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Abstract

In this paper, using the theory of fixed point index on a cone and the Leray-Schauder
fixed point theorem, we present the multiplicity of positive solutions for the singular
nonlocal boundary-value problems involving nonlinear integral conditions and the
existence of at least one positive solution for the singular nonlocal boundary-value
problems with sign-changed nonlinearities.
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1 Introduction

Nonlocal boundary-value problems with linear and nonlinear integral conditions have
seen a great deal of study lately (see [1-16], and references therein) because of their in-
teresting theory and their applications to various problems, such as heat flow in a bar of
finite length [4, 11]. In this paper, we consider the existence of positive solutions of the

nonlinear boundary-value problem (BVP) of the form

—y" =q@)f (t¥(t)), t€(0,1) (1.1)

with integral boundary conditions

y(0)=H(p(), »1)=0, (12)

where ¢(y) is a linear functional on C[0,1] given by

1
$0) = fo 3(6) dac(s)

involving a Stieltjes integral with a signed measure.

In [2], Goodrich considered the following problem:

-y = xg(t,y(t)), te(0,1) (13)
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with integral boundary conditions

y0)=H(p(»), y1)=0 (1.4)

and deduced the existence of at least one positive solution to the BVP (1.3)-(1.4) in which
H(4(y)) has either asymptotically sublinear or asymptotically superlinear growth, and in
[3] Goodrich demonstrated that if the nonlinear functional H(¢(y)) satisfies a certain
asymptotic behavior, then the BVP (1.3)-(1.4) possesses at least one positive solution. For
the case that H is linear and ¢(y) = fol y(s) da(s) involves a signed measure, Webb and In-
fante discussed the multiplicity of positive solutions for nonlocal boundary-value prob-
lems [12-14]. For the case that H is linear and the Borel measure associated with the
Lebesgue-Stieltjes integral is positive, we can find some results on the existence of positive
solutions [7, 8, 16, 17]. The results in the above literature are obtained under the condition
that f(¢,x) is continuous on (0,1) x [0, +00), i.e., f has no singularity at x = 0. And it is well
known that study of singular two-point boundary-value problems for the second-order
differential equation (1.1) (singular in the dependent variable) is very important and there
are many results on the existence of positive solutions [15, 18—24]. But there are fewer re-
sults on the existence of positive solutions for the singular BVP (1.1)-(1.2) [5, 6]. One goal
in this paper is to consider the existence of positive solutions under the condition that
f(t,x) is singular at x = 0. Our paper has the following features.

Firstly, in order to overcome the difficulties of the singularity of f we establish a new
cone and get the new condition (3.13) which is different from that in [5, 6]. Moreover, we
get a multiplicity of positive solutions for BVP (1.1)-(1.2) different from that in [2, 3,12-14]
under the condition that H(y) or f(¢,y) is superlinear at y = +oo.

Secondly, when f is singular and sign-changed, we get the existence of at least one posi-
tive solution to the BVP (1.1)-(1.2) which is different from that in [2, 3, 5, 6, 12—14] where f
is nonnegative and continuous at x = 0. Moreover, the results are different from that in [7,
8,16, 17] where integral boundary conditions are linear and the Borel measure is positive.

Our paper is organized as follows. In Section 2, we present some lemmas and preliminar-
ies. Section 3 discusses the existence of multiple positive solutions for the BVP (1.1)-(1.2)
when f is positive. In Section 4, we discuss the existence of at least one positive solution
of BVP (1.1)-(1.2) when f is singular and sign-changed.

2 Preliminaries

In this paper, the following lemmas are needed.

Lemma 2.1 (see [25]) Let Q2 be a bounded open set in real Banach space E, P a cone of
E,0 € Qand A:Q NP — P continuous and compact. Suppose \Ax # x, Vx € 9Q N P,
A €(0,1]. Then

i(A4,QNPP)=1.

Lemma 2.2 (see [25]) Let Q2 be a bounded open set in real Banach space E, P a cone of
E,0 € Qand A: QNP — P continuous and compact. Suppose Ax & x,Vx € 9Q N P. Then

i(A,QNP,P)=0.
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Lemma 2.3 (see [25, 26]) Let E be a Banach space, R >0, Bg = {x € E : ||x|| < R}, and
F : B — E a continuous compact operator. If x # A\F(x) for any x € E with ||x|| = R and
0 < A <1, then F has a fixed point in Bg.

Let us begin by stating the hypotheses which we shall impose on the BVP (1.1)-(1.2).

(C1) Assume that there are three linear functionals ¢, ¢1, ¢, : C([0,1]) — R such that

¢ = ¢1(y) + $2(y).

Moreover, assume that there exists a constant g9 > 0 such that

$2(y) = olly

holds for each y € P, where P is the cone introduced in (2.1) below [2].
(C3) The functionals ¢ (y) and ¢, (y) are linear and, in particular, have the form

1

1
$1(9) = /0 YO dar(t),  daly) = /0 3(6) das(t),

where oy, a3 : [0,1] — R satisfy o, o € BV([0,1]) with

1 1
/ (1= ) dau(£) = 0, [ (A=) dar(t) > 0
0 0

and
1 1
/ k(t,s)doq(t) > 0, / k(t,s)day(t) >0
0 0

hold, where the latter holds for each s € [0,1] and k(%, s) is defined in (3.2) below [2].
(C3) Let H : R — R be a real-valued, continuous function. Moreover, H : (0, +00) —
(0, +00).
(Cy)

f:10,1] x (0,00) — (0, 00) is continuous
and there exists a function v,

continuous on [0,1] and positive on (0,1) such that

f(t,y) = yn(t) on (0,1) x (0,1].

1
q € C(0,1), g>0 on(0,1) and / (1-1t)g(t)dt < 0.
0

Let C[0,1] = {y: [0,1] — R: y(2) is continuous on [0,1]} with norm ||y|| = maxe[o,1 |y(¢)|.
It is easy to see that C[0,1] is a Banach space.
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Assume that (C,) hold. Define

P :{y € C[0,1] : y is concave on [0,1] with y(¢) > 0 for all ¢ € [0,1],
$1(9) = 0,¢5(y) = 0}. 2.1)

It is easy to prove P is a cone of C[0, 1] and we have the following lemma.

Lemma 2.4 (see [20]) Let y € P (defined in (2.1)). Then

y(&) =t -1yl fort €[0,1].
3 Multiplicity of positive solutions for the singular boundary-value problems
with positive nonlinearities

In this section, we consider the existence of multiple positive solutions for the BVP (1.1)-
(1.2). To show that the BVP (1.1)-(1.2) has a solution, for y € P, we define

1
(Tey)t) =1 - t)H(¢(y)) + /0 k(t, s)q(s)f (s, max{e,y(s)}) ds,
tel0,1],1>€>0, 3.1)
where
<
- T~ (3.2)
<t=<s .

Lemma 3.1 Suppose (C1)-(Cs) hold. Then T, : P — P is continuous and compact for all
1>¢€>0.

Proof 1t is easy to prove that T, is well defined and (7.y)(¢) > 0 for all £ € P. For y € P, we
have

(Tey)"®) <0 on(0,1),
(Tey)(0) = H(#(y)), (Tey)1) =0,

and so
(T.y)(t) is concave on [0,1]. (3.3)
Moreover, from (C,), we may estimate
1 1 pl
a1 = [ (-0da@H(0) + [ [ Ke9a (smax(e o)) dsdan(d
0 o Jo

1 1 1
:/ 1 -8 day()H(p()) +/ q(s)f(s,max{e,y(s)})/ k(t,s)do;(¢) ds
0 0 0
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and
1 1 pl
¢2(T€y):/ (l—t)daz(t)H(¢(y))+/ / k(t,s)q(s)f(s,max{e,y(s)})dsdag(t)
0 o Jo

1 1 1
=f (1 - 1) dax(t)H (d(y)) +f q(s)f (s, max{e,y(s)})/ k(t,s) das(t) ds
0 0 0

> 0. (3.5)

Combining (3.3), (3.4),and (3.5), Te : P — P. A standard argument shows that T, : P — P

is continuous and compact [9, 18, 26]. O

Define

®,:={xe PN C*((0,1),R) : ||lx|l < r and x satisfies

&' () + q(e)f (t, max{e,x()}) = 0,0 < £ <1,(0) = H(¢(x)),x(1) =0, V1 > € > 0}.
Lemma 3.2 If ®, # ) and (C,) hold, there exists a §, > 0 such that
x(0) > 8,¢(1-¢t), Vie[0,1],x€ ®,.

Proof Suppose x € ®,. There are two cases to consider.
(1) |l#]l > 1. Lemma 2.4 implies that

x(t) =t -« =tQ-1t), tel0,1]. (3.6)

(2) 0 < |lx|| <1. Condition (C4) guarantees that

1

x(t)=(1- t)H(d)(x)) + / k(t,s)q(s)f(s, max{e,x(s)}) ds

0
1
> [ ke 9asrne dsi= (0, te .1
0

Since y4/(t) > 0, y0(0) = 0, and (1) = 0, we know that y; is concave on [0,1] and y,(¢) > 0
forall ¢ € [0,1]. And from (C,), a similar argument as (3.4) and (3.5) shows that ¢ (y) > 0
and ¢»(y) > 0. Then y, € P and Lemma 2.4 implies that

vo(8) = (L= Blyoll, VEe€[0,1]. 3.7)
Let 8; = min{L, || ||}. From (3.6) and (3.7), one has

x(t) > 8t(1-t), Vtel0,1],

which means that

r= %l = 6.

Page 5 of 25
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Thus
1 1
= di d ,
(%) /O #(s) douy(s) + /0 #(s) dats(s) < collx| < cor

where

1 1
o 'S / den(s)] + f dors(s)|
0 0

and (C;) guarantees that

(%) > ¢a(x) > eolx]l.
And so

x(0) =H(¢p(x)) > mm]H®:&>Q

s€legd1,cor

The concavity x(¢) yields
x(t) >8,1-¢)>0, Vtel0,1],x¢€ D,.
The proof is complete.
For R> 0, let
Q= {x e C[0,1] : |lx]I <R}.
We have the following lemmas.

Lemma 3.3 Suppose that (C1)-(Cs) hold and there exists an a € (0, %) such that

lim ACY) = +00

y—>+oo

uniformly on [a,1 — a]. Then, there exists an R' > 1 such that for all R > R’

(T, QrNP,P)=0, VO0<e<Ll.

Proof From (3.8), there exists an R; > 1 such that

f(t»y) ZN*)/, VyZRl’

where

a? fﬂl_“ k(a,s)q(s) ds

(3.8)

(3.9)

Page 6 of 25


http://www.boundaryvalueproblems.com/content/2014/1/38

Yan Boundary Value Problems 2014, 2014:38

Page 7 of 25
http://www.boundaryvalueproblems.com/content/2014/1/38

Let R = % and
Qp:={x€C[0,1]: |lx| <R}, VR=R.
Now we show
Toy<y foryePNoQp,V0<e <1 (3.10)
Suppose that there exists a yo € P N 02 with Ty < 0. Then, [|y0] = R. Since y,(¢) is
concave on [0,1] (since yo € P) we find from Lemma 2.4 that y(¢t) > t(1-£)[|yo]| > t(1-£)R
for t € [0,1]. For t € [a,1 — a], one has
yo(t) > a’R>a’R =Ry, Vtel[a,l-a],
which together with (3.9) yields
f(t, max{e,yo(t)}) =f(t,y0(t)) > N*yo(t) > N*a’R, Vte|a,1-al. (3.11)

Then we have, using (3.11),

1
yo(a) > Teyo(a) = (1 — a)H (p(y0)) + /0 k(a, s)q(s)f (s, max{e,yo(s)}) ds

1-a
> f k(a, s)q(s)f(s, max{e,yo (s)}) ds

l-a

= k(a,s)q(s)f (s,70(s)) ds

a

> N*Ra?® /l—u k(a, s)q(s) ds
a
> R=|yoll,
which is a contradiction. Hence equation (3.10) is true. Lemma 2.2 guarantees that
(T, QrNP,P)=0, VO<e<l.
The proof is complete. d
Lemma 3.4 Suppose that (Cy)-(Cs) hold and
. H(s)
m —- =

li

s—>+00 §

+00. (3.12)
Then, there exists an R' > 1 such that for all R > R’

(T, QrNP,P)=0, VO<e<l.
Proof From equation (3.12), there exists an R; > 1 such that

H(s) >N*s, Vs>Ri, (3.13)
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2
N*> = (80 defined in (Cl)).
0

LetR = f—; and
Qp = {x € C[0,1]:||x]| <R}, VR>R.
Now we show
Toy<y forye PNaQp,V0<e <1 (3.14)

Suppose that there exists a yo € P N 9Qr with Teyy < yo. Then, ||y = R. Now (C;)
guarantees that

d(o) = $1(0) + $2(y0) = €ollyoll = €0R > Ry,

which together with equation (3.13) implies that
70(0) = T.300) = H($00)) = N'$lou) > —sollyol > ol

This is a contradiction. Hence (3.14) is true. Lemma 2.2 guarantees that
(T, QrNP,P)=0, VO<e<l.

The proof is complete. g

Theorem 3.1 Suppose (Cy1)-(Cs) hold and the following conditions are satisfied:

0 <f(t,9) < gW) + h(y) on [0,1] x (0, 00) with

g > 0 continuous and nonincreasing on (0, 00),

(3.15)

h > 0 continuous on [0,00), and

g nondecreasing on (0, 00)
and

) 1 " dy r }
sup miny —— —, ——————— t >max{l, by} (3.16)
re(0,+00) { 1+ % 0 g()/) maXye[0,cyr] H(y)

hold; here

1 1 !
bo = fo (1-s)qls)ds,  co= /0 | doxs (5)] + fo | dars(s)].

Then the BVP (1.1)-(1.2) has at least one positive solution.
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Proof From equation (3.16), choose € > 0 and r > 0 with € < min{1, r} such that

1 " d
i L [ et 617
0

1+ ‘% g()’) ’ maxye [0,co7] H()’)

Let

= {yeClo1]: Iyl <r},

and ng > % Forn € {ny,ny +1,...}, we define T1 asin equation (3.1). Lemma 3.1 guarantees
that T1 : P — P is continuous and compact.
n
Now we show that

y#2Tiy, ¥yedQnP,ie(0,1]. (3.18)

Suppose that there is a yo € 3Q2; N P and ¢ € [0,1] with yo = 1o T'1yy, i.e., yo satisfies

(3.19)

Y5(8) + hoq(0)f (£, max{L,yo(£)}) =0, 0<t<1,
90(0) = LoH (¢ (), yo(1) = 0.

Then y3(f) < 0 on (0,1). From equation (3.17), we have y0(0) = AoH(¢(yo)) <
maxye(o,c,r] H(¥) < r, which together with y¢(1) = 0 < r implies that there exists a £y € (0,1)
with yo(f0) = llyoll = 7, ¥6(f0) = 0 and y,(¢) < 0 forall ¢ € (¢,1). For £ € (0,1), from equations
(3.15) and (3.19), we have

; 1 h(max{%,yo(f)})
—y(t) Sg(max{ ;,yo(t)}> {1 + m }Q(t)

§g(max{%,yo(t)}>{l+ %}q(t). (3.20)

We integrate equation (3.20) from £ (£ < £) to ¢ to obtain

—70 () §g<max{%,yo(t)}> {1 + %} jt:q(s)ds

h(r) }

M /z q(s)ds (3.21)

0

sgvdﬂﬂl+
and then integrate equation (3.21) from ¢, to 1 to obtain
/yO(tO) ﬂ < {1+ @} /1/Sq(r)drds
m &) g ) Jiy Ju
- {1+%}/t:(1—s)q(5)ds

h(r)\ !
< {1+ %}./o (1 -s)g(s)ds,

Page 9 of 25
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rﬂ { @} 1 ~ d
/ogmf Mo [ a-9aas

which contradicts equation (3.17). Therefore, equation (3.18) is true. Lemma 2.1 implies
that

i(T%, QNPP) =1,
which yields the result that there exists a y, € €; N P such that
T1Yn=Yn
i.e.,, &, ¥ in Lemma 3.2. Now Lemma 3.2 guarantees that there exists a §, > 0 such that

y,(0) > §,, yu(t) = 68,(1—1), Vtel[0,1],x€ {ng,no+1,...}. (3.22)

e}

Now we consider the set {y,,};2,, .

Obviously, ||y,|| < r means that
the functions belonging to {y,,(t)} are uniformly bounded on [0, 1]. (3.23)
Now we show that
the functions belonging to {y,,(t)} are equicontinuous on [0, 1]. (3.24)

There are two cases to consider.

(1) There exists a subsequence {y,,} of {y,} with ¥,.(0) = H(¢(¥4,)) < |74 1l. Without loss
of generality, we assume that y,,(0) = H(¢(y,)) < |lyull, n € {no, no + 1,...}, which together
with y,(1) = 0 implies that there exists a ¢, satisfying that y/(¢,) = 0 with y,(£) > 0 for
t €(0,t,) and y,(t) < O for ¢ € (,,1). Let ¢’ = sup{t,, n > no}. Now we show that ¢’ < 1. To

the contrary, suppose that ¢ = 1. Then there exists a subsequence {n;} of {n} such that

t,, = 1 as n; — +00. From equation (3.21), using y, in place of y,, we have

yni () 1 h(r) 1
/o @dyf <1+ %> /tni(l—s)q(s)ds,

which implies that
Y (t;) = 0, as m; — +00.

This contradicts y,,(£) > é,(1 - ¢) for all £ € [0, 1].
Let ¢y € (¢,1). From equation (3.22), we have

yn(t) > ko:= min §,(1-¢), ¢te][0,¢t].
te(0,t0]
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Similarly as the proof in equation (3.21), one has

/ e\ [
nmsgm(ugﬁ)ﬁq@w,

which means that
the functions belonging to {y,,(t)} are equicontinuous on [0, £o]. (3.25)
For t1, 1, € [£9,1), from equation (3.21), using y, in place of yy, we have
yn(t2) 1 h(r) 1
— dy‘ < (1 + —) / q(s)dslty — &,
/yn(m &) g /) Jo

which yields

the functions belonging to {y,,(t)} are equicontinuous on [£,1]. (3.26)

Combining equations (3.25) and (3.26), we find that equation (3.24) holds.

(2) There exists a k; > 0 such that y,(0) = ||ly.|| and y,(¢) is nonincreasing on [0,1] for
all n > ky. From ,(0) = H(¢(y,)) = Ilyx|l and y,(1) = O, there exists ¢, € (0,1) such that
¥, (t:) = —H(¢(y,)). Now ¥/ (¢) < 0 implies that y,,(0) > y,(t,) = —H(¢(y,)). Hence, from
equation (3.20), using y, in place of y,, we have

h(r)

—J/n(t)+y;(0)Sg(yn(t))(1+@>/o q(s)ds, te€(0,1)

and so
A ( @) Lo ds . 200
wm>1%mﬂﬂ”swm>

Ho\ [ H($ ()
(“gv)ﬂq@”+gwm>

(1+@) /tq(s)ds+i max H(r), te€(0,1).
0

IA

A

IA

g(7) g(r) sel0,corl
Then
e 1 © 0
/yn(m @dy‘ ) /tl g0n(s)) @
=< (1 + %) /: [OS q(t)dtds| + ﬁse%iﬁr}]{(r)ltl -t

th) b e [07 1]7

which implies that (3.24) hold.
Now Arzela-Ascoli theorem guarantees that {y,(t)} has a convergent subsequence.
Without loss of generality, we assume that there is a y, € C[0,1] such that

lim y, =y,

n—+00

Page 11 of 25
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which together with equation (3.22) and y,(1) = 0 implies that
7M=0,  y@O=50-8, Vrelo1] (327)

Since y,, (n € N) satisfies y, = T1y,, we have

Vo(t) = —q(t)f(t,max{%,yn(t)}) =0, O<t<l

We integrate the above equation from % to t to yield

¥,,(2) =y/n<%> —/; q(s)f(s,max{%,y,,(s)}) ds,

and so

Yu(t) = yn<1> +yn(;) <t— %) —/;/;q(t)f(r,max{%,yn(r)})dr ds
:yn<%> +y/n(%) <t— %) + /;(s—t)q(s)f(s,max{%,yn(s)})ds

for ¢t € (0,1) and

1

1
(0 = H(90) :H( /0 Ja(s) dens) + /O (s) daz(s>),

and the Lebesgue Dominated Convergent theorem together with equation (3.27) implies
that

¥.(t) = nE‘Pooy”(t)
= nEIPoo|: n<1) +yn(1> <t— %) + /;t(s - t)q(s)f(s,max{ %,yn(s)}) ds:|
:y*<%> +y’*(%> (t - %) + /;(s— t)q(s)f(s,y*(s)) ds (3.28)

for ¢t € (0,1) and

7+(0) = ngrpooyn(o)

= lim H(¢(n))

n—+00

1 1
= lim_ H( /O s)doy (s) /0 Vnu(s) daz(S))
)
)-

( (Y*"' (Y*)

=H(¢ () (3.29)

Page 12 of 25
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We differentiate equation (3.28) to get

Vi) +qo)f (t,y:() =0, t€(0,1),

which together with equations (3.27) and (3.29) means that the BVP (1.1)-(1.2) has at least
one positive solution. The proof is complete. d

Theorem 3.2 Suppose the conditions of Theorem 3.1 hold and there exists an a € (0, %)
such that

L,
lim f—( ) = +00
y—=>+00 Yy

uniformly on [a,1 — a]. Then the BVP (1.1)-(1.2) has at least two positive solutions.

Proof Chooser >0asin(3.17), np > 0 with % <min{l,7},and R > max{r,R'} in Lemma 3.3.

Set N, = {ng,no +1,...}, and

Q1 ={yeClo1]: |yl <r},
Q= {y € C[0,1] : ||l <R}.

By the proof of Theorem 3.1 and Lemma 3.3, we have

i(T%, QNPP)=1

and
i(T%, QNP,P)=0,

which implies that
i(T1,(Q - ) NP,P) =-1.

Then, there exist 1, € Q; NP and x5, € (23 — Q1) N P such that
T% X1n = XLn> T% X2,n = X2,n.

By the proof of Theorem 3.1, there exist a subsequence {xy,,} of {x1,} and x; € P such
that

lim xy,,(£) =% (), te[0,1].
n;j—>+00

And moreover, x;(t) is a positive solution to the BVP (1.1)-(1.2) with r > x;(¢£) > 3,(1 — £),
vt e [0,1].

A similar argument shows that there exist a subsequence {xz,,,].} of {x,,} and xy € PN
(29 — 1) such that

lim xzy,,].(t) =x(t), te]l0,1].
nj—>+00
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And moreover, x,(£) is a positive solution to the BVP (1.1)-(1.2) and equation (3.18) guaran-
tees that ||x; || > r. Hence, x(£) and x,(¢) are two positive solutions for the BVP (1.1)-(1.2).
The proof is complete. g

Theorem 3.3 Suppose the conditions of Theorem 3.1 hold and

lim ]&:

s—>+00 §

+00

Then the BVP (1.1)-(1.2) has at least two positive solutions.

Proof Chooser > 0asin(3.17), ng > 0 with % <min{l,7},and R > max{r,R'} in Lemma 3.4.
Set N, = {ng,no +1,...}, and

o = {yeClo1]: Iyl <r},

Q ={yeC[0,1]: ||yl <R}.
By the proof of Theorem 3.1 and Lemma 3.4, we have

i(T%, QNPP)=1

and
i(T%, Q,NP,P)=0,

which implies that
i(T%,(Qz -Q1)NP,P)=-1

Then, there exist x;, € ;NP and x,,, € (2, — 1) N P such that
Trxi, = %1 T3, = %2,

A similar argument to that in Theorem 3.2 shows that the BVP (1.1)-(1.2) has at least
two positive solutions. The proof is complete. g

Example 3.1 Consider

yY'(E) + p—— L + Lsint2+ Ly“sl(t)+ Ly‘SZ(t) =0, O<t<1, (3.30)
J1-:\200 300 100 100 ’ T
with
y0)=H(¢(»),  y(1)=0, (3.31)
where

1

1 1
HO= 5t 38, 00)=00)+0:00= [ s da)+ [ y0)dets)
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with

1 1
dai(s) = 3 cos2msds, doy(s) = 3 de’,

100 (3.32)

G +13

81>0, 52>1,

Then equations (3.30)-(3.31) have at least two positive solutions.

To prove that the BVP (3.30)-(3. 31) has at least two positive solutions, we use Theo-
rem 3.2. Let g(¢) = ,u\/%,f(t,y) 200 + m sint? + moy“sl + my‘b g(y) = 1003’_81 h(y) =
o5 + 10502 Co = fol |doty (s)] + fol day(s)| = 7= + %, by = . For y € P (defined in (2.1)),
we have

| ! 1
$2(y) = / y(t) et ds > |yl / s(1-s)-€'ds,
0 8 0 8
which means that (C;) holds. Since

1 1
/ (1-1t)dai(t) =0, / (1-1t)day(t) >0,
0 0

1-cos2ms
- >
3272

’

1 s 1
‘/ok(t,s)dal(t)z(l—s)/o tdoel(t)+s/s 1-8)do(t) =

and
1 s 1
/k(t,s)daz(t)z(l—s)/ tdaz(t)+s/ A=t)day(t) >0
0 0 s

. . 1 1
(Cy) is true. Since ¢g < 1, we have max,e[o,cor H(y) = %cor + %(cor)3 < %r + %rB. Then

1 1
maxyeo,c1) H(y) ) %col + %(col)% 7
Equation (3.32) guarantees that
100
1 + k) / g(y 3(1+ 51)
Letting uo < 3, we have
1 " d r
re(s()l,lPoo) min{ “—h(r g—(j//) m} > max({1, by},

for all i < o, which means that equations (3.15)-(3.16) hold. Since

1 1
ft,x )_m+%smt Y(t,x) € [0,1] x (0,1],

we get (C4). Moreover, since

im L®Y _

y—>+oo Yy
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uniformly on [0,1], all conditions of Theorem 3.2 hold, which implies that equations
(3.30)-(3.31) have at least two positive solutions.

Example 3.2 Consider

Y@ +uy(6)=0, 0<t<l, (3.33)
with

y(0)=H(¢(»), y1)=0, (3.34)
where

1 11 1 1
H@)= 38+ 565 90)=410) +620) = /0 3(6) dons(s) + /0 ¥(6) dats(s),
with
1 1
do(s) = 3 cos 2msds, doy(s) = 3 de’, 8 > 0.

Then equations (3.33)-(3.34) have at least two positive solutions.

To prove that the BVP (3.33)-(3.34) has at least two positive solutions, we use Theo-
rem 3.3. Let g(t) = u, f(£,y) =y, g(y) = y ™ h(y 0, €0 =37 L+ &, by = 5. Since ¢p < 1,
we have maxyejo,¢, H(y) = %(cor) 1(cor)3 <3 34 r3 Then

1 1

= > 1.
maXye(o,co1] H () 3(col)? + %(col)%

Also we have

" d
lim / & (1 hm) ~ +00.
r—+00 g(y) g(r
Then, letting 11o < 2, we get

sup min
re(0,+00)

{1 " dy r

s - >maX{1,h })
1 + h(’ g(y) maxye[o cor] H(y)} ’

for all i < o, which means that equations (3.15)-(3.16) hold. Since
ft,x) =1, V(t,x) €[0,1] x (0,1],

we get (Cy4). Obviously, (C;)-(Cs), and (Cs) hold. Moreover, since

. H(s)
lim — =+00
y—>+00 S

uniformly on [0,1], all conditions of Theorem 3.3 hold, which implies that equations
(3.30)-(3.31) have at least two positive solutions.


http://www.boundaryvalueproblems.com/content/2014/1/38

Yan Boundary Value Problems 2014, 2014:38 Page 17 of 25
http://www.boundaryvalueproblems.com/content/2014/1/38

4 Positive solutions for singular boundary-value problems with sign-changing
nonlinearities
(H;) Assume that there are three linear functionals ¢, ¢y, ¢, : C([0,1]) = R

1

1
00)=h10)+ha0)  Bi0):= / YO dan(®, o) = f 3()das(0),
0 0

where oy, a7 : [0,1] — R satisfy oy, 02 € BV([0,1]);

(Ha) a(?) € C([0,1],(0, +00)), (1 - t)q(t) € L*((0,1]);

(H3) Let H:R — [0, +00) be a real-valued, continuous function. Moreover, H : (0, +00) —
(0, +00);

(Ha) f(t,y) € C([0,1] x (0, +00), (—00, +00)), there exists a decreasing function F(y) €
C((0, +00), (0, +00)), and a nonnegative function G(y) € C([0, +00), [0, +00)) such that
f(t,y) < F(y) + G(y) and there exists a b € C((0,1), (0, +00)) such that

f(try) = a(t)r V0 <y = b(t)’t € (0’1)7

(Hs) there exist R > 1 such that

R dy GR\™" [t
/0 17—()/)(1+%) >/0(1—s)q(s)ds

and

1 1
max H(y)<r, VR>r>0,wherecy= / |da1(s)| +/ |da2(s)|,
0 0

y€[0,rco]

where G(R) = maxgeo,r) G(8).

For n > 3, let b, = min{3,min,_1,_1,b(t)}. Obviously, b, > 0. For y € C, = C[},1 - 1],

we define T), as

-1

(Ty)(2) = <1 - % - t)H(d)n(y)) +by, + /1 ’ ku(t, ) (s)f (s, max{bn,y(s)}) ds,

NI=X =
IATA
~ @
IATA
RSN
IA A
=
:I»—‘E‘I»—‘

and
1-1

1_% 71
6a(0) = / 3(6) deas(s) + / 3(6) data(s).

n

From a standard argument (see [18, 25, 26]), we have the following result.
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Lemma4.1 Suppose (H;)-(Ha) hold. Then the operator T, is continuous and compact from
C,to C,.

From (H3) and (Hs), there exists €g > 0 such that

R dy G.(R) -1 1
A 7 - ds,
/EO Fo) (“F(R)) > [ a-sawas @)

max H(y) +¢€g <R.
y€[0,c0R] (y) 0

Choose ng > 3 with % < €g and let N,y = {ng, 10 +1,...}. Now we have the following lem-

mas.

Lemma 4.2 Suppose (Hy)-(Hs) hold. Then, for n € Ny, there exists a x, € C, with b, <
%, (t) < R such that

1
-y

k,,(t,s)q(s)f(s,xn(s)) ds, te |:l, 1- l:|

n n

1
xu(t) = (1 - t)H((b,,(x,,)) +b, + /%

Proof Let Q ={y e C,: |yl <R}. For y € 92, we now prove that

20 £ MT)0) = x(<1 S t)H(qsn(y)) . bn>

1-1
n 1 1
+ )L/I k,(t, s)q(s)f(s, max{b,,,y(s)}) ds, te [—,1 - —] (4.2)
1 n n
for any A € (0,1].
Suppose equation (4.2) is not true. Then there exists y € C[%, - %] with ||y|| = R and
0 < A <1 such that

30) =MD = x((l e t)H(m(w) + b,,)

-1
n 1 1
+ Aﬁ ku(t,$)q(s)f (s, max{b,, y(s)}) ds, te [—,1 - —]. (4.3)
1 n n
We first claim that y(¢) > Ab, for any ¢ € [%, 1- %].
Suppose there exists a 1 € (0,1) with y(n) < Ab,,. Let yo = inf{t; : y(s) < Ab,, Vs € [t1, 1]}
and y; = sup{ty : y(s) < Ab,, Vs € [n,t1]}. Since y(%) > 1b, and y(1 - %) = Ab,, we have y, >
%, n<1l- %, ¥(y0) =y(n1) = Aby,, and y(t) < Ab,, for all £ € (yy, y1), which implies that

y//(t) = —AQ(f)f(t, bn) < 0! te (VO: )’1)

and so y(¢) is concave down on [yp, y1]. This is a contradiction.

Now (Hs) guarantees that

y(l> — A((l— g)H(qbn(y)) + b,,) < max h(r) +¢y <R,
n n [0,coR]

ref0,coR

Page 18 of 25
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which together with y(1 — %) = Ab, < R means that thereisa ¢t € (%,1 - %) with y/(t) =0
and y(£) = R. Let t* = sup{t : y(¢£) = R,y/(¢) = 0} and ¢, = inf{¢ : y(t) = R, y'(¢) = 0}. Obviously,
% <t <t <l- %,y(t*) =R,y () =0,9(t*) =R, y'(¢*) =0, y(t) <R for all £ € (¢*,1 - %] and
y() <Rforall t e (%,t*]. Let 1 =inf{t* <t <1- % cy(e) = ay(1 - %)} and ¢ = sup{t < £, <
1- % :y(t) = )\y(%)}. Itis easy tosee that t* <, <1-— %, y(t) > y(ty) forall t € (t*, 1), t] < L&
and y(¢) > y(¢;) for all £ € (8], £,).

Now we consider the properties of y on (¢%,£;). We get a countable set {¢;} of (¢*, 4] such
that

1. > >ty >tym1> >l >l >13> 16 >4 =1, by, —> t¥,

2. y(ta) = y(t2in1), ¥ (021) = 0,i=1,2,3,...,

3. y(t) is strictly decreasing in [£y;, £2;-1], i =1,2,3, ... (if y(¢) is strictly decreasing in

[£%, 1], put m=1; ie, [£a, 1] = [£5, 11]).

Differentiating equation (4.3) and using the assumptions (H;) and (H4), we obtain

-y"(t) = aq()f (¢, max{b,, y(1)})

< Aq(t)(F(max{b,,y(t)}) + G(max{b,,y(t)}))
G(max{bn,y(t)})>
F(max{b,,y(t)})
G(R)
@)

= Aq(t)F(max{b,,,y(t)}) (1 +

< q(t)F (max{b,,y(t)}) (1 +

<q@)F(y(®)) (1 + %) te€ by tri1)i=1,2,3,.... (4.4)

Integrating (4.4) from t,; to ¢, we have, by the decreasing property of F(y),

‘ GR)\ [ SR\
_/myu(s) ds < (1 + %) _/Qi q(s)F (y(s)) ds < F(y(2)) <1 + %) /:21. q(s) ds,
for t € [ty;,t2i-1), i =1,2,3,...; that is to say,

G(R)
F(R)

—;/(t)fF(y(t))<1+ ) f tq(s)ds, t € [top tri1),i=1,2,3,.... (4.5)

i

It follows from equation (4.5) that

y'(2) G(R) ¢ G(R) t
T FO(t) = (“ m) ftﬂ q(s)ds < <1+ %> /0 q(s)ds, (4.6)

forte [tZirtZi—l)) i=12,3,....
On the other hand, for any z € (%, 1- %) with y(z) > Ab,,, we can choose ip and 2’ € (t*, 1)

such that 2’ € [ta,, t21,-1), ¥(z') = ¥(2) and z < Z’. Integrating equation (4.6) from ty; to -1,

i=1,2,3,...,ip — 1 and from ty;, to 2/, we have

¥(t2:) d G R t2i-1 t
f —y§<1+ﬁ)/ / q(s)dsdt, i=1,2,3,...,i-1, (4.7)
¥(t2i-1) E(y) F(R) toi 0
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and

(@) dy G( R)) /tZiO /r
—<(1+—=—= (s)dsdkt. (4.8)
/Y(fzt'o) E(y) < FQR) ) Jy 0 1
Summing equation (4.7) from 1 to iy — 1, we have by equation (4.8) and y(£y;) = y(2:11)
() dy G(R)) /‘fl /t G(R) t t
— <1+ —=—= (s)dsdt < (1+ )/ / (s)dsdt.
/y@ F(y) ( F®)) ) Jo ! ) ) )i !
Since y(z) = y(7/),

¥(2) dy
/ym E(y) 5( F(R)> / / q(s)dsdt. o)

For the properties of y on (¢, £.), a similar argument shows that for any z > {

¥(2) dy
T dsd .
/mp E(y) 5( FR) ) f / q(s)dsdt. (4.10)
Letting z — ¢* in (4.9), we have

Ray * dy G(R)

/eo FO) = iy F(y)f( )/ fq(s)”’sdf
G(R)
—< P(R))//"‘S )dsdt

G(R)
:< F(R)) f (1= s)q(s)ds,

which contradicts equation (4.1). Hence equation (4.2) holds.

It follows from Lemma 3.2 that T}, has a fixed point x,, in C,. Using x,, and 1 in place of
yand A in (4.3), we obtain easily b, <x,(t) <R, t € [%, 1- %]. And x,, satisfies

x,(t) = (1 1 t>H(¢,,(x,,)) +b, + /1 ku(t, $)q(s)f (s, %4(s)) ds,
n 0

te [1,1—3]. (4.11)
n n

The proof is complete. g

Lemma 4.3 Suppose that all conditions of Lemma 4.2 hold and x, satisfies (4.11). For a
fixed h e (O,min{%, n}), let my, ), = min{x,(¢),t € [h,1 - h]}. Then my, = inf{m,;} > 0.

Proof Since x,(t) > b, > 0, we get my, > 0. For any fixed natural number # (1 > ny defined
in Lemma 4.2), let ¢, € [h,1 - h] such that x,(¢,) = min{x,(¢),t € [h,1 - h]}. If m;, = 0, there

exists a countable set {#;} such that

lim x,(¢,)=0.
+00

ni—
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So there exists Ny such that x,,(£,,) < min{b(¢),¢t € [%,1 —h]}, n; > Ny. Let Ng = {no > Ny :
n € No with lim,,_ ;00 %4, (£4;) = 0}. Then we have two cases.
Case 1. There exist n; € Ny and t;,‘k € [%,h] such that xnk(tzk) > %y, (£, ). By the same

argument in Lemma 4.2, we can get £, , £, € (2,1], t,, <1, such that

h
%, (£) < min{b(t),te |:§,1:|}, telt, .t ]

% (0) <% (8,), X () <2y (8,), tE(t.00) (4.12)
and
x, () = —q@)f (%4, () <0, € (t;k, t;{k). (4.13)

The inequality (4.13) shows that x,, (£) is concave down in [t;,k,t;l’k], which contradicts
equation (4.12).
Case 2. %, (£) <%y, (), t € [%,h] for any #; € Ny. And so we have

lim x,()=0, te [g,h:| (4.14)

nj—+00

On the other hand, for any ¢ € [g, hl,
2y (8) = % /gt (s_ g)(h — () (5,50, (5)) ds
h
+ % /t (t - g)(h - s)q(s)f(s,x,,l.(s)) ds + %y, (g) + X, ()

P h
. %[/h (s— g)(h—t)a(s)ds+/t (t— g>(h—s>a(s>ds} >0,

2

which contradicts equation (4.14). Hence, m, > 0. The proof is complete. d
Theorem 4.1 If (H;)-(Hs) hold, then BVP (1.1)-(1.2) has at least one positive solution.

Proof For any natural number 7 € N (defined in Lemma 4.2), it follows from Lemma 4.2
that there existx, € C,,, b, <x,(t) <Rforallt [%, 1- %] satisfying (4.11). Now we divide
the proof into three steps.

Step 1. There exists a convergent subsequence of {x,} in (0,1). For a natural number
k > ng in Lemma 4.2, it follows from Lemma 4.3 that 0 < mi <x,(t) <R te [%,1 - %]
for any natural numbers n € N; i.e., {x,} is uniformly bounded in [%, 1- %]. Since x,, also

satisfies

x,(t) = li 3 /1 (s - %) (1 - % - t)q(s)f(s,x,,(s)) ds

k Yk

-}
+ li 5 /: (t— %) (1 - /1—< —S)q(s)f(s,xn(s)) ds +xn<%> +xn(1 _ %),
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we have

£(0= - 1 /;(S_ %)q(s)f(&xn(s)) ds

_2
k

A

Obviously

’x/n(t)} < 2(1 - %) max{q(t)[f(t,x,,(t)ﬂ 1 (tx) € [%,1 - %] x [mll(,R]}, (4.15)

fort e [%, 1- %]. It follows from inequality (4.15) that {x,} is equicontinuous in [%, 1- %].

The Ascoli-Arzela theorem guarantees that there exists a subsequence of {x,(£)} which

converges uniformly on [%, 1- %]. Then, for k = ny, we choose a convergent subsequence
1 1

Of {x}’l} on [%11 - %])

xnl(no)(t)r xnz(no)(t)¢ xn3(r10)(t)’ oo xxnk(no)(t)r cees

no+1’ no+1

for k = ng + 1, we choose a convergent subsequence of {x,, ()} on [ L L],

xnl(n0+l) (t)r xnz(n0+l)(t)lxng(n0+l)(t)’ e Yxnk(n0+1)(t)l cees

for k = ny + 2, we choose a convergent subsequence of {x,,, (4,+1)} on [no%’ 1- WIQ],

xnl(n0+2)(t)’ xnz(ng+2)(t),xng(n0+2)(t), cee ’xnk(n0+2)(t)’ cees

cegesegecegeney

_ . 1 1
for k = no + j, we choose a convergent subsequence of {x,, (49+j-1)} on [n0+j, 1- m],

xn1(n0+/)(t)!x}’lz(n()+j)(t)!xng(n0+j)(t)1 cee ;xnk(noﬂ')(t), cees

R R I P I

We may choose the diagonal sequence {x,,, (4+k) (£)} which converges everywhere in (0, 1)
and it is easy to verify that {x,,, o+ (t)} converges uniformly on any interval [c,d] C
(0,1). Without loss of generality, let {x, . (+k)(£)} be {x,(£)} in the rest. Putting x(t) =
lim,,_, ;00 %,(8), t € (0,1), we have x(¢) continuous in (0,1) and x(¢) > m;, > 0, t € [h,1 - K]
for any 4 € (0, %) by Lemma 4.3.

Step 2. x(t) satisfies equation (1.1). Fixed ¢ € (0,1), we may choose % € (0, %) such that
t € (h,1-h)and

t

(s = )1 - h = t)g(s)f (s, %(s)) ds

1-h
timar | E= A== 9q(s)f (5,50(5)) ds +20,(h) + x4(1~ ).

1
W) = ——
%0 =175 ),
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Letting n — +00 in above equation, we have

x(t)—m/ (s—hA-h- t)q(s)f(s,x(s))

1 1-h
tTTon / (t — W) = h = 5)q(s)f (s,x(s)) ds + x(h) + (1 - h).

Differentiating equation (4.16), we get the desired result.
Step 3. x(¢) satisfies equation (1.2). Let

tnzsup{t:x,,(t) %11, %,,(£) = 0, ¢ € |:1,1— l:“
n n
and
£ —mf{t 2a(8) = ol (8 = O, £ € [3 1—1]},
n n

where ||x,|| = max 1 1 x,(t) <R. Then

<t<1—7

1 1
Lny t;/,, € [;11 - ;:|¢ xn(t ) x}’l( ) [l 11, x:q(tn) :x;q(t;/q) =0.

(4.16)

Using x,(¢), 1, t,, in place of ¥(£), A and ¢* in Lemma 4.2, from equation (4.9); we have

lenll - gy G(R) 1—% t
fbn %f(“mﬂn foq“)”’””

and using x,,(£), 1, £, in place of y(£), A and £, in Lemma 4.2, from equation (4.10), we obtain

easily

/<‘>”b Fijc) ‘( F(R)> / / q(s)dsdt.

It follows from the above inequalities that a = inf{t],} > 0 and b = sup{t,,} < 1.
(1) Fixing z € (b,1), we get b, < x,4(2) < ||x,|| < R. From equation (4.9) of the proof in

Lemma 4.2, one easily has

(@) G(R) I gt
/n %S(HW)/Z /Oq(s)dsdt, ze (b1,

Letting n — +00 in the above inequality and noticing b, — 0, we have

/Ox(z)%i( (R)>/ / s)dsdt, ze(b1).

It follows from equation (4.17) that (1) = lim,_,1- x(z) = 0

(4.17)

(2) Fixing z € (0,a), we get xn(%) + by, < x,(2) < ||x,|| < R. From equation (4.10) in the

proof of Lemma 4.2, we easily get

xn(2) d
*/(l)b F(z)_( F(R))_/ / q(s)dsdt, ze€(0,a).

(4.18)
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Since lim,, ;00 %,(£) = 2(¢) and ||z, || < R, the Lebesgue Dominated Convergent theorem
guarantees that

1_,

1 1-1 1
lim X %, () dozl(t)—/ x(t) doq (t), lim / xn(t)dO[Q(t):/ x(t) day(2).
0 n—+00 % 0

n—>+oo [1

Since H is continuous, we have

n—+00 Hn—>+00

lim xn<%) = lim (1—%> (Pn(xn)) = H(p(x)). (4.19)

Letting n — +00 in equation (4.18) and noticing b, — 0 and equation (4.19), we have

@ d G(R)) / /t
— <1+ =—= (s)dsdt, ze(0,a). (4.20)
/H@(x)) F(x) ( F®)) Jo Jo
It follows from equation (4.20) that x(0) = lim,_,¢, x(z) = H(¢(x)). This complete the
proof. d

Example 4.1 Consider

repy L L 1 PO 3Y))_
y (t)"’g(ﬁy () 100(y2(t)—tT0—t—4>>—0, 0<t<1, (4.21)

with boundary conditions

1

1 3
»(0) = 3(s) denr(s) + /O 3(s) dar(s)|

T y(1) =0, (4.22)

where
1
doi(s) = o cosdmsds, doy(s) = (e - 2) ds.
Then the BVP (4.21)-(4.22) has at least one positive solution.

Let q(t) =3 f(t y 217y + IOO(y_ - :1_0 - t_4) G(y 217y F()’) lo(l)yz ’ b(t) = %t2¢ a(t) =
Let R=2and H(y) = 1351y>. We have

L | G@)\"' 200 1 !
/OP(wd( P(2>> >%5 1= ], -9

1
max H(r cr3<r, Vre (0,2],
Jmax (r) = 100( o) (0,2]

8t4

where ¢y = fol |doi (s)] + fol |daa(s)| < 1 and
f(t,y) = a(t), YO<y=<b()te(0,1).

Then (H;)-(Hs) hold. Now Theorem 4.1 guarantees that the BVP (4.21)-(4.22) has at least
one positive solution.
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