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1 Introduction
The classical Bernoulli numbers B, and Bernoulli polynomials B, (x) are usually defined

by the following generating functions

t e
= ZB% (It <27) (1.1)
n=0
and
P d— "
71" X_O:Bn(x)a (|t| < 27‘[). (1.2)

Clearly, B, = B,(0). These numbers and polynomials play important roles in many dif-
ferent areas of mathematics such as number theory, combinatorics, special function and
analysis, and numerous interesting properties for them have been explored, see, for exam-
ple, [1, 2].

In the present paper, we will be concerned with the Carlitz’s g-Bernoulli numbers and
q-Bernoulli polynomials. Throughout this paper, it is supposed that g € C with |g| <1 and
C being a complex number field. For x € C, the g-number is defined by (see [3])

[x]q:%:1+q+m+q"’l, (1.3)

Obviously, lim,_.1[x], = x.
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We now recall the g-Bernoulli numbers 8, = B,(q) and g-Bernoulli polynomials 8, (x, q),
which were introduced by Carlitz [4], as follows

., 1, ifn=1,
Bo@) =1 q(aBlg)+1)" - Bu(q) = . (1.4)
0, ifu>1
and
Balr) = (4°B(@) + [xl,)" = (Z) B (1= 0) (15)

k=0

with the usual convention about replacing B; by B'. Since the above Carlitz’s g-Bernoulli
numbers and g-Bernoulli polynomials appeared, different properties of the g-Bernoulli
numbers and g-Bernoulli polynomials have been well studied by many authors, see [5] for a
good introduction. In fact, the Carlitz’s g-Bernoulli numbers and g-Bernoulli polynomials
can be defined by the following generating functions (see [6, 7])

oo oo

tn
Y e (1-q-q"t) =) ulg)— (It +logq| <27) (1.6)
m=0 n=0 :
and
0 S "
que[erm]qt(l_q_qurmt) :Zﬂn(x,q)% (|t+10gq| <27T). (1.7)
m=0 n=0 :

From (1.6) and (1.7) one can easily obtain
Bold) = 0.0, TmB@) =By limp(xq) = By(o) (1.8)

If the left-hand side of (1.7) is denoted by F,(t,x), then by the Mellin transform,

1 o] o qx+2n 1 _ q [ee] qn
— F,(-t,x)2dt = 19
F(S) /0 6]( x) Z [x + n]s + s—1 Z [x + n]s—l ( )

n=0 q n=0 q
withs € Cand x #0,-1,-2,....

Based on the observation on (1.9), Ryoo et al. [6] extended the classical Hurwitz zeta
function ¢ (s, x)

[e.¢]

L(s,x) = Z 7 +1x)s (s e C,Re(s) >L;x ¢ Z; = {0,-1,-2,.. .}), (1.10)

n=0

to the following g-zeta function

~ & qn ~ 22— o qn
§q(s,x) = ; [x+n]fl +(1 61)<s_1> L [x+n]fi‘1’ (1.11)

where s € C with Re(s) >1and x ¢ Z; = {0,-1,-2,...}.
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The aim of the present paper is to perform a further investigation on the Carlitz’s
g-Bernoulli numbers and g-Bernoulli polynomials. By applying elementary methods and
techniques, we establish some symmetric identities for these numbers and polynomials,

by virtue of which, various known results are derived as special cases.

2 The restatement of results

In this section, a further investigation for the Carlitz’s g-Bernoulli numbers and g-
Bernoulli polynomials is performed, and several symmetric identities for them are estab-
lished. We firstly state the following result for the g-zeta function.

Theorem 2.1 Let s € C with Re(s) > 1. Then for any positive integers a, b,

a-1 b-1 .
(b1 Z e (s bx + b—) = lalj, Z 47 (S, ax + %) 21)
j=0 j=0

Proof By substituting bx + bj/a for x in (1.11), we have

n

bj = q" 25\ — q
bx+ = | = - +(1- . 2.2
§q(s x a) ;[bx+bj/a+n];+( q)(s—1>n2=;[bx+bj/a+n]jz‘1 22)

Note that for any x € C and positive integer #, [nx], = [x], - [1],. Hence, by replacing g by

q“ in (2.2), we derive

bj
Lqa (s, bx + ;)

"laly 2-5\ o "lals !
Z [abx + bj + an]}, +(1 _qa)(s—l)nzzoj [abx + bj + an]5 !
Vl a]s ’ 2 _s
Z [abx + bj + an;, (1 + (- q)labx + bj + anl, <S_—1)) (23)

Since for any non-negative integer # and a positive integer b, there exist unique non-
negative integers r and i such that n = br + i with 0 < i < b — 1. So, the above identity
(2.3) can be rewritten as

; o b-1 abr+ai
§qa(s,bx+ _) B qZZ [ab(x+r) +bj + ail?,

r=0 i=0

X (1 +(1- q)[ab(x +r)+bj+ ai]q(j_%)). (2.4)

It follows from (2.4) that

a-1 b a-1 b-1 oo ahn+ai+bj
(b1 bie als,bx+ 2 ) =
(b1, ;):q Sq (5 Xt ) P ; lab(x + n) + ai + bj]}

x <1+(1—q)[ab(x+n)+ai+bj]q<§>). (2.5)
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In the same way;,

b-1 aj a-l b-1 o0 qabn+ai+bj
aly Yt (sax+ 7 ) = el _
ng L b g q;;;[ab(x+n)+m+bj]sq
. o (2-s
X (1+(1—q)[ab(x+n)+az+b]]q<—1)). (2.6)
S p—
Thus, equating (2.5) and (2.6) gives the desired result. d

We next discuss some special cases of Theorem 2.1. Setting b = 1 in Theorem 2.1, we
have the following distribution formula for the g-zeta function

a-1 .
qug“qa (s,x + i) = [a];gq(s, ax). (2.7)

j=0

In particular, the case a = 2 in (2.7) gives the duplication formula for the g-zeta function

1
{2 (s,%) + g (s,x + 5) = [2]3,84(s, 2%). (2.8)

Letting ¢ — 1 in (2.7) and (2.8) leads to the familiar distribution formula for the classical
Hurwitz zeta function

a-1 .
Z e (s,x + i) =a’t(s,ax), (2.9)
j=0

and the duplication formula for the classical Hurwitz zeta function

Z(s,x) + ;(s,x + %) =2°¢ (s, 2x), (2.10)

respectively, see, for example, [1].
Now, we are in the position to give some similar symmetric identities for the Carlitz’s
q-Bernoulli numbers and g-Bernoulli polynomials.

Theorem 2.2 Let a, b be positive integers. Then for any non-negative integer n,

a-1 b-1

. bi 4 i

[l > 4B <bx N ;],q“) =B > "B, <ax N ;],qb). (2.11)
Jj=0 Jj=0

oo

Proof By applying the exponential series e = )" x”"t"/n! to the generating function of

the g-Bernoulli polynomials, we have

o 1 o0 i
=YY g mly—r+(1-9) YN g x+ mli—
n=0 m=0 : n=0 m=0 :
00 £
=Y Bulwg)—. 2.12)
n=0

n!
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Comparison of the coefficients of t”/n! in (2.12) yields

Bulxq) =—nY gk +mli T+ (1-q) Y q"[x+ml]
m=0 m=0

= —an’”[x+m]2’1 +(1—q)(1+n)Zq”’[x+m]Z. (2.13)
m=0

m=0

So, from (1.11), (2.13) and the analytic continuation of Z,(s,x), one can easily obtain that

for any non-negative integer »,

L(L-nx) = _P ”(;C’ 9, (2.14)
In light of the relation (see, e.g., [4, 6])

N kXOj (e gty w=o, .15)
we get the symmetric distribution for the g-Bernoulli polynomials

Br(1-2,q47") = (-q)"Bulx,q) (1= 0). (2.16)
Thus, the desired result follows by applying (2.14) and (2.16) to Theorem 2.1. (I

It follows that we show some special cases of Theorem 2.2. Setting » = 1 in Theorem 2.2,
we derive the multiplication theorem for the g-Bernoulli polynomials due to Carlitz [4]

a-1 .
[l > " q By (x + éﬂ”) = Bulax, q), (2.17)
j=0

which is a g-analogue of Raabe’s multiplication theorem for the classical Bernoulli poly-
nomials (see, e.g., [8]). Letting ¢ — 1in Theorem 2.2, one can immediately obtain the gen-
eralized multiplication theorem for the classical Bernoulli polynomials (see, e.g., [9-11])

a-1 bi b-1 ai
a1y B, <bx + —]) =p! ZB,, (ax + —]>. (2.18)
0 a j=0 b

~.

Based on the observation of Theorem 2.2, we have the following.

Theorem 2.3 Let a, b be positive integers. Then for any non-negative integer n,

5 (o

i=0

= Z <,:) [b]Z_l_i[a];ﬂn—i(axf qb)Sn,i;q“ (b), (2.19)
i=0

where S,,,(a) = Y %0 gV 1%
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Proof Since [x + y], = [x]; + 4°[y], for any &,y € C, then (1.7) can be rewritten as

n

00 oo
e[x]qt <Z qmeb&m]qq"t(l —q- y+m qxt)) Z (x +9, q)t_ (2.20)
n=0

n!
m=0

Again, applying the exponential series and (1.7) to the left-hand side of (2.20), with help
of the Cauchy product, we get

[e¢]

> Bulx+3,9) (Z[x —n‘) (Zq”’“ﬁn(y,q);—y:)
n=0 n=0 :
=y (Z ('f) ) [x];f;—"!) (2.21)
n=0 \ i=0

Hence, comparison of the coefficients of ¢”/n! in (2.21) gives the addition theorem for the

g-Bernoulli polynomials

Bulx +y,9) = Z < ) q* By q)[x1" (n>0). (2.22)
i=0

Since [¥]g = [ax],/[a], for any x € C and a positive integer 4, by (2.22), we obtain

a-1

bj
S (e )
j=0
n a-1 b]
— Z ,Bn ; bx, qu—l l)b][ :|
i=0 < ) j=0 q°
n n 1 a-1
:Z( )[ ] /3” ; bx’ quHl b][b}
o \i/ la j=0
z (61, SR
(7 7 ﬂn i(bx,q) Y q" L. (2.23)
i \! 4lq j=0
Thus, by applying Theorem 2.2 to (2.23), we complete the proof of Theorem 2.3. d

Clearly, Theorem 2.3 above can be regarded as an g-analogue of the corresponding clas-

sical formula (see, e.g., [9, 11])

n

3 (’: ) & DB, (bx)S (@)

i=0

(’:) BB, (ax)Si(b), (2.24)
i=0

where S,(a) = 0" + 1" + -- - + (a — 1)" is called as the sums of powers. It is worth mention-
ing that the case x = 0, b = 1 in (2.24) can be used to give the proofs of the famous von
Staudt-Clausen, Frobenius, Ramanujan, efc.-type theorems, see [12] for details. For some
generalization of (2.24) in other directions, the interested readers may consult [13-16].

We finally present another type symmetric identities for the Carlitz’s g-Bernoulli num-
bers and g-Bernoulli polynomials.
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Theorem 2.4 Let m, n be any non-negative integers. Then

Z (V;:) q(”+k)xﬁn+k(y; q) [x];n—k

k=0

n

=y <Z> 4" Bur(x + 3, [l . (2.25)

k=0

Proof Observe that
Klgu+ gy +mlg(u+v) =[x +y+mlg(u+v)— [x],v. (2.26)

It follows from (2.26) that

o0
e[x]qu Z qme[y+m]q~q"(u+v) (1 —q- y+m qx(u + V))

m=0

o0
= o lHlgv que[x+y+m]q-(u+v) (1 —g—"  (u+ V)) (2.27)

m=0

We next consider the left-hand side of (2.27). In light of (1.7), we have

0
e[x]qu Z qme[y+m]q~q"(u+v) (1 —q- qy+m . qx(u + V))

m=0

(ue + V) (2.28)

_ e[x]qu anxlB (y )

n=0

Applying (u +v)" =>"" ( )u™v"~" to the summation on the right-hand side of (2.28),
and then changing the order of summation, we get

nx (M+V) nx
Zq B"(,9) ZZq Bulna) ,(n ot

m=0 n=m
o0 oo m n
u-v
= q(m+”)x:3m+n ()/, q) L (2.29)
m. n.
m=0 n=0

Hence, putting (2.29) into (2.28), and then using the exponential series, with the help of
the Cauchy product, we obtain

o0
e[x]qu Z qme[y+m]q~q"(u+v) (1 —q- y+m qx(u + V))

m=0
= (; x]:;’ m‘) (% nXo:qmm *Brnin(y, q) e I’l')

& (L 47N, iy, Il wvt (2.30)
k m! n!’
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Similarly, we have

00
e—[x]qv que[x+y+m]q(u+v) (1 —q- qx+y+m . (u + V))

m=0

v

=22 (Z (Z) (~1#1g) " i + 3, q)) %n: % (2.31)

m=0 n=0 \ k=0

Thus, by equating (2.30) and (2.31) and comparing the coefficients of u”v"/m!n!, we get

= (m " (n ne
> ( k)q‘"*“xﬁmk(y, Rl =Y ( k) (=1%10)" ™ Bk e + 3,9, (2.32)
k=0 k=0
which together with —[x], = g*[-x], implies the desired result. We are done. O

It becomes obvious that (2.22) is a special case of Theorem 2.4 by setting n = 0 and
replacing m by n. As another special case, in view of (2.16), we discover that for any non-

negative integers m, n,

SV (’,’:) 7 Buk(xq) = (-1 Y (Z) " Bk (~x,q7"). (2.33)
k=0 k=0

In particular, the case of x = 0 in (2.33) is an g-analogue of the formula due to Gessel [17]

m n

SV (':)Bm =1y (Z)Bm+k (m, 1> 0). (234)

k=0 k=0

In fact, there exists a similar symmetric identity to (2.33), which is as follows.

Theorem 2.5 Let m, n be any non-negative integers. Then

m+1

"y (m N 1) g (n+ k+1)Bi(x,q)

k=0 k

n+l

+(=1)" Z (n /: 1) G+ k +1) Bsk (—x, q'l) =0. (2.35)
k=0

Proof Since k(") = (m +1)(/",) for any non-negative integers k and 1, then

m+1
0y ('” . 1) "1+ k + D i(6,q)

k=0 k
m+1 m+1
SETLCRST) Bl (o VL
k=0

m+1

+(=D)"m+1)) < k”_q 1) 4" Burk(x, q). (2.36)
k=0
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It follows from (2.33) that

m+1

D"+ (’” N 1) " B (,9)
k=0

= (1" (n+1) (") "Bk (5,7

pry k
ol n+1
=(—1)”“Z( N )q‘(’”*“kﬁw(—x,q‘l) (237)
k=0
and
m+1 m
Y (" ) st
k=0

=(-D)"(m+1) Z (}Z)quﬂﬂnJrkH(x’ q)
k=0

n+l
= (-1)"*! Z (n;(— 1) g "+ 1) Bk (~x, 7). (2.38)
k=0

Thus, putting (2.37) and (2.38) to the right-hand side of (2.36), we are given the desired
result, and this completes the proof. 0

Noticing that the case x = 0 in Theorem 2.5 above can be regarded as a g-analogue of
the following formula

(-n™ Z <m/:r 1) (n+k +1)Bpax

k=0
n

+(-1)" Z (n Z 1) (m+k+1)Bux=0 (m+n=>1), (2.39)

k=0

which was discovered and used to give a brief proof of the famous Kummer congruence
by Momiyama [18]. For the generalization of (2.34) and (2.39) in the other directions, one
is referred to [19, 20].
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