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1 Introduction

New existence results are derived for solutions of the second order differential equation
—x"(8) =f (t,%()), t€][0,1], 11)
subject to the boundary conditions
x'(0)=0, Bx'(1) +x(n) =0, (1.2)

where x”, x" stand for the distributional derivative of the function x € C[0,1], C[0,1] de-
notes the space where the functions x : [0,1] — R are continuous, f is a distribution (gen-
eralized function), 8 is a positive constant and 7 € [0,1]. The space C[0,1] is considered
with the uniform norm || - | .

In recent years, the existence of solutions of boundary value problems have been
studied by many authors [1-4]. Chew and Flordeliza, in [5], generalized the classical
Carathéodory’s existence theorem on the Cauchy problem %’ = f(¢,x) with x(0) = 0. Par-
ticularly, in [6, 7], the differential equations involving the approximate derivatives are con-
sidered. BVP (1.1)-(1.2), which has been studied in [4] by using ordinary derivatives, came
from the steady-state of a heat bar model. The boundary conditions model the behavior
of a thermostat where the sensor measures the temperature. The heat bar is insulated at
t = 0, and the controller releases heat at ¢ = 1 depending on the temperature at ¢ = 1. How-
ever, it is well known that the notion of a distributional derivative is very general, including
ordinary derivatives and approximate derivatives. Without loss of generality, we use the
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distributional derivatives to discuss (1.1)-(1.2) in a general form. The existence result ob-
tained under weaker conditions extends the previous results in the literatures.

This paper is organized as follows. In Section 2, we introduce fundamental concepts
and basic results of the distributional Henstock-Kurzweil integral. In Section 3, we apply
Schauder’s fixed point theorem to verify the existence of BVP (1.1) and (1.2). In Section 4,
we give an example to illustrate Theorem 3.1 in this paper.

2 Distributional Henstock-Kurzweil integral
In this section, the definition of distributional Henstock-Kurzweil integral and its main
properties needed in this paper are presented.

Define the space

C® = {¢ :R— R|¢ e C* and ¢ has compact support in R},

where the support of a function ¢ is the closure of the set on which ¢ does not equal zero.
A sequence {¢,} C C° converges to ¢ € C° if there is a compact set K such that all ¢,
have support in K and the sequence of derivatives d),(qm) converges to ¢ uniformly for
every m € N U {0}. Denote C>* endowed with this convergence property by D. Also, if
¢ € D, we call ¢ a test function. The dual space to D is denoted by D’ and if f € D’ then
f:D—->R,{f,¢)eRfor¢peD.

Forallf € D', we define the distributional derivative f’ of f to be a distribution satisfying
(f, ) = —{f,¢'), where ¢ is a test function and ¢’ is the ordinary derivative of ¢. With this
definition, it is easy to get that all distributions have derivatives of all orders and each
derivative is a distribution.

Let (a, b) be an open interval in R. We define

D((a,b)) = {¢: (a,b) > R | ¢ € C° and ¢ has compact support in (a, b)}.

D'((a, b)) denotes the dual space of D((a, b)).
Let C[a, b] be the space of continuous functions on [a,b] and B¢ = {F € Cla,b] | F(a) =
0}. Note that B¢ is a Banach space with the uniform norm

[IFlloc = max |F(2)].
tela,b]

We give an introduction about the definition of the Dy -integral.

Definition 2.1 A distribution f is distributionally Henstock-Kurzweil integrable or briefly
Dyc-integrable on [a, b] if f is the distributional derivative of a continuous function F € Bc.

The Dy -integral of f on [a, b] is defined by (Dyx) f:f = F(b), where F € B¢ is the prim-
itive of f and ‘(Dux) /” denotes the Dy -integral. For succinctness, we refer to ‘(Dyx) [~ as
simply ‘ [ Moreover, the space of Dy -integrable distributions is defined by

Dy = {f € D'((a,b)) | f = F' for some F € Bc}.

With this definition, if f € Dyx then, for all ¢ € D((a, b)),

b
(.01 = (F0)=~F.0) =~ [ Fo.
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Now we give an example showing that the Dy -integral includes the HK -integral, and
hence includes Lebesgue and Riemann integrals (see [8—10] for details).

Example 2.1 In [8], Lee points out that if F is a continuous function and pointwise dif-
ferentiable nearly everywhere on [a, b], then F is ACG* (generalized absolutely continu-
ous), and if F is a continuous function which is differentiable nowhere on [a, b], then F is
not ACG*. A primitive F of the HK -integrable function f is ACG* (see [8, 10] for details).
Therefore, if F € Cla, b] butis differentiable nowhere on [a, b], the distributional derivative
of F exists and is Dy -integrable but not HK -integrable. On another aspect, if F is ACG*
then it belongs to C[a, b]. Hence F’ is not only HK -integrable but also Dy -integrable.

Let us introduce some basic results of the distributional Henstock-Kurzweil integral
needed later.

Lemma 2.1 ([11], Theorem 4, fundamental theorem of calculus)
(a) Let f € Dyy, and define F(t) = fatf Then F € Bc and F' = f.
(b) Let F € Cla,b). Then f;F’ =F(t) - F(a) forall t € [a, b].

For f € Dy and F € B¢ with F' =f, we define the Alexiewicz norm by

A1 =1l oc-

We say a sequence {f,,} C Dyx converges strongly to f € Dy if ||f, — f]| = 0 as n — oo.
Then the following result holds.

Lemma 2.2 ([11], Theorem 2) With the Alexiewicz norm, Dy is a Banach space.

Now we impose a partial ordering on Dyx: for f,g € Dyx, we say that f > g (or g < f)
if and only if f — g is a positive measure on [a, b]. By the definition, if f,g € Dy, then
[if = [,g for every I = [¢,d] C [a, b], whenever f = g. See [12] for details.

It is shown that the following results hold.

Lemma 2.3 ([11], Definition 6, integration by parts) Let f € Dyk, and g is a function of
bounded variation. Define fg = DH, where H(t) = F(t)g(t) — f;ng. Then fg € Dyx and

b b
(Dic) / Jo = E(b)g(®) — (Dyuc) f Fdg.

Lemma 2.4 ([12], Corollary 5, dominated convergence theorem for the Dy -integral) Let
{fu}o2o be a sequence in Dy such that f,, — f as n — oo in D'. Suppose that there exist
f-.f+ € D satisfyingf- < fy, < f. for ¥n € N. Then f € Dyx and lim, . [ f, = [ f.

The next statement is modified from [13] and [11].

Lemma2.5 Letf € Dyg and {f,}.°, be a sequence in Dyy such thatf,, — f asn — ocoinD’.
Define F,(x) = f:fy, and F(x) = f:f If g is a function of bounded variation and F,, — F as
n — oo uniformly on [a, b, then fabf,,g — f:fg as n— oo.
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3 Main results

In this section, we firstly assume that f satisfies the following assumptions:

(C1) f(¢t x) is Dy -integrable with respect to ¢ for all x € C[0, 1];

(Cy) f(t,x) is continuous with respect to x for all £ € [0,1], i.e., for each £ € [0,1], ||f (£, x,,) —
ft,x)|| = 0as ||lx, — x||cc — O for {x,} C C[0,1];

(C3) There exist f_,f; € Dyk such that f-(-) < f(-,x) < f;(-) for all x € C[0,1].

Lemma 3.1 BVP (1.1)-(1.2) is equivalent to the integral equation

1 n
x(t) = / Bf (s, x(s)) ds + / (n —s)f (s,%(s)) ds
0 0
_ / o5 (s.x0) s te[0,1], (3.1)
0
where 1) is a constant with 0 <n < 1.

Proof In view of Eq. (1.1), condition (C;) and Lemma 2.1, we have x" € C[0,1], and for all
t€(0,1],s €[0,1],

/ sx(s)ds = 1) = x(6) — (' () — ()
n
= —x(t) + x(n) + tx'(£) — nx'(n)

= —x(t) +x(n) + t/tx”(s) ds—n /nx”(s) ds.

0 0

Then

t n t
— ! d _ ! d _ ! d
x(t) x(r])+t/0 x"(s)ds r]/(; x"(s)ds /ﬂ sx"(s)ds
t n 0 t
— I d _ i d _ I d _ u d
x(n)+t/0x(s)s n/(;x(s)s /nsx(s)s Asx(s)s
n ¢
:x(n)—fo (n —s)x (s)o7,’s+/0 (t —s)x"(s) ds.

According to the boundary conditions, one has

1 t
x(t) = —/3/; x"(s)ds — /On(n —s)x"(s)ds +/0 (t-s)x"(s)ds, te][0,1].

Then

1 ¢
x(t) = /0 Bf (s, %(s)) ds + / (n—s)f (s, %(s)) ds — /o (t - 9)f (s,x(s)) ds. (3.2)

n
0

It is easy to calculate that BVP (1.1)-(1.2) holds by taking the derivative of both sides of

(3.2). This completes the proof. d
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Lemma 3.2 ([14], Theorem 6.15) Let M be a convex, closed subset of a normed space X.
Let T be a continuous map of M into a compact subset K of M. Then T has a fixed point.

With the help of the preceding two lemmas, we can now prove the existence of solutions
of BVP (1.1)-(1.2).

Theorem 3.1 Under assumptions (C;)-(Cs), there exists at least one solution of BVP (1.1)-
1.2).

Proof Suppose that

A?@m Alwm

Then, for each ¢ € [0,1], we have

M = max
te(0,1]

+ max
te(0,1]

t t
M [peds=m, Mz [ pods<m (33)
0 0
Let B={x € C[0,1] : ||xllco < I,L= (B + 6)M > 0}. For each x € B, t € [0,1], define

1 n t
Ax(t) := /0 Bf (s,x(s)) ds + /0 (n = 9)f (s,%(s)) ds — /0 (t — s)f (s, x(s)) ds. (3.4)

Now we prove this theorem in three steps.
Step1: A:B— B.
For all x € B, by (3.4), one has

1 n t
/ ,Bf(s,x(s)) ds + / (n- s)f(s,x(s)) ds — / (t— s)f(s,x(s)) ds
0 0 0

| A%l 0o = max
te[0,1]

/0 S (s,%(s)) ds
/t sf(s,x(s)) ds
0

<max (B+t+n) + max
te[0,1] te(0,1]

/ sf (s, x(s)) ds

/n sf(s,x(s)) ds|. (3.5)
0

< (B +2)M + max
te(0,1]

+ ma
te[0,1]

Furthermore, let F(t) = fotf(s,x(s)) ds for t € [0,1], and

/Otf(s,x(s)) ds

IF|loc = max
te[0,1]

Then, for all ¢ € [0,1], one has

A§ﬁ®

< [sF(s)I5] +

/tsf(s,x(s)) ds
0

sF(s)[6 - /OtF(s)ds

/OtF(s)ds /OIF(s)ds

< 2[|Flcc- (3.6)

< [E@)[5] +
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In particular, for ¢ = 1, we have

= 2[|Floo- 3.7)

/n sf(s, x(s)) ds
0

In view of (3.5)-(3.7), one has

+

[ Axlloo < (B +2)M + max (

te[0,1]

ft sf (s, %(s)) ds
0

< (B+2)M +2||Flloc + 2| Flloo

/n sf(s,x(s)) ds
0

)

=(B+2)M + 4| F|l o
By (3.3), we also obtain ||F||o <M, then || Ax|» < (B8 + 6)M = . Hence, A(B) C B.
Step 2: A(B) is equicontinuous.
Let t1, b € [0, 1], x€B

| Ax(t) - Ax(t) |

- / (- ) (5:2() s - / (6 = 5)f (5,%(5)) ds
0 0

=4 /0 f(s.x(s))ds— 1 /0 f(sx(s)) ds - /0 sf (s, %(s)) ds + /0 sf (s, %(s)) ds

=t /otzf(s,x(s)) ds+t /:f(s,x(s)) ds—ty /(;tzf(s,x(s)) ds + /tz sf(s,x(s)) ds

2]

= (tl—tz)/2f(s,x(s))ds+t1/1f(s,x(s))ds+f1sf(s,x(s))ds
0 t

sltz—tll(fozf-(s)ds /02f+(s)ds)+t1</2f-(s)ds [ s

/ ? sf (s,x(s)) ds

+ +

)

+

For every ¢ € [0,1], we let F,(¢) = fotﬁ (s)ds, F_(t) = fotf,(s) ds. By (C3), we obtain

F_(t) <F() =F.(t), tel0,1],

/tf(s)ds < /tf(s,x(s)) ds < /tﬂ(s)ds, te[0,1].
0 0 0
Moreover,

| a0)

t
sF(s)IE—/ F(s)ds
n

tzF(tz) — tlF(tl) - / ’ F(S) ds

(s = 0)E () — 1 (E(t) - F(8) - / " Fs)ds

5]
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5K@—hf@ﬂ+ﬂﬂm—F%H+/wﬂﬂw
ﬂmm( lwm+/lmm)

“(s)ds| +

/ﬁ(s)ds
/tF(s)ds

af|f
[ (5)ds

)
)

+

d

So,
st) - Axte)| <216 =0 (| [ 0|+ | [“ 0.
+2t1< /tzf_(s)ds + /tzﬁ(s)ds)

+

+ ( [tz F.(s)ds /ttz F_(s)ds ) (3.8)

Since £ (s),f.(s), F-(s), F,(s) € Dy, then their primitives are continuous on [0,1] and
hence uniformly continuous on [0,1]. Then by (3.8), A(B) is equiuniformly continuous
on [0,1] for all x € B.

In view of Step 1, Step 2 and the Ascoli-Arzela theorem, A(B) is relatively compact.

Step 3: A is a continuous mapping.
Let x € B, {x,,},en be a sequence in B and x,, — x as n — o0.
By (C,), one has

f(,x,) = f(,x) asn— oo.

According to assumption (C3) and Lemma 2.4, we have

hm f(sxn(s) ds-/fsxs) ds, te[0,1].
It is easy to verify, by Lemma 2.5, that

lim A(x,) = A(x).

n—00

Hence, A is continuous.
Thus, A satisfies the hypotheses of Lemma 3.2, then there exists a fixed point of A which
is a solution of (3.1). By Lemma 3.1, BVP (1.1)-(1.2) has at least one solution. O

4 Example
In this section, we give an example for the application of Theorem 3.1.

Example 4.1 Consider the initial value problem

—x" =t?sinx+r, tel0,1],

x'(0) =0, (4.1)
px'(1) +x(0) = 0,



Liang et al. Boundary Value Problems (2015) 2015:73 Page 8 of 8

where r is the distributional derivative of the Riemann function R(¢) = Y 77, St57

in [15].

It is easy to see that R(¢) € C[0,1] and R(0) = 0, hence r is Dyg-integrable. Let f(¢,x) =
t?sinx + r, then f(¢,x) satisfies (C;), (Cy). Moreover, let f.(£) = —t> + r and f,(t) = £* + r,
then

SO =fx) = f0),
i.e., (C3) holds. Therefore, the initial value problem (4.1) has a solution.

Remark 4.1 It is well known that the function R(¢) given by Riemann is continuous but
pointwise differentiable nowhere on [0,1], then the distributional derivative r in (4.1) is
neither HK nor Lebesgue integrable. Hence, this example is not covered by any result

using HK or Lebesgue integral. Thus, Theorem 3.1 is more extensive.
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