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Abstract

The multiple-sets split feasibility problem (MSSFP) has a variety of applications in the
real world such as medical care, image reconstruction and signal processing. Censor
et al. proposed solving the MSSFP by a proximity function, and then developed a class
of simultaneous methods for solving split feasibility. In our paper, we improve a
simultaneous method for solving the MSSFP and prove its convergence.
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1 Introduction

Throughout this paper, let H be a Hilbert space, (-, -) denote the inner product and || - || de-
note the corresponding norm. The multiple-sets split feasibility problem (MSSFP) is a gen-
eralization of the split feasibility problem (SFP) and the convex feasibility problem (CFP);
see [1]. Let C; and Q; be closed convex sets in the N-dimensional and M-dimensional
Euclidean spaces, respectively. The MSSFP is to find a vector x~ satisfying

t r
x eC:= ﬂ C; suchthatAx € Q:= ﬂ Q) @)

i=1 j=1

where A isamatrix of M x N,and ¢,7 > 1 are integers. When ¢ = r = 1, the problem becomes
tofindavectorx” € C,such that Ax” € Q, which is just the two-sets split feasibility problem
(SFP) introduced in [2]. The MSSFP has many applications in our real life such as image
restoration, signal processing and medical care (e.g., [3-5]). In order to solve the MSSFP,
Censor et al. considered the MSSEP in the following form:

t r
xeCi=Xn (ﬂ C,-) and Ax €Q:=[Q; )

i=1 j=1

X C R" is a nonempty closed convex set. In fact, (2) is equivalent to (1). Many methods
have been developed to solve the SFP or MSSFP. The basic CQ algorithm was proposed
by Byrne [6], then it was generalized to MSSFP by Censor [4]. The relaxed CQ algorithm
was proposed by Yang [7], the half-space relaxation projection method was proposed by
Qu and Xiu [8], and the variable Krasnosel’'skii-Mann algorithm was proposed by Xu [9].
These algorithms first converted the problem to an equivalent optimization problem and
then solved it via some technique from numerical optimization. It is easy to see that the
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MSSEP (1) is equivalent to the minimization problem
)1 2 1 2
min §||x—PCx|| + §||x—PQAx|| ,

where Pc and P denote the orthogonal projections onto C and Q, respectively. The pro-
jections of a point onto C and Q are difficult to compute. In practical applications, however,
the projections onto individual sets C; are more easily calculated than the projection onto
the intersection C. For this purpose, Censor et al. [4] defined a proximity function p(x) to

measure the distance of a point to all sets

1< 1<
p):= 5 Y aillPex=xl® + o 3 bjliPoAx - Ax|?, (3)

i=1 j=1

where a; > 0, b; > 0 for all i and j, respectively, and

i a; + i b;=1.

i=1 j=1
With the proximity function (3), they proposed an optimization model

min{p(x)|x € X} (4)
to approach the (2) and exerted the projection gradient method to solve it with

K = Pc{xk - sz(xk) },

where Vp denotes the gradient of p(x) and can be shown as follows (see [4]):
t r
Vpx) = Z ai(x - Pc,(x)) + Z bj(Ax - Py, (Ax)).
i=1 j=1

In this paper, we continue the algorithmic improvement on the constrained MSSFP.
More specifically, the constrained MSSFP [10] is to find x" such that

xexn (ﬂ) C; and Ax e€Yn <ﬂ Q,). (5)
i=1 j=1

By the same idea of approaching (2) via the model (4), we define p; : R” — R and p5 :

R™ — R as follows:

1 t
P =5 D aills - Poal? ©)
i=1
R 5
p20) =5 3 billy - Poyll* (7)

j-1
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Then we get the following optimization model which can solve (5):
min{p; (x) + p2(Ax)|x € X,y € Y}. (8)

It is easy to see that model (8) is nonnegative and with the minimal value zero. So, we can

further reformulate (8) into the following separable form:
min{pl(x)+p2(y)|Ax—y=O,xeX,ye Y}. 9)

2 Preliminaries
In this section, we present some concepts and properties of the MSSFP.

Let M be a positive definite matrix. We denote the M-norm by ||v|[ar = /v, Mv). In
particular, ||v|| = +/{v, v} is the Euclidean norm of the vector v € R".

Lemmal Let S be a nonempty closed convex subset of R". We denote Ps(-) as the projection

onto S, i.e.,
Ps(z) = argmin{ ||z — x[||x € S}.

Then the following properties hold:
(1) xS & Ps(x) =x;
(2) (x—Ps(x),z—Ps(x)) <0,Vx e R" andVz € S;
(3) (x—9,Ps(x) - Ps(y)) = |Ps(x) — Ps()|1 Y,y € R";
(4) [I1Ps(x) - 2|* < llx - z|* = [|Ps(x) - %I|*, Vx € R" and Vz € S;
(5) IPs(x) = Psl < llx = yll, Vx,y € R".

Proof See Facchinei and Pang [11, 12]. O

Definition 1 Let F be a mapping from S C R” into R”, then
(a) F is called monotone on S if

(F(x) - F(y),x —y) >0, VxyeSs.
(b) F is called strongly monotone on S if there is a i > 0 such that

(F) ~F(9),x—y) = nllx-ylI*>, VxyeS.

(c) F is called co-coercive (or v-inverse strongly monotone) on S if there is a v > 0 such
that

2
’

(F(x) - F(y),x —y) = v| F(x) - F(5)

Vx,y €S.
(d) F is called pseudo-monotone on S if

(FO),x-y)=0 = (Fx),x-y) >0, Vxy€S.
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(e) Fis called Lipschitz continuous on S if there exists a constant L > 0 such that
|F@) ~FO)| <Llx—yl, Vxyes
and F is called nonexpansive iff L = 1.

Remark 1 From Lemma 1 and the above definition, we can infer that a monotone map-
ping is a pseudo-monotone mapping. An inverse strongly monotone mapping is mono-
tone and Lipschitz continuous. A Lipschitz continuous and strongly monotone mapping
is a strongly monotone mapping. The projection operator is 1-ism and nonexpansive.

Lemma 2 A mapping F is 1-ism if and only if the mapping I — F is 1-ism, where I is the
identity operator.

Proof See [3, Lemma 2.3]. O

Remark 2 If F is an inverse strongly monotone mapping, then F is a nonexpansive map-
ping.

Definition 2 Let S be a nonempty closed convex subset of H and x, be a sequence in H,
then the sequence x, is called Fejér monotone with respect to S if

1 — 2ll < |l —2ll, Vn>0,Vz€S.

Lemma 3 Let p;(x) and p,(x) be defined in (6)-(7), then Vp,(x) and V p,(y) are both Lips-
chitz continuous and inverse strongly monotone on X and Y, respectively.

Proof From the definition (6), p;(x) is differentiable on X and

t

Vpi(x) =Y ai(x— Pe,(x)).

i=1

Since the projection operator P, is 1-ism (from Remark 1), then from Lemma 2, the op-
erator [ — P, is 1-ism and is also nonexpansive. So, we have

Zﬂi(f — Pc;) (%1 — x2)

i=1

[Vpr(x1) = Vi (o) || =

< Zﬂi | (I = Pc,)(x — x)) |

i1
t
< (Z ﬂi) [l — X2 I,
i1

therefore, Vp;(x) is Lipschitz continuous on X, and the Lipschitz constant is L; = Zle a;.
It also follows from [13, Corollary 10] that Vp;(x) is ﬁ—ism. Similarly, we can prove that
Vpa(y) is Lipschitz continuous on Y, and the Lipschitz constant is L, = Z;Zl bj, further-
more, it is % -ism. O
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For notational convenience, let

where 7, 0 and B are given positive scalars.

Vpi(x)
F)=| V) |,
Ax—y
£x(w,®) Vpi(x) - Vpi(%)
§(,@) = | §(w,d) | = | VP20) = VP2 (9) | » (10)
0 0
Nx(@) BAT (Ax - y)
n)=|nyw) | =| -BAx-y) |, (11)
0 0

dw,®) = M(w - @) - &(w, ),
q(w,d) = F(®) + n(w),

olw,d) = <a) - o,d(w, c?))) +{z-2z,Ax—y).

Furthermore, we let @ = (,7,z). Suppose that (x’,y’) is an optimal solution of the prob-
lem (9). Then the constrained MSSFP (5) is equivalent to finding w” = (x,y,2) € W =
X x Y x R" such that for any = (%,7,2) € W, we have

(x-x,Vpi(x)) = 0;

G-y, Vp(y)) =0

> 0; (12)
(z-z,Ax -y)>0.

3 Main results
In this section, we will present our method for solving the MSSFP and prove its conver-

gence. Our algorithm is defined as follows:
Algorithm 3.1 Step 1. Give arbitrary v € (0,1), 8 >0, y €(0,2), u>1, 7o >0, 0p > 0 and
X0, Y0, Zo. Let € > 0 be the error tolerance for an approximate solution and set k = 1.

Step 2.
(1) Find the smallest nonnegative integer /; such that 7; = u'7;_; and

#k = Px{xk - %[Vpl(xk) + BAT (AxF —yk)]}, (13)
k
which satisfies

(xk - ik, vp, (xk) -Vp (56")) + ,BHAxk — Ak “2 < rkv”xk —aAckHZ; (13
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(2) Find the smallest nonnegative integer m1; such that oy = " 0y_; and

3 = el - [9) - plart -]} (4

which satisfies

(W =35 Voa(55) = Vo (5)) + By =557 < owv | F = 5|5 (14')
(3) Then we define 2* by

2 =2 - B(ARF - 3h). (15)
Step 3.
Let o = (xX, 9%, %), then we get the new iterate **! via

o = o — yagd (o, &), (16)

where
p(o*, @) )

S = d(wk, NI

Step 4.
k+1
If p—;’fxo)) < g, stop. Otherwise, set k = k + 1 and go to Step 2.

Remark 3 In fact, from Lemma 3, we know that Vp;(x) is Lipschitz continuous with a
constant L;, then the left-hand side of (13’) satisfies

2

(xk -k Vpl(xk) - Vpl(fck)) + ,BHAxk AR < (L1 + ,B||ATA ||) ||xk —zk

T T
So, (13) holds as long as 7 > (L‘LUAA”). Since (L”ML—AAH) > 0, it has inf{7;} > 0 denoted

by 7o = inf{zx}. On the other hand, by a similar analysis as in [14, Lemma 3.3], it indicates

that tp < M}'ﬁ, so we have

70 < Tk < Tmax = Wﬂ, Yk >1. (18)
Similarly, we can also have

00 < 0k < Omax = (sz-; 'B), Vk > 1. (19)

Next, we analyze the convergence of Algorithm 3.1:

Lemma 4 Suppose o* and &* are generated by Algorithm 3.1, and " = (x",y,2) is a so-
lution of (12). Then there exits m > 0 for any k > 1 such that

(0 — o d(h, %)) = o, 6*) = m]| (o - %)
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Proof First, we prove (o — ", d(f, %)) > p(oF, ).
From the property of the projection operator in Lemma 1,

(x = Ps(x),z— Ps(x)) <0, VxeR"andVzeS.
Combining it with (13), we have

<x’ —zK K — Xk %[Vpl(xk) + ,BAT(Axk —yk)]> >0, Vx¥eX
Multiplying by t, we get

(o =35 we(F = 2) + (Vpr (+F) = Vpi (%)) + Vi (3F) + BAT (Ax* - 5F)) > 0, vx' e X.
And from the definitions of &,(w*, &%), ny(*) in (10) and (11), it is equivalent to

(o =25, T (RF = #¥) + &40, &%) + Vi () + e (0F)) = 0, Wa e X. (20)
Similarly, from (14) and (15), we can also get

W =35, 0155 = ) + &(05,0%) + VDu (5F) + 1y (0¥)) =0, Wy eY (21)
and

<z’ — AR -5k %(% —zk)> >0, VZeR" (22)

Using the notation defined above, from (20)-(22), we have

(a)/ - c?)k,F(c?)k) + n(wk) + E(a)k,é)k) —Mk(wk - c?)k)> >0, VYo' eW,

(a) -o ,q(a)k,c?)k) - d(a)k,(f)k)) >0, Vo' eW. (23)

Note that F(w) is monotone on W because of the monotonicity of Vp;(x) and Vps ().
From (12), we have

(6" — ', F(6")) = (0f - ', F(@)) = 0. (24)
Consequently,

(c?)k - w*,q(wk,c?)k)) = (oF - w*,F(d)k)) + ((f)k - a)*,n(a)k»

= (A% =A%, B(Ax" = 1)) + (5 -, - (Axt - o)
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= (B(AR* - Ax" - 3F +y), Axk —»F)

— (ﬂ(Aj‘ck —j}k),Axk _yk>

= k_ék,Axk_yk>

= (b, 0") - (o - 65 d(0¥, ") (25)
where the first inequality follows from (24), the second equality follows from the definition

of &, " and n(w").
Setting @' = " in (23), since w” € W is a solution, we get

(é)k - w*,d(a)k,c?)k» > <c?)k - a)*,q(a)k,c?)k)).

Then

> <a)k - c?)k,d(a)k,é)k)) + (c?)k - a)*,q(wk,c?)k))
> (o, @%),

where the last inequality follows from (25).
Next, we prove

o(t,0¥) = mlat - "

From the definition of p(w*, %) and d(w*, &), we obtain

(@, 6%) = [ - b d(w*, b)) + (& - 2 Axk — o)
= (0 = &f M(0f = ) - [ - & € (o~ 6)) + (2 - 25,40 )
= ot = @[, - (5 -2 (04 65)) - (- 5,65 (05,01)
4 [~ 2 A% o)
= ot = 0", — (& =3 V1 () = Ve () - bF =5, Ve (01) - 2 51)

+(2F =25, Axk —5)

2
My

+/3”yk—51kH2 +(zk —ék,Afck—j/‘)+ (zk—ik,Axk—Afck—yk +5/k>

> [lof =", — v | =3 + plast — AR - o | -5

> tk(l—v)ka—fckH2 +or(1- v)”yk—jkaZ + %”zk—%k”z

+ Bl At — AR+ [ = 25, Axk = ARH) 4 B -5

T ) (26)

where the first inequality follows from (13') and (14).
Note that

2
Ad - A%+ 1 (-2

Bl Axk — ARK|| + (2 - 25, Axk — AZ¥) = B %

~ L
4B

Page 8 of 12
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and

yk_jlk_i(zk_ék)

2—(zk—2k,yk—5/k)=/3

By -3

Substituting them into (26), we have

w(wk,c?)k) > 1(1 - v)||xk —aAck”2 +or(1- v)||yk —5/k||2
2

ERWIEIL K oank Lok sk
+25“z 2"+ B AxS - A +2,8(Z )

2

VR NI
P -5 -2
A N 3 N
> (1 - v) | +* —xk”2 + o1 - )|y~ —yk||2 + % I —zk||2.
For the sequences {7} and {o}} are bounded from (18) and (19), let

m= min{(l - v)To, (1 =)oy, % },

therefore,

<p(a)k,c?)k) > m”a)k —c?)k”.

This completes the proof. d

Next, we prove the sequence »* is Fejér monotone.

Theorem 1 Suppose o and & are generated by Algorithm 3.1, and " = (x',y',2) is a
solution of (12). Then there exits C > 0 for any k > 1 such that

. ’2 B m?r(2 —r)

o+ o[ < o - o| el A I

Proof From (16), we have

[ =o' | = ot - yegd(ot, ) - o
= o - o'[|” — 2y o - o', d(0",04)) + (var)*d(e", ) |
< o o' — 2y 0p0(, &%) + ¥ 2erp(w*, )
= o -0 |* - yer@ - y)age (e, o)

Ak”Z’

< ||a)k —a)*”2 —ya(2- y)m“a)k -

where the inequalities follow from Lemma 4 and (17).
Because ||£, (", &")|| < Ly |#* — 2| and [|&,(0", &")|| < Ly]ly* - 5*1l, and

N N 1 N
ot - 01) | = ot = sl - 0 gl -2

2
)

S P

= Tmax”xk _»;Ck”2 + Umax||yk _5/1(
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we have

(6] = [Mi(e - &) - & ("0

= [Mi(e =) |+ ]s (")

S

N o 1 A

<(Li+ rmaX)ka —xk|| + (Lo + omaX)Hyk -5 + E ||zk —zk||.

Let C = max{(Ly + Tmax), L2 + Omax), %}, then we can get [|d(o,dF)| < Cllo* - &F].
So, from Lemma 4, we can yield

. @, &) m
Y = Tk ORE = O
ld(@*, &> — C

Therefore,
2
. . 2 - .
[ o[ < o — o > = LT kP, 0
C2

Theorem 2 The sequence w* generated by Algorithm 3.1 converges to a solution of (8).
Proof Suppose ' is a solution of (8). It follows from Theorem 1 that

||a)k+1—a)* 2§~~~§Ha)k—a)* 2§||a)0—w* 2 (27)

which means that the sequence * is bounded. Thus, it has at least a cluster point.
Furthermore, Theorem 1 also shows that

m?r(2 —r)
2

*

2 #12
_||a)k+1_w )

o =" < o ~ o

Summing both sides for all k, we obtain

m?r(2 —r) > PR > P w2 kel )2 0 ~*|2
—a— 2l = = Yl o - o - T < o -6
k=0 k=0

which means that

lim || o* - &*|* = 0.

X—> 00

So, {wX} and {®X} have the same cluster points. Without loss of generality, let & be a
cluster point of {w*} and {&*}, 7 and & be the cluster points of {;} and {0y}, respectively.
Let {¥}, (&5}, {7}, {ow} be the subsequences converging to them. Then, by taking limits
over the subsequences in (13), (14), (15), we have

# =Px{5c— (V@ ﬂAT(Aa'c—y)]},

7= el5- 2 [9p) - ptaz- ) |

Page 10 of 12
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z=z-B(AX-Y).

It then follows from [15] that @ is a solution of (12).
Because of the arbitrary @', we can take »” = @ in (27) and obtain

|t ~a| < |o* - a|, VEk=1.

Therefore, the whole sequence {wX} converges to . This completes the proof. d

Remark 4 Our iteration method is simpler in the form and is an improvement of the
corresponding result of [10].

4 Applications

The multiple-sets split feasibility problem (MSSFP) requires to find a point closest to a
family of closed convex sets in one space such that its image under a linear transformation
will be closest to another family of closed convex sets in the image space. It serves as a
model for real-word inverse problems where constraints are imposed on the solution in
the domain of a linear operator as well as in the operator’s range.

In this paper, our algorithm converges to a solution of the multiple-sets split feasibility
problem (MSSFP), for any starting vector @° = (x%,%°,2°), whenever the MSSFP has a so-
lution. In the inconsistent case, it finds a point which is least violating the feasibility by
being ‘closest’ to all sets as ‘measured’ by a proximity function.

In the general case, computing the projection in the MSSEP is difficult to implement.
So, Yang [7] solves this problem by the relaxed CQ-algorithm. Without loss of generality,
take the two-sets split feasibility problem for instance. He assumes the sets C and Q are

nonempty and given by
C= {xeRN|c(x) 50}, and Q= {yeRN|q(y)§0},

where c: RN — R and ¢q : R¥ — R are convex functions, respectively. Here he uses the
subgradient projections instead of the orthogonal projections. This is a huge achievement
and it enables the split feasibility problem to achieve computer operation.

Lastly, we want to say that our work is related to significant real-world applications.
The multiple-sets split feasibility problem was applied to the inverse problem of intensity-
modulated radiation therapy (IMRT). In this field, beams of penetrating radiation are di-
rected at the lesion (tumor) from external sources in order to eradicate the tumor without
causing irreparable damage to surrounding healthy tissues; see, e.g., [4].
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