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This paper is concerned with a weakly coupled system of quasilinear parabolic equations where
the coefficients are allowed to be discontinuous and the reaction functions may depend on
continuous delays. By the method of upper and lower solutions and the associated monotone
iterations and by difference ratios method and various estimates, we obtained the existence and
uniqueness of the global piecewise classical solutions under certain conditions including mixed
quasimonotone property of reaction functions. Applications are given to three 2-species Volterra-
Lotka models with discontinuous coefficients and continuous delays.

1. Introduction

Reaction-diffusion equations with time delays have been studied by many researchers
(see [1-8] and references therein). However, all of the discussions in the literature are
devoted to the equations with continuous coefficients. In this paper, we consider a weakly
coupled system of quasilinear parabolic equations where the coefficients are allowed to
be discontinuous and the reaction functions may depend on continuous (infinite or finite)
delays.

To describe the problem, we first introduce some notations. Let Q be a bounded
domain with the boundary 0Q in R" (n > 1). Suppose that Q consists of a finite number
of domains Qi (k = 1,...,K) separated by I'v, where I'v, k' = 1,...,K’, are surfaces which
do not intersect with each other and with 0Q. T := UT'y and T is the normal to T. The symbol
[©]r«[0,+00) denotes the jump in the function v as it crosses I x [0, +c0). For any vector function

u = (u,...,ul), we write u} := ou'/ot, ul, = ou'/ox;, vl = (ul,...,ul ), 1=1,...,N,
i=1,...,n.
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In this paper, we consider the following reaction-diffusion system:

ui —£l<ul> =gl(x,t,u,]*u) (xeQ, t>0),

[ul] T 0, [i afj (x, £ u’)uéjcos(ﬁ, xi)] =0,
[0,+00)

ij=1 (1.1)

W =H(x,t) (xe€dQ, t>0),

ul(x,t) = qfl(x,t) (x eQ,te Il>, I=1,...,N,
where

Jxu:= <]1*u1,...,]N*uN>, Tl ::J T (x, t - s)ul(x, s)ds, (1.2)
I'u0,4]

()= <§ag,.(xtu) >+§b<xtu> )

i=1 j=1

d
dxi
(1.3)

(-o0,0] forl=1,...,No,

[-7,0] forl=No+1,...,N,

the expressions (d/dx;) (af ].(x, t, ul )ué}_) mean that

! ! 1 1
d 1 - 6aij(x,t,u ) E)al.].(x,t,u ) o 1 A
T ( (x,t u > )) = [ o + 5 Uy, | Uy, + a5 <x, tu )”x,-x,-r (1.4)

Ny is a nonnegative integer, and L, 1=Ng+1,...,N,are positive constants.

The equations with discontinuous coefficients have been investigated extensively in
the literature (see [9-16] and references therein]). However, the discussions in these literature
are devoted either to scalar equations without time delays or to coupled system of equations
without time delays and with the restrictive conditions that the principal parts are the same
and the convection functions b!(x, t,u, u!) satisfy (see [16])

u'bl(x,t,u,0) > -CiJuf> - C; (xeﬁk, te0,T], ueRN>, k=1,...,K I=1,...,N.
(1.5)

In this paper we will extend the method of upper and lower solutions and the monotone
iteration scheme to reaction-diffusion system with discontinuous coefficients and continuous
delays and use these methods and the results of [15, 16] to prove the existence and uniqueness
of the piecewise classical solutions for (1.1) under hypothesis (H) in Section 2.

This paper is organized as follows. In the next section we will prove a weak
comparison principle and construct two monotone sequences. Section 3 is devoted to
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investigate the uniform estimates of the sequences. In Section 4 we prove the existence and
uniqueness of the piecewise classical solutions for (1.1). Applications of these results are
given in Section 5 to three 2-species Volterra-Lotka models with discontinuous coefficients
and continuous delays.

2. Two Monotone Sequences

The aim of this section is to prove a weak comparison principle and construct two monotone
sequences. In Section 4 we will show that these sequences converge to the unique solution of
(1.1).

2.1. The Definitions, Hypotheses, and Weak Comparison Principle

In all that follows, pairs of indices i or j imply a summation from 1 to n. The symbol Q' cC Q
means that Q' ¢ Q and dist(€’,0Q) > 0. For any T > 0, we set

Q:=QUIQ,  Qr=QUdQ,  Sr:=0Qx[0,T], TIr:=Ix][0,T],

Dr:=Qx(0,T], Dir:=Qkx(0,T], Dr:=Qx[0,T], Dir:=Qx[0,T],

Dr =Dy x---x Dr, k1 :=Dir x---xDgr, D7 :=Dr x---x Dr,
———— —_— ——
N N N
1 I I 1 = 5.7 = _3 1
Qy=Qx1I, leozszxI, 0 =Qx T, Qo= xT,

Q=ax(I'voT]), Qr=x(ruoT]), Qr=0ax(r'ul]),

Qr=Qpx--xQp, Qur:=Qurx-xQp, k=1,...,K I=1,...,N.
(2.1)

Let [ul := (X)), ] = (S )D)Y?, [y 1= (S0 (W )D) 2

WZLO(DT) and W21'1(DT) are the Hilbert spaces with scalar products (U,ZU)WZLO(DT) =
[fp,(vw + vxwy)dxdt and (v,w)y1p,) = [[p, (VW + viw; + vxwy,)dx dt, respectively.
W;’l(DT) and Wé’O(DT) are the sets of all functions in Wzl’l(DT) and W;’O(DT) that vanish

on St in the sense of trace, respectively. For vector functions with N-components, we use the
notations

ce (§T) = C* (BT) X eox CA (BT), W0y (T) =10} (DT) x -+ x Wy (DT),

J

=

N N 2.2)
C“<6T> = C“(@;) X oee X C“(é?)

In Section 3 the same notations are also used to denote the spaces of the vector functions with
2N-components. Similar notations are used for other function spaces and other domains.
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Definition 2.1 (see [3, 5]). Write u, v in the split form
u= (i, [uly [uly), V= (V] Via): (23)

The vector function g(-,u,v) := (¢'(,u,v),...,gN(-,u,v)) is said to be mixed quasimonotone
in2A ¢ RN xRN if, foreach I = 1,..., N, there exist nonnegative integers a, v, ¢, and d
satisfying

ad+b=N-1, Jd+d =N, (2.4)

such that ¢'(-, 4!, [u] 4, [uly, [V]a, [V]4) is nondecreasing in [u] ; and [v] ., and is nonincreas-
ing in [u]y and [v]z for all (u,v) € 2.
Let

H(T;v,7) —fj‘ ol +a x,t v)v nx +bl<x,t ’0)’0 n }dxdt (2.5)

where D; := Q x (0, 7].

Definition 2.2. A pair of functions u = (iy, ..., ln), U = (ily,...,UyN) are called coupled weak
upper and lower solutions of (1.1) if (i) @ and 4 are in C*(Qr) N C**(Dy 1) (k = 1,...,K)
for some ag € (0,1), (ii) u > u and (iii) for any nonnegative vector function# = (71,...,1n) €

101 (®r) and any 7 € (0, T]

H (7, 1) > H syt (il g, [y, [ # i, [ @, )17 deed,

elél(T u, 11) < IJ x,t, u ]a” [ﬁ]bl/ [] * ﬁ]c’/ [] * ﬁ]d’)nl dx dt’ (26)
W <gl(xt)y<i! ((x,t)€Sr),

2 (x, ) < ¢l (x, 1) < Tl (x, 1) ((x,t) € Qg), I=1,...,N.

Throughout this paper the following hypotheses will be used.

(H) (i) 9Q and Ty, k = 1,...,K’, are of C*>*® for some exponent ay € (0,1), and there
exist positive numbers ay and 6, such that

mes(K, NQ) < (1-6p)mesK, (2.7)

holds for any open ball K, with center on 0€2 of radius p < ay.
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(ii) There exist a pair of bounded and coupled weak upper and lower solutions u, .
We set

S = {u€C<aT> :ﬁsugﬁ}, S* = {WEC(6T> :]*ﬁgwg]*ﬁ},
S = {wleC @;) :]l*ﬁSwlgjl*ﬁ}, I=1,...,N. 28

(iii) Foreach k = 1,...,K, 1 =1,...,N, ai.].(x,t,ul), bﬁ.(x,t,ul) € C“”‘O(BM xR) (i,j =
L...,n),¢(x,t,u,v) € C*"(Dyr x S x 8%, H(x,t) € C**(Sr), ¢'(x,0) €
C%(Q) N C**(Qy). There exist a positive nonincreasing function v(0), a positive
nondecreasing function 4(6) for 8 € [0, +00), and a positive constant y; such that

n

(S < 3 (ornet <n(le]) S @

P A
E B S A Y AR TRR IV
”gl (xt,u,v) ”cl (Dyrx5x5%) = Hy (11)
TS S Y 0 N e

(iv) Foreachl=1,...,N, Ji(x,t) € C*(Q x I') N C"**(Dy 1),

J'(x,t) >0 ((x, t) € Qx 11), f Jlx,Hdt =1 (xeQ), (2.13)
I

where I! := [0,+0) for[ =1,...,Ngand I} := [0,7!] for] = Ng+1,..., N, ¢'(x,t) €

C“O(éi))f and [, J'(x,t = s)¢!(x,s)ds, J' « @i, J' « u' € C'*%(Dy r). There exists a
constant y, such that

_ Sh
Ct0 (Dir)

”qfl(x, t)”c@g) < o, ‘Uﬂ T o, t - s)q,rl(x,s)ds; Tl Jhe

(2.14)

(v) The vector function g(-,u,v) = (g'(-,u,v),..., gV (-, u,v)) is mixed quasimonotone
in S x S*.
(vi) The following compatibility conditions hold:

K (x,0) = ¢ (x,0) (x €0Q),

a(pl(x’ 0) (2.15)
] ! N _
[aij<x,0,qf (x'0)>6—xj cos(m,x;)| =0, 1=1,...,N.

r



6 Advances in Difference Equations

The weak upper and lower solutions 1, u in hypothesis (H)-(ii) will be used as the
initial iterations to construct two monotone convergent sequences.

Definition 2.3. A function u is called a piecewise classical solution of (1.1) if (i) u € C* Qr),
w; € CH/2(Dy), uy € C*/2(Dy 1) for some a € (0,1), uy € L*(Dr),j=1,...,n; and for any
given k,k = 1,...,K, and any given Q" cc Qi and t" € (0,T), there exists a” € (0,1) such
that uﬁﬁ_x}_ e a2 (ﬁ’/ x[t",T]),i,j=1,...,n,1=1,...,N, and if (ii) u satisfies pointwise the
equations in (1.1) for (x,t) € Dir, k = 1,..., K, and satisfies pointwise the inner boundary
conditions in (1.1) on I'r, the parabolic conditions on St, and the initial conditions ul(x,t) =

(pl(x, t) in Qf).

To construct the monotone sequences, we next prove the weak comparison principle.
Lemma 2.4. Let functions aﬁ. ].(x, t,ub), b;. (x,t,u'),1=1,...,N, satisfy the conditions in hypothesis
(H).

(i) Assume that ¢'(x,t,Y,Z) € C'**(Dyr x $x 8*), 1 =1,...,N, and the vector function
q,Y,Z) = (ql(-,Y,Z),...,qN(-,Y,Z)) is mixed quasimonotone in S x S$*. If v,u €
C(@r) N WL (Dr) NS and if

v = [ (ot o) Wl s U #¥1o, U+ ula)of de

< H(t;u,1) - If x, b, [ul g, V], [J *ula, []*V]d1>7’ll dx dt,
(2.16)

ol(x, 1) <ul(x,t) ((x,t) € St),

ol(x, 1) = ul(x, 1) = qu(x,t) <(x,t) € Qé), I=1,...,N,

for any nonnegative bounded vector function 5 = (n%,...,nN) € ”}(2);’1(%T) and any T €
(0,T], then v < u for (x,t) € Dr.

(i) If v,u € C(Dr) N WY (D7) and if

Jfl("r;v, 1) + ’U el(x, t)vlql dxdt < JZZ(T; u, )+ jj el(x, t)ulql dx dt,
D, Ds (2.17)

ol(x,t) <ul(x,t) ((x,t) € Sr), 0'(x,0)<ul(x,0) (xeQ), I=1,...,N,

for any nonnegative bounded vector function 1 € w;l(gT), where e (x,t), 1 =1,...,N,
are functions in C(Bk;) (k=1,...,K), then v < ufor (x,t) € Dr.
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Proof. We first prove part (i) of the lemma. Let w = v —u, w* = ((w")",..., (wN)") :=

(max(w?!,0), ..., max(w™,0)). Then (w!)* = 0 for (x,t) € S;UQ}, I = 1,...,N. Choosing
17 =w"in (2.16), we obtain

i [«#l(T; v,w") - H(1;u, w*)]
=1

- ql(x, tul, [ul g, V], [J *ula, [J *v]d,>] (wl>+dx dt

Sf, [ 5 A 5 ()

I=1 w!'e[w]

v 3 B (M) 3 By (o) xw!) | () drds,

J'sw!' €[Jxw] 4 J' sl €[ Jxw] 4

(2.18)

where

tY,Z
Ej, = _[ Saad G)de, E, =

2r

J aq (x/t Y@/ZG) do
O 7

oz},
(Yo, Zo) = <y9, [Yolu, [Yoly, [Zo]., [Ze]dl>

= 6(0’, (V] [uly, J *v]a, [J u]dz> +(1-0) (ul, [ul g, [V]p, [T *ula, [J* V]dl)-
(2.19)

Let us estimate the terms in (2.18). It follows from the mixed quasimonotone property
of q(-,Y,Z), (2.13) and (2.14) that, foreach/=1,...,N,

Ell,wl < Ell,( '>+ for w' € W], —Elll,wl < E’ll,< ’>+ for w' € Wl
21,(]’ * W ) < Eél, (]l, * wl,> < Eél, []l, * <wl,>+] for J' xwt € [J *w]a, (2.20)
“Ely ) ' <-Ely (' x ') < -By [1x (w!) ] for S xwl € [ 5wy,

|EL |+ |Ey|<c0), 1=1,..,N, (2.21)

where O = |||u|||C(5T) + |||v|||C(5T) + |||J * ulllc(ﬁr) + I1J * v|||C(5T). Here and below in this
section, C(---) denotes the constant depending only on pi, y», and the quantities appearing
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in parentheses. Constant C in different expressions may be different. By hypothesis (H)-(iv)
and Holder’s inequality, we have that

IIDT []1' dxdt = J.J‘D, [I T  (x,t—s) <w (x, s)) ds] dx dt
< ”D U; (J' (=) ds JZ ((w'x, s)>+>2ds] dxdt

(222)
< CHDT UO (' (x, s)>+]2ds}dx dt
< CTIJDT (" x, t))de at, I'=1,...,N,
and by (2.5), (2.9), (2.10), and Cauchy’s inequality, we have that
g[w’ (73w, w") - ! (1,0, W)
- j [(w(x, 7)) dx
S Ao () ), (o (o) = (enat) ) (),
 [¥ (ot Yol — ) () (wzy}dxdt
%f [(w(x,7))"]*dx + (»(O) —S)ZH | dxdt—C(ol)H iw*[2dx dt,
(223)

where O1 = [l[ullle,, + IIVlle,), + Sk (Nlli=on + IVklli=or)-
Setting € = v(O)/2 and substituting relations (2.20)—(2.23) into (2.18), we see that

J‘Q [(w(x,T))+]2dx+lfo | dxdt < C(O, Ol),” [|w+| +|J*w ]dxdt

C(0,04) f f . lw*dx dt.
' (2.24)

Hence, we deduce the relation w* = 0 from this inequality with the use of Gronwall

inequality. Then, v < u in Dr, and the proof of part (i) of the lemma is completed. The similar
argument gives the proof of part (ii) of the lemma. O
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2.2, Construction of Monotone Sequences
In this subsection, we construct the monotone sequences. By hypothesis (H)-(iii), for each

I=1,...,N, there exists ¢ = ¢'(x,t) € C*(Dy) (k = 1,...,K) satisfying

og!(x,t,u,v)

o :(u,v) € S x 5*}. (2.25)

Ql(x, t) > max{—

Define

G'(x,t,u,v) =G <x, t,u, [ul y, [uly, [V]a, [v]d1> = ol + ¢ <x, t,ul, [u] y, [uly, [V]a, [V]d1>-

(2.26)

Since g(-,u) = (g'(-u),...,gN(-,u)) is mixed quasimonotone in $ x $*, then, for any
(w,v), (u",v’) €Sx5S, (u,v)< (u,v),

Gl <'/ ul/ [u]a’/ [u*]b’/ [V]c’/ [V*]d’> < Gl <'/ u*l/ [u*]al/ [u]b’/ [V*]c’/ [V]d’>' (227)

It is obvious that the following problem is equivalent to (1.1):
L (u’) =l - 2! <ul> +oul =G <x, t,ul, [u] ., [uly, [J *ulg, [J * u]d1> ((x,1) € Dy),
1 ! 1\, _ —
[u ]FT =0, [ai]. (x, t,u >ux]_ cos(ﬁ’, xl)]rT =0,

W =h(x,t) ((x,t) €Sr), u(xt) =g (xt) ((x,t) € Qg), I=1,...,N.

(2.28)
We construct two sequences {u,,}, {u,,} from the iteration process
Ll <ﬂin> = Gl <x' t’ﬁinfl/ [ﬁmfl]a’/ [Em_1]bll [] * ﬁ711*1]c11 [] * Em—l]d’) ((x/ t) € DT)/
]Ll <Eln1> = Gl <x/ t/ Elm_l/ [Em_l] al/ [ﬁm—l]bh [] * Em—l]c” [] * ﬁm—l]d1> ((x/ t) e DT)/
—1 1
U, =0, u, | =0,
), -0 e, .

[aﬁj<x,t,ﬁ£n>ﬁinxj cos(x_{,xi)]r =0, [aﬁj<x,t,glm>glmxj cos(?f,xi)]r =0,
T T
, =h'(x,t), u, =h(xt) ((x1)€Sp),

a,(x,t) = ¢l (x,8), b (x,t) = ¢l (x,8) ((x,t)ng>, I=1,...,N, m=1,2,...,

- = o | —N _ 1 N
where g =1, u, =4, Wy, = (U, ..., Uy, ), and u, = (u,, ..., U,).
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Lemma 2.5. The sequences {u,}, {u,,} given by (2.29) are well defined and possess the regularity

an € (), € CPI(D,), gy € OB (),

(2.30)
umx,-x]- € Cﬂm’pM/z(%k,T)l umx,t € ﬁz(%T) fOT some ﬁm 0 aO)
and the monotone property
- — ~ —I
u<u, ;<u, <u,<u,1<u <(x,t) € QT>, m=1,2,.... (2.31)
Proof. Let
—l —l . o _
fma=Ffma(t) =G <x, t U1, (W] s [Em—l]bu [J * 1], [T * ‘_lm—1]d1>/
(2.32)

f f (x t) =G <x b, [, ] (W ly, [T * 9, 4]0 U*ﬁm—l]d’>

Then, for any fixed I, m,l € {1,...,N}, m € {1,2,...}, and for given u,,1 and u, _,, problem

(2.29) is equivalent to require that u! = i, = ¢! for (x,t) € Q), i, is governed by the

problem for one equation with discontinuous coefficients

U(@,) = Fra@ ) () €Dp),
[ﬁm]r =0, [aﬁj(x,t,ﬂm)ﬁmxj c:os(?f,xi)]F =0, (2.33)

i, =K (x,t) (%) €Sr), ,(x,0)=¢'(x,0) (xeQ),
and u!, is governed by the problem

L/ (z;,) =f (t) ((x1)€Dr),
] =0 [al(x b, ), cos(Rx)| =0, (2.34)

u =H(xt) ((x,t)€Sr), u (x,0) =g¢'(x,00 (x€Q).

Problems (2.33) and (2.34) are the special case of [16, problem (1), (2), (5)] for
one equation. Reference [16, Theorem 5] shows that problems (2.33) and (2.34) have a
unique piecewise classical solution , and u! satisfying (2.30), respectively, whenever

— L
o1 (x, 1), ]_‘lm_l(x,t) e C*Pua (Dyxr) (k = 1,...,K) for some g | € (0,a0]. Furthermore,
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by the formula of integration by parts we get from (2.33) and (2.34) that for, any nonnegative
bounded vector function = (11},...,7) € 7();’1(%7) and any 7 € [0,T],

H! (T, W, 1) + JTD Qlﬁinnldx dt = JTD 7;_1(x, t)qldx dt,
i i (2.35)

H(7;u,, 1) + ” 'y, n'dxdt = ” fi (o b'dxdt.
D, D, M=

We next prove the lemma by the principle of induction. When m = 1, Definition 2.2
and hypotheses (H)-(iii) and (iv) show that u,u € C%™ (Qr) n C+ao (§k,T), J*xu,J*u €
Clrao (§k,T) and g’(x, t,u,v) € Cl+o (Bk,T x 8 x S*). Thus, foreachl =1,...,N, 7g(x, t) and
ﬁ) (x,t) are in C'*A (Ek,T) for some S € (0, ap) and problems (2.33) and (2.34) for m = 1 have

a unique piecewise classical solution ) and ul, respectively. Since the relation 4 < @ implies
—

that J = u < J * 4, then (2.27) and (2.32) yield that ﬂ) — fo £ 0. By using (2.6) and (2.35) for

m =1, we have that

H (T, ) - K (7;1,1) + II (Qlﬁll - Qlﬁl>rlldx dt
D:
< ff (?g —?E))qldxdt =0, I=1,...,N,
D:
461(7;91,11) - #l(T;ﬁl,n) + ff (ngll - Qlﬂll>111dx dt
D;

- ” <ﬂ)—7§>qldxdtgo, I=1,...,N.
D:

(2.36)

Note that u, (x,t) = u;(x, t) <u(x,t) for (x,t) € St U {(x,t):x € Q,t = 0}. It follows from part
(ii) of Lemma 2.4 that u; <u; < for (x,t) € Dr. Similar argument gives the relation u < u,
for (x,t) € Dr. Since i < ul = ) = ¢! <l for (x,t) € @é, the above conclusions show that u,
and u; are well defined and possess the properties (2.30) and (2.31) for m = 1.

Assume, by induction, that u,, and u,, given by (2.29) are well defined and possess
the properties (2.30) and (2.31). Thus, ﬁlm(x, t) = gin(x, t) = ¢! (x,t) for (x,t) € Qf). By (1.2)
and hypothesis (H)-(iv),

t
T x Elm = f ]l(x,t— s)gin(x, s)ds + J. 1 ]l(x,t— s)q;’(x, s)ds € Cl+bn (5“) nst
0 I

t
T % ﬁlm = f ]l(x,t— s)ﬁlm(x, s)ds + J. ]l(x,t— s)qu(x, s)ds € Cl*P (5;(;) ns, (2.37)
0 )

]l*ﬁlgjl*gin_lgjl*gl <]l*ﬂlm§]l*ﬁ;171§]l*ﬁl, 1=1,...,N,

m —
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where g5, € (0,a9]. Hypothesis (H)-(iii) and (2.37)imply that 7lm(x, t) and fl (x,t) are in

CHPm (Bk;) (k =1,...,K) for some £, € (0,ap]. Again by using [16, Theorem 5], we obtain
thatforeachl=1,..., N, problems (2.33) and (2.34) for the case m+1 have a unique piecewise
classical solution ﬁlm . and ! respectively. It follows from (2.27), (2.32), (2.37), and (2.35)

m+1/
for the cases m and m + 1 that

A (T; W1, 71) 4 (T; W, 7'1) + II <Qlﬁ£n+1 - Qlﬁlm)rlldx dt
D-

= IID {Gl <x, t,ﬁlm/ (Wl s [gm]b,, [J *Wpla, [J * Em],ﬂ)

-G <x, trﬂlm—lr [Wn-1] a4, [Em_1]b1/ [J * ﬁm—l]clr [] * Em—l]dl> }ﬂldx dt
<0, I=1,...,N,

(2.38)
Jel (T; Em+11 'l) - Jel (T; ﬁm+1/ 11) + II (Qlﬂlm+l - Qlﬁ;ﬁl)’lldx dt
DT

= ”D {Gl<x,t,zlm, [w,] . [Tl []*gm]cl,[]*ﬁm]d,>

= G (b, [l [, 1 Tl [ %, ) e

Since u, ., = Uy = Uy, for (x,t) € ST U {(x,t):x € Q,t = 0}, using again part (ii) of

Lemma 2.4, we obtain that u, , <1 < Uy in Dry. The similar proof gives thatu, <u,__, in

Dr. Notice that ul = ul = =, = ¢! for (x,t) € Q(l), I=1,...,N. We get thatu,, ,, and

—m+1

U1 are well defined and possess the properties (2.30) and (2.31) for the case m + 1. By the
principle of induction, we complete the proof of the lemma. O

3. Uniform Estimates of {u,.}, {1, }

To prove the existence of solutions to (1.1), in this section, we show the uniform estimates of
{tm}, {u,}.

3.1. Preliminaries
In this section we introduce more notations. Let
af}”’(x, t,v) = aéj(x, t,v), b;\”l(x, t,v) = b;(x, t,0), WN* (x, t) == Wl (x, 1),
e =Ty, M =g, Q=
Gl t, Upet, J % Uppy) := G! <x, by, [Tt ]t (8, 4] s [T % o], [T # Em_l]d,),
GN*(x,t, Uppr, | % Upps) := G (x, td [, ] [l [T %, 4]0 [ * ﬁm,l]dl),

U = (U U2 ) = (@), J 5 Uper o= (U JN 2 U2Y,), 1=1,0, N,
(3.1)
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K, is an arbitrary open ball of radius p with center at x, and Q, is an arbitrary cylinder of
the form K, x [t — p,t°]. K3, is concentric with K,. Q, := K, N Q.

In this section, C(---) denotes the constant depending only on the parameters
M, ag, 6y, ap, p1, p2, v(M), p(M), and @y from hypothesis (H) and (2.25) and on the

quantities appearing in parentheses, independent of m, where M := max-1, ~ | c@y +
T

I oty and Qo := maxigenmaxy-1,. K" Dl -
Wr1te (2.29) in the form

L(Ul,) = G'(x,t,Upt, T+ Upa) (1) € Dy),

[Uﬁn] . 0, [aﬁj <x, t, U;)Uﬁnxj cos(ﬁ, xi)]rr =0,

ul, =hx,t) ((xt)€Sr),

(3.2)

Ul (x,t) = ¢! (x, ) <(x,t) le)), I=1,....2N, m=1,2,....

Consider the equalities 35, IOT Jo LW, )n'dx dt = [[, G'(x,t, Uper, J¥Up-1)n'dx dt for any

n=n(xt) =0,...,7"N) e %E’O(QT). From the formula of integration by parts, we see that

JT a;; x,t u' Ui,,xn;idxdt

ff [ U, — x,t u! ) -0 ut + Gl(x,t U1, ] * Uy 1)]111dx dt, (33)
Dr
I=1,...,2N, m=1,2,....
Similarly, for any ¢ = ¢(x) = (¢*,...,¢*N) € 1;)%(9) and for every t € [0,T], we get
I Nipl o gl
J; a;; <x, t,u )Umxjd)xi dx
(3.4)

:f [ L[mt—bl<xtlll> QU’+Cl(xtUm 1, ] * Uy 1)]¢dx
Q
I1=1,...,2N, m=1,2,....

3.2. Uniform Estimates of |U,,[lcoe 25,y Uhllzon)

Lemma 3.1. There exist constants ay and C depending only on M, ay, 8y, ap, p1, P2, v(M), p(M),
and Qo, independent of m, such that

[

L2(Dr) —

Cal/le/Z(BT) S C’ O <@ < 1’ (35)

1
|t

C, I=1,....2N, m=1,2,.... (3.6)
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Proof. FixI,m,l € {1,...,2N},me {1,2,...}. Letw = U!,. Then w is the bounded generalized
solution of the following single equation:

L' (w) = G'(x,t, Up1, ] * Upt)  ((x,t) € Dr) (3.7)

in the sense of [10, Section 1, Chapter V]. Equation (3.7) is the special case of [10, Chapter
V, (0.1)] with a;(x,t,w,w,) = ai.].(x, t,w)wy, and a(x, t, w, wy) = b;(x, t, w)ws, + o' (x, Hw -
G!(x,t,Up-1, ] * Uy1). From (2.31) and hypotheses (H)-(iii)—(v), we see that

ai(x, t,ul,p>pi = az.l.(x, t,w)pipi > v(M)|p|2,

da;(x,t,w,p)
ow

lai(x,t,w,p)| + <Clp|, (3.8)

oa;i(x,t,w,p) ‘
+
ax]‘

la(x,t,w,p)| = |b§.(x,t,w)pj +Ql(x,t)w—Gl(x,t,Um_1,]*Um_1)| <C(|p| +1),

where p = (p1,...,pn)- Then (3.8) and [10, Chapter V, Theorem 1.1] give (3.5), and the proof
similar to that of [10, Chapter V, formula 4.1] gives (3.6). O

Lemma 3.2. There exists a positive constant py depending only on M,ay, 6y, ao, p1, P2, v(M),
W(M), and Qq, such that when p < py, for any cylinder Q, with (x°,t°) € Dr and for any bounded

function { = {(x,t) € Vifé O(Qp)/

([ Jub
QanT

< CPal”ganT 6P+ (1+ Ul | )@?|dxae, 1=1,.. 2N, m=1,2,....

2
Cdx dt

(3.9)

and, for any bounded function A = A(x) € Vc{/;(Kp) and for every t € [0,T],

[ u
QP

Proof. When K, C Q, setn' = (UL, (x,t)-U., (x1,+1))¢% in (3.3) and ¢ = (U}, (x,t) UL, (x1,1)) A
in (3.4), where (x1,t) is an arbitrary point in Q,. When K, N 8Q#0, set ! = (Ul,(x,t) -
hl(x,t))¢% in (3.3) and @' = (UL, (x,t) — h'(x,t))\? in (3.4). Thus (3.9) and (3.10) follow from
(3.8) and the proofs similar to those of [15, formulas (2.7) and (4.2)]. O

" 2dx < Cp N [0+ (1 |u|)4]dz, 1=1, 2N, m=1,2,... @3a0)

3.3. Uniform Estimates on Q x [0,T]

The bounds in this subsection will be of a local nature. By hypothesis (H)-(i) for any given
point x° € T there exists a ball K, with center at x° such that we can straighten I' N K, out
introducing new nondegenerate coordinates y = y(x) possessing bounded first and second
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derivatives with respect to x. It is possible to divide I' into a finite number of pieces and
introduce for each of them coordinates y (see [11, Chapter 3, Section 16]). Therefore, without
loss of generality we assume that the interface I' lies in the plane x,, = 0.

In [15], Tan and Leng investigate the Holder estimates for the first derivatives of
the generalized solution u for one parabolic equation with discontinuous coefficients and
without time delays. The estimates ||ux, || co(@ngpx ey, 14l e @x[.1]) in [15] depend on
maxy,1] (||t L) + lluellr2()) for some g > n, where Q' cC Q, 0 < t' < T. The results of
[15] can not be used directly in this paper, but, by a slight modification, the methods and
the framework of [15] can be used to obtain the uniform estimates of ||U£,1xj l e (@rgy<[0.17)7

”uiﬂt”C“(ﬁ,x[O,T])
main steps. The main changes in the derivations are the following: (i) [15, formulas (2.7) and
(4.2)] are replaced by (3.9) and (3.10), respectively; (ii) the estimates in this subsection are
on Q' x [0,T], while the estimates in [15] are on Q' x [#',T]; (iii) the behavior of the reaction

functions with continuous delays requires special considerations.

in this subsection. We omit most of the detailed proofs and only sketch the

Lemma 3.3. Let K,, Ko, C Q. Then there exists a positive constant p, depending only on M, ap, 6y,
ao, p, o, v(M), (M), and @, such that, when p < p,,

fi ] [

T T
where | _[Kp U, [Pdxdt = 3, |, prka U, .. |>dx dt.

4 I
+|ll

mxx

2
]dxdth(j—)), I=1,...2N, m=1,2,..., (3.11)

Proof. Let A = A(x, t) be an arbitrary smooth function taking values in [0,1] such that A = 0

for x & Ky, or t <% —4p?, and [A.* + |\ < C/p? for (x,t) € Qs Hypothesis (H)-(iv) shows

that for m = 1, fOT Jo, 1(J" LI’( _1))x|2dx dt(I=1,...,2N) are estimated by a constant C, and,
2 m

form>1,

T 2
fo szp |<]l*u€m‘1)>x| dox dit

T t 2
= f f f T o, t - s)lll(m_l)(x, s)ds + f T o, t - s)qffm_l)(x, s)ds dxdt (3.12)
0 J Ky 0 r x
T 2
SC+cf f |Ufyay| dxat, 1=1,.. 2N
0 /Ky,
These inequalities, together with (2.11), (3.6), and (2.37), imply that
T 1
I J dC’ (x, t/ Um—lr] * Um—l) |u£nxg )Lde dt
0 Jx,, dx, ‘
(3.13)

T
SC+J‘ f [|Umx|2+ |(]*U(m_1))x|2]dxdt
0 /Ky,

<C, s=1,...,.n-1,1=1,...,2N, m=1,2,....



16 Advances in Difference Equations

Based on these inequalities, we can get

n-1 (T

Zf J ... )8dxdt<c< > f f |u
s=170 KZp KZ

For this purpose, similar to [15, Lemma 3.1], we consider not the estimate of the second
derivatives of U! but the estimate of the difference ratios A/ Ax, of the first derivatives U;i by
setting 77! = (A/ Axs) (AU (x—Axs, 1))/ Axs) A2 (x—Axg, 1)) in (3.3), where Av(x, t)/Ax,, s =
1,...,n -1, denote the difference ratios v(x + Ax,,t) — (v(x,t))/ Axs with respect to x5, and
then we obtain (3.14) by letting Ax; — 0.

We next show that

J IKZ |u, |Azdxdt<C< >+CI IKZ |u

To do this, consider &, [0 Jo, U)W, N dxdt = [[, GH(x,t, Upr, J % Upn)U,,,, A dxdt.
From an integration by parts we get

dxdt, 1=1,...,2N, m=1,2,....

(3.14)

dxdt, 1=1,...,2N, m=1,2,....

(3.15)

t=t0

], et va

2 t=0
’ 2 1 da i
’ fo J‘sz { <U£’”> 28U uinx] umxlumt)tz
1 oa i] 1 2 1 l 1l (316)
2 ot Umx] mle\ — [1 LI mx,-)L)‘f + Zaijumxj umt-)k-)lx,-

+ [bj.uinx,. + QUL — G, t, Uy, T * U,,,,l)]uﬁ,,M2 }dx dt =0,
I=1,...,2N, m=1,2,....

By hypothesis (H)-(iii) and Cauchy’s inequality with € we conclude from the above equalities

that
f f /\2 dx dt
Ko,

< gf f )8 dxdt+C (3.17)
Ks,

+Cle) fo —[sz (1 + Ul 2) (A2 22+ 1) + Ul

In view of (3.6), setting ¢ = 1/2, we have (3.15).

] dx dt.
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Next, the proof similar to the first inequality of (3.5) of [15] gives that there exists a
positive constant p, depending only on M, ay, 6y, ag, p1, p2, v(M), u(M), and @y, such that,
when p < po,

T
ff ut,.
0 Ky,

Furthermore, since the equations in (3.2) and Hypothesis (H)-(iii) show that

4
Azdxdt§C<%), I=1,...,2N, m=1,2,.... (3.18)

1 1 = 1 1 2
|u,,,xnxn <C |Umt|+Z|Umxsx +|ul] +1) (ot eDir), k=1,...,K,  (3.19)
s=1
then (3.11) follows from (3.14)—(3.19). O

Lemma 3.4. Let K, Ko, C Q. Then there exists a positive constant p3 depending only on M, ao,
0,0, p1, p2, v(M), p(M), and @y, such that, when p < ps,

T
max f |Umt|r+1dx+J f <|Umt|’*1|U,,m(|2 + |Umt|”2>dx dt
011 Jk,, 0 J Ky,

(3.20)
SC(q/l) rzll"-/q/ m=1,2,...,

where [Upg| = [SEN UL P12, (Ut = [ XY UL, P12

= = mtx

Proof. Let A = A(x, t) be an arbitrary smooth function taking values in [0,1] such that 1 = 0
for x ¢ Ky, ort < t0 — 4p?, and |A > + |\¢| < C/p? for (x,t) € Q2p. Similar to (3.12), from
hypotheses (H)-(iii)-(iv), (2.37) for the case m — 1, and Holder’s inequality we see that

J.J..

T
<C +f f (0™ + Uy )dxedt, 1=1,...,2N, m=1,2,....
0 JK,,

dG’(x, t,Up-1, ] * Um—l)
dt

|ut,| 42 dx at

(3.21)

Next, let us examine the difference ratio with respect to t on both sides of L(U},) =
G'(x,t,Up-1, J*Uy,_1). Multiplying the equations obtained by |U!, ® ul ® A2, where U! o=
(U, (x,t+ At) - UL, (x,1))/ (At), integrating by parts, and then letting At — 0, from (3.9) and
the proof similar to that of [15, formula (3.26)], we find that there exists a positive constant

p31 depending only on M, ag, 6y, ao, p1, 2, (M), u(M), and Qo, such that, when p < p3 1,
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T

t=
t=0

f [Upe 'A% dx
K

2p
T T
+ f j |Upe | Ut A2 dx dt < Cp™ f f |Upe| %A% dx dt (3.22)
0 sz 0 KZp

+ CJZ szp [(1 + |Umt|r+1><)@ + A + |)tx|2> + <1 + I(Umf1)t|r+1>)»2]dx dt.

To estimate [ Isz |Upe[*2A%dxdt, we take n = |U',['U'A* in (3.3). Hence, by
hypotheses (H)-(iii)-(iv) and Cauchy’s inequality we get

ff |Upe| %A% dx dt
0 J Ky,

] (3.23)
sc(q)f f (10l U P2+ (U POl 7182 4 (Ul (A2 4 |0 |
0 sz
and by (3.9) with ¢ = (JU,[?)"*)/%) we get
J f [Up AUt 1 A2 dx dt
0 J Ky
] (3.24)
sc(q)p"“f f {10 U222 4 (14 Ul s+ (Ul *202 e it
0 sz
Furthermore, (3.22)-(3.24) show that
JI |Umt|f+2)3dxdtgc3,1(q)pmf f [Upe) %A% dx dt
0 sz 0 KZp
. (3.25)
+cf f 1+ [Upae™ ) (A2 + A0 + [Ax?) + (14 [(Upr), ") A2 dix dt.
OKZP[( (Ul 1) (42 4 A4 ] + 1) + (14 (U 11) 2]
Set p3 == min{p31, (2C31 (q))_l/"‘1 }. Thus, when 0 < p < p3,,
j f Uyt 202 dx dt
0 J Ky,
(3.26)

gcff 1+ [Upe ™) (A2 4 XA+ [Ae?) + (1 4+ |(Upr), |71 ) A2 [ dx dt.
OKZP[(|t|)( Wl + ) + (141U, ) 0]
Note that by property (2.30), hypothesis (H)-(iii), and the equations in (3.2),

ul (x,0) = dixl (aﬁj (x, 0, qu>(pif> + b} <x, t, qu>(pij +Gl(x,0,¢, ] * ) <x € ﬁ), (3.27)
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where ¢ := (¢',...,¢*N). Therefore, [, [Upm(x,0)|"dx can be estimated from above by C(g).

Thus, using the same arguments given in the derivation of [15, formula (3.29)], we get (3.20)
from (3.26), (3.22), and (3.27). O

Lemma 3.5. Let K,, Ky, C Q. For any given positive integer q, one has that

f [|u£m 2<1 + |u£nx 2r> + |u£,,x 2”4] dx
KP

SC(q,%), r=0,1,...,9,1=1,...,2N, m=1,2,...

(3.28)

forevery t € [0,T].
Proof. By using (3.20) and [10, Chapter II, Lemmas 5.2 and 5.3'], from the same argument as
that in the proof of [15, formula (2.2)], we find that, for every t € [0,T],

2
f (ufm) $dx < Cp™ . IGPdx, 1=1,...,2N, m=1,2,..., (3.29)
P

P
where ¢ = ¢(x) is an arbitrary bounded function from I/i/;(Kp). Then by (3.4), (3.8), (3.10),
and (3.29), the proof similar to [15, formula (4.6)] implies (3.6). O

Based on the above uniform estimates, we can get the following local Holder estimates
of the first derivatives.

Lemma 3.6. Let K, C Q' CC Q. There exist positive constants ay, az, and C(d'), 0 < a, a3 <1,
such that

max [ul | +p~=osc{U},Q,NDir} <C(d), j=1,...,m k=1,...,K 1=1,...,2N,
QPﬂDle / /
(3.30)
max |ul| + pose{ul, @, nDr} < C(d), 1=1,...,2N, m=1.2,..., (331)
QpNDr

where ay and az depend only on d' and the parameters M, ay, 6y, ao, p1, P2, v(M), p(M), and o,
independent of m.

Proof. By Hypothesis (H), (3.20), and (3.27), the proof similar to that of [15, Lemma 4.4] gives
(3.31), and, by (3.20) and (3.28), the proof similar to that of [15, Lemma 4.3] gives

ut.

max +p7ﬂTOSC{ULS,KP} <c(d), s=1,...,n-1,1=1,...,2N, (3.32)
P

ul

max

+pPosc{Ul KN @} <C(d), 1=1,...2N, m=1,2,..., k=1,...,K,
KPﬂQk

(3.33)
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where ] and f35 depend only on d’ and the parameters M, ag, 6o, o, p1, p2, v(M), (M), and

Qo- By using (3.5), (3.32), (3.33), and [10, Chapter II, Lemma 3.1] we see that for any given
k(k=1,...,K),

|UImxf (.X', tl) - uinx]- (X, t2) |
] (3.34)
-t (it ot € (FFE) <1011, =1,

where f} = (a1/2) min(p], 5) /(1 + min(f], f3)). Then (3.30) follows from (3.32)-(3.34). [

3.4. Uniform Estimates on Dr

Theorem 3.7. Let hypothesis (H) holds, and let the sequence {U,,} be given by (3.2). Then

1
“umx]

1
|| mxixj

1
— + ”U
Ca4,a4/2(Dk,T) mt

Cess/2 (Dy) < CI 0< ay < ]-/ (335)

1
+ ” u,
L2(Dir) majt

< =1,... =1,...
LZ(DT) = C/ k 1/ /K/ l 1/ /ZN/ (336)

where ay depends only on M, ay, 6, ap, p1, pa2, v(M), (M), and Qo, independent of m. For any
given k, k € {1,...,K}, letting Q" cC Qi and t" < T, there exists a positive constant as € (0,1)
depending only on d" := dist(Q",0Qy), t" and the parameters M,ay, Bo,a0, p1, p2, v(M), p(M),
and Qo, such that

[

Proof. Since I'NOQ = @, then there exists a subdomain of Q, denoted by Q, such that 0Q C Q.
Then the coefficients of the equations L! (Uin) = Gl(x,t, U1, ] * Up,_1) are continuous in Q.
In [10], the estimates near 0Q for the equations with continuous coefficients and without
time delays are well known. By the methods of Section 3.3 and [10] we can get the estimates
near 0Q. The details are omitted. Then the estimates near 0Q2 and the results of the above
subsections give (3.35) and (3.36).

We next prove (3.37). For any fixed I,m, k,1 € {1,...,2N}, m € {1,2,...}, k €
{1,...,K}, U}, satisfies the linear equation with continuous coefficients

S SC@E), 1=1, 2N, m=12,.... (3.37)

C2+a5/1+u5 /2 (ﬁ” x [t",T

Upy = i (X, U, + by (X, Uy, = f(x,1) ((x,1) € Qe x (0, T]), (3.38)
where
~ oal (x,t,Ul,) dal (x,t,Ul)
ajj(x,t) = ai-]- <x, t, U£n>, bi(x,t) = —— - —ul, - 5 n b;. <x, t, Uﬁn),

flx,t) = =0 (x, UL, + G, t, Uy, J % Uppy).
(3.39)
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It follows from (3.35), (3.36), and hypotheses (H)-(iii)-(iv) that

s e, 1 B3 e, 1); f ()|

< i=1,...
o @T)_C, i,j=1,...,n, (3.40)

where ﬂz € (0,1) depends only on a4 and the parameters M, ao,00,a0,p1, p2, v(M), p(M), and
@o- Therefore, (3.40) and the Schauder estimate for linear parabolic equation yield (3.37). [

4. Existence and Uniqueness of Solutions for (1.1)

In this section we show that the sequences {u,}, {u, } converge to the unique solution of
(1.1) and prove the main theorem of this paper.

Theorem 4.1. Let hypothesis (H) hold. Then, problem (1.1) has a unique piecewise classical solution
u* in S, and the sequences {u,,}, {u,,} given by (2.29) converge monotonically to u*. The relation

_ - —
u<u ,<u <u <u,<u,<u <(x,t)EQT), m=1,2,... (4.1)

m—1

holds.

Proof. It follows from Lemma 2.5 that the pointwise limits

lim u,, =u, limu =u (4.2)
m— o m— oo
exist and satisfy the relation
u<u,  <u <u<u<u, <d,<u (4.3)

Let {u,} denote either the sequence {u,} or the sequence {u,}, and let u be the
corresponding limit.

Estimates (3.5), (3.6), (3.35), and (3.36) imply that there exists a subsequence {u,, }
(denoted by {u,,} still) such that {u,,} and {u,;} converge in C(9r) touand u,, respectively,
for each i,j = 1,...,n, {umxj} converges in C(§k,T) to uy,, {umxix]-} converges weakly in
L2(Dir) to Uy, and {W,y} converges weakly in L%(Dr) to uy; (k = 1,...,K). Thus,
u € CM/2(Dr), Uy, € CWH2(Drr), up € C4/2(Dr), and uy; € L2(Dr). Since ul = ¢!
in Qé, Il =1,...,N, thenu € C“lf"‘l/z(aT). For any given k, k = 1,...,K, and any given
Q" cc Qi and " € (0,T), (3.37) in Theorem 3.7 implies that there exists a subsequence
{uy} (denoted by {u,} still) such that {u,,} converges in C2'1(§” x [t',T]) to u. Then
u e Cratas/2(Q x [¢, T]).
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Let m — oo. The above conclusions and (2.29) yield that u, u satisfy

7~ £ (i) = ¢! (et 7, [T [0y, [T+ W U #uly) (1) € D),
up -2 (') = g (x,t,d, [u] y, [Ty, [T #u], U *®a) (1) € D),
Fl, =0 [l =0
[ (o) cos e =0 [yt )a cos(R )] =

7 =h(x,t), u=h(xt ((x1) €Sr),

(4.4)

T, t) = ¢ (x, 1), u(x,t) = ¢l(x,b) <(x,t)le)>, I=1,...,N, m=1,2,....

Furthermore, (2.35) shows that u, u satisfy (2.16) with u, v, ¢' and the symbol “<” replaced
by u, 14, g/, and the symbol “=", respectively. By Lemma 2.4 we get that u = u for (x,t) € Dr.
In view of % (x,t) = U (x,t) = ¢! (x,t) for (x,t) € Q), then &' = ! for (x,t) € GIT, I=1,...,N.
Consequently, by (4.4) and Definition 2.3, u* := u = u is a piecewise classical solution of (1.1)
in S and satisfies the relation (4.1). If u** is also a piecewise classical solution of (1.1) in S,
then by Lemma 2.4 the same argument shows that u* = u**. Therefore, the piecewise classical
solution of (1.1) in S is unique. O

Since T is an arbitrary positive number, the piecewise classical solution u* given by
Theorem 4.1 is global.

5. Applications in Ecology

Consider 2-species Volterra-Lotka models with diffusion and continuous delays (see [2, 3]).
Suppose that the natural conditions for the subdomains Q, k =1,..., K, are different. Then
the diffusion coefficients are allowed to be discontinuous on the interface I'. Assume that near
I', the density and the flux are continuous. Then

[ul]rT =0, [a§j<x, t, ul>u§j COS(R/Xi)]rT =0, 1=1,2, (5.1)

where u!, u? are the densities of the populations of the two species. Therefore, u!, u? are

governed by the system (1.1), where the reaction functions are explicitly given as follows.

(1) For the Volterra-Lotka cooperation model with continuous delays,

gl(x,t,u,] *xU) = u! <r,l - 6,1(u1 + 0",1]2 * u2> ((x,t) € Dxr), k=1,...,K,
(5.2)
gz(x,t,u,] *U) = u2<r,% + 6%]1 *ul — G,Eu2> ((x,t) € Dir), k=1,...,K.
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(2) For the Volterra-Lotka competition model with continuous delays,

gl(x,t,u,]*u) =u1<r,1 —6,1<u1 —0,1]2 *u2> ((x,t) € Dxr), k=1,...,K,

(5.3)
P(x,tu, ] xu) = uz(r,z —82 wul - o,iuz) ((x,t) € Dxr), k=1,..., K.
3) For the Volterra-Lotka prey-predator model with continuous delays,
( prey-p y
gl(x,t,u,] *U) = u1<r,1 - 5,1(u1 - 0,1]2 * u2> ((x,t) €Dir), k=1,...,K,
(5.4)

gz(x,t,u,]*u) =u2<r£+6,2<]1 * Ul —o,fu2> ((x,t) € Dxr), k=1,..., K.

Here r}(, 6;(, and O']l< are all positive constants fork =1,...,K, [ =1,2.

Theorem 5.1. Let the functions aﬁj(x, t,u), b;.(x,t,ul), hl(x,t), and ¢'(x,t), | = 1,2, satisfy
the hypotheses in (H). If h'(x,t) and ¢'(x,t), | = 1,2, are nonnegative functions and the

2 1 —1
condition b /b < ¢*/c" holds for the cooperation model, where b = ming= K((S}( / ri), ¢l =

=2 _ g .
maxi-1, k(0L /7)), b = maxi1, x(62/r2), and ¢ = mingy, x(02/12), and if N = 2 and

g’(x, t,u, J*xu), l = 1,2, are given by one of (5.2)—(5.4), then problem (1.1) has a unique nonnegative
piecewise classical solution.

Proof. By Theorem 4.1, the proof of this theorem is completed if there exist a pair of coupled
weak upper and lower solutions @ = (M!, M?), @ = (0,0) for each case of (5.2)—(5.4), where
M" and M? are positive constants. We next prove the existence of M' and M? for each case.
Note that (1.2) and (2.13) imply that J * (M*!, M?) = (M', M?).

Case 1. gl(x, t,u,J xu),l = 1,2, are given by (5.2). Then g(-,u,v) = (g'(-,u,v), ¢*(-,u,v)) is
quasimonotone nondecreasing. The requirement of 4 = (M!, M?), 1 = (0,0) in Definition 2.2
becomes

1 611< 1 oy 2 2 6% 1 cri 2
M 1——1M +—M"| <0, M |1+——M __ZM <0, k=1,...,K (5.5)
K

1 2 -
r Tk T'k Tk

Since b’ / b <@ /', by the argument in [1, Page 676] we conclude that there exist positive
constants 7' and 7? such that, forany R > 1,

1-b Ry' +&'RiP <0, 1+b Ry — R <0. (5.6)

There exists Ry such that Ry’ > h!(x,t) for (x,t) € Sy and Ron' > ¢'(x,t) for (x,t) € @é, [ =
1,2. If (M, M?) > (Ron', Ron?), then (M*, M?) satisfies (5.5), and u = (M!, M?), 1 = (0,0)
are a pair of coupled weak upper and lower solutions of (1.1).
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Case 2. g'(x,t,u, ] xu), | = 1,2, are given by (5.3). g(-,u, V) is mixed quasimonotone. The

requirement of i = (M!, M?), 1 = (0,0) in Definition 2.2 becomes

M (rl-6lMY) <0, M*(r2-oiM?) <0, k=1,...,K. (5.7)

¢! (x,t) for (x,t) € @é, 1=1,2,thentd = (M!, M?), u = (0,0) are a pair of coupled weak upper
and lower solutions of (1.1).

Case 3. gl (x,t,u,] *u), I = 1,2, are given by (5.4). g(-,u,v) is mixed quasimonotone. The
requirement of i = (M', M?), 4 = (0,0) in Definition 2.2 becomes

M'(rp-6M") <0, M*(r2+6EM' - oEM?) <0, k=1, K, (5.8)

We first choose M satisfying M' > maxy-1,..x(r,/6;), M' > h'(x,t) for (x,t) € Sr and

,,,,,

5M'/0}), M? > h*(x,t) for (x,t) € Sr, and M?* > ¢*(x,t) for (x,t) € 6(2) Thus, 4 =
(M, M?), 4 = (0,0) are a pair of coupled weak upper and lower solutions of (1.1). O
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