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In the wake of a preceding article [31] introducing the Schrédinger—Virasoro group, we
study its affine action on a space of (1 + 1)-dimensional Schrédinger operators with
time- and space-dependent potential V' periodic in time. We focus on the subspace
corresponding to potentials that are at most quadratic in the space coordinate, which is
in some sense the natural quantization of the space of Hill (Sturm—Liouville) operators on
the one-dimensional torus. The orbits in this subspace have finite codimension, and their
classification by studying the stabilizers can be obtained by extending Kirillov’s results
on the orbits of the space of Hill operators under the Virasoro group. We then explain
the connection to the theory of Ermakov—Lewis invariants for time-dependent harmonic
oscillators. These exact adiabatic invariants behave covariantly under the action of the
Schrodinger—Virasoro group, which allows a natural classification of the orbits in terms
of a monodromy operator on L?(R) which is closely related to the monodromy matrix
for the corresponding Hill operator.
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0. Introduction

The Schrodinger—Virasoro Lie algebra sv was originally introduced in Henkel [18] as
a natural infinite-dimensional extension of the Schrédinger algebra. Recall that the
latter is defined as the algebra of projective Lie symmetries of the free Schrodinger
equation in (1+1) dimensions

(—2i0; — 0*)(t,r) = 0. (0.1)
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These act on Eq. (0.1) as the following first-order operators

1 .
L, =—t""g, — §(n + D)t"ro, + %(n + D)nt" 2 — (n 4+ 1D)M",
1
Y, = —tm+%a, +1 <m + 5) tm*%r, (0.2)
M, = it?,
with A = 1/4 and n = 0,41, m = +%, p = 0. The zeroth-order terms in (0.2)
correspond at the level of the group to the multiplication of the wave function by

a phase. To be explicit, the six-dimensional Schrédinger group S acts on 1 by the
following transformations

(L-1,Lo, L1) s (t,r) — o' (¢, 1) = (et +d) /230 Dy ) (0.3)

where ¢/ = ‘le_tdb, r = sira With ad —be = 1;
(Yiy) o o(t,r) — Y(t, 1) = e U@ (r=v/2) (¢ 1) (0.4)

where r’ = r — vt — ro;
(MO) : ¢(t77“) - eiivw(tﬂd)' (05)

Altogether these transformations make up a group S, called Schrddinger group,
which is isomorphic to a semi-direct product of SL(2,R) (corresponding to time-
reparametrizations (0.3)) by a Heisenberg group H; (corresponding to the Galilei
transformations (0.4), (0.5)). Note that the last transformation (0.5) (multiplication
by a constant phase) is generated by the commutators of the Galilei transformations
(0.4) — these do not commute because of the added phase terms, which produce a
central extension.

Now sv ~ (L,,,Y,,, M, |n,p € Z,m € % +Z) made up of all linear combinations
of the generators corresponding to all possible integer or half-integer indices — is a
Lie algebra, as can be checked by direct computation. Similarly to the Lie algebra of
the Schrédinger group, it is a semi-direct product, sv ~ go X b, where go = (L, )nez
is the centerless Virasoro algebra and h = (Y;,,, M, |m € %+Z,p € 7} is a two-step
nilpotent infinite-dimensional Lie algebra which extends the Heisenberg Lie alge-
bra. It may be exponentiated into a group (the Schridinger—Virasoro group) that
we denote by SV. The paper [31], by Roger and the author, studies this Lie alge-
bra for its own sake from different points of view, including representation theory,
deformations, central extensions. There is a hope that this Lie algebra or related
ones may help classify strongly anisotropic critical systems and models pertaining
to out-of-equilibrium statistical physics, notably ageing phenomena, for which the
anisotropic dilation (¢,7) — (A\%t,Ar) (A € R) holds. A systematic investigation of
the consequences of a symmetry of the physical system under consideration under
the Schrodinger group or related groups has been conducted since the mid-90s (for
a short survey, see [20]).
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The starting point for this work is a little different. One of the possible moti-
vations for introducing this Lie algebra in the first place is that the group of Lie
symmetries of any Schrodinger operator —2id; — 92 + V (t,r) may be represented as
a linear combination of the generators introduced in (0.2). In other words, for any
particular Schrodinger operator, the Lie algebra of symmetries is finite-dimensional,
but the symmetry algebras of all Schrodinger operators are contained in sv in the
above realization (see Sec. 2.5 below for a more precise statement). The proof lies
in some sense in a classical paper by Niederer (see [28]) — who never considered
the algebra generated by all possible symmetries.

Another related way to look at it is that sv acts on the space of Schrodinger
operators. More precisely, SV acts on the affine space of Schrodinger operators with
time- and space-dependent potential at most quadratic in the space coordinate. We
call it S = {—2i9, — 02 + Va(t)r® + Vi(t)r + Vo(t)}. Tt is assumed that Vo, V3
and Vs are 27-periodic in time; this hypothesis is natural when one sets t = e
(0 € R/27Z) as a coordinate on the unit circle, so that the generator L,, acts as
—e99y + - - .. This restricted space is in some sense minimal, which can be seen
from the fact that S&I may be expressed in terms of three functions of time, just
like the elements of sv. The phase terms in (0.2) add by commutation with the free
Schrédinger equation terms of order 1, r and 2. One can show that the orbit of
any Schrodinger operator D € Sif; has finite-codimension in this space. Hence this
space appears to be natural from a representation point of view.

In Sec. 2 below (see Sec. 2.4), we classify the orbits of SV in S¥. The clas-
sification is mainly an extension of Kirillov’s results on the classification of the
orbits of the space of Hill operators under the Virasoro group. These are operators
of the type 97 + u(t). It is well known (see for instance Guieu [13] or [14]) that
the group of orientation-preserving diffeomorphisms Diff { (R/27Z) of the circle —
which exponentiates the centerless Virasoro algebra — acts on the affine space of
Hill operators. Now the remarkable fact (despite the apparent differences between
the two problems) is that the action of the Virasoro group Diff { (R/277Z) C SV on
the quadratic part of the potential, Va(t)r?, is equivalent to that of Diff , (R/27Z)
on the Hill operator 97 + Va(t). The reason comes from the fact that the Hill oper-
ator is the corresponding classical problem in the semiclassical limit (see Sec. 3.2).
Hence part of the classification may be borrowed directly from the work of Kir-
illov (see [23]). Kirillov obtains his classification by studying the isotropy algebra
Lie(Stab,) := {X € Lie(Diff { (R/27Z)) | X - (0* + u) = 0}. There is another equiv-
alent description in terms of the lifted monodromy, which can be explained briefly
as follows. If (¢1,12) is a basis of solutions of the ordinary differential equation
(02 +u(t))y(t) = 0, then (by Floquet’s theory)

to + 2m t
¥1(to ) oy ¥1(to) , (0.6)
wg (to + 271') wg (to)
where M is some matrix (called monodromy matriz) with determinant 1 which does
not depend on the base point tq. If M is elliptic, i.e. conjugate to a rotation, then the
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eigenvectors for M are multiplied by a phase . If M is hyperbolic, i.e. conjugate

A
to a Lorentz shift (° ), then the eigenvectors are multiplied by a real factor

e hence the solutions of the Hill equation are unstable, going either to zero or
to infinity when ¢ — 400. A nice way to see it (and made rigorous in Sec. 2) is to
imagine the vector (ﬁ;gg) as “rotating” in the plane (it may also change norm but
never vanishes). The curve described by this vector may be lifted to the Riemann
surface of the logarithm for instance (obtained from the cut plane C\R_), so that
it turns by an angle unambiguously defined in R. This gives the lifted monodromy.

The space Sifg has been considered independently by mathematicians and physi-
cists, with similar motivations but different methods (that turn out to be equiv-
alent in the end). The general idea was to solve the evolution problem associated
with D € S¥ ie. to show that the Cauchy problem Dy = 0 with initial con-
dition z/J(O,r)_ = 1o(r) has a unique solution and compute it explicitly. The usual
method in mathematical physics for such time-dependent problems is to consider
the adiabatic approximation: if one puts formally a small coefficient € in front
of 0y, the problem is equivalent by dilating the time coordinate to the equation
(=200, — 02 +V(et, 7))y = 0, so that V is a potential that is slowly varying in time.
Suppose that A.(t) := —98% + V(et,r) has a pure point spectrum {\,(t),n € N}
for every t, where A, is C* in t, say, and let ¢, (t) be a normalized eigenfunc-
tion of A.(t) satisfying the gauge-fizing condition (1, (t),vn(t)) = 0. Then there
exists a parallel transport operator W (s, t) carrying the eigenspace with eigenvalue
An(8) to the eigenspace with eigenvalue A, (t), and a phase operator ®(s,t), given
simply by the multiplication by a phase e /" A=(s)ds on each eigenspace, such that
the solution of the Schrédinger equation is given at first order in € by the com-
position of W and ®. One may see the solutions formally as flat sections for a
connection (called Berry connection) related in simple terms to the phase oper-
ator (see [4]). This scheme may be iterated, giving approximate solutions to the
Schrodinger equation that are correct to any order in e (see for instance Joye [21]),
but it is rarely the case that one can give exact solutions. By considering the related
classical problem, Hagedorn (see [16]) constructs a set of raising and lowering oper-
ators (generalizing those associated to the usual harmonic oscillator) for general
Schrédinger operators in Sif;, and uses them to solve the equation explicitly. The
same set of operators had been considered previously by two quantum physicists,
Lewis and Riesenfeld (see [26]), and obtained by looking for an exact invariant, i.e.
for a time-dependent operator I(t) (not including the time-derivative) such that
al — 9L+ [I(t), (82 =V (t,7))] = 0. They find for each operator D in S%fg a family
of invariants (sometimes called the Ermakov-Lewis invariants, see [29]) depending
on an arbitrary real solution £ of a certain differential equation of order 3 (see
Proposition 3.1.4), constructed out of generalized raising and lowering operators
and spectrally equivalent to the standard harmonic oscillator —%(83 —1?). These
invariants have been used to solve quite a few physical problems, ranging from quan-
tum mechanics for charged particles to cosmology (see [11, 12, 29, 30] for instance).
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It turns out that very few Schrodinger operators have an exact invariant of the
type I(t) = fa(t,7)0? + f1(t,7)0r + fo(t,r). These may be expressed, as shown by
Lewis and Leach (see [25]), in terms of three arbitrary functions of time (the exact
expression is complicated). Exact invariants allow in principle to solve explicitly
the original problem, at least if one knows how to diagonalize them (which is the
case here). Hence (provided one requires that an exact invariant exists), the space
S is maximal.
" There are three new features here:

— the action of the Schrédinger—Virasoro group on S5 (which is essentially a
conjugate action, leaving all invariant quantities un_changed, for instance the
spectrum and the monodromy) makes it possible to reduce the study to five
families of operators, with qualitatively different properties (see Sec. 2.4). They
are mainly characterized by the monodromy of the associated Hill operator
02 + Va(t), but there also appear some non-generic orbits in cases when the
quadratic and linear parts of the potential are “resonant”. The non-periodic
case is much simpler, since (locally in time) all Schrédinger operators in Safg are
formally equivalent (see Sec. 3 below). The coefficients of the Ermakov-Lewis
invariants are related in a very simple way to the invariants of the orbits;

— one is interested in Schrodinger operators with time-periodic potential. Hence
one may consider (as in the case of ordinary differential operators, see above)
the monodromy, which is a bounded operator acting on L?(R). The monodromy
operator is given explicitly and shown to be closely related to the classical
monodromy of the related Hill operator;

— the computation of the monodromy in the case when the associated Hill oper-
ator is hyperbolic (see above) requires the use of an Ermakov-Lewis invariant
associated to a purely imaginary function &, which is equivalent to the stan-
dard harmonic “repulsor” —1(82 4 r?). The reason (explained more precisely
in Sec. 3 below) is that the usual Ermakov-Lewis invariants are defined only if
Iy, (&) > 0, where the invariant quantity Iy, (£) (quadratic in &) is associated to
the Hill operator 97 + Va(t) and its stabilizer £(t) in Lie(Diff 4 (R/27Z)). The
stabilizer satisfies a linear differential equation of order 3 and has generically
only one periodic solution (up to a constant). If one does not require £ to be
periodic, then I,,(§) may be chosen to be positive, which is perfectly suitable
for a local study (in time) but is of little practical use for the computation
of the monodromy. If, however, one requires that & be periodic, then I,,(&) is
negative in the hyperbolic case, unless one chooses £ to be purely imaginary.
Hence one is naturally led to use the spectral decomposition of the harmonic
“repulsor” (which has an absolutely continuous spectrum equal to the whole
real line). Usually there is no adiabatic scheme, hence no phase operator, in
the case when eigenvalues are not separated by a gap. But in this very par-
ticular case, such a phase operator may be computed and is very analogous to
that obtained in the elliptic case, for which the spectrum is discrete. There also
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exists some non-generic cases (corresponding to a unipotent monodromy matrix
for the underlying Hill operator) for which Iy, (§) = 0. The natural invariant
is then spectrally equivalent either to the bare Laplacian ——82 or to the Airy
operator —£ (92 —r).

One of the main results may be stated as follows (see Secs. 3.4-3.6): the mon-
odromy operator is unitarily equivalent to the unitary multiplication operator
f(k) — e*T=im f(k), where « is some constant and k is the spectral parame-
ter of the model operator —3(82 + kr?) (k = £1,0) or —1(02—7), and T = f2ﬂ du

)
(¢ real) or i O%E‘f—z) (¢ imaginary). The above integrals must be understood in a

generalized sense if £ has some zeros; a complex deformation of contour is needed

then. Comparing with the usual Berry phase e2 I3 Ak(s) ds , one sees that the eigen-
value A\ (t) = —2k is a constant, but that the natural (possibly singular) time-scale
isT:= tg‘f—z).

The set of all possible monodromy operators has been determined in [17] by
remarking that, for quadratic (time-dependent) Hamiltonians, the unitary propa-
gator is determined up to a time-dependent phase by the classical flow obtained by
letting i — 0. This makes it possible to deduce the quantum monodromy operator
up to a phase from the classical monodromy matrix. However, these results do not
allow to determine the phase, which we are able to do by giving a family of normal
forms for elements in S¥. A great part of the interest of the present work is the
explicit connection between the orbit data obtained by algebraic tools, and the evo-
lution operator obtained through the Ermakov—Lewis method out of the spectral
decomposition of the model operators —£ (02 +r?), =302, —3(9% — ).

The paper is organized as follows.

Section 1 is preliminary and contains notations and results (contained in [31])
concerning the Schrodinger—Virasoro group and its action on Schrédinger operators.

Section 2 is dedicated to the classification of the orbits and of the isotropy
subgroups Gp :={g € SV|g.D = D}, D € S¥ (see Sec. 2.4). It contains long but
necessary preliminaries on the action of the Virasoro group on Hill operators. The
connection to the results of Niederer is made in the last paragraph.

We solve the monodromy problem for the Schrodinger operators of the form
—2i0; — 02 + Va(t)r? + v (7 constant) in Sec. 3. We study first the corresponding
classical problem given by the associated Hill operator, &+ Va(t)z = 0 (an ordinary
differential equation). The solution of the quantum problem is then easily deduced
from that of the classical problem. In either case, the monodromy is obtained by
relating the Ermakov—Lewis invariants to the orbit data.

Finally, we show in Sec. 4 how to parametrize a general Schrodinger operator
—2i0; — 02+ Vo (t)r? + V1 (t)r+Vo(t) € S by means of a three-dimensional invariant
(£(1),81(t), 02(t)) (see Definition 4.2). The parametrization is one-to-one or “almost”
one-to-one depending on the orbit class of the potential Vo (SV-orbits in S
have generically codimension 2, whereas adjoint orbits corresponding to the invari-
ant have generically codimension 2 or 3). The action of the Schrédinger—Virasoro
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group on Sag, once written in terms of the invariant, becomes much simpler,
and is easily_shown to be Hamiltonian for a natural symplectic structure. A gen-
eralized Ermakov—Lewis invariant may also be written in terms of this three-
dimensional invariant. We then solve the monodromy cases for the “resonant” cases

left from Sec. 3.

Notation. The notation Vect(S?) := {£(t)9; | € C*(R/27Z)} will be used for
the Lie algebra of C°°-vector fields on the torus R/27Z. The infinite-dimensional
group Diff ; (R/27Z) of orientation-preserving diffeomorphisms of the torus R/27Z
(also called centerless Virasoro group) has a Lie structure, and its Lie algebra is
Vect(S1) (see [14] for details).

Let us gather here (for the convenience of the reader) a few notations scat-
tered in the text. Time and space coordinates are usually (at least starting from
Sec. 2) denoted by 6 and z (see explanations before Lemma 1.6 for the pas-
sage to Laurent coordinates (t,7)). Stabilizers in Vect(S!) of the Hill operator
93 + Va(0) are usually denoted by ¢ (which is either real or purely imaginary).
If £ is purely imaginary, then one sets £ := in. As for (operator) invariants of the
Schrédinger operators (see Sec. 4), we write them as 3 [a(6)z? —b(0)92 —ic(6) (x0, +
Opx) + d(0)(—id,) + e(@)x + f(0)]. The correspondence between the vector invari-
ant (&, d1,02) and the operator (generalized Ermakov—Lewis) invariant is given in
Theorem 4.4.

1. The Schrodinger—Virasoro Group and Its Action
on Schrodinger Operators

We recall in this preliminary section the properties of the Schrédinger group proved
in [31] that will be needed throughout the paper.

Definition 1.1. (see [31], Definition 1.2) We denote by sb(k), & = 0 or 3, the Lie
algebra with generators L,,,Y,,, M,, (n € Z,m € k+ 7Z) and the following relations
(where n,p € Z,m,m’ € k+7Z):

[Ln7Lp] = (n _p)Ln+p7
n
[Lnaym] = (5 - m) Yn+m7 [LnaMp] = _pMn+p;

[Yma Ym/} = (m - m/)Mm+m/a
Y, M, =0, [M,,M,]=0.

If f (resp. g, h) is a Laurent series, f = >, fut™*!, resp. g = 3 .10 gt 2,
h =73, cz hnt™, then we shall write

Ly =Y faLu, Vg=3 gnYn, Mp=> hoM,. (1.1)

Note the shift in the indices in the Laurent series which disappears in the Fourier
coordinates, see remarks preceding Lemma 1.6 below.
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It is often unimportant (or a matter of taste) in this paper whether the shift
index k is 0 or % (see remarks after Theorem 2.4.2 though). In this section (unless
otherwise stated) sv stands indifferently for sv(0) or sv(1/2). In the following sec-

tions, we shall abbreviate sv(0) to sv for convenience.

Definition 1.2. (see [31], Definition 1.3) Denote by dr the representation of sv
as differential operators of order one on R? with coordinates ¢, defined by

1 1
dra(Ly,) = —t" 19, — §(n + D)t"ro, + Zz(n + Dnt" 2 — (n 4 1A,
mal ) 1\ .1 (1.2)
dmy(Yy) = —t""20, +1 m—|—§ tmT 2y, :

dmx(M,) = it?.

Proposition 1.3. (see [31], Theorem 1.1) (1) The Lie algebra sv can be expo-
nentiated to a Lie group denoted by SV. It is isomorphic to a semi-direct product
SV = Gy x H, where Gy ~ Diff | (R/277Z) is the group of orientation-preserving
diffeomorphisms of the torus R/27Z, and H ~ C*(R/27xZ) x C*(R/27Z) (as a
vector space) is the product of two copies of the space of infinitely differentiable
functions on the circle, with its group structure modified as follows:

(a2, ) 1, 30) = (@14 a4+ e — 10 ) (13)
The semi-direct product is given by:
(L (a, 8)) - (¢50) = (¢5 (av, 8)) (1.4)
and
(¢:0) - (1; (@, 8)) = (¢3 ((¢)/* (0 ), B0 ). (1.5)

(2) The infinitesimal representation dmy of sv can be exponentiated to the following
representation of the group SV on C°° functions of two variables,

(a)

MO
ST f(tr)

ESEY

(mx(d;0) f)(t,r') = (¢ () e

if ¢ € Diff(R/27Z) induces the coordinate change (t,r) — (t',r") =
(6(t),r/ &' (1));
(b)

(ﬂ-A(]-; (Oé7ﬂ))f)(tl7’l"l) _ e—i(o/(t)r—%a(t)a’(t)+ﬁ(t))f(t7,r,)

if (a,8) € O®(R/27Z) x C*(R/27Z) induces the coordinate change (t,r) —
(t,’/‘,) = (t,’/‘ - O((t))
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Definition 1.4. (see [31], Definition 2.1) Let S"" be the vector space of second
order operators on R? defined by

D e S"™ e D=n(-2i0, —d*) + V(t,r), h,VeC®R?)

and S C S'" the affine subspace of “Schrédinger operators” given by the hyper-
plane h = 1.

In other words, an element of S*¥ is the sum of the free Schrédinger operator
—2id; — 02 and of a potential V.

Proposition 1.5. (see [31], Propositions 2.5 and 2.6) Let o1 /4: SV — Hom(S"™",
S the representation of the group of SV on the space of Schridinger operators
defined by the left-and-right action

01/4(9) : D — m5,4(9)Dm1ya(9)"", g€ SV, DeS™

Then 014 restricts to an affine action on the affine subspace S which is given by
the following formulas:

o1/4(¢;0) - (=200, — 07 + V (¢, 7))

= 20, — 02 + OV (6(), r/TD) + 57°0() (1) (1.6)
o1/4(1; (a,b)) - (=2i0, — 82 + V(t,7))

— 208, — 2 + V(t,r — alt)) — 2rd" (1) — 2V () — a(t)a” (1)), (L.7)

where © : ¢ — ¢¢;:l - %(%/;)2 is the Schwarzian derivative.

One may also consider a generalized left-and-right action o (g) : D — ma41(g)D
7a(g)~!, but then the subspace S (see Definition 2.1.2) is not preserved by
o|Diff, (R/2xz) anymore, which ruins all subsequent computations. Actually 1/4
corresponds to the “scaling dimension” of the Schrodingerian field in one dimen-
sion (see [32]).

We shall occasionally use the time-reparametrization

¢:R/277 — ST ~U(1), 6 —t=¢e" (1.8)

from the torus to the unit circle. It allows to switch from the Fourier coordinate 6
to the Laurent coordinate ¢t. In particular,

L1 =1 74(¢;0)Leino 714 (30) 7,
Vory = m1/a(050)Veino m14(¢;0) 7, (1.9)

t
Min = 71 74(¢;0)Mino 7174 (¢50) "

If n is an integer, ytn i1 should be understood to be acting on the twofold covering
of the complex plane where the square-root is defined; conversely, if n is a half-
integer, then ).ine acts on 4m-periodic functions. In other words, the “natural”
choice for sv should be sb(3), resp. sv(0) in the Laurent, resp. Fourier coordinates.
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Applying formally the formulas of Proposition 1.3, one gets
(m1/4(60) 7 )6, 2) = (ie™ )/ e 1% (e, £ae'(3TH) (1.10)

(with some ambiguity in the sign) which is an 8m-periodic function. Applying now
(still formally) Proposition 1.5 yields the following result, which can be checked by
direct computation.

Lemma 1.6. Let f(t,r) be a solution of the Schridinger equation
(=2i0, — 92 + V(t,r)) f(t,r) = 0.

Then
f: 0,z) — eiie/‘le*%iff(ew,xei(e/%’r/‘l)) (1.11)
is a solution of the transformed Schrodinger equation
1 . . ) ~
—2i0y — 02 + 13:2 + eV (e e’ /2| F(9,2) = 0. (1.12)

In the following sections, we shall (except when explicitly mentioned) always
work with the Lie algebra sv(0) in the Fourier coordinates 6, x (i.e. the Lie algebra
generated by the L§,Y, and My, with 2m-periodic functions f,g,h), and write sv
instead of sv(0) for simplicity.

2. Classification of the Schrédinger Operators in Sifg

From now on, we shall concentrate on the affine subspace of Schrédinger operator
with potentials which are at most quadratic in the space coordinate. As mentioned
in the Introduction, this subspace is invariant under the action of SV. The purpose
of this section is to classify the orbits.

2.1. Statement of the problem and connection with the
classtfication of Hill operators

Let us first define two natural subspaces of S*.

Definition 2.1.1. (Schrodinger operators with at most quadratic potential) (see
[31], Proposition 2.6) Let S8 = {—2i0y — 92 + Va(0)2? + V4 (0)z + Vo(0)} C S
be the affine space of Schrodinger operators with a potential which is 27-periodic
in time and at most quadratic in the coordinate .

Definition 2.1.2. (Schrddinger operators with quadratic potential) Let S3ff =
{—2i0p — 0% + V2(0)2*} C S%f; be the affine space of Schrodinger operators in S%fg
with time-periodic potential proportional to z2.

We do not assume V5 to be positive. Hence what we really consider are harmonic
“oscillators-repulsors”, corresponding to the quantization of a classical oscillator-
repulsor with time-dependent Hamiltonian £(p? + V2(6)z? + Vi(0)z + Vo(6)).



Confluentes Math. 2010.02:217-263. Downloaded from www.worldscientific.com
by CHINESE ACADEMY OF SCIENCES @ BEIJING on 12/13/17. For persona use only.

A Classification of Periodic Time-Dependent Generalized Harmonic Oscillators 227

If V1 =0, then the classical equation of motion 3275 = —Va(0)z — V4() has 0
as an attractive (resp. repulsive) fixed point depending on the sign of Va. If V5 is
not of constant sign, things can be complicated; it is not clear a priori whether
solutions are stable or unstable. We shall come back to this problem (which turns
out to be more or less equivalent to the a priori harder quantum problem, at least
as far as monodromy in concerned) in Sec. 3.2.

The first subspace S2% is preserved by the action of SV (see Proposition 1.5)

and is in some sense minimal (the SV-orbit of the free Schrodinger equation, or of
the standard harmonic oscillator —2i0y — 92 4+ a?x?, contains “almost” all potentials
which are at most quadratic in x). As we shall prove below, the orbits in 8252 have
finite codimension. -

Let us write down for the convenience of the reader the restriction of the action

of 014 to S%%: let D = —2i0p — 0% + Va(0)2? + V1(0)z + Vo(6), then

7 a(6:0)D) = =20y~ 32 + (47 Vao 0+ 56(0) )

+(@®2 - Vioglz+¢ Voo, (2.1)
recall ©(¢) = “f;:/ — %(%/;)2 is the Schwarzian derivative, and
o1/4(1; (a, b)) (D) = —2i0g — 02 + Vaz® + (Vi — 2aVa — 24"z
+ (Vo — aVi +a*Vy — 2V + ad”), (2.2)

while the infinitesimal action is given by

i (&n)(D) = = (57" + 27+ V3

(i )e- v @)

doy/4(Vy + Mp)(D) = —2(g" + gVo)z — (20 + gV1). (2.4)

These four formulas are fundamental for most computations below, and we shall
constantly refer to them.

Similarly, S5 is preserved by the oy 4-action of Diff  (R/27Z) (see Proposition
1.5). It turns out that the orbit theory for this space is equivalent to that of the
Hill operators under the Virasoro group. Let us first give some notations and recall
basic facts concerning Hill operators.

Definition 2.1.3. A Hill operator is a Sturm—Liouville operator on the one-
dimensional torus, i.e. a second-order operator of the form 07 + u(f) where
u(f) € C*(R/27Z) is a 2mw-periodic function.

The action of the group of time-reparametrizations on a Hill operator may be
constructed as follows. Starting “naively” from the simple action of diffeomorphisms
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on functions,
Y —1oo, ¢ e Diff (R/27Z),

one sees that (0%2+u) (1) = 0 is equivalent to the transformed equation (9% +p(6)9+

q(0))(¢o¢) =0 if one sets p = —‘Z—, and ¢ = ¢’? -1 0¢. Then one uses the following:

Definition 2.1.4. (Wilczinsky’s semi-canonical form) (see Magnus—Winkler, [27],
3.1, or Guieu, [13], Proposition 2.1.1) If ¢ is a solution of the second-order equation
(8% + p(0)d + q(0)) = 0, then ¢ = A(@)1 is a solution of the Hill equation
(8 + u(#))¥ = 0 provided

0
AO) = exp(%/@ p(s) ds) (2.5)

1 / 1 2
IR . 2.6
U= 217 417 q (2.6)

for some 0y and

One obtains in this case A = (¢')~/2, and the transformed operator reads: 9% +
(¢/)?-uo ¢+ 10(¢), where O is the Schwarzian derivative. The presence of this last
term shows that this transformation defines a projective action of Diff | (R/277Z).
Summarizing, one obtains:

Proposition 2.1.5. (see Guieu, [13] or Guieu-Roger, [14]) The transformation
1
O tu— 6. (0 +u) =8 + (&) uo g+ 56(9)

defines an action of Diff { (R/277Z) on the space of Hill operators, which is equivalent

to the affine coadjoint action on viti (i.e. with central charge ¢ = %) A solution of

the transformed equation may be obtained from a solution v of the initial equation
(0% +u)yp = 0 by setting .1 = ((b’)’%w o ¢. In other words, the solutions of the
Hill equations behave as (—1)-densities.

The important remark is now the following:

Lemma 2.1.6. The above action of Diff { (R/27Z) on the space of Hill operators
is equivalent to the o4 ,4-action of Diff y (R/27Z) on the space S3™.

Namely, Proposition 1.5 above (see also (2.1)) shows that
01/4(¢)(—2i0p — 07 + Va(0)a®) = —2idy — 02 + Va()a?, (2.7)

where the potential Vs is the image of V5 (viewed as the potential of a Hill operator
in the coordinate #) by the diffeomorphism ¢, i.e. ¢.(93 +Va(8)) = 92 + Va(6). Once
again, this should not come as a surprise since the Hill equation is the semiclassical
limit of the Schrodinger operator (see Sec. 3.2). O

So we shall need to recall briefly the classification of the orbits of Hill operators
under the Virasoro group. There are mainly three a priori different classifications,
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which of course turn out in the end to be equivalent: the first one is by the lifted
monodromy of the solutions (see for instance Khesin and Wendt, [22]); the second
one consists in looking for normal forms for the solutions, either an exponential form
for non-vanishing solutions or a standard form for a dynamical system associated
with the repartition of the zeros (see the article by Lazutkin and Pankratova, [24]);
the third one, due to Kirillov (see [23]) proceeds in a more indirect way by looking
at the isotropy groups. We shall need the first and the last classification for our
purposes. They are the subject of the two upcoming subsections (see also [2] for a
related review and application to the global Liouville equation).

2.2. Classification of Hill operators by the lifted monodromy

Let us now turn to the classification of the orbits under the Virasoro group of the
space of Hill operators.

Consider a pair (¢1,12) of linearly independent solutions of the Hill equation
(0% + u)y = 0. It is a classical result (a particular case of Floquet’s theory for
Schrodinger equations with (space)-periodic potential) that

<w1(9+27r>> _ M. (m(@) 28)
P2 (6 + 27) ¥2(0)
for a certain matrix M(u) € SL(2,R) (independent of 6), called the monodromy
matriz. Starting from a different basis (g; ), one obtains a conjugate matrix M (u).
The above action of the Virasoro group on the Hill equation leaves the monodromy
matrix unchanged, as can be seen from the transformed solutions ¢, 1, ¢«12. Hence
the conjugacy class of the monodromy matrix is an invariant of the Hill operator
under the action of the diffeomorphism group.

Floquet’s theory, together with the orbit theory for SL(2,R), imply that 9% +u
is stable (meaning that all solutions are bounded) if | Tr M| < 2 or equivalently, if M
is elliptic, i.e. conjugate to a rotation matrix; unstable (meaning that all solutions
are unbounded) if |Tr M| > 2 or equivalently, if M is hyperbolic, i.e. conjugate to a
Lorentz shift (eA o)y A> 0. If [Tr M| = 2, then M can be shown to be conjugate

either to £Id or to the unipotent matrix i((lJ 21” ); in the latter case, 9% + u is

semi-stable, with stable and unstable solutions. Two linearly independent 27- or
4m-periodic solutions exist when M = +Id; only one in the unipotent case; and
none in in the remaining cases.

An important result due to Lazutkin—Pankratova (see [24]) states that all stable
Hill operators are conjugate by a suitable time-reparametrization to a Hill operator
with constant potential 9% 4+ o, a > 0. They also distinguish between oscillating
and non-oscillating equations (oscillating equations have solutions with infinitely
many zeros, while non-oscillating equations have solutions with at most one zero),
but we shall not need to go further into this. Let us just remark that (as they also
show) non-oscillating operators are also conjugate to a Hill operator with constant
potential 2 + «, with o < 0 this time. Hence operators of type II, resp. III of
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Kirillov’s classification (see Definition 2.3.4 below) are exactly the unstable, resp.
semi-stable oscillating operators.

A complete classification of the orbits under the action of Diff { (R/27/Z) may
be obtained by considering the lifted monodromy. Set (i;gzg) = M(u)(&)(ﬁéggg)
The path 6 — M(u)(f) € SL(2,R) may be lifted uniquely to a path 6 —
M(u)(#) € SL(2,R) such that M(u)(0) = Id, where SL(2,R) is the universal
covering of SL(2,R). This procedure defines a unique lifted monodromy matrix
M (u) := M(u)(27) modulo conjugacy.

The following arguments (see [22]) show briefly why this invariant suffices to
characterize the orbit of u under diffeomorphisms. Set (i;gg;) = £ (9)(2?;:’53;)
The Wronskian

W =19y — Y19

(a constant of motion) is equal to w’(0)£(#), hence w’ = W/ is of constant sign, say
> 0 (by choosing W > 0). By the action of Diff (R/27Z), one can arrange that w’ is
constant, while w(0) and w(27) remain related by the homographic action of M (u),
viz. cotw(2m) = [acotw(0) + b]/[ccotw(0) + d] if M(u) = (* °) € SL(2,R). The
lifting of the monodromy produces a supplementary invariant: the winding number
n = |(w(2r) — w(0))/27] = |4 0277%] ([-7 = entire part), namely, the integer
number of complete rotations made by the angle w.

This change of function is particularly relevant in the elliptic case. Choose a

basis (i;) such that M = (3 5. Then +X = w(27) —w(0) = W [" Ec(lz) 7).

If M= (eA .—») is hyperbolic instead, set rather

Y3(6) = @I, v3(6) = Sle@)]e > (29)
with 5(0) = 2(¢192)(8), so that £\ = w(27) —w(0) [2i7]. Then one finds w’ = —%,
hence w = ng(e) The functions % and w are not well-defined if 11 or s
has some zeros. Supposing u is analytic, the functions 1,1 may be extended
analytically to some strip = {|Im 0| < €}. Choose some contour I' C 2 avoiding
the zeros of 11 and 15 such that (assuming £(0) # 0, otherwise use a translation)
I'(0) = 0 and I'(27) = 27. The idea is to keep I' real away from some symmetric
neighborhood U, of the zeros, and to complete the path with half-circles centered
on the real axis of radius ¢ around each zero, taken indifferently in the upper- or
lower-half plane (compare with Sec. 3.2 below where more care is needed). Suppose
¥1(0p) = 0 for instance, so ¥} (6p) = a # 0 and ¥2(fp) = —L. Then

L U g
IN[00—e,00+2] §(0) 9o—c 0 —0oEi0 £(0)

Oo+e
° df T
=-W p.v./ — +i— 2.10

Og—e 5(9) 2 ( )
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(depending on the position of the half-circle with respect to the real axis) since
m = p.v.ﬁ Findg, (see for instance [8]) and the residues of ﬁ at the zeros
of ¢ are iﬁ. It is clear from the above definitions that £ has only simple zeros,
in even number. Hence Wfr 0] =-—-W po. fo% (50) = \[iw]. By exponentiating,
one obtains a monodromy matrix in PSL(2,R) = SL(2,R)/{£1}.

Finally, if M is unipotent, M = j:((l) 1) in some basis (i;), set 11(0) = wipa(0)
and & = 13, so that w(27) = w(0)+a. Then ' = —%, so w is once again defined as
-W [ % if £ does not have any zero. In the contrary case, one uses a deformation
of contour as in the hyperbolic case, to obtain

do fote do 0 — 0o)?
W A / - ( . o)
'N[0o—e,00+¢] £(0) Oo—e (0 — 0o +140) ¢2(9)
EVRY
Since W = p.v.m + imdp, and (fp%?g; =14+ 0((0 — 6p)?), we have
Y (6p) = —Va(bp)w2(00) = 0, the Dirac term does not make any contribution at all
this time, hence

(2.11)

do
=w(2m —sz—W/—, 2.12
(27) — (0) N (212)
where T : [0,27] — C is an arbitrary contour as defined above.

Summarizing:

Proposition 2.2.1. (see [22] for (ii)) (i) The lifted monodromy of the operator
0% + u is characterized by the (correctly normalized) quantity fo%% or fr %,
where & € Stab,,.

(ii) The orbits under the diffeomorphism group of the space of Hill operators are
characterized by the conjugacy class of their lifted monodromy. More precisely, the
lifted monodromy defines a bijection from the set of orbits onto the space of conju-
gacy classes of (SL(2,R)\{£1})/{%1} (an element M € SL(2,R) has to be identi-
fied with its opposite —M).

2.3. Kirillov’s classification of Hill operators by
1sotropy subgroups

Another classification, also useful for our purposes (and more explicit in some sense),
is due to Kirillov. Introduce first

Definition 2.3.1. Let Stab,, u € C*°(R/27Z) be the isotropy subgroup (or stabi-
lizer) of 9* + u in Diff; (R/27Z), namely,

Stab,, := {¢ € Diff; (R/277Z) | ¢.(0* + u) = 9* + u}. (2.13)

Proposition 2.3.2. (definition of the first integral I) (see [13]) (1) Let & €
C>(R/27Z): then & € Lie(Stab,,) if and only if £ satisfies

%f'" +2ué +u'E = 0. (2.14)
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(2) Let 1,(§) := &£ — 3&7 + 2u&?. Then I1,(§) is a constant of motion if & €
Lie(Stab,,).

(3) Consider ¢ € Diff, (R/27Z) and the transformed potential i such that ¢.(0% +
u) = 0% + 4. Then

Li(¢'™ - €0 ¢) = L(§). (2.15)

(4) Consider the Hill equation (0% + u)(0) = 0. If (1h1,12) is a basis of solutions
of this equation, then & := a119? + 2a12901%2 + a3 (a11,a12,a2 € R) satisfies
the equation

1
55"’ +2ul’ +u'E=0. (2.16)

In other words, & € Stab,, is in the isotropy subgroup of the Hill operator 0% + u.
Conversely, any solution of (2.16) can be obtained in this way.

(5) (Same notations) consider in particular & = % + 3. Then L, (§) = W? if

W is the Wronskian of (¢1,12), namely, W = bl — pi1ba (constant of the

motion).

Note (see (3)) that (¢/~1 - &0 ¢) 9 is the conjugate of the vector £€0 € Vect(S?')
by the diffeomorphism ¢. Hence one may say that the first integral I is invariant
under the (adjoint-and-coadjoint) action of Diff 4 (R/27Z).

Consider now the (adjoint) orbit of £ under Diff | (R/27Z). Clearly, 0277% (if
well-defined, i.e. if £ has no zero) does not depend on the choice of the point on the
orbit since f(fﬂm f27r 5‘?5 It is easy to see from Proposition 2.3.2(2)
that £ either never vanishes (case I), or has an even number of simple zeros (case
IT), or has a finite number of double zeros (case III). Cases II, IIT correspond to a
hyperbolic, resp. unipotent monodromy matrix (see discussion in Sec. 2.2). In case
IL, 1,,(§) = —3& (to)? < 0/if to is any zero. The principal value integral p.ov. 02775‘(1—’;)
is well-defined. In case III, I,,(§) = 0 and the regularized integral | % (see above)
is well-defined and independent of the choice of the contour I'. Note that Kirillov
uses instead the following regularization, lim._.q f 0,27\ U. E(éi) ? (where U. is a
symmetric e-neighborhood of the zeros) with C chosen so that the limit is finite.
The two regularizations are different. Both are perfectly satisfactory to define an
invariant of the orbits, but computations show that the Berry phase is proportional
to [ ¢oy-

Now the integral fo Wg(l—g (cases I) and its variants for cases II, III are invariant
under the diffeomorphism group. The discussion in Sec. 2.2 shows that they char-
acterize the lifted monodromy of 9% + u. The invariant I, (£) is also needed to fix
u uniquely in case I (see Proposition 2.3.2(2)) since ¢ stabilizes all operators of the
type 0% +u+ E% (C € R). It turns out that f027T7 or its variants, and I,,(§) (in cases
IT and IIT), together with a discrete invariant n € N, suffice to distinguish between
the different adjoint orbits of stabilizers (note that general adjoint orbits may be
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much more complicated, see [14]). One has the following:

Proposition 2.3.3. (Classification of the coadjoint invariants and of the orbits)
(see Kirillov [23]) (1) Case I: £ is conjugate by a diffeomorphism ¢ to a (nonzero)
constant ady, a # 0. Hence ¢'~1 - £ o ¢ € Lie(Stabgzy,) for a certain constant o.
The stabilizer Stabgz, is:

(a) (non-generic case) either isomorphic to ﬁ(n)(2,R) (the n-fold covering of

SL(2,R)), with Lie(Stabgz,,) = Ry & Rcosnbdy & Rsinnbdy if o = "72 for
some n € N*; then the monodromy in PSL(2,R) = SL(2,R)/{x1} is trivial,
while the lifted monodromy matriz is the central element in SL(2,R)/{£1} cor-
responding to a rotation of an angle mn;

(b) or (generic case) one-dimensional, equal to the rotation group Rot C
Diff y (R/27Z) generated by the constant field O in the remaining cases.
The invariants are given by I,(€) = 2aa?, 0277% = 27“ The monodromy can

be in any conjugacy class of PSL(2,R) except £1d.

(2) Case II: € is conjugate to the field asinnf(1 + asinnf)dp, n = 1,2,..., 0 <
a < 1, which stabilizes 0% + Un,o, where

1 + 6asinnd + 402 sin? nﬂ (2.17)

n2
n,a 0) == — .
tna(f) 4 [ (1 + asinnd)?
The monodromy matriz is hyperbolic. The invariants take the wvalues I,,(§) =
_2a2n2 <0 Uf27" ae 2
' PUJo E0) T ayi—az . .
(3) Case III: € is conjugate to &+ no = £(1 +sinnd)(1l + asinnh)od, 0 < a < 1,

corresponding to a potential v, o,

Un,a(f) = (2.18)

n? [(a—=1)> +2a(3 — o) sinnb +4a? sin? nf
4 (1 4+ asinnh)? '

The monodromy matriz is unipotent. The invariant I,,(§) vanishes, while fF £, (0)
—27
(1—a)V/1-aZ"’

In cases II and III (provided oo > 0), the stabilizer is one-dimensional, generated
by 589

In the generic cases (case I, a # n?/4,n =0,1,... or case II) the monodromy
matriz is elliptic, resp. hyperbolic, if and only if 1,,(§) > 0 resp. I, (&) < 0. In cases
I (v =0) and III (with unipotent monodromy), I,,(§) =

There is a mistake in Lemma 3 of [23] (the potential u, o given there is incor-
rect). The potential v, o was missing, together with the value of fF n ) Both are
obtained by straightforward computations.

This classification is also natural when one thinks of the behavior of the solu-
tions (see Lazutkin—Pankratova [24] and Sec. 2.2). In particular, case II (resp. III)
correspond to operators with unstable (resp. semi-stable), oscillating solutions,
while case I corresponds to operators with stable, oscillating solutions (o > 0),

The discrete invariant n suffices to characterize the orbit of 0% + u.
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resp. unstable, non-oscillating solutions (o < 0), resp. semi-stable, non-oscillating
solutions (a = 0).

Note that in the case I generic, the three-dimensional isotropy subalgebra con-
tains fields € of types I, IT (o = 0) and IIT (« = 0), hence the following nomenclature:

Definition 2.3.4. If 9% 4 u has a stabilizer ¢ of types I, or of types II, III with
a = 0, then 9% 4+« may be turned into a Hill operator with constant potential, and
we shall say that the operator 9% + u (or the potential u) is of type I. If 8% + u has
a stabilizer of type II, resp. III with o # 0, then we shall say that 9% 4+ u and u are
of type II, resp. type III.

Similarly, we shall say that the Schrodinger operator —2idp — 0% + Vo (0)x? +
Vi(0)z + Vo(6) is of type I (resp. 1L, III) if the Hill operator 93 + V2(6) is of the
corresponding type.

Note that the cases I generic (a # 72—27 n=0,1,...) and IT are generic (i.e. dense
in Saff).

Now the eigenvalues of the monodromy matrix (and also the lifted monodromy)
can easily be obtained once one knows the values of the invariants fo%% and

I,(§). The following lemma gives the link between the two classifications:

Lemma 2.3.5. Suppose D = 0% + u is of type I (with o # 0) or II (i.e. its
monodromy is either elliptic or hyperbolic). If D is of type I non-generic, conjugate
to 0% +n?/4 for some n > 1, choose & to be conjugate to some nonzero multiple of
Op. Now (in all cases) normalize £ by requiring that I,(§) = 2, so that & is real in
the elliptic case and purely imaginary in the hyperbolic case. Then the eigenvalues

of the monodromy matriz are given by exp +i fo W or exp £ p.v. foﬂg(ig

Proof. Coming back to the discussion in Sec. 2.2, one checks easily (with the
normalization chosen there) that I,(£) = 2W? in the elliptic case, and I,(§) =
—2W? in the hyperbolic case. Choose a basis of solutions (11, 2) such that W = 1
and multiply £ by 4 in the hyperbolic case. Then (in both cases) the eigenvalues of
the monodromy matrix (£i\ in the elliptic case, and £\ in the hyperbolic case)
are given by exp +i f02 W% or the exponential of the corresponding principal value
integral. O

2.4. Classification of the SV-orbits in S?’f2

This problem can be solved by extending the above results, which may be inter-
preted as the decomposition of S5 into Diff | (R/27Z)-orbits. Let us first compute
the stabilizers of some operators that will be shown later to be representatives of
all the orbits. We choose to present the results in the Fourier coordinates (6, z).
The orbits of type I, resp. III split into orbits of type (i), (i)bis, resp. (iii), (iii)bis
due to the presence of the linear term V;(0)x in the potential.
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The computations depend on the formulas of Proposition 1.5, see formulas (2.1)—
(2.4) for more convenience.

Definition 2.4.1. If D € 8%}, we denote by Gp the stabilizer of D in the
Schrodinger—Virasoro group SV, i.e. Gp = {g € SV |0y,4(9) - D = D}.

Recall the notation Stab,, u € C®(R/27Z) is used for the stabilizer in
Diff  (R/27Z) of the corresponding Hill operator.

Note that My = My (whose exponential amounts to the multiplication of the
wave functions ¢ by a constant phase) acts trivially on any operator D, hence
M € Gp always. The rotation group 6 — 6 + 6y generated by doy,4(L1) =
doy/4(Lo) = —0p will be denoted by Rot.

In the following classification, we shall call harmonic oscillators (resp. harmonic
repulsors) operators with elliptic, resp. hyperbolic monodromy.

(i) Time-independent harmonic oscillators or repulsors

Set Dy 1= —2i0p — 2 + az® + v (o, € R). It is clear that L_; = Jp leaves
D, ~ invariant in all cases. Suppose first for simplicity that v = 0. Then Gp =
(Go)p x Hp (see Proposition 1.3 for notations) is a semi-direct product, so one
retrieves Kirillov’s results (see Proposition 2.3.3, case I) for (Gp) p; to be specific,
Lie((GO)Dn2/4,o) = ROy DRLGnno PRLcosne if n € N*, and Lie((Gg)DM) =Ry
otherwise.

Now (1;(a,b)) € Hp,, if and only if b = 0 and a” = —aa. The latter
equation has a nontrivial solution if and only if & = 0 (in which case Lie(Hp) =
RY; @ RM;y) or a = n?/4, n > 1 with n even, in which case Lie(Hp) =

RYecosno/2 © RVsinng2 © Mi. Then exp %El C é\I/J(n)(ZR) is the rotation of
angle 27, while exp %adﬁl\[Lie(HD),Lie(HD)] is a rotation of angle 7.

The isotropy groups G p are the same in the case v # 0, except for a different
embedding involving sometimes complicated components in the nilpotent part
of SV which do not change the commutation relations (so that Gp is no more
a semi-direct product (Go)p X Hp).

Altogether, one has proved:

Theorem 2.4.2. (1) If a = n?/4, where n > 2 is an even integer, then
o (™)
GD ~ SL

24 (2,R) x Hy is isomorphic to an n-covering of the Schrédinger

)

group; the semi-direct action of éi(n (2,R) quotients out into an action of the

two-fold covering é\ﬂ(z)(ZR). The Lie algebra of the group é\I/J(n)(ZR) acts as
ROs & R(Lsinno + M_ 1 gnno) ® R(Leosno + M1 cosna). After transformation
to the Laurent coordinates (t,r) (and supposing v = 0), Gp,.,,, is the connected
Lie group with Lie algebra (Lo, L+n) X (Yiy/2, Mo) C 50(0).

(2) If a = n?/4, where n > 1 is odd, then GDayyy ™ ﬁ(n)(2,R) x exp RM;.

(3) If « = 0, then Gp,., = Rot x exp(RY1 & RM;) ~ (R/27Z) x R x (R/27Z)
is the commutative group of constant translations-phases. After transformation
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to the Laurent coordinates (t,r), it is the connected Lie group with Lie algebra
<L07YE),M0> C 50(0).

(4) In the generic case o # n?/4, n = 0,1,... one has simply Gp = Rot x
expRM; ~ (R/277Z)2.

It is natural in view of these results to consider the twofold covering H® of H
—(2 ~
obtained by considering 47-periodic fields. Then the stabilizer in SV( ) = Gox H®
of Dyp2/40 (n > 1 odd) is isomorphic to éi(n)@,R) X H1 as in the case of an even
index n. This time Lie(H1) = (Yi,,/2, Mo) C sb(3).

The best-known case is « = 1/4 (n = 1), v = 0. In the Laurent coordinates
(t,r), D1yap writes —2i0; — 02, namely, it is the free Schrédinger equation. Then
SL(2,R) x Hy acts on D4 in the usual way (see formulas (0.2)) in the Laurent
coordinates.

(i)bis Special time-independent harmonic oscillators with added resonant oscillat-
ing drift
Consider

D = —2i0p — 0> + n*2® + Ccos(nf — o /2) -z + v

(C,o,v € R, C # 0, n > 1 integer). Then computations show that Gp ~
R x R x R/27Z is three-dimensional, generated by

£17c05(2n970') + ys% sin 3(nb—o/2)

_Msg‘%(cos4n(z—0‘/2)+cos(27;9—<7)+%Cos(zneio_)), (2.19)
Yo sin(nf—o/2) + M%j cos(2n6—o) (220)

and M. One checks (by direct computation) that the value of the associ-
ated invariant I,,2(1 — cos(2nf — o)) is 0.

(ii) Time-dependent Ince harmonic repulsors of type II
Consider

Dy = —2i0g — 02 + tn.o(0)z® +v, n=1,2,...,a€(0,1) (2.21)

where
n? [1+ 6asinnd + 4a2sin® no

— 2.22
4 (14 asinnh)? (222)

Un,a(0) =

Then (see preceding subsection) L¢ — 3 M¢ € Lie(Gp) (§ # 0) if and only
if ¢ is proportional to &, o, with &, o = sinnf(1 + asinnd)dy. Now

doyys(Ve +My,) - D=0

if and only if f; = 0 and f{ + upofi = 0. The latter equation is
known under the name of Ince’s equation (see Magnus and Winkler, [27]).
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The change of variable and function § — §(0) = = —n&, f1(0) — y(5) =
(1+acos28)/4 f1(5(0)) with b = —2a[1+ \/1@(7} turns the above equation
into the standard form

(14 acos28)y” + bsin 26y’ + (¢ + dcos28)y = 0

with a = a, ¢ = 1 — %, d = a3+ % ¥ \/%] Conditions for

the coexistence of two independent periodic solutions of Ince’s equation
have been studied in detail. In our case, there is no periodic solution since
0? 4 Uy, o is unstable (see discussion in Sec. 2.2). Hence

Gp = exp(R(Le,.. — %M@m) SRM) =R x (R/21Z).  (2.23)

Non-resonant time-dependent Schrddinger operators of type IIT
Consider

Dy oy = 2i0p — (92 + vn,o‘(ﬁ)x2 + v

(n=1,2,...,a€(0,1)). See Eq. (2.18). Similarly to case (ii), L¢ — 3M €
Lie(Gp) (¢ # 0) if and only if £ is proportional to &4, o, Where {1 o =
+(1 + sinnb)(1 + asinnb)dp. Then doy4(Vy, + My,) - D = 0 if and only
if f5 =0 and f{' + vpf1 = 0. This is once again Ince’s equation, with
parameters a = a, b = —2a, ¢ = 1 — 2a, d = 3a. One verifies immediately
that y(0) = cosd is the unique (up to a constant) periodic solution of this
semi-stable Hill equation, corresponding to f1(0) := (1+asinn#)'/? cos(Z —
ng) Note that &4 ., = f£ (so that fi is, up to a sign, the unique C'*
square-root of &4 ,, o). Hence

Gp = exp(R(ﬁgimﬂ — %Mfi,n,a> @ RYy, @R/\/h)
~R x R x (R/27Z). (2.24)

Schrodinger operators of type III with added resonant drift
Consider

D = —2idy — 02 + vp.o(0)2* + C(1 + asinnb)'/? cos (% - n;) T+

(C #0) with v, as in case (iii). Set £(0) = (1 + sinnf)(1 4+ asinnd) and
f(0) = (1 + asinnb)'/? cos(r/4 — nf/2). Recall £ = f2.
Suppose L¢ + V5, + My, stabilizes D. Then (see (2.3))

2/ + vnafr) = C (ff’ + gf’f) =4crrf (2.25)
and

fi=-30€ + CAp). (226)
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The kernel of the operator 9% + v, , is one-dimensional, generated by f.
Hence the above Eq. (2.25) has a solution if and only if f02“(§f’+§§’f)f do =
0, which is true since (£ + 2¢'f)f = (f*)'. Now Eq. (2.26) has a solution
if and only if f; is chosen to be the unique solution orthogonal to the kernel
of 8% + v, o, namely, if [ f1fd = 0.

Now
doy4(Vg, + Mg,) - D = =2(g) + vn.ag1)r — fo1 — 295 (2.27)

vanishes if and only if g1 = f (up to a multiplicative constant) and fo%gl fdo=0.
The two conditions are clearly incompatible.

Altogether one has proved that G'p = exp(R(L(1sinn6)(14asinno) +Vp + My, )@
RM;) ~ R x R/27Z (with f1, fo solving Eqs. (2.25) and (2.26)) is commutative
two-dimensional.

Explicit but cumbersome formulas for fi, fo are easy to derive from the proof
of Lemma 4.10 below. We shall not need them.

There remains to prove that we have classified all the orbits in S&%.

Theorem 2.4.3. Any Schrédinger operator D in S%fg belongs to the orbit of one
of the above operators.

Proof. Let D € S%fg. Suppose first that V5 is of type I. Then one may assume (by
a time-reparametrization) that V5 = « is a constant. The operator D belongs to
the orbit of D, ~ (case (i)) for some v if and only if V; = 2(a” + aa). If a # n? (or

n?/4 if one considers the W(Q)—orbits) then this equation has a unique solution for
every Vi. If a = n?, then a Fourier series Vi = Y, cxe™*? is in the image of 93 + «
if and only if ¢4,, = 0. This analysis accounts for the two cases (i) and (i)bis.

Suppose now Vs is of type II. By a time-reparametrization one may choose
Vo = Un,q. The operator D belongs to the orbit of D, o~ (see case (ii)) for some 7,
provided Vi = 2(a” + uy oa). Since 8% 4 u, o (acting on C*(R/27Z)) has a trivial
kernel, it has a bounded inverse and the unique solution of the above equation is
C°°. Hence D belongs to the orbit of D, « -

Finally, suppose V5 is of type III. One is led to solve the equation Vi =
2(a” + vpea). Recall Vi(0) = (1 + asinnd)/?cos(3 — nd) solves the equa-
tion fi + vnafi = 0. Hence Vi = 2(a” + v qa) has a solution if and only if

O%V1 (0)(1 + asinng)'/? cos(Z — nd)dd = 0, which accounts for cases (iii) and
(iif)bis. O

Note that Schrodinger operators of type III are generically of type (iii)bis,
and Schrédinger operators of type I with o = n?, n = 1,2,... are generically
of type (i)bis.

Corollary 2.4.4. For generic orbits (type (i) with o # %2, n > 0, or type (ii)),
the isotropy group is two-dimensional, given by expR(Le + V5, + Ms,) & RM ~
R x R/27Z or R/277Z x R/2w7Z for some triple (£,01,02) with & # 0.
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Let us finish with a remark. Consider a potential Vo ()22 + Vi (8)z + Vo(6) of
type (i), (ii) or (iii). As we shall see in the next section, the monodromy of the
corresponding Schrodinger operator depends only on the (conjugacy class of the)
invariant £ and the value of the constant v (which acts as a simple energy shift).
Computing the invariant £ is a difficult task in general, but suppose it can be
achieved. How does one determine the constant v7? We give an answer for generic
elliptic or hyperbolic potentials of type (i).

Lemma 2.4.5. Let D = —2i0y — 07 + Va(0)z* + V1(0)z + Vo(0) be of type (i),
elliptic or hyperbolic, generic, so that D is conjugate to a unique operator Dy ~ =
—2i0p — 0% + az® + v (a € R, # Z—z,n = 0,1,...). Then v may be retrieved
from

1

27 1
=5 ) (vo - Zvlwl) (6) do, (2.28)

0
where Wy is the unique solution of the equation (0% + Vo)W1 = V;.

Proof. Start from the model operator D, , with stabilizer { = 1, and apply
successively aq,4(¢; (0,0)) and o1 ,4(1; (g, h)). Then one obtains the operator

D = —2i0y — 02 + Va(0)2* — 2 ((8° + Va)g) @ + (v + g(9* + Va)g — 2h)

(see formulas (2.1) and (2.2)). Now fo%q'b(G) df = 27 since ¢ € Diff | (R/27Z). Hence
the result. O

2.5. Connection to Niederer’s results

We are referring to a classical paper by Niederer (see [28]) concerning the maximal
groups of Lie symmetries of Schrodinger equations with arbitrary potentials. One
may rephrase his main result as follows (though the Schrodinger—Virasoro had not
been introduced at that time). Niederer shows that any transformation

Y(t,r) = d(t,r) = expify(g~ (tr)w(g ™ (t,r)),

(where g : (t,7) — (t/,r') is an arbitrary coordinate transformation and f, an
arbitrary “companion function” corresponding to a projective action) carrying the
space of solutions of the Schrodinger equation

(—2i0y — 0> + V(t,r))b(t,r) =0 (2.29)

into itself in necessarily of the form ¢y,4(g) for some g € SV. This is, by the way,
an elegant way of introducing the SV group in the first place. Then Niederer gives
a necessary and sufficient condition for g € 1,4(SV) to leave (2.29) invariant,
and produces some physically interesting examples. Let us analyze some of these
examples from our point of view. It should be understood that Niederer’s examples
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are given in the Laurent coordinates (¢,7) and hence should be transformed by
using Lemma 1.6 to compare with our results.

(i) V = 0 (free Schrodinger equation): this case corresponds, after the transfor-
mation at the end of Sec. 1 to the potential V(6,z) = 22, with invariance
under the full Schrédinger group (see case (i) in Sec. 2.4, with o = 1/4 and
7 =0).

(i) V. = —gr (free fall) corresponds to V(0,z) = 222 — gell0/2+37/ 4y (a
4m-periodic potential), which belongs to the same orbit as case (i) (free
Schrédinger equation in the Laurent coordinates).

(ili) V = 2w?r? (harmonic oscillator) may be obtained from the free Schrodinger
equation by the time reparametrization t(u) = tan wu for which the Schwarzian
derivative is a constant, ©(t) = 2w? (see formulas in Proposition 1.5).

(iv) V = k/r? (inverse-square potential), corresponding to the operator —2idp —
02 + 351_2 + kx~2 (harmonic oscillator with added inverse-square potential) in
the Fourier coordinate. The operator is not in S but the (time-independent)
inverse-square potential is interesting in that this is the only potential left
invariant by all transformations V (t,7) — ¢'(t)V (¢p(t), /¢ (t)) (see formulas
in Proposition 1.5). So this equation is invariant by the kernel of the Schwarzian
derivative, i.e. by the homographic transformations.

3. Monodromy of Time-Dependent Schrédinger Operators of
Non-Resonant Types and Ermakov—Lewis Invariants

We “solve” in this section all Schrédinger operators in S2L of class (i), (ii) or (iii)
by using the Ermakov-Lewis invariants, to be introduced below. Since any such
operator is conjugate to an operator of the type —2idp — 02 + Va(0)z? + v (v
constant), and 7 corresponds to a simple energy shift, we shall implicitly assume
that the potential is simply quadratic (V3 = Vp = 0).

Lemma 3.1.2 and Proposition 3.1.4 yield explicitly an evolution operator
U(6,6p), i.e. a unitary operator on L?(R) which gives the evolution of the solu-
tions of the Schrédinger equation from time 6y to time 6. This operator gives the
unique solution to the Cauchy problem and allows to compute the (exact) Berry
phase. The arguments in Lemmas 3.1.1, 3.1.2 and Proposition 3.1.4 are reproduced
from the paper of Lewis and Riesenfeld ([26]). Unfortunately this method gives the
monodromy only in the elliptic case (i.e. for operators of class (i) with o > 0). So
we generalize their invariants to the hyperbolic and unipotent case; the invariant
we must choose in order to be able to compute the monodromy is not a harmonic
oscillator any more, but an operator with absolutely continuous spectrum. Never-
theless, it turns out that there does exist a phase operator, given in terms of the
(possibly regularized) integral f02 W% for a certain stabilizer ¢ of the quadratic
part of the potential. The key point in order to get the whole picture is to make
the bridge between Kirillov’s results and the Ermakov—Lewis invariants.
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3.1. Ermakov—Lewis invariants and
Schrodinger—Virasoro tnvariance

Let H = £(—9%+V3(0)2?) be the (quantum) Hamiltonian corresponding to a time-
dependent harmonic oscillator. The evolution of the wave function (6, x) is given
by: i0p1(0, ) = H(0,z), or Dy = 0 where D = —2idp + 2H = —2i0y — 0% +
Va(6)x2.

The Ermakov-Lewis dynamical invariants were invented in order to find the
solutions of the above equation. The idea is simple. Suppose I(6,z) is a time-
dependent hermitian operator of the form Z;'V:o I;(0,2)07 which is an invariant
of the motion, i.e. %I = 0 + %[L H] = 0. Suppose also that, for every fixed
value of §, (0, x) (defined on an appropriately defined dense subspace of L?(R, dx),
for instance on the space of test functions) is essentially self-adjoint and has a
purely point spectrum. For simplicity, we shall assume that all multiplicities are
one, and that one may choose normalized eigenvectors which depend regularly on 6,
namely,

100, 2)hn (0, ) = A (0)hn (0, 7) (3.1)

and [, |hn (0, )? dz = 1. The fact that I is an invariant of the motion implies by
definition that I is a solution of the Schrédinger equation if v is. The following
lemma shows how to solve the Schrodinger equation by means of the invariant I:

Lemma 3.1.1. (see [26]) (1) The eigenvalues A, (0) are constants, i.e. they do not
depend on time.
(2) If n# m, then (hm(0), (i0p — H)h,(0)) = 0.

Proof. (i) Applying the invariance property 2% + L[I(9), H(0)] = 0 to the eigen-
vector h,,(0) yields

1
Sn(6) + = (1(6) ~ Xa(6) H(O)h (6) = 0.
Taking the scalar product with h,,(0) gives a first equation,

O 8) + L0 (0) = Ma(9) (o (0), HO)(0) = 0. (3.2)

<hm(9)7 %hn i

The eigenvalue equation I(6)h,,(0) = A, (0)h,,(0) gives after time differentiation
a second equation, namely

=T (0) + (1(6) = A (6))1n (0) = A (6) 2 (6). (3.3)
Combining Egs. (3.2) and (3.3) for n = m yields A,(#) = 0.

(ii) Combining this time Eqgs. (3.2) and (3.3) for n # m yields the desired
equality.
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The above lemma shows that one may choose eigenvectors h, () that satisfy
the Schrodinger equation by multiplying them by an appropriate time-dependent
phase, which is the content of the following lemma.

Lemma 3.1.2. Let, for each n, a,(0) be a solution of the equation

day,

5 = (a(0), (10 — H)hn(0)). (3.4)
Then the gauge-transformed eigenvectors for the invariant 1
hn(0) = O h, (6) (3.5)

are solutions of the Schrddinger equation.
In other words, the general solution of the Schridinger equation is:

B(0) = cac Oh,(0), (3.6)

where ¢, are constant (time-independent) coefficients.

Let us specialize to the case when H is a time-dependent harmonic oscillator as
above, i.e. H = $(—02+ V2(#)z?). A natural idea is to assume the following Ansatz

1(6) = %[—b(&)&ﬁ + a(6)2® — ic(6) (@D, + D).

This problem has a unique family of nontrivial solutions:

Definition 3.1.3. (Pinney—Milne equation) The nonlinear equation

K
(K > 0) is called a Pinney—Milne equation. If K = 1, then we shall say that (3.7)
is a normalized Pinney—Milne equation.

¢+ £(0)

Of course, every Pinney—Milne equation can easily be normalized by multiplying
the function by the constant factor K1/4.

The following proposition summarizes results due to Lewis and Riesenfeld
(see [26]).

Proposition 3.1.4. (Ermakov-Lewis invariants for time-dependent harmonic
oscillators) (1) The second-order operator £L((?)
2 1[a? : : 2
ELC)O) = 5 at (i€(0)0x + ¢(0)) (3-8)
is an invariant of the time-dependent harmonic oscillator —2i0y — 0% + Va(6)x?

provided ¢ is a solution of the following normalized Pinney—Milne equation:

Lo, (3.9)

C+Va(0) s
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Setting & = (2, one may also write equivalently

2
EL©0) = 5 |+ (i60n + 56o) ]
1 242 52
= % l—§ a5 + ( )x + ff(x@ + 0yx) (3.10)
(2) Set
1 T o
ol0) = 5 | 5 — (€000, +id(0)0)
and
(0) = 5 | o+ (C00. + 00|
(formal adjoint of the operator a(@)). Then
ELE)O) =a"(0)a(f) + 1 (3.11)

2

In other words, for every fized value of 0, the operators a(f),a*(0) play the roles of
an annihilation, resp. creation operator for the (time-dependent) harmonic oscilla-
tor EL(E).

(3) The normalized ground state of the operator a(0) is

ho(#) = ﬁﬁxp((—éfj—e) +5E000)) ). (3.12)

(4) The solutions of Eq. (3.4) giving the phase evolution of the solutions of the
Schrodinger equation are given by

1\ [ ae
oy, (0 n 4+ 3.13
o=-(+3)[ @ 349)
provided one chooses the time-evolution of the eigenstates h, by setting
i 1 .
(s duhn) = 5 (7 5) (€6 = €2 (3.14)

The above choice for the time-evolution of the eigenstates appears natural if
one requires the standard lowering and raising relations a(8)h,,(6) = n'/%h,_1(8),
a*(0)hn(0) = (n +1)/2h, 1 (#). Then computations show that

(o Boha) = (o, Boho) +i%(¢C = ). (3.15)

Hence there only remains to choose the time-evolution of the ground—state hg. This
particular choice leads to the (n+ %)—factor typical of the spectrum of the harmonic
oscillator. Note that the h,(0) do not satisfy the gauge-fixing condition typical of
the adiabatic approximation (see Joye [21] for instance). But this phase choice
leads to a nice interpretation of the phases v, (up to a constant) as a canonical
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coordinate conjugate to the classical invariant €L, (see Lemma 3.2.2 below) for
the corresponding classical problem, in the generalized symplectic formalism for
which time is a coordinate, so that the problem becomes autonomous (see Lewis—
Riesenfeld [26]; see also Sec. 4 for the symplectic formalism). Also, as mentioned
in the Introduction the natural time-scale (both for the classical and the quantum
problem) is 7() := [ o 5‘55

The connectlon with the preceding sections is given by the following classical
lemma (see [27], Chap. 3), which is an easy corollary of Proposition 2.3.2:

Lemma 3.1.5. (1) Let & be a (non-necessarily periodic) solution of the equation

1
55”/ +2ué’ +u'E =0, (3.16)
so that & stabilizes 0% +u. Then ¢ := /€ is a solution of the Pinney—Milne equation
1,(8)/2
" +u()¢ — (53)/ =0, (3.17)

where I,(€) := " — & + 2u&? is the constant defined in Proposition 2.3.2(2).
In particular, if € = % + 13, where (11,12) is a basis of solutions of the Hill
equation (0% +u)p =0 and { = /€, then
e
@
where W := 1p10pl, — i 4pg is the Wronskian of the two solutions.

(2) Consider & € Stab, such that ¢ = /€ safz'sﬁes the Pinney—Milne equation
(3.18), and a time-reparametrization ¢. Then & = ¢'~1 - £ o ¢ is a stabilizer of

0%+ 1 := ¢.(0* +u) and C:= \/g~ satisfies the transformed Pinney—Milne equation

"+ u(0)¢ — =0, (3.18)

- - W?
C//+ﬂf§_<~_3:0

for the same constant W.

The interesting point now is that one can choose the Ermakov—Lewis invariant
in such a way that the invariant associated to the image of the time-dependent
harmonic oscillator D by a time reparametrization (through the representation
01/4) is its image by a very natural transformation (essentially, by the correspond-
ing change of coordinates). This provides an elegant, natural explanation for the
complicated-looking phase appearing in the formulas for oy 4.

Theorem 3.1.6. Let D := —2i0y — 92 + Va(6)a? be a time-dependent harmonic
oscillator, ¢ satisfy the Pinney equation " + Va( — C3 =0, and EL(C?) = %[(%)2 +
(i€0z + ('w)?] be the associated Ermakov—Lewis invariant.

Let ¢ € Diff | (R/27Z) be a time-reparametrization and Vs be the image of Vs
through ¢, defined by o1/4(¢) - D = —2i0p — 02 + Va(0)a?



Confluentes Math. 2010.02:217-263. Downloaded from www.worldscientific.com
by CHINESE ACADEMY OF SCIENCES @ BEIJING on 12/13/17. For persona use only.

A Classification of Periodic Time-Dependent Generalized Harmonic Oscillators 245

Then:

(1) ¢ == (¢ o p" )2 . C o ¢! satisfies the transformed Pinney equation " +
Vol = 55 = 0.

(2) Consider the transformed Ermakov-Lewis invariant

N 7\ 2
EL(C?)(x) ;:% (%) +<if@i+%£> , (3.19)

where (0,%) = (¢(0), x\/¢'(0)) are the transformed coordinates.
Then

EL(C?) = m1ya(@)EL(CP )1 a(9) 7. (3.20)

In particular, ﬁ(@) is an Ermakov-Lewis invariant for o1,4(¢)D.

Proof. (1) follows from Lemma 3.1.5(2). This implies that 6"2(53 is an Ermakov—
Lewis invariant for oy,4(¢) - D. Supposing one has proved that EL(¢?) is the con-

jugate of EL(C?) by m1,4(¢), then it follows once again that EL(C?) is an invariant
for 01 /4(¢) - D since

(01/4(¢) - D)EL(C?) = EL(C*)(01/a(9) - D)
= ¢I7T1/4(¢)D ) 5£(C2) '7T1/4(<Z5)_1 - 7T1/4(¢) '5£(42) ) ¢/D7T1/4(¢)_1
=0

(the function of time ¢’ commutes with the operator ££(¢?)).

So all there remains to show is that &(52) is indeed conjugate to ££(¢?). This
is actually true for both terms appearing inside parentheses in the expression for
the Ermakov Lewis invariant (and trivial for the first one). Set €& = (0, + ¢’z and

= ZC(“) —|— x Then a simple computation shows that

1

—2(8 +axl’ —|—;ng

On the other hand,

<7r1/4<<z>>87r1/4(¢>‘1>w<é7 i)

2

= (¢'(9))" Vaeit N Emya(d) (0, @)

(
S(0(0) 1 EE (o),

L)@ (0) e TTET Y (3(0), /T @) (321)
Hence 7T1/4(¢)(€7T1/4((]5)71 = (cj O



Confluentes Math. 2010.02:217-263. Downloaded from www.worldscientific.com
by CHINESE ACADEMY OF SCIENCES @ BEIJING on 12/13/17. For persona use only.

246 J. Unterberger

We now want to be able to write the general solution of the Schrédinger equa-
tion as

P(0) = /E 'O ey by (0)do (k)

(for some spectral measure o on a set X, a discrete measure in the case studied by
Lewis and Riesenfeld) with periodic eigenstates hy and a phase «y with periodic
derivative, i.e. given by integrating a periodic function, so that

P(0 +2m) = / e ey (0)do (),

where the \; 1= ai(0 + 27) — o (0) are constants and measure the rotation of the
eigenstates hy after a time 2. Then the monodromy operator is unitarily equivalent
to the multiplication operator f(k) — f(k)e™r on L?(%,do).

Consider any Schrodinger operator with quadratic potential Va(f)2? and an
associated nonzero vector field £ € Stab(V2) as before. (We postpone the discussion
of “resonant” operators (classes (i)bis and (iii)bis) to the next section.) It turns out
that the eigenstates hj and the measure o can be taken as the (possibly generalized)
eigenfunctions and spectral measure of one of the three following “model” operators
H, depending on the sign of the invariant I,,(§):

(i) (I,(§) > 0) : take for H the standard harmonic oscillator

1
H = —5(82 —a*r?), a€R;

this case corresponds to harmonic oscillators of type (i), i.e. Schrodinger operators
of type (i) conjugate to —2idy — 0% + a?2? with a? > 0;
(i) (I,(€) < 0) : take for H the “standard harmonic repulsor”

1
H= —5(82 +a*z?), ac€R;

this case corresponds to harmonic repulsors of type (i), i.e. operators of type (i)
conjugate to —2idp — 02 — a?z? (—a® < 0), and operators of type (ii);
(iii) (I,(€) = 0) : take for H the usual one-dimensional Laplacian,

Lo
this case corresponds to operators of type (i) conjugate to the free Schrodinger
operator —2idp — 02, and operators of type (iii).

Note that this classification is equivalent to the classification of the (conjugacy
classes of) monodromy matrices for the associated Hill operators 93 + V5(6) into
elliptic, hyperbolic and unipotent elements.

The next section circumvents the spectral analysis technicalities by solving the
associated classical problem. The essentials for understanding the (operator-valued)
monodromy for the quantum problem are already contained in the study of the
(SL(2,R)-valued) monodromy of the ordinary differential equation & = —V5(0)z,
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so we found this short digression convenient for the reader. Then we study the
spectral decomposition of the above model operators. Finally, we solve the quantum
problem for a quadratic potential V()22 and compute the monodromy operator.
The general case D € S¥ may be reduced to the quadratic case D € S3f after
applying some transformation in SV, except for the operators of types (i)bis and
(iii)bis which will be treated in the last section.

3.2. Solution of the associated classical problem

The associated classical problem (obtained for instance as the lowest-order term in
i in the usual semiclassical expansion) is a Hill equation.

Definition 3.2.1. (classical problem) Let H be the classical Hamiltonian

1
H = S+ Va(0)a?).
The asociated motion in phase space reads ¢ = 0, H = p, p = —0,H = —V5,, which

is equivalent to the Hill equation (87 + V2)z(#) = 0.

Lemma 3.2.2. (1) Suppose Vs is of type I with o # 0 or of type II, and choose
& € StabVs so that 1,(§) = 2 (€ is real in the elliptic case and purely imaginary in
the hyperbolic case). Then

EL(E)(z) = (3.22)

N | —
~| 5,
+
2
VR
3.
|
o |
s
8
~

(V)

s an tnvariant of the motion.
(2) Suppose Vo is of type I with « = 0 or of type III (so that the associated mon-
odromy is unipotent), and take any & € StabVa, € # 0. Then

ELa(E)(x) =5 € (x - l—JU) (3.23)

s an tnvariant of the motion.

Proof. Simple computation (££. may be obtained from the quantum Ermakov—
Lewis invariant by letting A go to zero). O

Assuming V5 is elliptic, i.e. of type I with o > 0, one may choose £ > 0.
Then the equation £L£.(€)(z) = C, C constant is equivalent to (£)2+22 =C

after the function- and time-change 7( fe E‘fz:), = £12(0)2(7(0)), with
obvious solutions cos 7, sin 7. Hence a ba51s of solutions of the equation of motion is
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given by
0 ’ 0 /
do dé
— 1/2(8) cog . —2)sin [ 24
21(6) = €/2(6) cos/ 7 w0 =€70) bm/ T (3.24)
Assume for instance that £(0) = 0, and choose fe ‘w = g%. Then (3!)(27) =
(CosT Ty, (32)(0) with T' =[] - Ea(tg/ Hence the elgenvalues of the monodromy

matrix are given by +iT'.

In the hyperbolic case (type I with o < 0, or type II), £ := in is purely imaginary.
The above formulas (3.24) give solutions of the Hill equation on either side of any
zero of ¢ (note that the normalization I, () = 2 implies £(0) ~p—g, £2i(0 — 6p)
near any zero, so that (3.24) defines a continuous function, as should be), but
the easiest way to define the solutions x1,x2 globally is to use a deformation of
contour. One may always assume that £ is analytic on some complex neighborhood
of R (it is conjugate by a time-reparametrization to some u, o which is entire, see
Proposition 2.2.3). Define a contour I' from 0 to 27 which avoids the zeros of &
by going around them along half-circles of small radii centered on the real axis.
This time (see discussion in Sec. 2.2), the half-circles must be chosen alternatively
in the upper- and lower-half planes so that Re £(2) > 0 on T'. Then (;!)(27) =

(cosT —sin Ty, (32)(0) as before, with T' = [, g‘fz )

sinT  cosT
this time.
Finally, in the unipotent case (type I with o = 0, or type III), normalize £ by
setting for instance £(0) = 1, §(0) = 0, so that ¢ is purely imaginary. The same
function- and time-change yields (d—z)2 C, hence a natural basis of solutions is

given by z1(6) = £'/2(6),22(0) = £'/2(8) | ; g(fZ, To get globally define solutions,

one avoids the double zeros of & by drawing half-circles in the upper half-plane.
Then the monodromy matrix is ((1) ) with T = [ Edg: = Jr m;i(";/ .

3.3. Spectral decomposition of the model operators

We shall need below the spectral decomposition of the three model operators
—3(0% — a*z?), —3(0% + a*a?), —$0? introduced above. They are essentially self-
adjoint on C§°(R) by the classical Sears theorem (see [3], Theorem 1.1, Chap. 2
for instance), so the spectral theorem applies. The first operator has a pure point
spectrum, while the second and third have an absolutely continuous spectrum. Note
that —102 is non-negative, while the spectrum of —1(82 + a?2?) is the whole real
line, as the following lemma proves.

Lemma 3.3.1. (1) (elliptic case) The spectral decomposition of L?(R) for the oper-
ator —1(02 — a®x?) is given by

LQ(R) = @nzoLz(m_%), (3.25)
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2
where La(n+%

tions Cal/*¢=**"/2He,, (z:/a) for some constant C (see [1] for the notations and
normalization).
(2) (hyperbolic case) Set, for A € R,

) is one-dimensional, generated by the normalized Hermite func-

1/4
¢,j\t($) = (g) H/8ag—iaz® /2

a

2 ; 1 A
+ %e”“w a1 By <Z <3 + z_) §;iax2>] , (3.26)
F(i+ %) a

where 1 Fy is the usual confluent hypergeometric function. Then Hiﬁf = /\w/j\[ and
the (¢f, A €R) form a complete orthonormal system of generalized eigenfunctions
of the operator H = —3(92 + a*a?), so that any function f € L*(R) decomposes
uniquely as

f@ = [t @Fmi [T (3.27)
R R
with g=(\) = [ f(x)0i (x) da. In particular, the following Parseval identity holds,
2 7. _ 0y [2 — W2
[ U@l = [1gt 0P+ [ lamooRax (3.28)

(3) (unipotent case) Set, for X > 0,9 (z) = eHieVIN Thep HyE = X\ and the

i A > 0, form a complete orthonormal system of generalized eigenfunctions of
the operator H = —%837 with the usual Parseval-Bessel identity.

Proof. (1) is classical and (3) is straightforward by Fourier inversion and the
usual Parseval-Bessel identity. Case (2) is less common, though it can certainly
be found somewhere in the literature. Let us explain briefly how to obtain its spec-
tral decomposition for a = 1. The easiest way is to remark that H = AAA~!
where A = £(20, + 0,z) = i(20, + 3) and A is the image of the rotation matrix
(Zﬁ?:ﬁ ;Zi:;;{f) by the metaplectic representation. The operator A is unitary.
Explicit formulas found for instance in [15] show that

oo

(A9)r) = Ve [ ey ay (3.29)
0

As for the operator A, it is conjugate to i(9,+ %) after the obvious change of variable

x = te¥, hence its spectral decomposition is given by Fourier inversion on either

half-lines, A¢T = AL (A € R) with ¢F(z) = x;%%)‘ constituting an orthonor-

mal basis of generalized eigenfunctions. Finally, 1/J>j\t = A(bf may be obtained by
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applying the following formula (see [10])

/Ooox”_le_ﬁrz_w dx = (25)_V/2F(V)€W2/85D—u (%)

(Re 8,Re v > 0) where D, is a parabolic cylinder function, also given by

D,(z) = 21//2622/4{L N ( v 1.22/2>

e i)
Vor 1—v 3 4
—ZF(—V/2) 1Py ( 557 /2)} (3.30)
(see [7], 8.2. (4), p. 117). |

3.4. Monodromy of non-resonant harmonic oscillators
(elliptic case)

We assume here that D € S¥ is of class (i) with o > 0. Then D is conjugate by a
transformation in SV to an operator of the type —2idp — 92 + a2z +~ where a > 0
and 7 is a constant. Choose ¢ = % so that /¢ satisfies a normalized Pinney—Milne
equation. Then Proposition 3.1.4 shows the following:

Theorem 3.4.1. The solution of the Schrodinger equation with arbitrary initial
state

$(0) =) enhn(0) (3.31)

n>0
is given by

P(0) = cpeT i DO=002), (g). (3.32)

n>0

The monodromy operator is given by the “infinite-dimensional” monodromy matrizx
Mp := diag(e"*,n € N), with \, := —2r(n + 1)a — 7.

3.5. Monodromy of harmonic repulsors (hyperbolic type)

One assumes now that D € S%% is either of class (i) with a < 0 or of class (ii).
Consider again the Ermakov-Lewis invariant

1

28

where one has assumed that £ = in is purely imaginary this time, and Iy, (§) = 2.
Note that EL£(in) is anti-hermitian. Then

EL(in) — ik

i B

1.)°
22+ (zf@x + 553}) ] , (3.33)

1—1p? 1.9 2k
il 2 il —]. (3.34)

1 n
—— 0% —itx0, +
2{ n 7> 2n 0
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Suppose ¥y # 0 is an eigenvector of the Ermakov—Lewis operator, EL(in)vy, =
ikt. Then Proposition 2.1.4 implies that ¢ := exp —3%362 11 is a generalized
eigenfunction of the model harmonic repulsor, namely

1 22\ - k -
3 (32 + F) Y = ;wk’- (3.35)
Hence:

Lemma 3.5.1. (1) The equation (EL(in) — ik)yr, = 0 (k € R) has two linearly
independent solutions,

i 1 1 422
0,x V2(2in)t/4 k/4e4 g 267%$2 — 1 F ( 1+ 2ik —)
even( ) ( T]) F(%—FZ%) 1 4( ) n
and
k L \1/4 kj4 a2 g 1 32%2
0,2) = 2v/2(2in) ek tetn e T —— 5. F( 3+ 2tk )
Yoaa(t x) (2in) 7 TE+ib) 1P = ( ) ;

The functions ((V¥,on, ¥E ), k € R) constitute a complete orthonormal system
for the operator EL(in).
(2) One has

2k ] )
Dk (2) = (n g) e

and

D%dd( ) = (%—2%”) (]fdd( )-

Hence v — \/—exp kfe Ea(tg/ koo(x) and v — %exp(k fe E‘gel))z/}(’fdd( ) are solu-

5 even
tions of the Schridinger equation.

Proof. (1) is a direct application of Lemma 3.3.1, while (2) follows from an easy
computation using the confluent hypergeometric differential equation
d2

d
z@ 1Fi(a,¢2)+ (c—2)—

dz 1F1(0,7C,;Z)—CL]_Fl(a,C;Z):O' o

The eigenfunctions ¥, ¥*,, depend analytically on ¢ for ¢ € C\R_. If the
operator D is of type I (so that & has no zero), say with v = 0, then the phase
exp(k [ o %z:)) gives the monodromy. If D is of type II, then one must resort to
a deformation of contour in order to avoid the singularities, as in the classical
case, see Sec. 3.2. Note that the deformation of contour may change drastically the
behavior of the functions ¥, , ¥k, for large = or large k (for instance, ¥, and
w(lfdd become exponentially increasing for large x). Hence, in order to be able to
follow the phase shift of the eigenfunctions ¥, z/ded along the contour I without
getting divergent integrals, it is better to assume to begin with that the “Fourier

transform” (with respect to the spectral decomposition of £L£(£)) of the solution
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has compact support. In other words, the solution of the Schrédinger equation with
initial state
0(0.2) = [ ex0then0.2)dk+ [ o (R)k(0,2) dk
R R
for z € I' (complex time), where ¢4, c_ are assumed to be compactly supported, is
given by

b(z,2) = [5D [ o, ek s e/

@ R + EVen(Zax),dk

0 Edel g .
"‘%/Rc—(k’)ekjo ) 79/2¢§dd(z’$) k.

An immediate corollary is:

Theorem 3.5.2. Let 1(0) € L?(R), with decomposition
0(0.2) 1= [ eelBubnO )b+ [ o (B)ba0,) di. (3.36)
R R
Then the solution of any type (i) Schridinger equation with initial state 1¥(0) is
given at time 0 = 27 by

b2, 2) = / ex (R)ET=m Ik (0, ) dk + / e_ (k)M Tk (0, 2) dk,  (3.37)
R R

where T = Ozﬂg(l—z) or frgc(l_Z) (depending on the class of Vi), with T cho-
sen as in Sec. 3.2, is purely imaginary. The associated monodromy operator in
B(L3(R), L?(R)) is unitarily equivalent to the multiplication by the function k —

kT =iy with modulus one.

3.6. Monodromy of non-resonant operators of unipotent type

Suppose now D € S%f; is of class (i), @ = 0 or (iii). Then

= %

(¢ € Staby,) is an invariant of D (note the difference with respect to Proposition
3.1.4). Case (i), o = 0 is trivial, for it is conjugate to the free Schrodinger equation.
So assume D = —2idy — 0% + Vaa? is of class III. Take & = in with > 0 as in
Sec. 3.2. Then (if k£ > 0)

gL —ik 1 in \* k
= (e t) 5

i1 o . |2k
Vi, +(2) == exp ——2° -exp £iy | —2 3.40
(@) 1= exp g (3.40)

constitute a complete orthonormal system for ££(in) (the same statement holds

ELE)(0) = & [(igaﬁ%gx) ] (3.38)

So

true for potentials of class (i), in which case 7 = 1 and the exponential prefactor is
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trivial). A short computation shows that

Hence one has the following:

Theorem 3.6.1. Let 1(0) € L*(R), with decomposition

0(0,2) = /R &y (k) s (2) dk + /R e (k)n_ (x) dk. (3.41)

n
Then the solution of any type (i), a = 0 or type (iii) Schridinger equation with
initial state ¥(0) is given at time 0 = 27 by

(2, z) = /]R ey (k)eFT=1™vapy o (x) dk + /R e (k)eFT=1™ vy (x)dk, (3.42)

+

where T = f(fﬂg(l—z) or fF E‘f—g), T chosen as in Sec. 3.2 (depending on the class of
Va) is purely imaginary. The associated monodromy operator in B(L?(R), L*(R)) is
unitarily equivalent to the unitary operator on L?(Ry) given by the multiplication

by the function k — eFT—7m7,

4. Symplectic Structures and General Solution of the
Schrodinger Equation

The general emphasis in this section is so to speak on the non-quadratic part of
the potential, namely, on Vo and V; if D = —2i0p — 02 + Va(0)z? + Vi(0)z +
Vo(0). Tt contains somewhat loosely related results: a definition of a three-
dimensional invariant (£, d1,02); a generalization of the Ermakov-Lewis invariants
to general potentials; a symplectic structure on a space “containing” 8252 such
that the SV-action becomes naturally Hamiltonian; finally, the computation of the
monodromy for the “resonant” operators of type (i)bis, (iii)bis.

Definition 4.1. We shall say that D € S¥ is of generic type if: D is of class (i),
D conjugate to D, = —2idp — 02 + az? + v with o # n?/4,n=0,1,...;0r D is
of class (ii), D conjugate to Dy, o~ = —2i0p — 02 + . (0)2* + 7.

Denote by Si%’gen the set of operators of generic type; it is a disjoint union of
SV-orbits.

Note (see Corollary 2.4.4) that the isotropy group of an operator D of generic
type is generated by M; and some L¢ + Vg, + My, with £ # 0.

Definition 4.2. Let D = —2i0p — 02 + Va(0)z? + V1 (0)x + Vo (0) € S%ggen be of
generic type.
Define:

(i) £(D) to be the unique (up to a sign) periodic vector field such that £(D) €
Staby, and Iy, (£(D)) = 2 (€ real in the elliptic case, purely imaginary in the
hyperbolic case);
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(ii) 01(D) to be the unique periodic function such that

61(D) + Va61(D) = —% (Vﬁ(D) + gvlé(m) ; (4.1)

(iii) d2(D) to be the unique periodic function (up to a constant) such that
1 /° 1
5(D) =~ [ Vi#)6:(D)O)a8’ ~ 3é(D). (42)

Observe that L¢ + Vs, + M, € Lie(Gp) is indeed unique (up to the addition
of a constant times M) as follows from Corollary 2.4.4. The ambiguity in the
definition of do may be solved by choosing for each SV-orbit an arbitrary base-point,
an invariant (&, 41, d2) for this base-point, and transforming (&, 41, d2) covariantly by
the adjoint action along the orbit. Some nonlocal formulas fixing d2 more explicitly
can probably be found, at least for potentials of type (i) (see Lemma 2.4.5), but we
shall not need them.

Another problem comes from the fact that the map (Va, Vi, Vo) — (§,01,02)
is not one-to-one (nor onto). Suppose one has some triple of functions (§,d1, d2).
Under some conditions that we shall not write explicitly (depending on the class of
the potential), (£, d1, d2) is an invariant for some potential (Va, V1, Vy); the quadratic
part V5 is given (by definition) by V2 = 55(2 — €€ + 1€2). (Supposing ¢ has only
a finite number of zeros, all of which are simple or double, one has some rather
straightforward conditions on the values of j—g and % at the zeros of £ that ensure
that & € Staby, for some potential V5.) But V; is not determined uniquely if &
does not vanish on the torus, since £~3/2 is in the kernel of the operator £0 + %5
(see formula (4.1)). This can easily be explained by supposing (by conjugating by
some element g € SV) that D is the model operator D = —2idy — 0% 4+ ax?® + v
(o generic). Then ¢ is proportional to the constant vector field £ which com-
mutes with )y, hence the invariant (£, 61, d2) is left unchanged by space-translations,
whereas the operator D (and also the generalized Ermakov—Lewis invariant defined
in Theorem 4.4 below) is not. Hence the vector invariant (&, d1,02) parametrizes
Schrodinger operators of type (i) “up to space-translations”. On the other hand,
the map (Va, V1, Vo) — (&,01,02) is one-to-one for operators of type (i) (up to a
sign for §).

It is not a priori self-evident that 02 defined by Eq. (4.2) is a periodic function.
Considering the “inverse problem”, i.e. supposing that the invariant (&, d1,0d2) is
given, and supposing £ does not vanish on the torus, one must also check that
every choice for V; gives a function o which is periodic. This is the content of the
following lemma:

Lemma 4.3. One has:

1

d d —32 —_li / _ ¢—3/
70 (5@(5 51)) = 2d9(§3 Vi) — €726, (4.3)

This formula implies: 027r§73/261 =0; ff”vlél =0.
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Proof. Using the invariant equations fé — %52 + 2V5€? = 2 and b1 4 Vady =
—t(Vig+ %‘/15), one obtains

(61/251) Ld esés) — LD ey — g3,

2do

hence the first equation, which implies immediately: fgﬂ§’3/2(0)(51 (0) df = 0. Hence
(considering the inverse problem), if some potential V; verifies f02ﬂV1(0)51(0) do =0
(so that 09 is well-defined), then this is also true for all possible potentials V3. Now,
integrating the first equation, one gets

2d9

d 1 1 0
EGE 1) + 36 = = [ @)0,0) a0
hence
d 1 1 ¢
1/2 _ L3 - —3/2(p/ / /
&7V = 2[d9(§ 51)+§/ 13 (0)51(0)d0].
Hence

6 0 .
/Vl(a')%(@’)d(":/ (E72Va)(8")(¢761)(6") b’

— <§ 30 (/ £3/2(p )d@) (4.4)

and the integral over a period is zero. O

The following covariance result is an extension of Theorem 3.1.6.

Theorem 4.4. Let D € S<2 gen b€ of generic type, with associated invariant (§ =
f( )751 = 51( )752 - 52( )) Then

(1)

EL(D) = % E (1 + %§2> 2 — €02 + %f(w@m + 0,2) + (—201(—10:)
: 1
+ (Vi€ +201)z) + 2 (52 + 5voﬁ)] (4.5)
s an tnvariant for the Schrodinger operator D.
(2) Let (¢ (a,b)) € SV and g : (0,2) — (0',2) \/gzﬁ —a(B)) be the
associated coordinate change. Then
m14(®; (a,0))EL(D)m/4(9; (a, b))t = ETZ(DL (4.6)

where éZ(D) is obtained by applying the transformation g to the coordinates, chang-
ing the potentials Vo and Vi by the oy 4-action of SV, and transforming the invariant
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as follows:
£=¢ oo™l (4.7)
fi= 0261007+ (G- gad) (4.9
Gy =0y0 06~ + (610 — ady) + &b + (£(a? — aii) —Eaa —Ea?). (4.9)

Furthermore, (é, o1, 6~2) is the invariant associated to o1/4(D).

Proof. (1) Look for an invariant of the form

% [a(0)2® = b(0)0; — ic(0) (20, + Oy) + d(0)(—idy) +e(B)x + f(0)]  (4.10)
and solve in a, b, ¢, d, e, f. One obtains the following constraints:
a=2Vae, b=—-2c, ¢=—a+ Vb, (4.11)
whose general solution is in Proposition 3.1.4 above, namely, a = %(1 + i£2)7 b=¢,
c= —%5 , and the set of following equations:
d=Vib—e, é¢=Vict+Vad, f= %dv1 (4.12)

which implies the compatibility condition
d+ Vod = V1€ + §V1§.

(2) Since (assuming I,,(£) = 2 is fixed), there is a unique invariant for operators of
generic type, one necessarily has

L+ Vs, + Mg, = Ad(¢; (a,b)) - (Le + Vs, + Ms,) (4.13)

which gives the above formulas for (£, 8y, d2).

There remains to check for Eq. (4.6). Consider first the covariance under a
time-reparametrization ¢. It has already been proved for the quadratic part of the
Ermakov—Lewis operator, see Theorem 3.1.6. The linear part —2(—id10, + (V1€ —
61)z) transforms covariantly under ¢ since (see proof of Theorem 3.1.6)

Vié — dov _ @2 <V1 E— 6 — 1%@) 08100 = —i010, (4.14)

and

(m1/4(8)(=i01(0)0, + (Vi€ = d)a)mija(671)) v
= SO (b1, + (Vg — b)) eI u(6(6), 2/ 3(6))

(—i010p + (Vi€ — 61)2" )0 (¢', 2). (4.15)
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As for the zero-order term —3 (02 + 3Vo€), it is obviously invariant under the con-
jugate action of 7y /4(¢). Since Vol = (Vo€) 0 ¢~ 1, this implies also oy = dz 0 ¢~ 1.

Consider now the covariance under an infinitesimal nilpotent transformation
V¢, + My,. One has

[a0y + tax + b, EL(E, 61, 62)]

% [a@m +iax, % (1 + %52) 2% — 0% + ifxdy — 2(01(—i0,) + (Vi€ — 61)33)}

_ %{ (2? (1 + 35) +a5’) @ — (a€ + 24€)(—id,) — 2a(Vié — 81) +2a61},
(4.16)

to be compared with the infinitesimal change of ££ under the transformation x —
z+ea, 01 — d1+e(fa—1af), 6 — Sa+e((dra—ady)+Eb), Vi — Vi —2¢e(i+Vaa). This
is a straightforward computation, which requires the use of the equation defining

¢ namely, € = $(1+ §€2) — 215¢. 0
Using the parametrization of S . by the vector invariant (€, 61, d2), one can
easily define a natural symplectic structure on a linear space 2 and a Hamiltonian

action of SV on Q) reproducing the SV-action on S%%’gen.

Definition 4.5. Let Q ~ C>°(R/27Z,R*) be the linear manifold consisting of all
2n-periodic vector-valued C'*° functions X (7) := (p,q, E,t)(7), 7 € R/27xZ with
singular Poisson structure defined by

{p(r),q(7)} = 6(r = 7), {E(),t(r)} =d(r — 7). (4.17)

See for instance [14], Chap. X for some remarks on distribution-valued singu-
lar Poisson structures on infinite-dimensional spaces. The energy E is canonically
conjugate to t, which allows us to consider generalized canonical transformations
for which ¢ is a coordinate. This usual trick for Hamiltonian systems with time-
dependent Hamiltonians can for instance be found in [9]. Hamiltonian vector fields
Xy, for H= H(p,q, E,t), acts separately on each fiber 7 = constant, namely,

(X f)(7) = {(0,HO, — 0,HO, + OpHO, — 0, HOg) [ }(r). (4.18)

Definition 4.6. Let (£, d1,02) be a triple of 2m-periodic functions. Define ® :=
®(&,01,02) to be the following functional on €,

(@.X) = § {r)EE) + ) + (o)

— & (t(1))q(T) + 62(t(7)) }dr. (4.19)
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Theorem 4.7. Represent Ly + YV, + My, € sv by the Hamiltonian vector field
Xr(f,9,n) associated to

H(7.0) = = (OB + 3/ 0pa + 17 ) - @Op+ 300 10 (120

Then the action of Xy on the functional ®(€,01,0d2) coincides with that given in
Theorem 4.4.

Proof. Observe that the map from sv to the Lie algebra of vector fields on 2 given
by Ly +YVy+ Mp — Xy (s g.n) is a Lie algebra homomorphism. The vector field Xp
is given explicitly by

Xatram == | 5100, ~0,) + F000 ~ 3000, | ~ )2, (0,

+ [(%f(t)pq + f(t)E + %f’”(t)f) +(gp + §a) + f'l(t)} O

(4.21)

The rest is a straightforward computation. O

Let us conclude this section by computing the monodromy for “resonant” oper-
ators of types (i)bis and (iii)bis.

Consider any resonant operator D. The associated classical monodromy is unipo-
tent. We choose £ € Staby, to be purely imaginary, £ := in as before (see Sec. 3.2).
A generalized Ermarkov—Lewis invariant may then be defined as

-5 + % [d(—id,) + ez + f], (4.22)

where d, e, f are defined as in Theorem 4.4 but with £ replaced by 7 (see Eq. (4.10)
for notations). Hence

£L(D) = = [(ig@r n %fm)Q

EL(D) — ik 1 ( iﬁ)Q d, . e fl k
— = —— [0 — =7 ) ——(—i0y) — -z —=| — —. 4.23
£ 2[ 21 77( ) N (423
Suppose EL(D)yy, = ik and set
B —expf il id
Vg —exp< 4n1‘ + 2n1‘> V. (4.24)
Then a simple calculation gives
1 9 e —f4+2k 1/d\?| -
2_ — —_— — —_— —_ —_ =
[895 <2d7}2 +n>x+ ) +4 <7l) ]wk 0. (4.25)

If D is of type (i)bis, then d,e, f (easy to obtain from Theorem 4.4 and the
isotropy algebra given in Sec. 2) satisfy %dn% + % = 0 identically, so the model
operator is (up to a constant) the Laplacian as for case (iii). Then the monodromy
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can be computed along the same lines as in Sec. 3.6, with a time-independent shift

in k due to the function —f + i% = ég;z-

Lemma 4.8. Let D = —2i0y — 0% +n?z% + C cosn(0 — o /2)z + be a Schridinger
operator of type (i)bis. Set

g (B, 2) = eXn” T ERT L FV AT (4.26)
with d = —Z sin3n(0 — 0 /2), n =1 —cos(2nd — o), k' =k +3 (%)2. Then
2k 1 (d\* X
Dipr =+ (Z) Fdr32var — 2045 ) yrs. (4.27)
’ no 4NN 2 ’
Proof. Tedious computations. O

Apart from the time-periodic shift i(%)z = (w%)zm%ﬁ (which is inte-
grable on the contour I') and the time-independent shift in k, one is left once again
with a phase proportional to k/n (note that the term in dn=3/2\/2k/ is irrelevant
since f027r(d77*3/2)(0) df = 0 by Lemma 4.3; recall d = —2§; by Theorem 4.4).

Hence one obtains:

Theorem 4.9. Let ¢(0) € L*(R), with decomposition

0(0,2) = /R es (k) (0, ) dk + /R e (k)bn. (0,2) dk. (4.28)

+

Then the solution of the type (1)bis Schrodinger equation
(—2i0p + 0% + n?2* + Ccos(nf — a/2) -z + ) =0 (4.29)

with initial state 1¥(0) is given at time 0 = 27 by

z/J(27r,x):/R a+(k)ek’T*”wk,+(o,x)dk+/ e (k)e¥ =Ty, (0, z) dk,

Ry
(4.30)

where k' =k + 3 (%)2 f27r é‘f:j (T is purely imaginary) and

&=7+%/F (%)2(0)030.

The associated monodromy operator in B(L*(R), L?(R)) is unitarily equivalent to

the unitary operator on L?(Ry) given by the multiplication by the function k —
kT —in¥
e .

Suppose now D is of type (iii)bis. Then the z-coefficient in the transformed
Ermakov-Lewis operator (4.25) does not vanish, so one must take for “model oper-
ator” —9? + x, whose eigenfunctions are related to the Airy function. The solution
of the monodromy problem will be given by a series of lemmas. In the sequel,
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7 = (1 + sinnd)(1 + asinnf) is the (real-valued and non-negative) invariant, and
0

n'/? = (1+asinnf)'/? cos(§ —ng)x is the smooth square-root of ) chosen in Sec. 2.
Lemma 4.10. Let Ai be the entire function, solution of the Airy differential equa-
tion (—0% + x)Ai(z) = 0, defined on the real line as

Ai(x) = ! /Ooocos <§ + act) dt. (4.31)

™

It is (up to a constant) the only solution of the Airy differential equation which do
not increase exponentially on Ry. The functions fr(x) := Ai(x — k), k € R define
(up to a coefficient) a complete orthonormal system of generalized eigenfunctions
of the self-adjoint closure of the Airy operator —92 + x with core C$°(R) C L*(R).

Proof. It is easy by using a Fourier transform. O

Lemma 4.11. The x-coefficient in the transformed Ermakov—Lewis invariant
(4.25) reads

L.n e —3/2
—d— 4+ = =-C, 7 4.32
27’2+77 Can (4.32)

where Cy = (1 — a)(1 + a/2)V1 — a?.

Proof. Computations similar to that of Lemma 4.3 (with the simple difference
that £€ — 162 4 2152 = 0 here) yield

d 1
L id)=p— 22 4.

where C,, is some constant which must be chosen in order that the right-hand side
be 2m-periodic. Note that the singularities in the above equation are only apparent;
one may avoid them altogether by using a contour I' in the upper-half plane as in
Sec. 3.2. Since fozﬁn = 2m(1+a/2) and [. % = —(170()2% (see Proposition
2.2.3), this gives C, = (1—a)(14+a/2)v1 — 2. Then a straightforward computation
yields formula (4.32). m|

Lemma 4.12. Set

i, id L
= —— —_ = . 2A
Vi(0, 2) exp<4nx 27733) 7 i

2
X (:cc;/?’né — 073 (—f + 2k + %d—» : (4.34)
n

.. 2
Dy (0, 2) = (% + (%% + % (%) - %)) U0, 2). (4.35)

Then
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Proof. The v are obtained as in Sec. 3.5 (monodromy of hyperbolic operators)
by taking a complete orthonormal system of generalized eigenfunctions ’(/NJ]C for the
transformed Ermakov-Lewis invariant (4.25) and going back to the functions .
Then (4.35) is proved by a direct tedious computation. O

One may now conclude:

Lemma 4.13. Let 1(0) € L*(R), with decomposition

W(0,2) = /R &(k) (0, ) dk. (4.36)

Then the solution of the type (iii)bis Schrddinger equation

0

—) -x+’y)¢=0 (4.37)

(—2i89 + 85 + vn,ozas2 +C(1+ asinn0)1/2 cos (% —ny

with initial state ¥ (0) is given at time 0 = 27 by

Y(2m, x) = /R c(k)eFT=imVah,.(0, x) dk, (4.38)

where T = f2ﬂ d“ (T is purely imaginary) and

izw—k/r (—%—F% (%)2> (0) do.

The associated monodromy operator in B(L?(R), L?(R)) is unitarily equivalent to

the unitary operator on L?*(R) given by the multiplication by the function k —
kKT —iny
e .
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