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1 Introduction
Gurland [1] proved that for all integers n e N:={1,2,3,.. .},

4n+3 [ @2n) \? 4 @ \? L)
(2n+1)2<(2n—1)!!> <”<4n+1((2n—1)!!> ' '

Recently, Mortici [2, Theorem 2] improved Gurland’s result and obtained the following

inequality:
A, <7 < By, (1.2)
where
1 2
n+ g 9 45 )
Oln=( 71 gt 5 6)( u) (1.3)
n’+3n+ 35 2,048n°  8,192n 2n -1
and
1 2
n+z 9 (2n)
= + . 1.4
P <n2 +in+ 3 2,0480° J\ (2n -1 (1.4)

In this paper, we establish more accurate formulas for approximating 7 which refine the
results due to Gurland and Mortici.

Before stating and proving the main theorems, we first introduce the gamma function
and some known results.

The familiar gamma function defined by Euler,

I(z) = Am et dt  (M(z) > 0),
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is one of the most important functions in mathematical analysis and applications in vari-

ous diverse areas. The logarithmic derivative of I'(z), denoted by ¥ (2) = 1;’((;)), is called the

psi (or digamma) function.
The following lemmas are required in the sequel.

Lemma 1.1 ([3, 4]) If the sequence (Ay)nen converges to zero and if the following limit:
lim ¥, —Ap)=l€R  (k>1)
exists, then

lim #1A, = (k>1),

l
n—00 k-1
where R denotes the set of real numbers.

Lemma 1.1 is useful for accelerating some convergences or in constructing some better
asymptotic expansions.

Lemma 1.2 Forx >0,

1 1 1 1 V1) -y 1 1 1 1 (15)
—_——t—— — ——— <Y+ )Y+ = | < — - — + ——. .
2x  8x2  64x* 128x° 2 2x  8x2  64xt

Proof The lower bound in (1.5) is obtained by considering the function F(x) defined for
x>0 by

F@=p+)-p(ss) -t
xX)=vx+)-vlx+=)]-—+ — - — + ——.
2 2x  8x2 64x* 128x°

Using the following representations:

o] e—t e—xt
¥x) = /0 <7 - 1—e—t) de (1.6)

in [5, p.259, 6.3.21] and

1 1 R
—_ = — t" *de 1.7
X F(f)./o ¢ &

in [5, p.255, 6.1.1], we find (for r > 0 and x > 0) that

oo 1 —xt (1 1 1 3 1 5 —xt
F(x) = e dt - ———ft+—t" - L’ e ™ dt
o l+et2 o \2 8 384 15,360

< pl)
=/0 1+et/ze det (1.8)
with
11 1
H=l-(=--t+—B-—— 4 &
P (2 8" 384" 15360 >( +e)

1 1 1 1 21
=1-(=--t+—1- )1+ —¢
2 8 384 15360 £~ 2
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o0
17 451 199 47
= Z(— t— =7+ — =7+ —m-7)°
— 2 30 24 24

5 1 "
b2 =T —(n-7)
2217 e )>2”+2~n!

>0 fort>0,

so that (1.8) implies F(x) > 0 for x > 0. Hence, the first inequality in (1.5) holds for x > 0.

The upper bound in (1.5) is obtained by considering the function G(x) defined for x > 0
by

= + — —
2x  8x2  64x*

G(x) i—i ! |:w(x+1)—w(x+%>].

Using the above representations (1.6) and (1.7), we find that

©/r 1 1 *® 1 o t
G(x) :/ Sty —1 e de —/ ———eMdt= / q(t e*dt (1.9)
0 2 8 384 0 1+et2 0 1+et2

[e¢]

35 , 1 Nt
:Z(2+E(n—5)+(n—5) +E(n—5)>2n+2.n!
n=5
>0 fort>0,

so that (1.9) implies G(x) > 0 for x > 0. Hence, the second inequality in (1.5) holds for x > 0.
This completes the proof of Lemma 1.2. d

Remark 1.3 A function f is said to be completely monotonic on an interval I if it has
derivatives of all orders on I and satisfies the following inequality:

-1)"f"(x) >0 (xeLneNy:=NU{0}). (1.10)

Dubourdieu [6, p.98] pointed out that if a non-constant function f is completely mono-
tonic on I = (a,00), then a strict inequality holds true in (1.10). See also [7] for a simpler
proof of this result.

From (1.8) and (1.9), we obtain

® t"p(t
(=1)"F" (x) = f 140 e dt>0 (x>0;1meNp)
o l+et?2

and

® tg(t
(-1)"G" (x) = / q) e™dt>0 (x>0;meNp).
0 1+ et/2

Hence, the functions F(x) and G(x) are both completely monotonic on (0, 00).
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2 Main results
The famous Wallis sequence (W,),>1 is defined by

1 4k>
Wo=[lgm—g (neN=1123..}).

k=1

Wallis (1655) showed that W, = /2.
It is known (see [8-10]) that

1

W,,=£+O(
n

> ) (n — 00). (2.1)

The convergence of W, is very slow, so it is not suitable for approximating . The Wallis

sequence can be expressed as (see [11-13])

1 emr \* 1 F(n+1)\>
Wn_2n+1<(2n—1)!!> _2n+1(ﬁr(n+%)) ’

Now we define the sequence (#,),ecn by

2 @ \? a b ¢ p q r
un:2n+1<7(2n_1)”> 1+;+ﬁ+$+n—4+ﬁ+n—6 . (2'2)

We are interested in finding fixed parameters 4, b, ¢, p, g and r such that (u,,),en converges

as fast as possible to the constant . Our study is based on Lemma 1.1.

Theorem 2.1 Let the sequence (u,),cn be defined by (2.2). Then for

1 3 3
=y betm Ty
(2.3)
3 33 39

= N = — s ry=— N

P=5048 17738192 65,536
we have
4,893 699

. 8 _ > . 7 _ __

nli)rgon (U — Ups1) = 262,144 and nlEIolon (u, —m) 262,144 (2.4)

The speed of convergence of the sequence (u,),cn is given by the order estimate O(n™’).

Proof We write the difference u, — u,,; as the following power series in nl:

nw(da-1) 7w(32b-24a+9) 7 (384c—480b+284a—125)

= st = 4p? * 16m3 " 128n*
7(3,136b —1,680a + 795 — 3,584¢ + 2,048p)
" 512n°
(40,960 — 92,160p — 19,523 + 39,9324 + 108,800c — 77,760b)
’ 8,19216

+ (118,167 — 238,392a — 749,056¢ + 808,960p — 540,672¢q
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+472,096b +196,608r)/(32,768n")

+ (10,838,016 — 5,963,776r —12,486,656p + 2,854,972a + 9,779,840c¢

1
- 5,688,480b —1,422,745)/(262,1441°) + O(—g).
n

The fastest sequence (u,),¢n is obtained when the first six coefficients of this power series

. . 1 3 3 3 33 39
vanish. In this case,a = 3, b=-5;,¢= 55, P = 5555 9= — 5193 andr = —g523¢» We have
4,893 0 1
Up—py=————+0[ = ).
1T 062, 14408 n°
Finally, by using Lemma 1.1, we obtain assertion (2.4) of Theorem 2.1. O

Solutions (2.3) provide the following approximation for 7:

1 3 3 3 33 39 2 e \?2
1+— - + + - -
dn  32n%  128m3  2,048n* 8,192m> 65,536m° J2n+1\ (2n—1)!

:71+O(%). (2.5)

This fact motivated us to observe the following theorem.

Theorem 2.2 Forall n € N, we have

Ap <TT < [y, (2.6)
where
1 3 3 3 33 39
=1+ — - + + - -
4n  32n%  128n3  2,048n* 8,192m>  65,536m°
2 2m) \?
. _@mn (2.7)
2n+1\ 2n-1)!
and
L] 3 3 3 2 e \? 2.8)
=1+ —-— + + . .
Hon 4n  32n%  128n3  2,048n* /2m+1\ (2n-1)!

Proof Inequality (2.6) can be rewritten as

I'(n+1)

< 1
L'(n+3)

< B(n), (2.9)

where

1 3 3 3 2\
a@)={{1+—- + +
4x  32x2  128x3  2,048x* J2nm+1

B 1,024x*(2x + 1) 12
"\ 2,048x% + 51243 — 192x2 + 48x + 3
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and

58) L 3 3 3 33 39 2\ 12
x) = + — - + + — —
4x  32x2  128x3  2,048x* 8,192x° 65,536x° ) 2x+1

B 32,768x°(2x + 1) 172
~ \65,536x° +16,38445 — 6,144x* + 1,536x3 + 9642 — 264x -39 )

The lower bound in (2.9) is obtained by considering the function f(x) defined for x > 1 by

1 1 1,024x*(2x + 1
fx)=InI'x+1)-InT{x+=)-=1In 2+ 1) .
2 2 2,048x% + 512x3 —192x2 + 48x + 3

Using the asymptotic expansion [5, p.257, 6.1.41]

1 1 1
InT@)~ (x—=)Inx—x+Inv2m + — — ——
nI(x) (x 2) nx—&+V2 + o - oo
1 1
(x — 00), (2.10)

+ — + ...
1,620x°  1,680x7

we find
lim f(x) =0.
X—>00
Differentiating f(x) and applying the second inequality in (1.5), we find that, for x > 1,

2,048x° +1,024x* — 320x% + 87x + 6
x(2x +1)(2,048x* + 512x3 — 19242 + 48x + 3)

1 1 1 2,048x° +1,024x* — 320x% + 87x + 6

—_—— + pa—
2x  8x2  64x*  x(2x+1)(2,048x* + 512x3 — 19242 + 48x + 3)

592x3 +120x% — 54x — 3 0
= <0.
64x*(2x +1)(2,048x% + 512x3 —192x2 + 48x + 3)

fx) = t/f(x+1)—1/f<x+ %)

Consequently, the sequence (f(7)),cn is strictly decreasing. This leads to

fm)> lim f(n)=0 (neN),

n—00

which means that the first inequality in (2.9) is valid for n € N.
The upper bound in (2.9) is obtained by considering the function g(x) defined for x > 1
by

g(x) :1nF(x+1)—lnF(x+ %)

1 . 32,768x°%(2x + 1)
— —In .
2\ 65,536x6 + 16,3845 — 6,144x* + 1,536x3 + 9642 — 264x — 39

We conclude from the asymptotic expansion (2.10) that

lim g(x) = 0.
X—> 00
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Differentiating g(x) and applying the first inequality in (1.5) yields, for x > 1,

g = v s - (xe 3

65,536x7 + 32,768x° —10,240x° + 2,784x> — 1,392x? — 933x — 117
"~ x(2x + 1)(65,536x° + 16,384x5 — 6,144x* + 1,536x3 + 9642 — 264x — 39)
1 1 1 1
7 2% 8x? ' Gdxt 1284
65,536x7 + 32,768x% —10,240x° + 2,784« — 1,392x? — 933x — 117

" x(2x + 1)(65,536x6 + 16,3845 — 6,144x* + 1,53643 + 9642 — 264x — 39)

342x +2,832x* + 354x% +17,312x° — 2,412x% + 39 0
= >
x6(2x +1)(65,536x° + 16,384x° — 6,144x* + 1,536x3 + 96x2 — 264x — 39)

Consequently, the sequence (g(n)),cy is strictly increasing. This leads to
gn)< lim gn) =0 (neN),
n—00

which means that the second inequality in (2.9) is valid for #» € N. The proof of Theo-
rem 2.2 is complete. O

Remark 2.3 Let oy, B4, A, and i, be defined by (1.3), (1.4), (2.7) and (2.8), respectively.
Direct computation would yield

3(1,0561 + 704n + 141) @) \?
Ay —Qy = >0
32,768n°(2n +1)(32n2 + 16n + 3) \ 2n - 1)!!
and
3(64n2 + 601 + 9) @n \?
Mn—Bn=— 5 D) <0,
2,0481°(2n +1)(32n% + 161 + 3) \ (2n —1)!!

which show that inequality (2.6) is sharper than inequality (1.2).
By using Lemma 1.1, we find that

1 1
an=n+OE, n=n+0$,
1 1
)»,,=7T+O(—7>, ,LL,,=JT+O(—5>.
n n

Among sequences «,, B, A, and u,, the sequence A, is the best in the sense that it is the

fastest sequence which would approximate the constant 7.

The logarithm of the gamma function has the asymptotic expansion (see [14, p.32]):

1 1
InT(x+¢t) ~ <x+t— E)lnx—x+ 51n(27r)

o (-1)"'B,a (1) 1
+ HXZI: el w (x — o0). (2.11)
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Here B,,(t) denote the Bernoulli polynomials defined by the following generating function:

(2.12)

xet* o X"
1 = X():Bn(t);
n=

Note that the Bernoulli numbers B,, (n € Ny) are defined by B, := B,(0) in (2.12).

From (2.11) we easily obtain
(2.13)

T(x+1t) N
T'(x+s) *

Z jGi+1) X

j=1

oo ( (1) Bia(8) = Bia(s)) 1 ) > 0).

Taking (s,£) = (1, %) in (2.13) and noting that

B,(0)=(-1)"B,(1) =B, and Bn(%) =(2""-1)B, (neNy)

(see [5, p.805]), we obtain
(2.14)

o 2((-1Y(1-27) = 1)Bjyy 1
(Z G+ 1) 5) (e = o).

Fx+3)7* 1
[Fen]

Cx+1) X

namely,
1 1 1 17 31

2
1
~ —exp| —— + - + -
] x p( dx  96x3  320x°  7,168x7  9,216x°
691 5,461 929,569
+ - + - (x — 00). (2.15)
90,1121 212,992x13 © 7,864,320x1°

1

Cx+3)
|:F(x+ 1)

From (2.15) we imply
2 1y 2
2n-1)! _ 1 C(n+3)
2n)! a\Tn+1)
1 1 1 1 17 31
~ —expl-—+ - + -
nrw 4n  96m3 320m°  7,168n7 9,216m°
691 5,461 929,569
+ - + -, (2.16)
90,1121 212,992x13 = 7,864,320n1°

which implies the following asymptotic expansion for 7:
e \*1 1 1 1 17
~———) —exp[-——+ - +
@i—11) P\ an " 96n3 " 3201° 716817
691 5,461 929,569
) (2.17)

31
9,216n°  90,112n'1  212,992n'3  7,864,320n"°

The formula (2.17) motivated us to observe the following theorem.

Theorem 2.4 For all n € N, we have
(2.18)

8y < T < Wy
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where

@) \?1 1 1 1 17 31
Sp=————) —expl-—+ - + - (2.19)
@n-1)") n 4n  96m3  320m°  7,168n7  9,2161°
and
e \*1 1 1 1 17 2.20)
wy=|-=——=) —expl—-—+ - + . .
"=\ en—nn) P\ T 96m3 ~ 32015 © 716807
Proof Inequality (2.18) can be rewritten as
F(n+1
a(n) < LD i), (2.21)
F(n+3)

where

11 1 17
a(x) = Vxexp| — - + -
(@)= Va Xp<8x 1924° © 64015 14,336x7)

and

1 1 1 17 31
b(x) = /xexp[ — — + - + .
@) = vexp ( 8 192x3 640n° 14,336x7 18,432x° )

The lower bound in (2.21) is obtained by considering the function F(x) defined for x > 1
by

1 1 1 1 1 17
Fix)=InT(x+1)-InT'|{x+ =) - =Inx—In{ — — + - .
2 2 8x 192x3 640n° 14,336x7

Differentiating F(x) and applying the first inequality in (1.5) yields, for x > 1,

) — .t
F(x)—t/f(x+1)—1/f<x+2> o

105(256x° — 32x* + 1642 — 17)

+
%(26,880x6 —1,120x% + 33642 — 255)
1 1 1

105(256x° — 32x* + 16x% — 17)

+ - +

8x2  64x* 128x°  x(26,880x° —1,120x* + 336x2 — 255)
~ c(x)

 128x5(26,880x° —1,120x* + 33642 — 255)

with

c(x) = 2,609,505 + 30,426,660(x — 1) + 158,153,746 (x — 1)
+488,558,528(x — 1)® + 1,001,794,352(x — 1)* + 1,435,099,904(x — 1)°
+1,466,609,984(x — 1)° +1,069,107,200(x — 1)” + 544,552,960(x — 1)°

+184,504,320(x — 1)° + 37,416,960(x — 1)'° + 3,440,640(x — 1)™.
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Hence, F'(x) > 0 for x > 1, and therefore, the sequence (F(#)),cn is strictly increasing. This
leads to

F(n) > F(1) = ln<430,080> 1

——Inm =223964391...>0 (mneN),
25,841 2

which means that the first inequality in (2.21) is valid for n € N.

The upper bound in (2.21) is obtained by considering the function G(x) defined for x > 1
by

G(x) :1nF(x+1)—1nF<x+ %)

1 1 17 31
——Inx-In| — - + - + .
2 8x 192x% 640n° 14,336x7 18,432x°

We conclude from the asymptotic expansion (2.10) that

lim G(x) = 0.

X—>00

Differentiating G(x) and applying the first inequality in (1.5) yields, for x > 1,

G’(x)=150(9c+1)—1,0(x+—>—i

315(256x8 — 32x° + 16x* — 1742 + 31)
i %(80,640x8 — 3,360x6 + 1,008x% — 765x2 + 1,085)
1 1 1
7 782 T 6axt  128x6
315(2564% — 32x° + 16x* — 17x% + 31)
* %(80,640x8 — 3,360x° + 1,008x% — 765x2 + 1,085)
d(x)
~ 128x°(80,64048 — 3,360x° + 1,008x* — 7652 + 1,085)

with

d(x) = 9,062,160 +113,121,510(x — 1) + 677,246,923 (x — 1)
+2,518,307,800(x — 1)° + 6,417,427,702(x — 1)*
+11,782,991,328(x — 1)° + 16,015,812,432(x — 1)°
+16,312,281,216(x — 1)7 + 12,448,132,032(x — 1)®
+7,028,152,320(x — 1)° + 2,852,935,680(x — 1)°
+788,336,640(x — 1) +132,894,720(x — 1)'? + 10,321,920(x — 1)*3.

Hence, G'(x) > 0 for x > 1, and therefore, the sequence (G(7)),.cn is strictly increasing. This
leads to

G(n) < lim G(n)=0 (neN),

n—00
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Table 1 Comparison between inequalities (2.6) and (2.18)

n dn—An Hn—@®n

2 000004326 0.00032062
10 822562801 x 10710 1.24569373 x 107/
100 837118328 x 1077 126417115 x 10712
1,000 864864687 x 10724 1.26540403 x 107/
10,000 837692558 x 103! 12655212 x 10722

which means that the second inequality in (2.21) is valid for # € N. The proof of Theo-
rem 2.4 is complete. d

Remark 2.5 The following numerical computations (see Table 1) would show that, for
n € N\ {1}, inequality (2.18) is sharper than inequality (2.6).
By using Lemma 1.1, we find that

1 1
8,1:71+O(T> and wn:n+O<—9),
n n

which provide the higher-order estimates for the constant 7.

Remark 2.6 Some calculations in this work were performed by using the Maple software
for symbolic calculations.
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