,,_, o, ‘;—: =0,

lim,,_ % =0, Fix(T) NintC # @ and {x,} is bounded, generalizes [7, Theorem 17]
from one nonlinear mapping 7' to an infinite family of nonlinear mappings {7,}52;
and T and extends [7, Theorem 17] to the setting of finitely many GMEPs and
finitely many variational inclusions.

(c) The argument techniques in our Theorem 3.1 are very different from the argument
ones in [31, Theorems 3.1 and 3.2] and from the argument ones in [7, Theorem 17]
because we make use of the properties of the W-mappings W, (see Lemmas 2.4
and 2.5), the properties of resolvent operators and maximal monotone mappings
(see Proposition 2.4 and Lemmas 2.9-2.13), the inclusion problem 0 € Tv
(& v e VI(C,A) for maximal monotone operator 7") (see (2.3)) and the contractive
coefficient estimates for the contractions associating with nonexpansive mappings
(see Lemma 2.7).
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