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1 Genericity, porosity and hyperbolic spaces

A property of elements of a complete metric space Z is said to be generic (typical) in Z
if the set of all elements of Z which possess this property contains an everywhere dense
and G; subset of Z. In this case we also say that the property holds for a generic (typical)
element of Z or that a generic (typical) element of Z has this property.

In this paper we use the concept of porosity which will enable us to obtain more refined
results.

To recall this concept of porosity, let Z be a complete metric space. We denote by Bz(y, r)
the closed ball of center y € Z and radius r > 0. A subset E C Z is called porous in Z if there
exist numbers o € (0,1) and ry > 0 such that for each number r € (0,ry] and each point
y € Z, there exists a point z € Z for which

Bz(Z,Olr) C Bz(y, l") \E

A subset of the metric space Z is called o-porous in Z if it is a countable union of porous
subsets in Z.

Other notions of porosity can be found in the literature. We use the rather strong con-
cept of porosity which has already found application in, for example, approximation the-
ory, the calculus of variations and nonlinear analysis [1-3].

Since porous sets are nowhere dense, all o-porous sets are of the first Baire category. If Z
is a finite-dimensional Euclidean space, then o -porous sets are also of Lebesgue measure
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zero. In fact, the class of o -porous sets in such a space is much smaller than the class of
sets which have measure zero and are of the first Baire category.

Some of our results concern nonlinear mappings acting on closed and convex sets in
complete hyperbolic spaces, a class of metric spaces, the definition of which we now recall.

Let (X, p) be a metric space and let R denote the real line. We say that a mapping c:
R — X is a metric embedding of R into X if p(c(s), c(t)) = |s — t| for all real s and ¢. The
image of R under a metric embedding is called a metric line. The image of a real interval
[a,b] = {t € R:a <t < b} under such a mapping is called a metric segment.

Assume that the metric space (X, p) contains a family £ of metric lines such that for
each pair of distinct points x and y in X, there is a unique metric line in £ which passes
through x and y. This metric line determines a unique metric segment joining x and y. We
denote this metric segment by [, y]. For each 0 < ¢ <1, there is a unique point z in [x, y]
such that

px,z) =tp(x,y) and p(z,y) = (1-1)p(xy).

This point will be denoted by (1 — £)x @ ty. We say that X, or more precisely (X, p, L), is a
hyperbolic space if

1 & 1 1 @ 1 - 1 0,2)
—-X V=X ~ ~ )
P \2*¥ 203" ¥5%) =3P
for all x, y and z in X. An equivalent requirement is that

1 1 1 1 1
P(Ex@ 3 EW@ EZ) < E(P(x, w) + p(3,2))

for all x, y, zand w in X. This inequality, in its turn, implies that
p(A-Dx@ty,1-t)wd tz) < (1-t)p(x, w) + tp(,2)

forallx,y,zand win X,and all 0 <¢ <1.

A set K C X is said to be p-convex if [x,y] C K for all x and y in K.

It is clear that all normed linear spaces are hyperbolic in this sense. A discussion of more
examples of hyperbolic spaces and, in particular, of the Hilbert ball, as well as applications
to holomorphic fixed point theory, can be found, for instance, in [4-6].

Our purpose in this paper is to survey recent results regarding genericity and poros-
ity in fixed point theory. These results concern, inter alia, infinite products, nonexpan-
sive mappings, approximate fixed points, contractive mappings, bounded linear regular-
ity, set-valued mappings, holomorphic mappings and weak ergodic theorems. We consider
both normed linear spaces and hyperbolic metric spaces and concentrate on those results
which have been obtained since the publication of [1]. We hope our survey leads to further

progress in this exciting area of current research interest.

2 Stable convergence of infinite products
The convergence of infinite products of nonexpansive mappings is of major importance
in nonlinear functional analysis in general and in fixed point theory in particular. Such
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products find many and diverse applications in the study of feasibility and optimization
problems. In this section the concept of porosity is used in order to study generic stable
convergence for infinite products of nonexpansive mappings in Banach spaces. The results
of this section were established in [7], where several pertinent references can also be found.
Let (X, | -]|) be a Banach space and let K C X be a nonempty, bounded, closed and convex
subset of X. In this section (and in the next one) we denote by M the set of all sequences
{A.}22, of mappings A, : K — X, t =1,2,..., which satisfy the following two conditions:

lAmx - Ayl < |lx—y| forallx,ycKandt=1,2,...;
for each € > 0, there exists a point x, € K such that
X — Al <€, t=12,....
Set
oK) := sup{ llzll : z € K}.
We first note the following simple fact.
Proposition 2.1 Let {A.};%, € M. Then, forallx e K andt=1,2,...,
Awx]l <3p(K) +1.
Now let {A;}22,, {B:}?3 € M. Define
(AN (BY) = sup{llAwx — Buxl :x € K, £ =1,2,...}.
By Proposition 2.1, d({A;}3%, {B:},) is finite. As a matter of fact, it is not difficult to see

that 4 is a metric on M and that the metric space (M, d) is complete.
We are now ready to state the main result of this section.

Theorem 2.2 There exists a set F C (M, d) such that its complement M\ F is a o -porous
subset of (M, d) and each {B;}{2, € F has the following properties:
(1) there is a unique point X € K such that Bix =x fort =1,2,...;
(2) foreach € > 0, there exist a number § > 0, a natural number q and a neighborhood U
of {B:}3%) in (M, d) such that:
(@) if{C) eU,t€{1,2,..},yeKand |ly— Cy| <3, then ||y — x| <¢;
(b) if{C €U, r:{L,....,q} = {1,2,...}, and if the elements of {x;}1_, C K satisfy

Crpxica =%, i=1,...,q,
then ||lx, — x| <e.

This theorem immediately yields the following corollary regarding the convergence of

infinite products.
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Corollary 2.3 Let {B;}°, € F, where F and x are as in Theorem 2.2. If the mapping r :
{1,2,...} = {1,2,...} and the elements of the sequence {x;};5, C K satisfy

Cr(i)xi—l =X i= 1,2,...,
then lim;_, o ||x; — || = 0.

3 Contractivity, porosity and infinite products
In this short section we continue to study infinite products of operators and the complete
metric space (M, d), which was introduced in the previous section. We first use the no-
tion of porosity to show that most elements in this space of sequences of nonexpansive
mappings are, in fact, contractive (see the definition below). We then present a conver-
gence theorem for infinite products governed by such elements, where we also allow for
computational errors. The results of this section were obtained in [8].

A sequence {A,;}?°, € M is called contractive [1, 9] if there exists a decreasing function
¢ :[0,00) — [0,1] such that

¢(t) <1 forallrealt>0

and such that for each x,y € K and each integer ¢ > 1,

A = Ayl < ¢ (Ilx = ylI) I = 1.

Theorem 3.1 There exists a set F C (M, d) such that its complement M\ F is a o -porous
set in (M, d) and such that each sequence {A;}{°, € F is contractive and possesses a unique
common fixed point x € K, that is, a point x € K such that Axx =x forallt=1,2,....

Now we state a convergence theorem for (random) infinite products governed by con-
tractive sequences. We also allow for computational errors.

Theorem 3.2 Assume that {A.};2, € M is contractive, x, € K satisfies Ayx, = x,, t =
1,2,...,and that € € (0,1). Then there exist a number § > 0 and a natural number ng such
that for each r:{1,2,...} — {1,2,...}, each integer T > ny and each sequence {x;}I, C K
such that

||x,»+1—A,(i)xi|| <4, i=1,...,T-1,
the following inequality holds for all t = ng,..., T:
ll: — %]l < €.
4 Approximate fixed points of nonexpansive mappings in unbounded sets
In this section we turn our attention to the study of approximate fixed points (see the
definition below). It follows from Banach’s fixed point theorem that every nonexpansive

self-mapping of a bounded, closed and convex set in a Banach space has approximate fixed
points. See, for example, [4], Proposition 1.4, p.4. This is no longer true, in general, if the
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set is unbounded. Nevertheless, as we will see in this section, there exists an open and
everywhere dense set in the space of all nonexpansive self-mappings of any closed and
convex (not necessarily bounded) set in a Banach space (endowed with the natural metric
of uniform convergence on bounded subsets) such that all its elements have approximate
fixed points. As a matter of fact, it turns out that our results hold in all complete hyperbolic
spaces; see [10], where several relevant references are also mentioned.

Let (X, p, L) be a complete hyperbolic space and let K be a nonempty, closed and p-
convex subset of X.

For each point x € K and each number r > 0, set
B(x,r) = {y eK:p(xy) < r}.

Denote by A the set of all nonexpansive self-mappings of K, that is, all mappings A : K —
K which satisfy

p(Ax, Ay) < p(x,y) forallx,yeK.

Fix some point 6 € K.
We equip the set A with the uniformity determined by the base

Un) = {(A,B) e Ax A:p(Ax,Bx) <n'forallxe B(G,n)},

where 7 is a natural number. It is not difficult to see that the uniform space A is metrizable
and complete.

Let A € Aand € > 0 be given. A point x € K is called an e-approximate fixed point of A
if p(x,Ax) <e.

We say that a mapping A has the bounded approximate fixed point property (or the
BAFP property, for short) if there is a nonempty and bounded set Ky C K such that for
each € > 0, A has an e-approximate fixed point in Ky, that is, a point x. € K which satisfies
o(xe,Ax.) <e.

Proposition 4.1 Assume that A € A and Ky C K is a nonempty, closed, p-convex and
bounded subset of K such that

A(Kp) C K.
Then A has the BAFP property.

This proposition immediately implies the following result.

Corollary 4.2 Assume that the set K is bounded. Then any mapping A € A has the BAFP
property.

Corollary 4.2 does not, of course, hold if the set K is unbounded. For example, if K is a
Banach space and A is a translation mapping, then A does not possess the BAFP property.
We are now ready to state the main result of this section.
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Theorem 4.3 There exists an open and everywhere dense set F C A such that each A € F
has the BAFP property.

5 Generic contractivity for a class of nonlinear mappings
We now continue to study generic contractivity. In our previous work [1], Section 2.1,
pp-15-23, we studied a certain class of nonlinear self-mappings of a complete metric space
endowed with a natural metric. Using the notion of porosity, we showed there that most
elements of this class possess a unique fixed point which attracts all iterates uniformly.
In this section we present a variant of this result (proved in [11]), which shows that most
mappings in this class are quasi-contractive.

Let K be a nonempty, bounded, closed and convex subset of a Banach space (X, || - ||).
We consider the topological space K C X with the relative topology induced by the norm
[l -1l Set

diam(K) := sup{[lx — y|| : 5,y € K}.

Denote by A the set of all continuous mappings A : K — K which have the following

property:
(P1) For each € > 0, there exists a point x. € K such that

JAx —xc|| < |lx—xe| +€ forallx € K.
For each A,B € A, set
d(A,B) := sup{ ”A(x) - B(x) ” (X € K}.

It is clear that the metric space (A4, d) is complete.
Now consider an arbitrary complete metric space (Y, d). We denote by B(y, r) the closed
ball of center y € Y and radius r > 0. Fix a real number g > 1.
We say that a subset E C Y is (q)-porous (with respect to the metric d) if there exist
numbers « € (0,1) and ry > 0 such that for each number r € (0,ry] and each point y € Y,
there exists a point z € Y for which

B(z,ozrq) C B(y,r)\ E.

We say that a subset of the space Y is (o, q)-porous (with respect to the metric d) if it is a
countable union of (g)-porous subsets of Y.

Since (g)-porous sets are nowhere dense, all (o, g)-porous sets are of the first Baire cat-
egory. To point out the difference between (g)-porous and nowhere dense sets, note that
if E C Y is nowhere dense, y € Y and r > 0, then there are a point z € Y and a number s > 0
such that B(z,s) C B(y,r) \ E. If, however, E is also (g)-porous, then for small enough r we
can choose s = «r, where « € (0,1) is a constant which only depends on E.

Theorem 5.1 There exists a set F C A such that its complement A\ F isa (o,2)-porous set
in (A, d) and such that for each mapping B € F, there exist a unique point x € K satisfying

B(xB) = XB,
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and a decreasing function ¢ : [0,00) — [0,1] for which
o) <1 forallt>0

and
|B&) —x5| < ¢(lx—xpll)llx - x5l forallxeK.

6 Porosity and the bounded linear regularity property
Bauschke and Borwein [12] showed that in the space of all tuples of bounded, closed and
convex subsets of a Hilbert space with a nonempty intersection, a typical tuple has the
bounded linear regularity property (see the definition below). This property is important
because it leads to the convergence of infinite products of the corresponding nearest point
projections to a point in the intersection. This section is devoted to the results which were
established in [13]. They show that the subset of all tuples which possess the bounded
linear regularity property has a porous complement. Moreover, this result is obtained in all
normed spaces and for tuples of closed and convex sets which are not necessarily bounded.
Let (X, || - ||) be a normed linear space. For each point x € X, each number r > 0 and each
nonempty set A C X, we set

Bx,r):={yeX:|x-y| <r}
and
dx,A) = inf{ lx—yll:ye A}.

Let n be a natural number and let C;, i = 1,..., n, be nonempty, closed and convex subsets
of X. Set

We say that the tuple (Cy,...,C,) is boundedly linearly regular [12] if the set C is
nonempty, and for each nonempty and bounded set S C X, there is a number x5 > 0 such
that for each point x € S,

dx,C) < /cgmax{d(x, C):j= 1,...,n}.

By Int(A) we denote the interior of a set A C X with respect to the norm topology.

The following result was established by Bauschke and Borwein in [12], Theorem 5.27,
P-399. Recall that a subset of a metric space is said to be residual if it contains a countable
intersection of open and everywhere dense subsets of the space.

Theorem 6.1 Let the space X be Hilbert. Suppose that F is the set of all tuples of the
form (Cy, ..., C,), where each set C; is bounded, closed and convex, and the intersection C =
M, C: is nonempty. Then the subset of all boundedly linearly regular tuples (C,...,C,) is
residual in F equipped with the Hausdor[f metric.
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Bounded linear regularity is important because it leads to strong convergence theorems
(with convergence rates) for infinite products of projections [12].
Next we present a sufficient condition for bounded linear regularity.

Theorem 6.2 Let Cy,...,C, be n closed and convex subsets of X such that
Im<ﬂ c,») Z0.
i=1
Then the tuple (Cy,...,C,) is boundedly linearly regular.

In [13] we improved Theorem 6.1 in several directions. Our results are established in
any normed space and the sets Cj, ..., C, are not necessarily bounded. Moreover, we show
that the set of all boundedly linearly regular tuples is not only residual, but has, in fact,
a porous complement.

Denote by S(X) the collection of all nonempty and closed subsets of X. For each A,B €
S(X), define

H(A, B) := max{sup{d(x,B) : x € A},sup{d(y,A) : y € B}}
and
FI(A,B):= H(A,B)(1+ H(A,B)) .
(Here we use the convention that co/oco =1.)
It is not difficult to see that the space (S(X ), H) is a metric space.
For each natural number 7 and each A, B € S(X), we set

h,(A,B) := sup{ ’d(x,A) —d(x, B)’ (X € B(O,n)}

and

[27h,(A, B)(1 + h,(A, B)) ']

Nk

h(A,B) :=

Il
—_

n

Once again, it is not difficult to see that / is a metric on S(X). Clearly,
H(A,B) > h(A,B) forall 4,B € S(X).

Denote by S, (X) the set of all convex sets A € S(X). It is clear that the set S;,(X) is
closed in (S(X), H) and in (S(X), ). In the sequel we use the metric spaces (S.o(X), H) and
(Seo(X), h).

Let n be a natural number and consider the product space (S.,(X))"” which consists of all
tuples (Cy, ..., C,) € (S (X))". We equip the set (S.,(X))” with the pair of metrics H® and
K", where for all

(Chree s Gy (Cpr-.., C) € (SeoX)),



Reich and Zaslavski Fixed Point Theory and Applications (2015) 2015:195 Page 9 of 21

H"((Cyye., §u), (€. C)) = Y H(CLCY)
i=1

and

n

HP((Cy,. . C)y (Chs o, C)) = > (G, C).

i=1

Clearly, both ((S.,(X))", H™) and ((S,(X))", ") are metric spaces.

Let Sp,,(X) stand for the set of all bounded sets C € S,,(X). It is clear that the product
space (Sp0(X))" is a closed subset of ((Se,(X))", H™).

In this section we denote by M the set of all tuples (Cj, ..., C,) € (S, (X))” which have
the following property:

(P) For each € > 0, there is a point x. € X such that

dxe,C) <e, i=1,...,n

It is natural to say that a point x. € X satisfying the above inequality is an (¢)-
approximate solution of the feasibility problem which corresponds to the tuple (Cy, ..., Cy).
In other words, the set M is the set of all tuples (Cj,...,C,) € (S,(X))" such that the
corresponding feasibility problem possesses an (€)-approximate solution for any positive
number €. Usually, the feasibility problems studied in the literature have exact solutions.
Here we prefer to consider a more general case because of the following observation: if a
sequence of tuples, for which the feasibility problem has an exact solution, converges in
the space (S,,(X))”, then it is only guaranteed that the limit tuple belongs to M.

It is not difficult to see that M is a closed subset of ((S.,(X))", H™). Indeed, assume that
atuple (Cy, ..., Cy) belongs to the closure of M and ¢ is a positive number. Choose a tuple
(C,...,Cu) € M such that

H(C,C)<el2, i=1,...,n,

and let xy € X be an (¢/2)-approximate solution of the feasibility problem corresponding
to the tuple (C1,...,Cy,). Then it is easy to see that x is an (¢)-approximate solution of the
feasibility problem corresponding to the tuple (Cy, ..., C,).

Define

7o {(q,...,cﬂ) eM:Im(m ci) #g}.

i=1
We are now ready to state the two main results of this section.

Theorem 6.3 Let A be either M or M N (Sp.,(X))" and let F' = F N A. Then its comple-
ment A\ F' is porous in (A, H™).

Theorem 6.4 The set F is an everywhere dense subset of M with the topology induced by
the metric H™ and an open subset of M with the topology induced by the metric h"”.
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Combining Theorems 6.3 and 6.4, respectively, with Theorem 6.2, we conclude that any
tuple (Cy,...,C,) € F is boundedly linearly regular.

Theorem 6.3 shows that the set of all boundedly linearly regular tuples has a porous
complement with respect to the metric H®, while according to Theorem 6.4, this set
contains an everywhere dense (with respect to the metric H) and open (with respect to
the metric 41") set.

7 Generic contractivity of nonexpansive mappings with unbounded domains
Given a nonempty, bounded, closed and convex subset K of a Banach space, we studied in
[1], Section 3.1, pp.119-121, the class of nonexpansive self-mappings of K endowed with a
natural metric. Using the Baire category approach and the notion of porosity, we showed
that most elements of this class are contractive. In this section we present a variant of
this result for unbounded sets which was established in [14]. Namely, we show that most
nonexpansive mappings are contractive on all bounded subsets.

Let (X, p, L) be a complete hyperbolic space and let K be a nonempty, closed and p-
convex subset of X.

For each point x € K and each number r > 0, set

B(x,r) = {y eK:pxy) < r}.
In this section we denote by A the set of all mappings A : K — K which satisfy
p(Ax, Ay) < p(x,y) forallx,yeK.

Fix some point 6 € K.
We equip the set A with the uniformity determined by the base

Un) = {(A,B) e Ax A:p(Ax,Bx) <n'forallxe B(G,n)},

where # is a natural number. Clearly, the uniform space A is metrizable and complete.
Let A € A. Recall that the mapping A is called contractive if there exists a decreasing
function ¢ : [0,00) — [0,1] such that

¢(t)<1 forallt>0
and

p(Ax,Ay) < ¢(p(x,7))p(x,y) forallx,y e X.

According to Rakotch’s theorem [9], every contractive mapping has a unique fixed point.

As we have already mentioned, in our previous work we studied the space A in the case
where the set K is bounded. Using the Baire category approach and the notion of porosity,
we showed that most elements of the space A are contractive. If, however, the set K is
unbounded, it is known [15] that our results no longer hold. Nevertheless, in this section
we present a variant of our results for unbounded sets which shows that most mappings
in this class are contractive on all bounded subsets.
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Theorem 7.1 There exists a set F, C A which is a countable intersection of open and
everywhere dense sets in A such that for each A € F,, the following two properties hold:

(i) there exists a unique point x4 € K such that Ax = xa;

(ii) foreach r >0, there exists a decreasing function ¢ : [0, 00) — [0,1] such that

o)<l forallt>0

and

p(Ax,Ay) < ¢(p(x,9))p(x,y) forall x,y € B(xa,r).

8 Approximate fixed points of nonexpansive set-valued mappings in
unbounded sets

In this section we are concerned with nonexpansive set-valued mappings. In our previ-
ous work [1], certain set-valued dynamical systems induced by such mappings have been
investigated and some new iterative methods for approximating the corresponding fixed
points have been obtained. Here we present the more recent results of [16].

Let (X, p, L) be a complete hyperbolic space and let K be a nonempty, closed and p-
convex subset of X.

For each point x € K and each number r > 0, we set, once again,

B(x,r) = {y eK:pxy) < r}.
For each point x € X and each nonempty set D C X, we set
o, D) := inf{p(x,y) 1y E D}.
In this section we denote by S(K) the family of all nonempty, closed and bounded subsets
of K.
For each C,D € S(K), set
H(C,D) := max{sup{p(x,D) 1x € C}, sup{,o(x, C):xe D}}
The space (S(K), H) is a metric space and its metric H is called the Hausdorff metric. It is
known that the metric space (S(K), H) is complete.
We also denote by M the set of all mappings A : K — S(K) which satisfy

H(A(x),A() < p(x,y) forallx,yeK.

Fixing again a point 6 € K, we equip the set M with the uniformity determined by the
following base:

Un) := {(A,B) eMx M :H(A(x),B(x)) <nlforallxe B(G,n)},

where 7 is a natural number. It is clear that the uniform space M is metrizable and com-
plete.
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Let A € M and € > 0 be given. A point x € K is called an e-approximate fixed point of
Aif p(x,A(x)) <e.

We say that the mapping A has the bounded approximate fixed point property (or the
BAFP property, for short) if there is a nonempty and bounded set Ky C K such that for
each € > 0, the mapping A has an e-approximate fixed point in Kj, that is, a point x. € Ky
which satisfies p(x¢,A(x.)) <e€.

For each D C X, we denote by cl(D) the closure of D.

For each nonempty set D C X and each mapping A € M, set

AD):=|_J{A() :x € D}.

Theorem 8.1 Assume that A € M and that Ky C K is a nonempty, closed, p-convex and
bounded subset of K such that

A(Kp) C K.
Then, for each € > 0, there is a point x. € Ky such that p(x.,A(x.)) <e€.
Thus every mapping satisfying the assumptions of Theorem 8.1 has the BAFP property.

Theorem 8.2 There exists an open and everywhere dense set F C M such thateach A € F
has the BAFP property.

This theorem follows from Theorem 8.1 when it is combined with the following result.

Theorem 8.3 There exists an open and everywhere dense set F C M such that for each
mapping A € F, there exists a nonempty, closed, p-convex and bounded set Ky C K such
that

A(Ky) C Ky.

9 Contractivity and genericity results for a class of nonlinear mappings
In this section we present certain contractivity and genericity results regarding a class
of generalized nonexpansive self-mappings of a bounded, closed and convex subset of a
Banach space. These results were obtained in [17]. They show that in the sense of Baire
category, most mappings in this class are contractive and that every contractive mapping
has a unique fixed point which uniformly attracts all the iterates of the mapping.

Let (X, || - ||) be a Banach space and let K be a bounded, closed and convex subset of X.
Letf : X — [0, 00) be a continuous function such that f(0) = 0, the set f(K — K) is bounded,
and the following three properties hold:

(P1) for each € > 0, there exists § > 0 such that if x,y € K satisfy f(x — y) <4, then

lx—yll <€

(P2) for each A € (0,1), there is ¢(A) € (0,1) such that

f()»(x —y)) <¢pA)f(x-y) forallx,yeKk;

(P3) the function (x,y) — f(x — ), x,y € K, is uniformly continuous on K x K.
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In this section we denote by A the set of all continuous mappings A : K — K such that
flAx—Ay) <f(x—y) forallx,yeK.
Set
diam(K) := sup{ lx=yll : 2,y € K}

and for each mapping A : K — K, let A° denote the identity operator.
For each A, B € A, set

d(A,B):= sup{ |Ax — Bx|| : x € I(}.

It is clear that (A, d) is a complete metric space.

This class of mappings was introduced in [18], where the authors studied the existence
of fixed points of these mappings by using the Baire category approach. They established
the following result.

Theorem 9.1 There exists a set F which is a countable intersection of open and everywhere
dense subsets of A such that:
(1) Each mapping C € F has a unique fixed point xc € K, that is, a unique point
satisfying Cxc = xc.
(2) For each mapping C € F and each € > 0, there exist a neighborhood U of C in A and
a natural number n. such that for each mapping B € U and each integer n > n.,

|Bre—sc] <e
forallx e K.

Note that the classical result of De Blasi and Myjak [19] is a particular case of our re-
sult where f = || - ||. As a matter of fact, the mappings studied here can be considered
generalized nonexpansive mappings with respect to f. Such an approach, where in some
problems of functional analysis the norm is replaced by a general function, was used in [1]
in the study of generalized best approximation problems, which we now recall.

Given a closed subset S of a Banach space X and a point x € X, we considered in [1],
Chapter 7, the minimization problem

min{f(x—y):yeS}. (P)

This problem was studied by many mathematicians mostly in the case where f(x) = ||x]|.
In this special case it is well known that if S is convex and X is reflexive, then problem
(P) always has at least one solution. This solution is unique when X is strictly convex. In
[1] we established the generic solvability and well-posedness of problem (P) for a general
function f.

Now set

Dy := sup{f(x—y) :x,yeK}.
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A mapping A € A is called (f)-contractive if there exists a decreasing function ¥ :
[0, 00) — [0,1] such that

Y()<1 forallt>0

and

fAx—Ay) < ¢ (f(x-9)f(x—y) forallx,yeK.

In the case where f(x) = ||x||, our definition coincides with the classical definition of a
contractive mapping used in the literature [9]. In this case it is known that a contractive
mapping has a unique fixed point which attracts uniformly all the iterates of the mapping.
In [17] we extended this result to the general case. We also showed there that a generic
(typical) mapping belonging to the space A is (f)-contractive.

More precisely, in [17] we established the following results.

Theorem 9.2 Let a mapping A € A be (f)-contractive. Then there exists a unique point
x € K satisfying Ax = X.

Theorem 9.3 Let a mapping A € A be (f)-contractive, assume that a point x € K satisfies

Ax=x

and let € > 0. Then there exist § > 0 and a natural number ny > 2 such that for each integer
n > ny and each sequence {x;}}; C K which satisfies

%1 — Axi| <6
forallie{1,...,n—1}, the following inequality holds:
l|x; —x|| <€, i=ng,...,n.
Corollary 9.4 Let a mapping A € A be (f)-contractive and assume that x € K satisfies
Ax =Xx.
Then Alx — % as i — oo for all x € K, uniformly on K.

Theorem 9.5 Let a mapping A € A be (f)-contractive, assume that x € K satisfies

Ax=x

and let € > 0. Then there exist a number § > 0 and a natural number ny > 2 such that for
each integer n > ny and each sequence {x;}_, C K which satisfies

[loeir — Aoi]] <6
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forallie{1,...,n—1}, the following inequality holds:
fxi—%) <€, i=ng,...,n

Theorem 9.6 There exists a set F which contains a countable intersection of open and
everywhere dense subsets of A such that each element in F is an (f)-contractive mapping.

10 Generic results in holomorphic fixed point theory
In this section we begin our discussion of holomorphic fixed point theory. First we re-
call the three generic theorems which were established in [20]. These results show that
most of the bounded holomorphic self-mappings of a star-shaped domain in a complex
Banach space map it strictly inside itself (see the definition below). According to the Earle-
Hamilton fixed point theorem [21], each such mapping has a unique fixed point.

Let (X, ] - ||) be a normed linear space over the complex field C. For each point x € X
and each number 7 > 0, set

Bx,r):i={yeX:|x-yll <r}.

Let © be a domain in X (that is, a nonempty, open and connected subset of X). Suppose
that for some point x, € Q2 and some number r, > 0, we have

B(x*y r*) C Qy

and that the following assumption holds:
for each point x € B(x,, ry), each number ¢ € [0,1] and each point y € €2,

tx+(1-1t)ye Q.

In other words, 2 is a star-shaped (in a certain strong sense) set. In this section we denote
by M the set of all holomorphic mappings f : @ —  for which

sup{[f(2)| :z € @} < 0.
For each f,g € M, set
pm(fog) :=sup{ |[f(2) - g(2)| :z € 2}

It is clear that (M, pq) is a metric space.
Denote by F the set of all f € M for which there is a number 7, > 0 such that

B(f(x),rf) cQ forallxe Q.
We say that those mappings which satisfy the above relation map the domain < strictly
inside itself. This concept is of interest in view of the Earle-Hamilton fixed point theorem

[21].

Theorem 10.1 F is an open and everywhere dense subset of M.
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Theorem 10.2 Let
M > x| + 75 +1

and let My be the set of all f € M for which
|V(x)|| <M forallxe Q.

Put
Fm=F N My

Then My \ Fu is a porous set in (Myy, p).

Theorem 10.2 immediately yields the third and last result of this section.

Theorem 10.3 Assume that Q2 is bounded. Then M \ F is porous in (M, p).
11 Sequences of holomorphic mappings
In this section we define and study a certain metric space the elements of which are se-
quences of holomorphic mappings. This metric space was introduced in [22]. We keep
the notations, definitions and assumptions of the previous section.

Denote by 91 the set of all sequences of holomorphic mappings f; : Q@ — 2,i=1,2,...,
such that

sup{“ﬁ(z)” 1z€Q,i= 1,2,...} < 00.

For each {f;}79, {gi}75 € M, set

pon ({1320 {gi)3) = sup{|[fiz) - gi(@)|| :z € Qi =1,2,...}.

Clearly, (01, pon) is a metric space.
Denote by G the set of all {f;}3°, € M for which there is a number 7({f;}75) > 0 such that

B(fix),r({fi}5)) cQ forallxe Qandalli=1,2,....

Theorem 11.1 G is an open and everywhere dense subset of M.

Theorem 11.2 Let
M > x| + 75 +1
and let My be the set of all {f;}7, € M such that

|Lﬂ(x) || <M forallx € Q and all integers i > 1.
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Put
Gar =G NIy,
Then My \ Gar is a porous set in (Myg, pon)-
It is clear that Theorem 11.2 immediately implies the following result.
Theorem 11.3 Assume that Q2 is bounded. Then 9\ G is a porous set in (9N, pon).
12 The Kobayashi metric

In this section we assume that X is a complex Banach space and that @ is a bounded
domain in X. Let kg denote the Kobayashi metric on €2 [23]. Set

diam(2) := sup{ lx =yl :x,y€ Q},
denote by 9$2 the boundary of Q2 and for all x € X, put
dist(x, 0L2) := inf{ lx—yll:ye 852}.

The following two results are known (cf [4]). The second one is the above-mentioned
Earle-Hamilton fixed point theorem.

Theorem 12.1 Forall x,y € ,

argtanh(||x -yll/ diam(SZ)) <kq(x,)
and if ||x — y|| < dist(x, 0R2), then

kq(x,y) < argtanh(|lx — y||/ dist(x, 02)).

Theorem 12.2 Assume that f : Q — Q is a holomorphic mapping such that dist(f(x),
9Q2) > € for some e >0 and all x € Q. Let 0 < T < €/ diam(2). Then

ko (f(x),f () < ka(x,y)/(1+ )
forall x,y € Q and f has a unique fixed point.

13 A weak ergodic theorem
In this section we present a weak ergodic theorem for infinite products of holomorphic
mappings [22]. Here we use the notion of weak ergodicity in the sense of population bi-
ology (see, for example, [24], p.565, and the references therein). Another result in this
direction is [25], Theorem 3.1, p.331.

We keep the notations, definitions and assumptions used in the two previous sections.
In particular, 2 is a bounded domain in the complex Banach space X and the set G is the
one defined in Section 11.
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Theorem 13.1 Let {f;}{5, € G. Then there exist a neighborhood U of {f;}2, in M, ¢ € (0,1)
and M > 0 such that the following properties hold:
(i) for each {g};5 € U, each integer i > 1 and each x,y € 2,

ke (gi(x),&(»)) < cka(x,y);

(ii) for each {g;}2, €U, each x,y € Q, each integer n > 1 and each mapping
r:{1,2,...} > {1,2,...}, we have

kQ (gr(n) e grQ) (x):gr(n) < grQ) ()/)) =< anQ (x;y);

(iii) for each {g}i5 € U, each x,y € Q, each integer n > 1 and each mapping
r:{1,2,...} = {1,2,...},

kQ (gr(n) .. -gr(l)(x),gr(n) .. 'gr(l)()/)) < C"_IM;

(iv) for each € > 0, there exists a natural number ne such that for each {g;}, € U, each
x,y € Q, each integer n > nc and each mappingr:{1,2,...} - {1,2,...},

| (& - &0 @) - gw & O)| <e

14 Infinite products of nonexpansive mappings with unbounded domains

In this section we return to the study of infinite products of nonexpansive mappings. More
precisely, we study here the generic convergence of infinite products of nonexpansive map-
pings with unbounded domains in hyperbolic spaces [26].

Let (X, p, L) be a complete hyperbolic space, and let K C X be a nonempty, closed and p-
convex subset of (X, p). For each C: K — K, we set C°(x) := x for all x € K. In this section
we denote by M the set of all sequences {A;}{°, of mappings A;: K — K, t=1,2,..., such
that for all integers ¢ > 1,

p(A(x),A(y)) < p(x,y) forallx,yeK.
For each x € X and each r > 0, set

Bx,r):={yeX:pxy) <r} and Bg(xr):=Bxr)NK.
Fix a point 6 € K. For each M, € > 0, set

UM, €)= {({A}Z {BS) € M x M:

,o(At(x),Bt(x)) <€ for all x € Bk (0, M) and all integers ¢t > 1}.
We equip the set M with the uniformity which has the base
{U(M,e) ‘M, e > 0}.

It is not difficult to see that the uniform space M is metrizable (by a metric 4) and com-
plete.
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Denote by M, the set of all {A4;}?°, € M for which there exists a point ¥ € K satisfying
Aix)=x forall integers t > 1.

Denote by M, the closure of the set M, in the uniform space M. We consider the topo-
logical subspace M, C M equipped with the relative topology and the metric d.

In [26] we studied the asymptotic behavior of (unrestricted) infinite products of generic
sequences of mappings belonging to the space M, and obtained convergence to a unique
common fixed point. More precisely, we established there the following result.

Theorem 14.1 There exists a set F C M., which is a countable intersection of open and
everywhere dense subsets of the complete metric space (M., d) such that for each {B,}%, €
F, the following properties hold:

(a) there exists a unique point X € K such that B,(x) = X for all integers t > 1;

(b) if t > 1 is an integer and y € K satisfies B,(y) = y, then y = %;

(c) for each € > 0 and each M > 0, there exist a number § > 0 and a neighborhood U
of {B.}%, in the metric space M, such that if{C5 eU, t€{l,2,...}, and if a point y €
By (0, M) satisfies p(y, Ce(y)) < 8, then p(y,x) <¢€;

(d) for each € > 0 and each M > 0, there exist a neighborhood U of {B,}{2, in the metric
space M., a number 8 > 0 and a natural number q such that if{C)o e, m>gqisan
integer, r:{1,...,m} — {1,2,...}, and if {x;}], C K satisfies

p(x()y 9) = M
and
,O(Cr(i)(xi_l),x,-) <6, i=1,...,m,
then
ox,x)<e, i=gq,...,m.
15 Porosity theorems for nonexpansive mappings in hyperbolic spaces
In this section we continue to study nonexpansive mappings with unbounded domains
and the issue of contractivity.
Let (X, p, L) be a complete hyperbolic space, and let K be a nonempty, closed and p-
convex subset of X. Fix a point 6 € K.
As in Section 7, in this section we denote by A the set of all mappings A : K — K for
which
,o(A(x),A(y)) <p(x,y) forallxyeKk.

By the above relation, for each pair A, B € A and each x € K, we have

p(A®x), B(x)) < p(Ax),A6)) + p(A(6),B(6)) + p(B(6), B(x))

< p(x,0) + p(A(6),B(9)) + p(x,6)
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and

p(A(), B(x)) <20(x,0) + p(A(6), BO))-
For each A,B € A, set

d(A,B) :=inf{’ > 0: p(A(x),B(x)) < A(p(x,0) +1) forall x € K}.
It is not difficult to see that for each A, B € A, d(A, B) is well defined,

d(A,B) = sup{p(A(x),B(x)) (p(x,0) + 1)_1 (X € K},
d: Ax A— [0,00) is a metric on A and the metric space (A, d) is complete. Clearly, the
topology induced by the metric d is stronger than the topology of uniform convergence
on bounded sets, but weaker than the topology of uniform convergence on all of K. It does

not depend on the choice of . Once again, for each point x € K and each number r > 0,

we set
B(x,r):= {y eK:pxy) < r}.
The following two results were established in [27].

Theorem 15.1 There exists a set F, C A such that its complement A\ F, is o-porous in
(A, d) and for each A € F,, there exists a number My > 0 such that for each M > My, we
have the inclusion

A(B(Q,M)) C B(6,M),
and there exists a decreasing function ¢ : [0,00) — [0,1] such that
o) <1 forallt>0

and

p(A(),A) < ¢(p(x,2)p(x,y) forallx,y € BO,M).

In particular, each A € F, has a unique fixed point in K. This fixed point is the limit of
each sequence of iterates of A.

Theorem 15.2 There exists a set G C A such that its complement A\ G is o-porous in
(A, d) and each mapping A € G has the following two properties:
(1) There exists a unique fixed point x4 € K of A, that is, a unique point x4 € K such that
Axg) =x4.
(2) There exists a decreasing function ¢ : [0,00) — [0,1] such that

o)<l forallt>0
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and

p(AW),x4) < d(p(x,x4)) p(x,4)  forall x € K.
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