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Abstract

In this article, we study an iterative method over the class of quasi-nonexpansive
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1. Introduction
Let H be a real Hilbert space with inner product (,-), and induced norm |[|-||. A map-
ping T: H — H is called nonexpansive if ||Tx - Ty|| < ||x - y|| for all x,y € H. The set
of the fixed points of T is denoted by Fix(T) := {x € H: Tx = x}.

The viscosity approximation method was first introduced by Moudafi [1] in 2000.
Starting with an arbitrary initial xoc H, define a sequence {x,} generated by

&n 1
Xps1 = X Tx,, Yn=>o0, 1.1
n+1 1+8nf( n)+1+8n n = (1.1)

where fis a contraction with a coefficient o € [0,1) on H, i.e, ||[fiIx) - fiy)|| < af|x -
y|| for all w,y € H, T is nonexpansive, and {¢,} is a sequence in (0,1) satisfying the fol-

lowing given conditions:

(i1) lim,_,., &, = 0;

(i2) Y020 en = 05

ion 1t 1 1

(i3) imyoo(  — )=0.

En En+l

It is proved that the sequence {x,} generated by (1.1) converges strongly to the
unique solution x* € C(C := Fix(T)) of the variational inequality:

((I—f)x*,x—x") >0, Vxe Fix(T).
In 2003, Xu [2] proved that the sequence {x,} defined by the below process where T'
is also nonexpansive, started with an arbitrary initial xy € H:

Xpe1 = b + (I — 2yA)Tx,, VYV n=>0, (1.2)
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converges strongly to the unique solution of the minimization problem (1.3) when
the sequence {¢,,} satisfies certain conditions:

min })_(Ax, x) — (x,b), (1.3)

xeC

where C is the set of fixed points set of T'on H and b is a given point in H.
In 2006, Marino and Xu [3] combined the iterative method (1.2) with the viscosity
approximation method (1.1) and considered the following general iterative method:

Xne1 = @V f(xn) + (I — yA)Tx,, YV n>0. (1.4)

It is proved that if the sequence {«,,} satisfies appropriate conditions, the sequence
{x,} generated by (1.4) converges strongly to the unique solution of the variational
inequality:

(yf-Axx—X) <0, VxeC (1.5)

or equivalently X = Priy1)(I — A + yf)x, where C is the fixed point set of a nonexpan-
sive mapping 7.

In 2009, Mainge [4] considered the viscosity approximation method (1.1), and
expanded the strong convergence to quasi-nonexpansive mappings in Hilbert space.

In 2010, Tian [5] considered the following general iterative method under the frame
of nonexpansive mappings:

Xne1 = AV f (%) + (I — payF)Tx,, VY n=>0, (1.6)

and gave some strong convergent theorems.

Very recently, Tian [6] extended (1.6) to a more general scheme, that is: the mapping
f H— H is no longer a contraction but a L-Lipschitzian continuous operator with
coefficient L > 0, and proved that if the sequence {c,,} satisfies appropriate conditions,
the sequence {x,} generated by x,,,; = o, Y(x,,) + (I - pe,,F)Tx, converges strongly to
the unique solution x € Fix(T) of the variational inequality where T is still nonexpan-

sive:
((yf — uF)x,x —Xx) <0, V xe€ Fix(T). (1.7)
Motivated by Mainge [4] and Tian [6], we consider the following iterative process:

X9 =x € H arbitrarily chosen, (1.8)
Xne1 = oV f(xn) + ([ — @npuF)Tpx,, Y n>0, ’

where fis L-Lipschitzian, T, = (1 - w)] + T, and T is a quasi-nonexpansive map-
ping. Under some appropriate conditions on @ and {¢,}, we obtain strong convergence

over the class of quasi-nonexpansive mappings in Hilbert spaces. Our result is more
general than Mainge’s [4] conclusion.

2. Preliminaries
Throughout this article, we write x,, = x to indicate that the sequence {x,} converges
weakly to x. x,, — x implies that the sequence {x,} converges strongly to x. The follow-
ing lemmas are useful for our article.

The following statements are valid in a Hilbert space H: for each x,y € H, t € [0,1]
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@ [l +yll < [lxl1” + 20, % + 2
(i) [[(1 - O+ ty]]* = (1 - D2l + ellyl|* - (@ - el - y11%

1 1 1
(mnmw=—2w—wﬁ+2wW+2ww

Lemma 2.1. Let f H —H be a L-Lipschitzian continuous operator with coefficient L >
0. F: H — H is a k-Lipschitzian continuous and n-strongly monotone operator with r >
0 and 1 > 0. Then, for 0 <y < un/L,

(x—y, (WF — yf)x = (uF — yf)y) = (un — yL)|Ix — y|1*. (2.1)

That is, uF - of is strongly monotone with coefficient un — yL.
Lemma 2.2. [4]Let T, := (1 - )] + 0T, with T quasi-nonexpansive on H, Fix(T) =
&, and w € (0,1]. Then, the following statements are reached:

(al) Fix(T) = Fix(T,);
(a2) T, is quasi-nonexpansive;
@3) || Tox - q||> < ||x - q]]* - @1 - ©)||Tx - x||* for all x € H and q € Fix(T);

(ad) (x — Tpx, x — q) > L;Hx — Tx||2for all x € H and q € Fix(T).

Proposition 2.3. From the equality (iii) and the fact that T is quasi-nonexpansive, we
have

(x—T ) 1||T 12 1|| x| 1|| ||2>1|| Tx||?
X— 1X,X— = — X — + X — 1X + X — X — 1X|".
q 2 q 2 2 q -2

(a4) is easily deduced by I-T,, = w(I-T) and the previous inequality.

Lemma 2.4. [7]Let {I',} be a sequence of real numbers that does not decrease at infi-
nity, in the sense that there exist a subsequence {Un}j=00f {U',} which satisfies
In; < Unifor all j > 0. Also, consider the sequence of integers {t(n)}nsndefined by

t(n)=max{k <n | T < [}

Then, {T(n)}n>n,is a nondecreasing sequence verifying lim,,_,.. ©@(n) = o and for all n >
1, it holds that I,y < I'y41 and we have
Iy < I“1,'(‘r1)+1-
Recall the metric projection Px from a Hilbert space H to a closed convex subset K
of H is defined: for each x € H the unique element Pgx € K such that
llx — Pl := inf{[lx — |l : y € K}.
Lemma 2.5. Let K be a closed convex subset of H. Given x € H, and z € K, z = Px,
if and only if there holds the inequality:
(x—z,y—2) <0, VyeKk.

Lemma 2.6. If x* is the solution of the variational inequality (1.7) with T: H - H
demi-closed and {y,} € H is a bounded sequence such that ||Ty, - y,|| > 0, then

lim inf((F — yf)x", yn — &) = 0. (2.2)
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Proof. We assume that there exists a subsequence {yn;} of {y,} such that yn — 2
From the given conditions [T}, — yull — 0 and T: H — H demi-closed, we have that
any weak cluster point of {y,} belongs to the fixed point set Fix(7). Hence, we con-
clude that y € Fix(T), and also have that

im inf((uF — yf)x*, yn — x%) = im ((uF — yf)x", yn, — 7).
n—00 j—o00
Recalling (1.7), we immediately obtain
liminf((uF — yf)x*, yn — x*) = ((uF — yf)x", 7y —x*) = 0.
n—oo
This completes the proof. O

3. Main results

Let H be a real Hilbert space, let F be a s-Lipschitzian and 71-strongly monotone
operator on H with k > 0, 7 > 0, and let T be a quasi-nonexpansive mapping on H,
and f'is a L-Lipschitzian mapping with coefficient L > 0 for all x,y € H. Assume the set

Fix(T) of fixed points of T is nonempty and we note that Fix(7) is closed and convex.
2
Theorem 3.1. Let 0 < . < 2n/k?,0 <y < p(n — e )/L = /L and start with an
2

arbitrary chosen xo € H, let the sequence {x,} be generated by
X1 = AV f(xn) + (I — anuF)Tyxy, (3.1)
where the sequence {o,,} < (0,1) satisfies lim, .. o0, = 0, and Y ;2 oy = 00. Also

1
w € (0, 2), T, = (1 - o) + wl with two conditions on T:

(C1) || Tx - ql|| < ||* - q|| for any x € H, and q € Fix(T); this means that T is a
quasi-nonexpansive mapping,

(C2) T is demi-closed on H; that is: if {yi} € H, yx = z, and (I - T)y,x — 0, then z €
Fix(T).

Then, {x,} converges strongly to the x* € Fix(T) which is the unique solution of the
VIP:

((uF — yf)x*,x —x*) > 0, V x € Fix(T). (3.2)

Proof. First, we show that {x,} is bounded.
Take any p € Fix(T), by Lemma 2.2 (a3), we have

[Xns1 — P
= lanyf(xn) + (I — anpuF)Toxn — pli
= llany (f (xn) = f(0)) + an(vf () — uEp) + (I — e F)Toxn — (I — annF)pli(3.3)
< anyLlixa — pll + onllyf(p) — uFpll + (1 — ant)llxn — pl
< (1 —an(r —yL))Ixn — pll + anllyf(p) — uFpll.

By induction, we have

| lvf(p) — wEpl

}, Vn>o0.
yL

1%, =PIl < maX{llxo ad
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Hence, {x,} is bounded, so are the {f(x,)} and {F(x,)}.
From (3.1), we have

Xni1 — Xn + o (WFxy — v (%)) = (I — antF)Tpxn — (I — eyt F)xp. (3.4)
Since x* € Fix(T), from Lemma 2.2 (a4), and together with (3.4), we obtain

(Xne1 — Xp + an(ﬂF(xn) - )/f(xn)), xp — x*)
= ((I - an,UvF)wan - (I - anl/«F)xnr X — &)
= (1 — an){TowXn — X, Xn — XY + o (I — uF)Tpxy — (I — wF)xy, xy — x*)

1)
— (1= )l = Txall® + o | (I = wF) Ty — (I = i)l 120 — x*]|

=
2
w

= = (1= @)y = Tall” + (1 = 1) Tt = Xall 60 — 27|
w

=— ) (1 = an)llxn — Txn”2 + oty (1 — )| Tty — X |10 — x|,

it follows from the previous inequality that

w
—(Xn — Xns1, Xn — X*) < =0t ((WF — Yo, X0 — ) — (1 — o) 1% — Txall?

2 (3.5)
+ 0oty (1 — ) Txtn — X [l 120 — x|
From (iii), we obviously have
* 1 w2 1 w2, 1 2
(X — Xpy1, Xn — X7) = — _ &1 — X7+ e — X7+ %001 — xnll”. (3.6)
2 2 2
1
Set Ty, := ) Ix, — x*||%> and combine (3.5) with (3.6), it follows that
Tt — Do — et — 502 < —an((F — 1) tn — 5% — “ (1 — )10 — T2
n+1 n 2 n+1 n = n nrAn 2 n n n (37)

+ oty (1 — )| Toey — X[l l1260 — ™1

Now, we calculate ||x,+1 - x,||-
From the given condition: 7, := (1 - w)] + w7, it is easy to deduce that ||T,x, - x,]||
= ol||x, - Tx,||. Thus, it follows from (3.4) that

1%ne1 — xn||2 = ”an()’f(xn) - ,Uvan) + (I - anHF)wan - (I - OlanF)anz
< 20, lyf(xn) — Pl + 2(1 = 0 7)? | Tikn — X417 (3.8)

=20 ||y f(xn) — wFxnll* + 207 (1 — an7) | Tty — xa1%.
Then, from (3.7) and (3.8), we have

w
Ty — T+ [2 (1—an) — w?(1 — Oln‘t)z:l %, — Tty |12

< aulonllyf (%) — wExall® — ((LF — yf)%Xn, X0 — x*) (3.9)

+o(1 = 7)1 Txn — xullllxn — x].

Finally, we prove x,, — x*. To this end, we consider two cases.
Case 1: Suppose that there exists n, such that {I'y},>n, is nonincreasing, it is equal to

I',.1<T, forall n > ng It follows that lim,,_,.. I',, exists, so we conclude that

lim ([yy — Ty) = 0. (3.10)
n—oo
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It follows from (3.9),(3.10) and combine with the fact that lim,,_,., &, = 0, we have
lim,, ,.||%, - Tx,|| = 0. Considering (3.9) again, from (3.10), we have

— aplanllyf(%n) — wFxall® — ((KE — y[)xn, xn — x*)
+o(1 — 1) Txy, — xnllllxn — x*||] (3.11)

= Fn - 1—‘n+1-
Then, by Y 77 an = 00, we conclude that
lim inf —[on ||y f (xn) — wFxall® — ((WF — y)%n, x0 — x*)
n—o0

+ (1 = )1 Txn — X l[|%n — 7] (3.12)
<0.

Since {fix,)} and {x,} are both bounded, as well as o, = 0, and lim,,_,..||x, - Tx,]|| =
0, it follows from (3.12) that

lim inf((F — yf)xn xn —x%) < 0. (3.13)
From Lemma 2.1, it is obvious that
((KF = yf)xn, %0 — x*) = ((F — yf)x*, xn — x*) + 2(un — yL)Tp. (3.14)

Thus, from (3.14), and the fact that lim,, ,..I',, exists, we immediately obtain

Sesfesk ek ke sk

liminf((uF — yf)x*, x, — x*) + 2(un — yL)Ty
n—oo

3.15
=2(un — yL) lim Ty + liminf((uF — yf)x*, x, —x*) <0, (8.15)
n—0o0 n—0o0
or equivalently
2(un —yL) lim T, < —liminf{(uF — yf)x*, x, — x*). (3.16)
n—oo n—oo

Finally, by Lemma 2.6, we have

2(un —ylL) lim T, < 0, (3.17)

so we conclude that lim,, ,..I', = 0, which equivalently means that {x,} converges
strongly to x*.

Case 2: Assume that there exists a subsequence {I'n}j=0 of {I',.},, = ¢ such that
Iy, < Ipyer for all j € N. In this case, it follows from Lemma 2.4 that there exists a
subsequence {I',} of {I',} such that I';,;).1 > 'y, and {z(n)} is defined as in Lemma
2.4.

Invoking (3.9) again, it follows that

w
Cemyer = Doy + [2 (1= o) — (1 — ar(n)f)z:l 1%z @y — Tz (w12

= ar(n)[ar(n)”)/f(xr(n)) - ,U«Fxr(n)”2 — ((uF - Vf)xr(n)r Xz(n) — x")
+ (1 = ) Txr(my — % (m) 1%z () — x*1]-
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Recalling the fact that I'y,),; > 'y, we have

w
[2 (1= otr(n)) — (1 — Otr(n)f)z] %2 () — Te ()12

=< O¢(n) [ar(n) “Vf(xr(n)) - HFxr(n)||2 — ((uF — Vf)xr(n)/ Xt(n) — x*)
+@(1 = )1 Txe (n) = %o () 122 () — X7[1].

(3.18)

From the preceding results, we get the boundedness of {x,} and o, — 0 which
obviously lead to

nlggo 1%z (n) — Txemyll = 0. (3.19)
Hence, combining (3.18) with (3.19), we immediately deduce that

((LF = v )Xz () Xe(n) — &%) < @emllyf (Xe(n) — wFxe(nylI?

(3.20)
+ (1 = )| Txe(n) — X)X (ny — 271
Again, (3.14) and (3.20) yield
((WE = y)x*, xemy — %) + 2(un — yL)To(ny < otemllyf (Re(ny) — mFxe w1 (3.21)
+@(1 = T Toxe(m) = Xe(m) 122y — 1.
Recall that lim,,_,..0(,) = 0, from (3.19) and (3.21), we immediately have
2(pun = yL)limsup Frry < —lim inf((uF = y )", xe(m) — 7). (3.22)
By Lemma 2.6, we have
“,{Ef,f}f““F — Y )X Xe(n) — x*) = 0. (3.23)
Consider (3.22) again, we conclude that
limsup I'y(ny = 0, (3.24)

n—oo

which means that lim,,_,.. I';;,) = 0. By Lemma 2.4, it follows that I', < Iy, thus, we
get lim,, ,.. I',, = 0, which is equivalent to x,, — x* O

Remark 3.2. Corollary 3.3 is only valid for o € (0, ;) This is revised by Wongchan

and Saejung [8].
corollary 3.3. [4]Let the sequence {x,} be generated by

Xne1 = Anf (xn) + (1 — ) T, (3.25)
where the sequence {o,,} < (0,1) satisfies lim,_,.. o, = 0, and Y yop oty = 00. Also

w € (0, ;), and T, := (1 - )] + oT with two conditions on T:

(CL) ||Tx - ql| < ||® - q|| for any x € H, and q € Fix(T); this means that T is a
quasi-nonexpansive mapping

(C2) T is demi-closed on H; that is: if {y;y € H, yx =~ z, and (I - T)yy > 0, z € Fix
(7).

Then, {x,} converges strongly to the x* € Fix(T) which is the unique solution of the

Page 7 of 8
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VIP(3.26):

((I—f)x*,x—x*) >0, VxePFix(T). (3.26)
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