Nunokawa et al. Journal of Inequalities and Applications 2014, 2014:135 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/135 a SpringerOpen Journal

RESEARCH Open Access

Conditions for starlikeness of the Libera
operator

Mamoru Nunokawa', Janusz Sokot?, Nak Eun Cho®™ and Oh Sang Kwon*

“Correspondence:
necho@pknu.ackr Abstract

*Department of Applied . o o
Vathormties cmlsge of Natural Let A denote the class of functions f that are analytic in the unit disc D and

Sciences, Pukyong National normalized by f(0) = f/(0) - 1 = 0. In this paper some conditions are determined for
LFJ“‘:\T?;S“{% ng\a”@?g’”? Korea starlikeness of the Libera integral operator F(2) = §f§ f(t) dt.
oo e ermaton MSC: Primary 30C45; secondary 30C80

available at the end of the article
Keywords: Nunokawa's lemma; starlike functions; strongly starlike functions

1 Introduction
Let H be the class of functions analytic in the unit disk D = {z € C: |z| < 1}, and let us
denote by A, the class of functions f € H with the normalization of the form

f@) =2+ a2 + @, +---, zeD,

with 4; = A.
Let S§*(B) denote the class of strongly starlike functions of order 8, 0 < 8 <1,
zf'(z)|  Brm }
SS*(B) = e.A:‘ar <—,zeDy,
)= frea: e T 2|2

which was introduced in [1] and [2], and SS§*(1) = S* is the well-known class of starlike

functions in ID. Functions in the class
R(B) = {f € A: Re{f'(2)} > B,z € D},

where 8 <1 are called functions with bounded turning. The Libera transform L : A — A,
L[f] = F, where

F(z) = % /0 f(6)de, 11)

is the Libera integral operator, which has been studied by several authors on different
counts. In [3] Mocanu considered the problem of starlikeness of F and proved the follow-
ing result.

Theorem 1.1 [3] Iff(z) is analytic and Re{f'(z)} > 0 in the unit disc D and if the function
Fis given in (1.1), then F € §*.
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This result may be written briefly as follows:
L[R(0)] ¢ §* =8S*(1), (1.2)
where L[R(0)] = {L[f] :f € R(0)}. In 1995 Mocanu [4] improved (1.2) by showing that
L[R(0)] C 85*(8/9). 1.3)

In 2002 Miller and Mocanu [5] showed that a subcase of this last result can be sharpened
to

L[R(0) N Ay ] € 88*(2/3).

The problem of strongly starlikeness of L[f] for f € R(0) was consider also in [6] where it
is shown that

L[R(0) N Ay ] C 8§%(3/5).

The above inclusion relationship is equivalent to the following differential implication:

{ZF/(Z) H 3
arg

feA and Relf'(2)}>0 = 8 T

or equivalently

FeA, and iﬁe{F’(z) + %zl—"”(z)} >0 =

zF'(z) ’ 3
arg{ F2) } “ 710’

where F is given by (1.1).
In [7] Ponnusamy improved (1.2) by showing that

L[R(-0)] C 8%, ©=0.09032572.... (1.4)

On the order of starlikeness of convex functions was considered also in the recent pa-
per [8].

2 Main result
In this paper we go back to the problem of starlikeness of Libera transform. We need the
following lemmas.

Lemma 2.1 [9, p.73] Let n be a positive integer, A > 0 and let By = Bo(\, n) be the positive
root of the equation

B =3m/2 —tan"L(nAp). (2.1)
In addition, let

a=a(B,\n) =+ (2/7)tan" (nrp) (2.2)
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for 0 < B < Bo. Ifp(z) =1 + p,2" + ppaz™t + - - - is analytic in D, then

p(2) + Azp'(2) < (g)a, zeD, (2.3)

implies the following subordination:

1+z

B
p(z) < (—) , zeD. (2.4)

1-z

If in Lemma 2.1 we put n =1, A = 1/2, then the solution S, of (2.1) satisfies By > 1, so we
may take 8 = 1, which gives ma/2 = /2 + tan"}(1/2) = 2.03....

Corollary 2.2 Assume that f(z) € A;. If

’arg{F’(z) + (1/2)zF"(z)H <m/2+tan"}(1/2)=2.03..., zeD,
then

Re[F'(z)} >0, zeD.

Note that if F(z) € A,, then a sufficient condition for F € R(0) is |arg{f'(2)}| < 37 /4 =
2.356...; see [5, p.96].

Lemma 2.3 [10] Let p(z) be of the form

pz)=1+ Z a,?", a,#0(zeD), (2.5)

n=m>1

with p(z) #0 in D. If there exists a point zo, |zo| <1, such that
|arg{p(z)}| <mal/2 in|z|<l|z9| and |arg{p(zo)}} =mal2

for some o > 0, then we have

zop'(20) .
= ika,
p(20)

where

k> m(a*+1)/(2a), when arg{p(zo)} = /2 (2.6)
and

k< —m(z/z2 + 1)/(2@), when arg{p(zo)} =-ma/2, (2.7)
where

{p(zo)}l/a =+ia, a>0.
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Lemma 2.4 [9, p.75], [11] Let p(z) =1+ Y .o, a,z" be analytic in the unit disc D. If

1
P +2p@) < ——, zeD,
1-z
then
2 1
p(2) <q(z) = —log — -1
z 1-z
and
’arg{p(z)}‘ <6y = rlrl‘a)1(|arg{q(z)}| =0.9110..., zeD, (2.8)
z|=

where 0, lies between 0.911621904 and 0.911621907.
Theorem 2.5 Let q(z) be analytic in D and suppose that

Br
i

, zeD
2

larg{q(2)}|
for some B € (0,1]. If p(z) is analytic and p(z) # 0 in D with p(0) = 1 and such that
|arg{q(2) (20 (2) + p*(2) + p(2)) }| <tan™' B, z €D, (2.9)

then we have

|arg{p(2)}| < 'BTJT, zeD.

Proof If there exists a point zy, |zo| < 1, for which

larg{p(2)}| <7B/2  (lz| < |20l)

and

|arg{p(z0)}| =7B/2, p(20) = (xia)’,

then from Nunokawa’s Lemma 2.3, we have

20p'(z0) _ kB,
p(20)
where
2
1
k a2+ >1, when arg{p(z0)} = 7B/2
a
and
2
1
k< _ar <-1, when arg{p(zy)} = -np/2.

2a
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For the case arg{p(zy)} = B /2, we have

|arg{q(zo)[200' (20) + P*(20) + p(20)]}]

= |arg{q(z0)p(20)[1 + p(20) + z0p (20)Ip(20) ]} |

= ‘% + arg{q(zo)} + arg{l + p(zo) + Zop,(zo)/l?(zo)}‘

(2.10)

.
2 sl B |

1+ aPf cos(wB/2)
where p(zy) = (ia)?, 0 < @ and

a’+1

k>
- 2a

>1.

Let us put

(a)_kﬁ+aﬁsin(71,3/2) 0<a
)= 1+ af cos(np/2)’ <@

then it is easy to see that

B +af sin(m/2)
g(ﬂ) = W, O<a. (2.11)

Putting
_ B +xsin(wp/2)
i) = 1+xcos(wp/2)’ =7
we have
W) = sin(B/2) — B cos(B/2) 20, 0<x,

(1 +xcos(B/2))?

because tan(ir8/2) > 8. Therefore, for x > 0 we get h(x) > h(0) = B, so from (2.11) we have

gla) > B,
and so

tanl{ kB + aP sin( 8/2)

tan' B, O<a.
1+ af cos(wB/2) }> an” <4

Therefore, we have the following inequality from (2.10):

|arg{q(zo)[200' (20) + P*(20) + p(20)]}

B  k+aPsin(np/2)

> - +tan T+ 2P cos(nB12) - ‘arg{q(zo)H (2.12)

>tan”' B. (2.13)
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This contradicts the hypothesis and for the case arg{p(zo)} = —B7/2, applying the same
method as above, we also have (2.12). This is also a contradiction and it completes the

proof. O
Corollary 2.6 Assume that

|arg{f'(2)}| <tan™' B, z€D (2.14)
and

|arg{F(2)/z}]| < ’%ﬂ zeD (2.15)

for some B € (0,1], where F(z) is given in (1.1). Then we have

F/
945 o

hence F(z) is strongly starlike of order f.

Proof 1f we set

zF'(z)
F(z)

p(z) =

’

then

F
f@=F@)+ J2F'(2) = %(@) (7' (D) + P2(2) + p()).

If we let g(z) = F(z)/z, then by (2.14) and (2.15) the assumptions of Theorem 2.5 are satis-
fied. Therefore,

|arg{p(2)}| < ,3771, zeD. O
Theorem 2.7 Let q(z) be analytic in D, with q(0) = 1 and satisfy

%e{zq’(z) + q(z)} >0, zeD.
Ifp(2) is analytic in D, with p(0) = 1 and if

, 9 5m

Jarg4(2) (20 (@) + 1 (2) + p@)}| < - ~ 60 =1706...., zeD,
where 6y is given in (2.8), then we have

Re{p(2)} >0, zeD.

Proof By Lemma 2.4, we have

’arg{q(z)}| <60y=00911..., zeD. (2.16)
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If there exists a point zy, |2o| < 1, such that
|arg{p(@)}| <7/2  (lz] < |z0])
and
|arg{p(z0)}| = 7/2,  plz0) = +ia,0 < a,

then from Nunokawa’s Lemma 2.3, we have

zo0p/ (z0)

) ik,
where
k> a;; ! >1, when arg{p(zo)} = 7/2
and
k< _az; ! <-1, when arg{p(zo)} = -7/2.

For the case arg{p(zy)} = 7 /2, we have

L |
arg{l + ia + ik} > arg{ 1 +ia +i 5
a

a’+1
2a

2
Re(l + ia + iLL

2a
! 3a%+1
= tan
2a

> tan~'{+/3}

T

3

LIm{l+ia+i
= tan

Therefore, for the case arg{p(zo)} = 7/2, we have

w|

<arg{l +ia + ik} < %

Moreover, by (2.16)
arg{q(z0)} < bo.

Therefore, we can write
|arg{q(z0) (207 (z0) + P*(20) + p(20)) }|

= |arg{p(z0)[1 + p(z0) + z0p' (z0)/p(20)]a(20) } |

> Jarg{p(z0)(1 + ia + k) }| - |arg{q(z0)} |
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T T
=S t3 |arg{q(z0)}|
5
> ?” — . (2.17)

This contradicts the hypothesis and for the case arg{p(zo)} = —7/2, applying the same
method as above, we have

|arg{q(z0) (200’ (20) + P*(20) + P(20)) }| = 6.

6
This is also a contradiction and it completes the proof. g
Corollary 2.8 Assume that
, 5
|arg{f'(2)}| <5 ~0=1706..., zeD, (2.18)
then we have
F/
2] L@ o e, (2.19)
F(z)

where F(z) is Libera integral given in (1.1).
Proof Because
f'&)=F(z) + %zF”(Z),
by Corollary 2.2 and by (2.18) we obtain
Re[F'(2)} >0, zeD.
Therefore, if we let g(z) = F(z)/z, then

Rezq'(z) + q(z)} = Re{F ()} >0, zeD.

If we set
() = zF'(z)
P ="F (z)
then
, , 1, 1/F(z) , N
f@=F@+jzF' @ =2 — (2 (2) + p*(2) + p(2)).
The assumptions of Theorem 2.7 are satisfied. Therefore, (2.19) holds. O

Corollary 2.8 is an extension of Mocanu’s result (1.2) from the paper [3] because in
(2.18) we have |arg{f’(z)}| < 1.706..., while in (1.2) we have the stronger assumption that
|arg{f’(2)}] <w/2=1.57....
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