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Abstract In this paper, the global finite-time stabilization
problem is considered for nonholonomic mobile robots
based on visual servoing with uncalibrated visual
parameters, control direction and unmatched external
disturbances. Firstly, the simple dynamic chained-form
systems is obtained by using a state and input
transformation of the kinematic robot systems. Secondly, a
new discontinuous switching controller is presented in the
presence of uncertainties and disturbances, it is rigorously
proved that the corresponding closed-loop system can be
stabilized to the origin equilibrium point in a finite time.
Finally, the simulation results show the effectiveness of
the proposed control design approach.

Keywords Nonholonomic Mobile Robots, Chained-form
System, Visual Servoing, Finite-time Stabilization,
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1. Introduction

Addressing the stabilization problem of nonholonomic
systems is a challenging task which has attracted

a continuously increasing attention in the control
community. As pointed out in [1], such a class of nonlinear
systems can not be stabilized to a point with pure
smooth (or even continuous) state feedback control. To
overcome this difficult, up to now, there have been a
lot of control methods to stabilize such systems, which
includes discontinuous feedback control laws [2]-[5],
continuous time-varying feedback control laws [6]-[8]
and hybrid feedback control laws [9]-[11]. As a typical
model of the nonholonomic system, the nonholonomic
characteristic of wheeled mobile robots arises from the
wheel which is rolling without slipping. Many research
results of controlling nonholonomic mobile robots have
been given in recent decades, such as formation control
or cooperative control of multi-robot systems [12]-[15],
motion planning [16], trajectories tracking [17]-[19] and
point stabilization [20]-[24], etc.

Recently, based on visual servoing model, a new robust
control issue is considered in [25]-[31] for nonholonomic
mobile robots with uncalibrated camera parameters.Under
a single camera fixed on the ceiling, the trajectory tracking
and point stabilization (practical stabilization) problems
are discussed for the kinematic model with uncertain
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visual parameters in [25], [27] and [28]. Detailedly,
by using Barbalat theorem and Lyapunov techniques, a
dynamic feedback robust controller is proposed in [25] that
can enable the mobile robot configuration tracking despite
the lack of depth information and the lack of precise visual
parameters. In [27] and [28], two different switching
control design strategies are proposed to address the
stabilization problem of the mobile robots, and compared
with other results on the same subject (visual servoing
feedback control of nonholonomic mobile robots), it is
more realistic to suppose that all the parameters of the
camera system are unknown in this two papers. In
addition, in [26], a new time varying feedback controller
is proposed for the exponential stabilization of the
nonholonomic chained system with unknown parameters
by using state-scaling and switching technique, in [29],
the authors have presented a robust adaptive tracking
controller for the dynamic mobile robots system.

Additionally, it’s worth mentioning that based on
visual servoing, the finite-time tracking control for
nonholonomic mobile robots and the finite-time tracking
control for multiple nonholonomic mobile robots have
been discussed in [30] and [31], respectively. However,
these results have not involved the finite-time stabilization
problem for nonholonomic mobile robots with uncertain
camera parameters, as is known to all, two classes
of problems-stabilization and tracking control for
nonholonomic systems are not the same at all.

Finite-time stabilization problems have been studied
mostly in the contexts of optimality, controllability, and
deadbeat control for several decades [32]-[38], in which,
compared to the regular asymptotic stabilization, it was
demonstrated that finite-time stable systems might enjoy
not only faster convergence but also better robustness and
disturbance rejection properties.

This article considers the global finite-time stabilization
problem for a class of nonholonomic mobile robots based
on visual servoing with uncalibrated visual parameters
and external disturbances. The main contributions can be
summarized as the following two respects:

1) By using a state and input transformation, the dynamic
extended chained-form systems is introduced, then
according to its special chained structure, two uncertain
subsystems is used to designed the discontinuous
switching controller.

2) To propose the step-by-step switching control law,
the systematic strategy of combining the finite-time
stability theory and a three-step discontinuous design
method is adopted to deal with the uncertainties and
disturbances. Moreover, the rigorous proof is presented
to demonstrate that the corresponding closed-loop system
can be stabilized to the origin equilibrium point in a finite
time.

The structure of the article is as follows: Section 2
gives a formalization of the problem considered in this
paper. A proper assumption and some lemmas are also
presented in this section. Section 3 states our main results
including switch controller design and stability analysis.

Int J Adv Robot Syst, 2014, 11:180 | doi: 10.5772/59307

Section 4 provides an illustrative numerical example and
the corresponding simulation results of the proposed
methodology. Finally, a conclusion is shown in Section 5.

2. Problem Statement

As shown in Figure 1, the two fixed rear wheels of the
robot are controlled independently by motors, and a front
castor wheel prevents the robot from tipping over as it
moves on a plane. Assuming that the geometric center
point and the mass center point of the robot are the same,
and that the radii r are identical for all the wheels and the
distance 2R between the fixed wheels is a known positive
constant. Its kinematic model can be described by the
following differential equations [39]:

X =vcosb,
g:vsing, (1)
0=uw,

where (x,y) is the position of the mass center of the robot
moving in the plane, v is the forward velocity, w is the
steering velocity and 6 denotes its heading angle from the
horizontal axis.

y A
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Figure 1. Nonholonomic wheeled mobile robot

We consider that the movement of the mobile robot above
can be measured by using a pinhole camera fixed to the
ceiling (as shown in Figure 2). Assuming that the camera
plane, the image plane and the robot plane are parallel.
There are four coordinate frames, namely the inertial frame
X —Y — Z, the camera frame x — y — z, the image frame
u — 07 — v, and the attached robot frame X; — P — X;.
Point C is the crossing point between the optical axis of the
camera and X — Y plane. Its coordinate relative to X — Y
plane is (cy, ¢y). The coordinate of the original point of the
camera frame with respect to the image frame is defined by
(O¢,0¢,), and (x,y) is the coordinate of the mass center
P of the robot with respective to X — Y plane, its image
position is noted as (X, Y ).

The pinhole camera model can be expressed as [25]-[31],

[37]:
Xm ap 0 X — Cy O,
= R + (T 2
()= (5a)r () () e
where a7 and «p are positive constants, which are

dependent on the depth information, focal length, scalar
factors along u axis, and v axis, respectively; and



_( cosBy sinfy
R= (fsineo COSG())’ ®)

where 6 denotes the angle between X axis and y axis with
a positive anticlockwise orientation.
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wheel
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Figure 2. Nonholonomic wheeled mobile robot under a fixed
camera

From (1), (2) and (3), by using a simple derivation, the
image-based kinematical equation of the robot can be
obtained:

Xm = aqvcos(6 — 6y),
Ym = apusin(f — 6p), (4)
0= w.

In the field of visual servoing control of robots, usually the
camera parameters a1, &y and the angle 6y can be gotten
by calibration. But this process will take a lot of time,
which implies that it is impossible to use this method in
high requirement of real-time. Therefore, it is necessary to
consider how to design a control law in the case of dealing
with these uncalibrated parameters.

As in [25], we make the following assumption:

Assumption 1: 6y = 0, a1, ap are unknown and bounded,
the bounds of which are known positive constants:

0 <M < gy < aM™,i=1,2.
Remark 1: Compared with it in [25], our assumptions are

more relaxed since it is not necessary to suppose a1 = ay
in this paper.

Under this case, system (4) can be rewritten as

Xy = aqvCcos 0,
Ym = apvsiné,
0= w,

taking a state and input transformation [41]:

X0 = Xm, X1 =Ym, X =tanb,

uy =vcosf, u; = (sec 9)2w,

we obtain

Xp = w1,
X1 = axxolg, )
Xo = Uq.

It is noted that system (5) is so-called canonical
chained-form with three-order and two control inputs
up,u1. The finite-time stabilization problem of (5) can
be completely addressed by applying the controller given
in [35], moreover, the authors have dealt with the
nonholonomic chained systems with uncertain parameters
and a matched disturbance.

In this paper, we will consider the finite-time stabilization
problem of the extended chained-form systems (6) with
unknown parameters aq,ap, uncertain control direction
7i(#), (i = 1,2) and unmatched un-modeled dynamics (or
external disturbance) ¢;(t), (i = 1,2).

Xo = aqg,
X1 = apXaup,
Xp = Uy, (6)

g = 11(H)T + ¢1(t),

i =712+ e2(t),
where 71 and T, are the new control inputs, the bounded
measurable functions v;(t), ¢;(t), (i = 1,2) are supposed
to satisfy that

7<) < leit) < oM, (i=1,2)
here 'yl?", 'Y,M, (sz' (pfw, (i = 1,2) are positive constants.

Remark 2: Usually, the new control inputs 73 and 1, in the
extended nonholonomic system (6) can be seen as the form
of force or torque inputs, which is more practical than the
form of velocity or acceleration controller 1y and u; of (5)
in the engineering application, because the new controller
can be easier to implement for electrical engineer.

The following lemmas and conclusions are needed for our
controller design later.

Lemma 1 ([42]): Considering the following system

¥ = f(%), f(0)=0, x € R", (7)
suppose there exists a continuous function V(%) : U — R
such that the following conditions hold

(i) V(x) is positive definite.

(ii)There exist real numbers ¢ > 0 and & € (0,1) and an
open neighbourhood Uy € U of the origin such that
V(x)+¢cVi(x) <0, x € Up\{0}.

Then the origin is a finite-time stable equilibrium of system
(7). If U = Uy = R", then the origin is a globally finite-time
stable equilibrium of system (7).
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Lemma 2 ([43]): 1f0 < p = p1/p2 <1, wherep; > 0,pp >0
are positive odd integers, then

|xP —yP| <27 P|x —y/P. 8)

Lemma 3 ([44]): For x € R,y € R, let c,d be positive real
numbers, then

¢ c+d
c+d|x‘ +

4

g ©)

d
x|yl <

Lemma 4 ([43]): For x; € R,i=1,2,..,1n,0 < p < 1is areal
number, then the following inequality holds:

(lea] + 2| + o 4 [2u )P < g [P 4o ||

< n P (g | 4 o A |xa])P. (10)

Theorem 1: Consider an uncertain nonlinear system:
Zi = Biziz1, i=1,.,r—1,
1 1~1 (11)
Zr = y(Hu+ ¢(t),

where z € R" is the state vector and # € R is the control
input. Unknown parameters ; >0, (i =1,2,...,r — 1), the
functions ¢(-) and y(-) are arbitrary measurable functions
that represent bounded uncertainty:

o) <@, vm <(t) <M,

where ¢, ym, Y M are positive constants. For the following
system (12),
2,‘ = .BiZH»lr i= 1,...,1’ — 1, (12)
Z}' = ZIO/

if there exist a state-feedback control law iiy(z), a positive
definite C! function V and real numbers ¢ > 0 and & €
(0,1) satisfying the conditions (for every z € R"):

(i) V(z) + eV (z) < 0.
(i) 37 (z)i1g(z) < 0, and fip(z) =0 = 3~ =0.

Let
u = (ilg + gsign(itg))/ vm,

then system (11) is finite-time stable with respect to the
origin.

Proof. :

See Appendix A. O
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Next, the control task is to present a switching controller
for system (6) such that all the states converge to the origin
equilibrium point in a finite time.

3. Main Results

In this section, the main results will be presented. Firstly,
we will state the basic idea to design a switching controller
for system (6).

Motivated by the results of Theorem 1, we give a finite-time
stable controller for the following system:

Xp = aql,
X1 = apXaug,
Xp = Uy,

) =17,

i =7,

where ¥} and %, are the control inputs. In the first place,
according to the special structure of the system above, two
subsystems are considered, respectively. One is

X1 = apXaug,

952 = Uy, (13)
=1,
and the other is
Xp = wqig, (14)
uy = 1.

Based on which, by using the design method of Theorem
1, we will propose a switching controller such that all the
states of system (6) can be stabilized to zero in a finite time.

3.1 Switching controller design

According to the design idea above, a discontinuous
switching controller is presented as follows.

Step 1: Let

7 = (% + sign(#)) /7", =0,

where

T = —Aysign(ug — 1) |ug — 1|,

where Ay > 0, g0 € (0,1) are design parameters. Then
there exists a finite time T; < +oo such that uy(f) = 1 as
t > Ty, and go to Step 2.

Step 2: Let
m

7 = (t1 + ¢}sign(%1)) /77",

T = (& + ¢)sign(1)) /7%,



where

1 1 1

1 1 3q1—2
’fz = —13( -t —I—lqu ( 51 _’_llfil X1)> ' ,

= % € (%,1), p,q are positive odd integers, I; > 0, (i =
1,2,3) kj > 0,(j = 1,2) are design parameters satisfying
the following conditions:

20 w2 g2 e
1+q ki(14+q1) 1

(3-291)(1—q1) 571 2—2q12'121{]71*1 4ty T
R S el (22720 g2t )

82(3 = 291)1 y2-29, ¥ ir 30

<0, 15
k(T 1) (15
1
27hg b w2l (217%11 +2272q1)
1+q1 k1 kq 1+q1

+ (3 qu)ql 23 Sqll'h lqu T (2 - ‘71)2272'11

k2 (1+q1) ki(1+q1)
T
(B—=291)L" " (2 op
R e Y B Y (o7, Py |
k2q1(1+q1) ( i k@)
22Nyl 4 24730 (1 — q1)> <0, (16)

1

(3 —2q1),""
k2q1(1+q1)

(2q1 —1)22 2

3) ki(1+q1)

L1
(222 h

®2(3 —2q1)

L1
42270y 2573 gy 4 257G ) 22 ST
2 ‘71 ‘71 1 ) k2(1 + 6]1)

1 1
AT (22720 4 2373 — Il(i’ <0. (17
2

Then there exists a finite time T, < oo such that x;(f) =
x2(t) = u1(t) =0ast > T, and go to Step 3.

Step 3: Let
T = (1 + o'sign(t1)) /77,
T = (T + ¢)'sign(t2)) /5,
where

- P (ul 4+ By~
T = —ks (uo +k1 xo) 72

g2 = ql € (0,1), p1,q1 are positive integers, k; > 0, (i =
1,2,3) are design parameters satisfying that

244>

- k W] 11

_ gkl 1M 21 n <0, (18)
4 4k

ol=a 23*@72 n KPay -1
(Zoom

T4+g2 N1+ q2)k ko

Pita Zl—qi
e 4 ~)”—ki<0 (19)
(I+g2)ka N1+ q2)k ky

Then there exists a finite time T3 < +oo such that xo(t) =
ug(t) =0ast > Tz, and let 73 = 7, = 0, stop.

3.2 Stability analysis

Theorem 2: Under Assumption 1, the switching controller
composed by Step 1 ~ Step 3 in Section A ensures that
system (6) can be stabilized to zero in a finite time.

Proof. Firstly, in Step 1, for a first-order system 1y = 7, let
ug — 1 = 1y, we have

iy = Ty = —Aysign(ig)|tig] ™.

Choosing a Lyapunov function Vj = %

derivative along the {#y} —system is

then its time

Vo = dlgily = flgTy = —Aq]dg| 10 <0,
which can be rewritten by

Vo + Mv2(V)? <0 20)
Hence, according to Lemma 1, it’s clear that under the

controller 7, there exists a finite time T; < 400 such that
iig(t) = 0 as t > Ty. As for the following uncertain system

iy = 11 (H)T + @1(t), (21)
because
oV . PN
a7371010) = tig ( — Aysign(iig) o] ™)
= —Mig| 0 <0, (22)
and
# (i) = 0 = iy = ?)YO =0. (23)
iy

By (20), (22)-(23) and from Theorem 1, system (21) can be
stabilized to zero in the finite time T7 with the controller
T, ie,up(t) =last > Ty.
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Next, in Step 2, substituting 1y = 1 into the subsystem
(13), it has

X1 = axXy,
Xo = uq, (24)
1 = D.

Take a positive definite, radially unbounded function
about xq

2
X
Vi(x1) = ﬁ-

Its time derivative along (24) is
Vi(x1) = x1x2 = x1 (%2 — x3) + %13
< fxaf- | — 23]+ x1x3,
where x5 = —I; 3(‘171 is a virtual controller. Then we have

- 1+ *
Vi(x1) < =l " 4 x| — x5 (25)

As in [44], we take a C!, positive definite and proper
Lyapunov function about (x1, x2) as follows

1 X2 1 wL P
Vz(xl,xz) = Vl(xl) + E /x* (s'h — xzﬂl) M gs.
2

We can obtain
. . 1 _
Va(x1,x2) = Vi(x1) + E|§1|2 My

1

ol
1 dx, ™ T
—(2— 2 . / T n qld :
+k1( 7) ax 1y (s —x,")" Tds
1 1
where & = x,' —x,™. So

. . 1 _
Va(x1,x2) = Vi(x1) + E|Cl|2 My

1 X 1
%) 2 1
—H(Z—ql)ll‘“xz/X* (s

2

+1
1 —q1
—x,") s,

then

. . 1 _ 1 _
Va(x1,x2) < Vi(xg) + E|§1|2 Ny + H\Cllz n

1

02— g _
lur —x3| + Tllﬁl\m —x3lla'", (@6)
where x5 = 7126%71*1 is seen as a virtual controller.
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By using (8) in Lemma 2, we have

|2 — x5 | < 2170g |7 (27)
Note that xp = x5 + (xp — x3 ), from (27), it has

2] <[5 + 2 — 3| < Iafa | 42170 T (28)

From (27)-(28) and (9) in Lemma 3, we have
x| |x2 — x5 (& '

< (Il 4217 1) 21y 7y

1+q 1+q
< ol-qy, 115 G
- 14+q1
Substituting (25), (27) and the formula above into (26), we
have

+ 227211] (:}-Hh.

; 1+ _ 1 -
Va(x1,x2) < —hxy T 2170 x5 + H|C1|2 Nx}

1
w(2 —q1)l{"

1, 0
_ n — xX
+k1|C’1\ luy — x3] + 3

1+q 144
‘(21_‘]1116]1)(1 46

92-2q1 1+q )
1+qm - & )

ZQ1 —

1
Because x; = —>{] , therefore

. _ l
Va(x1,x2) < —l1xierh + 2170 x| & |1 - éC%H]

1
a(2— 1)y

1, 0
2+ Ty — 2
+k1 181177 uy — x3| + 2

1+q 144
‘(21_‘7111 x4+ 6G

92-2q1 1+q )
1+qm - & )

Applying Lemma 3 again, we have

. 210 wp(2 —gp)2l—1 1+t
<(_ n
Va(x1,x2) < ( h+ s 1+ 1) L 1)
27 b

141 1 2—q * (
X + = Uy —x3|+
L LI B



l
(2 []1) 21- ny ) >1+ 14+q1 14+q1 14+q1 1+q1
+22E) T (29) B L M soaq M8 " G
2272 1 e2 4 9383miiel M2 (3p
v (T ) o g

Taking a Lyapunov function about (x1,xp,u7) for system Therefore, from (32), we have

(24) as follows
—x§ +x3(22 720,

|| &2 P27 uy — x5] < iy

V3(x1,x2,u1) = Va(x1,x2)
YR

g - 15" +&" 4-dg, 2201
20 +2 ¢y (33)

S 2272111 12

1 uy _1 *2% 3-2q,
251 _ 911
+k7 /* (S a1 X3 ) ds.
2 Jx}

By using (33) and Lemmas 2-4, we have

Let
w1 L
Ga=up —x a0 ug || €2 22T fuy — x5
and the time derivative along (24) is
w1 %71 %71
< (Wl " )
V3(x1, x2,u1) = Va(xy, %2)
21]1 qu
1 1 (222 Cn V67 +6 +24-angn)
*og 1 2,1 24y 2
3—2q1<8x3 ! o +Bx3 ! ; )
ky ox; 22T Tox, ! L
22-2q111m 7]
3 <=2 (0-g)n™ +2n -5
/m ( - *zﬁ%l>272qld N & o 1+q1
. s-1 — x s T.
X 3 k
Note that +§1+q1) e, q1€1+q1 +§1+q1
L o1 752
2171 1 + ql
ox.
3 =171 (- 12)2q1
ax1 1 ;
1
24—4%1'71
1 1+q 1+q
T i g (w2 ™)
= ()T
axz 111 2 2 ’
1+q1 1+q1
+2
thus | 04-3m (1- )51 918, (34)
14+q1
_ 1
Va(x1,x2,u1) < Va(x1,x0) + kqu -t Substituting (29), (32)-(34) into (30), we have
2
V3(x1, X2, 1)

1
(ol + -l ) 2220 5
21— 2 _ g )21 141
g (7ll+ 062( ‘71) ll LAl q1>
1+qm ki(1+q1)

‘:3 24

. . (30)
From (8) in Lemma 2, it has T4q , 1 941 n2—2 2011
X+ Hl@l NG T
182720y — 23] < 227205, (31) 1
(217“71 _h 02— q)lf! (21*”1
1+ n kq kq 1+ q1

From (28), (31) and (10) in Lemma 4, it has

*

|x2] (82> 2 [ug — x5 +22—2q1)>§i+q1 " 3-2q1 qu llql
ko

1—- 2—2
< (Bl +2771 8 1) 25750 &y |
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1+ 1+ 1+ 1+
(22 20, px "G 403 20, 1161 "+e, ql)
1+q1 14+
+3 2q112@1 1(22 21]11'11 112
ka1
(1 g0 ™ + (g - 1)E " + 5,
1+
1+gq 1+q
+22—qll qlé ! +€ !
141

1 1
11— g)x] "+ 2qE "
14+q1

1
4—4gy 70
+257n

+ 24*3‘71 (

2,

— )& 2 €1+Q1) g
1+6]1

Because

1 _ _ _
E;|¢1\2 M2 20 |z, |20 1

1
1005 (2 )& "+ - 5™
kl 1 + lh !

and

1 11 30
fZ = —13< 21 -‘rlqu ( ;1 +11’h X1)>
3q1—2
= —l&"
substituting (36) and (37) into (35) has

Va(x1, x2,17)

(2 — q1)2' " lH%ql
ki(1+q) !

e 20
B <_ 1+1+f11+

+ (19 (3 25]1)”]1 22 2q1l “71 1241

k2(1+q1) k2q1(1+41)

a1 2-2 722411 4—4g,712q7-1 ! T 1+qg
a1 - - — 1 1
A (2T 2ty ))xl

) (2 ql)l‘h (21 qlll
1+q1 kq kq 14+

+(2l_q1% b 1 222)
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(35)

(36)

(37)

(3-291)(1—q1)

(2—q)2272n

(3 2‘71)‘71 23 3qll'11 12'11 -1
k1(1+q1)

+
k2 (1+4q1)

1
(3 2‘11 ) 21”

E
22—2qllﬂ1 1
k2q1(1+4q1) ( !

2(291 — 1) + 271 qply

1 1+q1 (29 _1)2272%
w2 ) (S

0(2(3 — qu)lﬁlzﬁ%l
2

I
22-2q1] 4 23=3q1) _ 3
ka(1+q1) ! ( v )%

2

_1
(3—2q1),,"""

L1
2-2q111m 2—q
kaq1(1+q1) <2 W 22

L1
+2 Mg 425 g, ) ) &

From (15)-(17), we can rewrite the formula above as
follows

1 1
V(xy,x0,1) < Bray 4+ Body M Bty T, (39)
where
Br=—h+ 27 ap(2— )2
! g ki(1+q1) !

0‘2(3 2‘71)‘7122 qul ‘7112'11

4+ 8=29)(d —q1)
ka(1+q1)

k2q1(1+q1)

14 29 _1
A (2T i) <o, (9)

1
) 062(2—q1)llq1 217’7111

Zliqlql 12 (
14+q1 kq kq 14+q1

B =

+22720)

(2 —q)22 2

(E 211)‘31 3—3 q 2q1-1
+ 2 qll 1l h
:1(1 ‘11)

+
k2(1+4q1)

_1
(3 —2q)L" " (5 gg a !
k2q1(1+q1) <2 ll L2n =1)

227 0g L, 4 24730 (1 — q1)> <0, (40

(g1~ )22

o= )

23— 2q1) & 5
2

2—2,
(1+q) ! (@



1
2q1—1

1235m) I3 n (3 —2q1)1,"
ky  koqi(1+41)

1
(22’2’11 0 b
1y
+ 227q1 lz 4 25*4% qlllql + 2573% q1> < 0. (41)

According to the definition of V3(x1, x, 11), by using (27)
and (31), we have

x2 21—(/]1 22—2[]1

Va(xy, 1o, 111) < —L 2 2
3(x1, %2, u1) < 2 + 3 ¢+ % &
Let
1 2l-m p272m
101 = maXx { zlxanin/ kl ’ k2 }/
it has

V3(x1,x2,u1) < Pl(x%+g%+§%) (42)
From (38)-(41), take

pr = max {pu, o, fa} <0, 0<c< — 1L,

_14m

& 2

€(0,1),

then we can obtain

V3(xl/ X2, ul) + CVS‘X (xlr X2, ul)

< (p2 + ¢cpf) (x}““ + @’}”1 + C;J”h) <0. (43)

Formulas (42)-(43) ensure that controller (37) can stabilize
system (24) to zero in a finite time. Furthermore,

oVs . 1 3-2g 31 —2 I3 21+
MAEF 1 1 <
au1T kzgz ( 3)(:2 ky (?2 <0,
. oVz 1 3.2
dBH =00 =0= 223 = = —0.
ana T Cz aul kz >

Therefore, according to Theorem 1, subsystem of (6)

X1 = apxg,
{ Xp = U,
i = 72(H) 2 + 2(t),
can be stabilized to zero in a finite time T, by the controller

T in Step 2.

Finally, by using the similar proof method, it’s simple to
prove that the subsystem of (6)

{ Xo = aq,
g = 11(t)T + @1(t),

can be stabilized to zero in a finite time T3 by the controller
71 in Step 3. For brevity, here omit the detailed process in
this step.

And this completes the proof of Theorem 2. O

Remark 3: Note that, if we choose sufficiently large k; and
ko in (15)-(17), then it’s possible to find a group of feasible
solutions for the design parameters although it’s difficult
to obtain all the solutions of these parameters as pointed
out in [46]. Here, we propose a simple search algorithm
for finding a group of feasible solutions of the parameters
step by step as follows:

First, choose q; = £ € (31),k;j >0,(i=1,2j=123),
then select k1, k», I1, I, I3 in turn.

Step a: Given a sufficiently large I > 0, select k; > 0
satisfying (44)-(46):

(2 —g1)2" gL

hOtq) L "<k (44)
A g -2

% < k2, (45)

Cn V2R g, (46)

ki(1+q1)
Select ky > 0 satisfying (47)-(49):

_1
(3—2q1)(1 —gqp)ln !

k2q1(1+4q1)

_ 20 1
(22*211112,4171 4 24*41111241171 )

amax(S _ 2‘71)‘71 gl 1 ~
2 2—-2 -1

5TEM T m [21-T < kyy, (47
ka(1+q1) 2 (47

1
k2 (1+4q1) k2q1(1+4q1)

(22T gy — 1) + 22 g
+24730(1 - fh)) < kn, (48)

__1
3= 2q)) 1 L1 ;
(kqu (Zli ql) (P72nIn 4 22T 4 25

_1 _ 1
_ 1 (3 —2gp) [0 [T
+25 4171 l‘” + 2
o ) ka(1+q1)
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(22721 4 25730) < k3. (49)

Ifmax {f,1,} <I,thengotoStepb. Elseif max {I1,} > 1,
let I := max {f,1,}, go to Step a. Where

ol—qi  _ _ _ 2l=1mg,
+k kot, bh =k
T+rm 11 + K21, 2 1(1+q1

L = + ki + k).

Step b: Select I1, I, I3 such that

I> I > l_l, I> I > 1_2, I3 > kz(]_(13 +7€23).

Remark 4: As for (18)-(19), we can choose gp = % €(0,1),
k1 > 0, then choose k3 > 0 such that

72442 _max
7](1 A 21_i < glzl.
4k 4
Finally, we select l~<3 > 0 such that

]E’izlxmax 1
1 7{1 o4
2

123 217i ( 237%q2 )‘72
(

- > =
k2 1+5]2 1+lh)k1

’ﬁquw?‘“zlé( Ly
(1+q2)ka (1+g2)k/

Remark 5: In this paper, we present a finite-time switching
controller for the uncertain robot systems, but it is
challenging to estimate the bounds for the settled time,
because this time depends on the bounds of uncertain
parameters, the external disturbance and the initial state
value.

4. Simulations

In this section, the switching controller proposed in
Theorem 2 is used to show how to stabilize the uncertain
visual feedback system (6) in a finite time. We will
demonstrate the effectiveness of our methods by an
example.

In the following simulation, we assume that: le“i“ =
0.5,am™ = 15, 4" = 1,/M =2, oM = 25,(i = 1,2).
According to the discussion of selecting parameters in
Remark 2 and Remark 3, for given | = 4.5, ki]- = 0.6, (i
1,2;j = 1,2,3), choosing g9 = %,ql = %,qz = 3
M =1k =24k =175 =2 = 42,13 = 21,
ki = 1.5,kp = 2.6,k3 = 6.5. The initial condition of (6)
is (—0.2,0.3,-0.5,5.6,0.8).

=l

Figures 3-5 show some simulation results with MATLAB.
Figure 3 shows that the state variable (xg, uy) goes to zero
in a finite time t < 35s. From which, one can observe that
1 is stabilized to a constant (19 = 1) and keep it in Step 2
until it is driven to zero together with x( in the last step.

10 IntJ Adv Robot Syst, 2014, 11:180 | doi: 10.5772/59307

Note that in Figure 3, for 1, during the control process, we
design a controller 7y to make it converge to the constant 1
in Step 1 - Step 2, while in Step 3, we give another robust
controller 77 such that (xg, 1g) can be stabilized to zero in
a finite time, and thus, we find that there is a peak at t=25s
because of using this discontinuous switching controller.

Figure 4 shows the state (x1,xp,u1) can be stabilized to
zero step by step within the finite-time interval [0, 35s]
under this switching controller (71, 7;) demonstrated in
Figure 5.

The states X, and Uy

5 10 5 2 2 3 35

Time ( sec)
Figure 3. The response of the state variable (xo, 1) with respect
to time

-5}

The states X5 Xy and u,

% 5 10 15 20 25 30 35

Time ( sec)
Figure 4. The response of state variable (x1, x, 1) with respect
to time

20

A
=)
T

Input signal T T,
U
N
o

5 10 5 2 2 %0 35
Time (sec)
Figure 5. The response of the control input (73, 72) with respect

to time



m

The state x

-5

) 5 10 15 20 25 30 35
Time ( sec )

Figure 6. The response of the state variable x,, with respect to

time

m

The state y

-2

0 5 10 15 20 25 30 35
Time ( sec)

Figure 7. The response of the state variable y,, with respect to

time

05-

The state 6
o

5 10 15 20 25 30 35
Time (sec)

Figure 8. The response of the state variable § with respect to time

Additionally, the following simulation results Figures 6-8
are about the original mobile robot system with visual
servoing (4), from which, we can observe that the system
state (X, Ym,0) can also be stabilized to zero in a finite
time.

5. Conclusion

In this article, a new switching controller is presented
for solving the global finite-time stabilization problem
of the nonholonomic mobile robots based on visual
serving with uncalibrated camera parameters and external
perturbation. The best innovation of this paper is that the

discontinuous controller design is based on applying the
stability theorem of finite-time and a new switching design
method such that the states of closed-loop system can be
stabilized to origin point in a finite time. In the near future,
we will discuss the corresponding finite-time stabilization
problem with saturated control inputs.

6. Acknowledgements

This paper was supported by the National
Science Foundation of China (61304004, 61203014,
11274092,1077403), the China Postdoctoral Science
Foundation funded project (2013M531263), the Jiangsu
Planned Projects for Postdoctoral Research Funds
(1302140C), the National Science Foundation of Jiangsu
Province (BK2012283), the Ministry of Education of
Jiangsu Province (1066-B11025), the R & D Special Fund
for Public Welfare Industry (201101014), the Ministry
of Education of China (MS2010HHDX044) and the
National Basic Research Program of China (973 Program)
(2010CB832702).

7. References

[1] R. W. Brockett, “Asymptotic stability and feedback
stabilization", in: R. W. Brockett, R. S. Millman, H.
J. Sussmann (Eds.), Differential Geometric Control
Theory, Birkhauser, Boston, pp. 181-208, 1983.

[2] R. M. Murray and S. S. Sastry, “Nonholonomic motion
planning: Steering using sinusoids", IEEE Trans.
Automat. Control., vol. 38, no. 5, pp. 700-716, May 1993.

[8] Y. P. Tian and S. Li, “Exponential stabilization
of nonholonomic dynamic systems by smooth
time-varying control”, Automatica, vol. 38, no. 7, pp.
1139-1146, 2002.

[4] A. Teel, R. Murry and G. Walsh, “Nonholonomic
control systems: From steering to stabilization with
sinusoids", in Proc. IEEE Conf. Decision Control, pp.
1603-1609, 1992.

[5] O. J. Sordalen and O. Egeland, “Exponential
stabilization of nonholonomic chained systems",
IEEE Trans. Automat. Control., vol. 40, no. 1, pp. 35-49,
1995.

[6] J. P. Hespanha, “Stabilization of the nonholonomic
integrator via logic-based switching", in Yale
University, Technical Report, 1995.

[7] A. P. Aguiar and A. Pascoal, “Stabilization of the
extended nonholonomic double integrator via logic
based hybridcontrol", in Proceedings of 6th international
IFAC symposium on robot control, ViennalCAustria,
September 2000.

[8] A. Astolfi, “Discontinuous control of nonholonomic
systems", Syst. Control Lett., vol. 27, pp. 37-45, 1996.

[9] A. M. Bloch and S. Drakunov, “Stabilization of a
nonholonomic systems via sliding modes", in Proc.
IEEE Conf. Decision Control, pp. 2961-2963, 1995.

[10] C. Canudas de Wit and O. J. Sordalen, “Exponential
stabilization of mobile robots with nonholonomic
constraints", IEEE Trans. Automat. Control., vol. 37, no.
11, pp. 1791-1797, 1992.

[11] M. C. Laiou and A. Astolfi, “Discontinuous control of
high-order generalized chained systems", Syst. Control
Lett., vol. 37, pp. 309-322, 1999.

Hua Chen, Shihong Ding, Xi Chen, Lihua Wang, Changping Zhu and Wen Chen:

Global Finite-time Stabilization for Nonholonomic Mobile Robots Based on Visual Servoing



12

[12] J. P. Desali, J. P. Ostrowski and V. Kumar, “Modeling
and control of formations of nonholonomic mobile
robots", IEEE Transactions on Robotics and Automation,
vol. 17, no. 6, pp. 905-908, 2001.

[13] R. Vidal, O. Shakernia and S. Sastry, “Formation
control of nonholonomic mobile robots with
omnidirectional ~ visual servoing and motion
segmentation”, in: IEEE International Conference on
Robotics and Automation, vol. 1, pp. 584-589, 2003.

[14] Wenjie Dong, “Tracking control of multiple-wheeled
mobile robots with limited information of a desired
trajectory”, IEEE Transactions on Robotics, vol. 28, no. 1,
pp- 262-268, 2012.

[15] Tengfei Liu and Zhongping Jiang, “Distributed
formation control of nonholonomic mobile robots
without global position measurements", Automatica,
vol. 49, no. 2, pp. 592-600, 2013.

[16] J.P. Laumond, P. E. Jacobs, M. Taix and R. M. Murray,
“A motion planner for nonholonomic mobile robots",
IEEE Transactions on Robotics and Automation, vol. 10,
no. 5, pp. 577-593, 1994.

[17] T. Fukao, H. Nakagawa and N. Adachi, “Adaptive
tracking control of a nonholonomic mobile robot",
IEEE Transactions on Robotics and Automation, vol. 16,
no. 5, pp. 609-615, 2000.

[18] B. S. Park, S. J. Yoo, J. B. Park and Y. H.
Choi, “A simple adaptive control approach for
trajectory tracking of electrically driven nonholonomic
mobile robots", IEEE Transactions on Control Systems
Technology, vol. 18, no. 5, pp. 1199-1206, 2010.

[19] Hua Chen, Chaoli Wang, Binwu Zhang and Dongkai
Zhang, “Saturated tracking control for nonholonomic
mobile robots with dynamic feedback", Transactions of
the Institute of Measurement and Control, vol. 35, no. 2,
pp. 105-116, 2013.

[20] J. Giildiier, V. I. kin, “Stabilization of nonholonomic
mobile robots wusing Lyapunov functions for
navigation and sliding mode control", in: The 33rd
IEEE Conference on Decision and Control, vol. 3, pp.
2967-2972, 1994.

[21] Xuebo Zhang, Yongchun Fang and Ning Sun, “Visual
servoing of mobile robots for posture stabilization:
from theory to experiments", International Journal of
Robust and Nonlinear Control, doi: 10.1002/rnc.3067,
2013.

[22] Z.P.Jianga, E. Lefeberb and H. Nijmeijer, “Saturated
stabilization and tracking of a nonholonomic mobile
robot", Syst. Control Lett., vol. 42, no. 5, pp. 327-332,
2001.

[23] Jiangshuai Huang, Changyun Wen, Wei Wang,
Zhongping Jiang, “Adaptive stabilization and tracking
control of a nonholonomic mobile robot with input
saturation and disturbance", Syst. Control Lett., vol. 62,
no. 3, pp. 234-241, 2013.

[24] Hua Chen, Chaoli Wang, Liu Yang and Dongkai
Zhang, “Semiglobal stabilization for nonholonomic
mobile robots based on dynamic feedback with inputs
saturation", Journal of Dynamic Systems, Measurement,
and Control, vol. 134, no. 4, pp. 041006.1-041006.8, 2012.

[25] Chaoli Wang, Yingchun Mei, Zhenying Liang and
Qingwei Jia, “Dynamic feedback tracking control of
nonholonomic mobile robots with unknown camera

Int J Adv Robot Syst, 2014, 11:180 | doi: 10.5772/59307

parameters", Transactions of the Institute of Measurement
and Control, vol. 32, no. 2, pp. 155-169, 2010.

[26] Zhenying Liang and Chaoli Wang, “Robust
Exponential Stabilization of Uncertain Nonholonomic
Chained Systems Based on Visual Feedback," Journal
of Systems Science and Complexity, vol. 25, pp. 441-450,
2012.

[27] Hua Chen, Jinbo Zhang, Bingyan Chen and
Baojun Li, “Global practical stabilization for
nonholonomic mobile robots with uncalibrated
visual parameters by using a switching controller,”
IMA Journal of Mathematical Control and Information,
doi: 10.1093 /imamci/dns044, 2013.

[28] Hua Chen, Bingyan Chen, Baojun Li and Jinbo

Zhang, “Practical  stabilization of uncertain
nonholonomic mobile robots based on visual
servoing model with  uncalibrated camera

parameters,” Mathematical Problems in Engineering,
http://dx.doi.org/10.1155/2013 /395410, 2013.

[29] Fang Yang, Chaoli Wang and Guangzhu Jing,
“Adaptive tracking control for dynamic nonholonomic
mobile robots with uncalibrated visual parameters",
International Journal of Adaptive Control and Signal
Processin, vol. 27, pp. 688-700, 2013.

[30] Meiying Ou, Shihua Li and Chaoli Wang, “Finite-time
tracking control for nonholonomic mobile robots
based on visual servoing", Asian Journal of Control, vol.
16, no. 3, pp. 1-13, 2014.

[31] Meiying Ou, Shihua Li and Chaoli Wang, “Finite-time
tracking control for multiple nonholonomic mobile
robots based on visual servoing", International Journal
of Control, doi: 10.1080/00207179.2013.803157, 2013.

[32] Yiguang Hong, “Finite-time stabilization and
stabilizability of a class of controllable systems," Syst.
Control Lett., vol.46, pp.231-236, 2002.

[33] S. P. Bhat, D. S. Bernstein, “Continuous Finite-Time
Stabilization of the translational and rotational double
integrators," IEEE Trans. Automat. Control., vol.43,
pp-678-682, 1998.

[34] V. T. Haimo, “Finite-time controllers," SIAM | Control
Optim, vol.24, pp.760-770, 1986.

[35] Yiguang Hong, Jiankui Wang and Zairong Xi,
“Stabilization of uncertain chained form systems
within finite settling time," IEEE Trans. Automat.
Control., vol.50, no.9, pp.1379-1384, 2005.

[36] Qinglei Hu, Bo Li, Aihua Zhang, “Robust finite-time
control allocation in spacecraft attitude stabilization
under actuator misalignment," Nonlinear Dynamics,
vol. 73, pp. 53-71, 2013.

[37] Junjie Zhao, Hao Shen, Bo Li, Jing Wang, “Finite-time
H-infty control for a class of Markovian jump delayed
systems with input saturation," Nonlinear Dynamics,
vol. 73, pp. 1099-1110, 2013.

[38] Mohammad Pourmahmood Aghababa, “Finite-time
chaos control and synchronization of fractional-order
nonautonomous chaotic (hyperchaotic) systems
using fractional nonsingular terminal sliding mode
technique," Nonlinear Dynamics, vol. 69, pp. 247-261,
2012.

[39] G. Campion, G. Bastin and B. D’Andrea-Novel,
“Structural Properties and Classification of Kinematic



and Dynamic Models of Wheeled Mobile Robots",
IEEE Trans. Robot. Autom., vol. 12, no. 1, pp. 47-62, 1996.

[40] Chaoli Wang, Zhenying Liang and Yunhui
Liu, “Dynamic Feedback Robust Regulation of
Nonholonomic Mobile Robots Based on Visual
Servoing", in Joint 48th IEEE Conference on Decision and
Control and 28th Chinese Control Conference, 4384-4389,
2009.

[41] Zhenying Liang and Chaoli Wang, “Robust
stabilization of nonholonomic chained form systems
with uncertainties", ACTA Automatica Sinica, vol. 37,
no. 2, pp. 129-142, 2011.

[42] S. P. Bhat, D. S. Bernstein, “Finite-time stability of
continuous autonomous systems", SIAM ]. Control
Optim., vol. 38, no. 3, pp. 7511C766, 2000.

[43] G. H. Hardy, ]J. E. Littlewood and G. Polya,
“Inequalities", Cambridge university press, 1952.

[44] C. Qian and W. Lin, “A continuous feedback
approach to global strong stabilization of nonlinear
systems", IEEE Trans. Automat. Control., vol. 46, no. 7,
pp- 1061-1079, 2001.

[45] M. Harmouche, S. Laghrouche and Y. Chitour, “A
Lyapunov approach to robust and adaptive finite
time stabilization of integrator chains with bounded
uncertainty", arXiv preprint, arXiv:1303.5117, 2013.

[46] Zhao Wang, Shihua Li and Shumin Fei, “Finite-time
tracking control of a nonholonomic mobile robot",
Asian Journal of Control, vol. 11, no. 7, pp. 344-357, 2009.

Appendix A.

Adopt the similar proof method as it in [45], the time
derivative of the Lyapunov function V along a non-trivial
trajectory of system (11) is given as

oV _
< E gﬁiziﬂ + Euo(z)

av rv(t)
+7

0z, ( Ym
1%

Because §-(z)ilo(z) < 0, if #lp(z) > 0, then g—z <0,

pign(iio(2)) + (1))

=7
8:; (w(t)

Tcpsign(ﬂo(z)) + (P(f)) < %(4_’ —lo(t)]) <o0.

m

On the other hand, if i7y(z) < 0, then g—z > 0and

-
BZ <7(f)

% Sasign(ao(2) + 9(1)) = 5

Therefore, we have

19y k1%

V< l; oz Pizi t ETz,ﬁO(Z) < =V (2).

According to Lemma 1, any a non-trivial trajectory z of

system (11) reaches zero and stays there in a finite time.
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