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Abstract

In this paper, we introduce a new class of generalized strict pseudocontractions in a
real Hilbert space, and we consider a three-step Ishikawa-type iteration method

Zn = (1 = VaXn + YnTnXn,
Yn =0 =Ba)xn + BnTnzn,
Xnt1 = (1= otp)Xn + 0ty Thyn,

for finding a common fixed point of a countable family {T,} of uniformly Lipschitz
generalized A,-strict pseudocontractions. Under mild conditions imposed on the
parameter sequences {a,}, {B,} and {y,}, we prove the strong convergence of {x,}
to a common fixed point of a countable family {T,} of uniformly Lipschitz generalized
strict pseudocontractions. On the other hand, we also introduce three-step hybrid
viscosity approximation method for finding a common fixed point of a countable
family {T,} of uniformly Lipschitz generalized A,-strict pseudocontractions with

An =0, ie,a countable family {T,} of uniformly Lipschitz pseudocontractions. Under
appropriate conditions we derive the strong convergence results for this method. The
results presented in this paper improve and extend the corresponding results in the
earlier and recent literature.

MSC: 47H06; 47H09; 47J20; 47J30

Keywords: generalized strict pseudocontraction; uniformly Lipschitz; uniformly
closed; strong convergence; fixed point

1 Introduction
Let C be a nonempty subset of H. A mapping 7' : C — H is said to be nonexpansive, if

1Tx - Tyl < llx-yl, VxyecC. (L1)
A mapping T: C — H is called pseudocontractive if

(Tx — Ty, x—y) < |lx—y||>, Vx,yeC. (1.2)
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Note that inequality (1.2) can be equivalently written as

ITx— Tyl < Ilx—yl% + | (I = T)x— (T = Ty,

Vx,y € C, (1.3)

where I is the identity mapping on H.
A mapping T : C — H is called a strict pseudocontraction [1] if for all x,y € C there
exists a constant A € [0,1) such that

2
I Tx - Tyll> < llx = ylI> + A||T = T)x - (I = Ty |,

Vx,y € C. (1.4)

In this case, we also say that T is a A-strict pseudocontraction.

In this paper, we introduce and consider the concept of generalized strict pseudocon-
traction. A mapping T : C — H is called a generalized strict pseudocontraction if there
exists a constant A € [0,1) such that

1T = TyII> < =yl + (L + W) (I = T)x— (I - T)y|?

, Vx,yeC. 1.5)

In this case, we also say that T is a generalized A-strict pseudocontraction. It is remarkable
that whenever T : C — H is a nonexpansive mapping, a pseudocontraction or a strict
pseudocontraction, T is certainly a generalized strict pseudocontraction.

Apart from their being an important generalization of nonexpansive mappings and strict
pseudocontractions, interest in generalized strict pseudocontractions stems mainly from
the fact that they are also an important generalization of pseudocontractions. It is well
known that there exists a close connection between pseudocontractions and the impor-
tant class of nonlinear monotone mappings, where a mapping A with domain D(A) and
range R(A) in H is called monotone if

(Ax — Ay,x —y) >0, Vx,y€ D(A).

We observe that A is monotoneif and only if 7' := I — A is pseudocontractive and thus a zero
of A, x € N(A) := {x € D(A) : Ax = 0}, is a fixed point of T, x € F(T) := {x € D(T) : Tx = x}.
It is now well known (see, e.g., [2]) that if A is monotone then the solutions of the equation
Ax = 0 correspond to the equilibrium points of some evolution systems. Consequently,
considerable research efforts, especially within the past 20 years or so, have been devoted
to iterative methods for approximating fixed points of T when T is pseudocontractive (see,
e.g., [3-5] and references therein).

The most general iterative algorithm for nonexpansive mappings studied by many au-
thors is the following:

% €C, xy=0-a,)x, +a,Tx,, n>0, (1.6)

where {a,} C (0,1) and satisfies the following additional assumptions: (i) lim,_, o a, = 0;
(ii) Yo, an = 00, the sequence {x,} generated by (1.6) is generally referred to as the Mann
iteration one in the light of Mann [6].

The Mann iteration process does not generally converge to a fixed point of T even when
the fixed point exists. If, for example, C is a nonexpansive, and the Mann iteration process
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is defined by (1.6) with (i) lim,_.oa, = 0; (ii) Y ooy @, = 00, one can only prove that the
sequence is an approximate fixed point sequence. That is, ||x, — Tx,|| — 0 as n — oco. To
get the sequence {x,} to converge to a fixed point of 7" (when such a fixed point exists),
some type of compactness condition must be additionally imposed either on C (e.g., C is
compact) oron 7.

Later on, some authors tried to prove convergence of Mann iteration scheme to a fixed
point of a much more general and important class of Lipschitz pseudocontractive map-
pings. But in 2001 Chidume and Mutangadura [7] gave an example of a Lipschitz pseu-
docontractive self-mapping on a compact convex subset of a Hilbert space with a unique
fixed point for which no Mann sequence converges. Consequently, for this class of map-
pings, the Mann sequence may not converge to a fixed point of Lipschitz pseudocontrac-
tive mappings even when C is a compact convex subset of H.

In 1974, Ishikawa [8] introduced an iteration process, which in some sense is more gen-
eral than that of Mann and which converges to a fixed point of a Lipschitz pseudocontrac-
tive self-mapping 7 on C. The following theorem is proved.

Theorem IS [8] If C is a compact convex subset of a Hilbert space H, T :C — C is a
Lipschitz pseudocontractive mapping and x is any point of C, then the sequence {x,} con-
verges strongly to a fixed point of T, where {x,} is defined iteratively for each integer n > 0

by

In =1 = B)xy + BuTxy,

1.7)
Xn+l = (1 - O[n)xn +ay, Tyt’l’

where {a,}, {B.} are sequences of positive numbers satisfying the conditions:

(i) 0 < &ty < By < 1; (i) limy, s 00 By = 0; (i) 35, @By = 0.

The iteration method of Theorem IS, which is now referred to as the Ishikawa iterative
method has been studied extensively by various authors. But it is still an open question
whether or not this method can be employed to approximate fixed points of Lipschitz
pseudocontractive mappings without the compactness assumption on C or T (see, e.g,
[4, 9, 10]).

In order to obtain a strong convergence theorem for pseudocontractive mappings with-
out the compactness assumption, Zhou [11] established the hybrid Ishikawa algorithm for
Lipschitz pseudocontractive mappings as follows:

I = (1= ap)x, + @, Txy,
zy = (1= Bu)xu + BuTyn,
Cri={zeC:lzy—z|* < %, — 2|?

= nBu(l = 20, — L?02) |1, — T ||},
Qu={z€C:{x,~2z,x0 —x,) =0},
%n1 = Pc,nq,%0, neEN.

He proved that the sequence {x,} defined by (1.8) converges strongly to Prr)xo, where
P¢ is the metric projection from H into C. We observe that the iterative algorithm (1.8)
generates a sequence {x,} by projecting xy onto the intersection of closed convex sets C,
and Q,, for each n > 0.
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In 2009, Yao et al. [12] introduced the hybrid Mann algorithm as follows. Let C be
a nonempty, closed, and convex subset of a real Hilbert space H. Let T: C — C be a
L-Lipschitz pseudocontractive mapping such that F(T) # . Assume that the sequence
{a,} C [a, b] for some a,b € (0 . Then for C; = C and x; = P¢; %o, they proved that the
sequence {x,} defined by

1
rm)

Y = 1= aotp)xy + 00, Ty,
Cin={zeCy: ||O{,,,(I— T)_yn”2 <20, (%, — 2, (- T)yn>}’ (1'9)
KXn+l = PCy‘+1x0’ neN,

converges strongly to Pr(r)xo.

More recently, Tang et al. [13] generalized algorithm (1.9) to the hybrid Ishikawa iterative
process. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
T : C — C be a Lipschitz pseudocontractive mapping. Let {o,} and {8,} be sequences
in [0,1]. Suppose that xy € H. For C; = C and x; = P¢, %o, define a sequence {x,} of C as
follows:

Vn = 1= ap)x, + o, Tz,

zy = (L= Bu)xu + BuTxn,

Cu ={z € Cy: lan = T)yull® < 20 (%0 —2,(I = T)yn) (1.10)
+ 20, B %0 — Txn ||y — %0 + aud — T)yull},

%Xp1 =Pc, %0, MEN.

Then they proved that the hybrid algorithm (1.10) strongly converges to a fixed point of
the Lipschitz pseudocontractive mapping 7. It is worth mentioning that the schemes in
(1.8)-(1.10) are not easy to compute. They involve the computation of the intersection of
C, and Q,, for each n > 1.

Recently, Zegeye et al. [14] generalized algorithm (1.10) to Ishikawa iterative process
(not hybrid) as follows. Let C be a nonempty, closed, and convex subset of a real Hilbert
space H. Let {T;}1<;<n be a finite family of Lipschitz pseudocontractive mappings with
Lipschitzian constants L; for i =1,2,...,N. Assume that the interior of F := ﬂf\ill-" (Ty) is
nonempty. Let {x,} be a sequence generated from an arbitrary xy € C by

{yn = (1= B)xn + BuTnkns (1.11)

KXntl = (1 - an)xn + oy Tnyw

Under appropriate conditions, they proved that {x,} converges strongly to x* € F.

Very recently, Cheng and Su [15] generalized algorithm (1.11) to three-step Ishikawa-
type iterative process. Let C be a nonempty, closed, and convex subset of a real Hilbert
space H, let {T,,};°, : C — C be a countable family of uniformly closed and uniformly
Lipschitz pseudocontractive mappings with Lipschitz constants L,. Let L := sup,., L, <
oo. Assume that the interior of F := (), F(T},) is nonempty. Let {x,} be a sequence gen-
erated from an arbitrary x; € C by the following algorithm:

Zn = (L= Yu)%n + Yu Tk,
V= 1= Bu)%n + BuTuzn, (1.12)
K1 = (L= @), + 0y Tyyn.

Under mild conditions, they proved that {x,} converges strongly to x* € F.
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Our concern now is the following: Is it possible to prove strong convergence of three-
step Ishikawa-type iterative algorithm (1.12) for finding a common fixed point of a count-
able family {7} of uniformly Lipschitz generalized strict pseudocontractive mappings?

In this paper, we consider and analyze three-step Ishikawa-type iterative algorithm (1.12)
for finding a common fixed point of a countable family {T},} of uniformly Lipschitz gen-
eralized A,-strict pseudocontractions. Under mild conditions imposed on the parame-
ter sequences {«,}, {8,} and {y,}, we prove the strong convergence of {x,} to a common
fixed point of a countable family {7} of uniformly Lipschitz generalized strict pseudo-
contractions. On the other hand, inspired by the viscosity approximation method [16] we
also introduce a three-step hybrid viscosity approximation method for finding a common
fixed point of a countable family {7} of uniformly Lipschitz generalized A,-strict pseu-
docontractions with A, = 0, i.e., a countable family {7,} of uniformly Lipschitz pseudo-
contractions. Under appropriate conditions we derive the strong convergence results for
this method. The results presented in this paper improve and extend the corresponding
results in the earlier and recent literature; for instance, Zhou [17], Yao et al. [12], Tang et
al. [13], Cheng and Su [15] and Zegeye et al. [14].

2 Preliminaries
Let C be a nonempty subset of a real Hilbert space H. A mapping T : C — H is called
Lipschitz continuous if there exists a constant L > 0 such that

Tx - Tyl < Lllx-yll, Vx,yeC. (2.1)

If L =1, then T is called nonexpansive; and if L < 1, then T is called a contraction. It is easy
to see from (2.1) that every contraction mapping is nonexpansive and every nonexpansive
mapping is Lipschitz.

A countable family of mappings {7,},>1 : C — H is called uniformly Lipschitz with
Lipschitz constants L, > 0, n > 1, if there exists L = sup,., L, € (0, 00) such that

ITwx = Toyl < Llx=yll, VxyeCn=1l (2.2)
A countable family of mapping {7,},>1 : C — H is called uniformly closed if x,, — x*
and ||x,, — Tyx, || — O imply x* € ()2, F(T},).

In the sequel, we also need the following definition and lemma.
Let H be a real Hilbert space. Define the function ¢ : H x H — R as follows:

¢(,y) = lx—yI* = Ix1*> - 2x,9) + Iyl>,  Vx,y€H;

it was studied previously by Alber [18], Kamimula and Takahashi [19] and Reich [20].
It is clear from the definition of the function ¢ that

(el = 191)* < ¢(9) < (2l + I91)?,  Vay € H.

The function ¢ also has the following property:

o(,x) =, 2) + Pz, x) +2{z—y,x—z), Vx,9,z€H. (2.3)
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Lemma 2.1 [21] Let H be a real Hilbert space. Then
2
lax + @ —a)y|” = allxl* + A= a)llyl* el -a)lx-yl*, Vx,y€H,ac[0,1].

The following lemma is a direct consequence of the inner product. Thus, its proof is

omitted.
Lemma 2.2 Let H be a real Hilbert space. Then
2l + 20y, %) < [l +y]1> < |lx]® +2(y,x +y), Vx,yeH.

Lemma 2.3 [22, p.303] Let {a,} and {b,} be two sequences of nonnegative real numbers

satisfying the inequality
ap1 <a,+b, Vn=>0.
IfY 020 by < 00, then lim,,_,  a, exists.

3 Uniformly Lipschitz generalized strict pseudocontractions

In this section, we consider and analyze three-step Ishikawa-type iteration method intro-
duced by Cheng and Su [15] for finding a common fixed point of a countable family of
uniformly closed and uniformly Lipschitz generalized A,-strict pseudocontractive map-

pings with Lipschitz constants L, in a real Hilbert space.

Theorem 3.1 Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
{Ty}u>1: C — C be a countable family of uniformly closed and uniformly Lipschitz gener-
alized ).,-strict pseudocontractive mappings with Lipschitz constants L,,. Let L := sup .| L.
Assume that the interior of F := ﬂzil F(T,) is nonempty. Let {x,} be a sequence generated
from an arbitrary x, € C by the following algorithm:

Zp = (L= Yu)%n + Yu Tk,
V= 1= Bu)%n + BuTuzn, (3.1)
X1 = (L— o)y + Tnyn»

where {a,}, {Bn}, and {y,} are sequences in (0,1) satisfying the following conditions:
(i) {an}, {Bu}: {vu} C la,b] for some a,b € (0,1);
(ii) oy < By < ynand 3B, —2p2 -y, <0 foralln>1;
(iii) sup,; yu <y with y3L* + 2y2L% + y2L* + 2y L + 2y < 1;
(iv) Yooy Au < 00.
Then {x,} converges strongly to x* € F provided sup,.,{1x, — Txull + lyn — Tuyall} < 0.

Proof Let p € F. Utilizing Lemma 2.1, we obtain from (1.5) and (3.1)
2
%41 —P||2 = ” (1 = ap)xn = p) + @u(Tuyn — p) ”
= (L= an)llxn = pI* + el Tuyn = P11 = 2n(l = @) %0 = Tyl

<(I-ay)llx, —P||2 + an[”yn _17”2 + (1 + 2 llym — Tw.ynllz]

— o, (1 — )%, — Tyyn ”2
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=1 —ay)llx, _P||2 + Y _P”2 +ayllyn — Tnyn||2

= an(L = a) 1% = Tuyull® + €uknllyn = Tuyall®, (3.2)
Iy = 21> = @ = B)llow = pI* + Bul Tuzu = pII* = Bu(1 = B tn — Tzl
< (= Ba)lln = pI” + Bu[llzn — P11 + (L + 1) |2 — Tozull®]
= Bu(1 = B ltn — Tuzul®
= (1= Bl = pII* + Bullzu = pII* + Bullzn — Tuzall*

- :3!'1(1 - ﬁn)”xn - Tnzn”2 + lgn)\n”Zn - Tnzn||2 (33)
and

lzn = I = A= Y l%n = PI* + Yl Tudon = PI* = ¥u 1 = ¥ 10 = Toun®
< A= y)llxn = pI* + V[ llxn = pI” + @+ X 120 = Ttu*]
= V(L = V) ltn — Tl
= (1% = pII* + Vulltn = Tudull* = ¥ @ = Y1960 = Tutull® + Vuhull2n — Tl

= llotn = pI* + v 1% = Tudull® + Vihul6n — Tt (3.4)
In addition, utilizing (3.1), we have

I2n = Tuzull® = |1 = ¥) (n = Toz) + Y Tt = Tpz) |

= (L= )% = Tuzull® + ¥l Tudon — Tuzull* = v = v) 10 = Tutull®
< A= y)llxn = Tuzull® + YuL? 1% = 2ull* = V(L = Y 260 — Tl
= U=y l%n = Tuzull® + 2L 1% = Tt )* = vu(L = Vi) % = Tl

= (L= y)llxn = Tzall + v (v L + vu = 1) 120 = Tt |1, (3.5)
Substituting (3.4) and (3.5) into (3.3), we obtain

19n = pI* < = B)ll%n = pI* + Bulllxn = PI* + v 160 = Tuknl|* + Yk 6n — Tn1?)
+ B[ (L= Y %n = Tuzanll® + ¥ (V2L + ¥ = 1) 96 — Tt *]
= Bu(L = B = Tuzull® + Bunllzn — Tozul®
= 10 = PI? + Buvu (Vi L* + 2 = 1) 26 — Tl
+ Bu(Bn = Y 1%n = Tuzull® + Budn( = vi) %0 = Tz

+ BudnVu (VL + V) %0 = T, (3.6)
We observe that

lyn — Tnyn||2 = ” L= B)xn = Tpyu) + Bu(Tpz, — Tnyn)H2
= (1= B%n = Tuyull® + Bull Tuzn — Tuyull®> = Bu@ = Bu) 1% — Tzul?

< @ = BIxn = Toyull® + BuL*llzn = yull* = Bu(L = B) 6w — Tuzall®* (3.7)
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and

120 =¥l = | (L= vi)%n + Y Tutn — (1= Bu)on = BTz |
= 1 Buxn = Vuxn + VuTuXn = BnTnznll
= | (Bu = vi)%n = (B = ) Tbn + Bu( Tk — Tozn) |
< Vn = Bu)llxn = Tpuxull + BuLllx, — 2|
= (Vn = B 1% = Toull + BuynLll%n — Tl

= (yn —Bu+ ﬁnVnL)”xn = Tyl (3.8)

Thus, substituting (3.8) into (3.7), we get

lyn — Tnyn||2 <@- B llxy — Tnyn”2 - ﬂn(]- = Bu)llx, — TnZn”2

+ ﬂnL2(yn - Bu+ lgnynL)2||xn - Tnxn”Z' (3‘9)
Also, substituting (3.6) and (3.9) into (3.2), we have

%1 = pII* < (L= a) [l — pII* + ctu[ 120 =PI + Ba(Bu = v 160 — Tz
+ Bu¥n(V2L? + 27 = 1) 1% = Tutnll* + Budn(@ = v 196 — Tzl
+ BuknVu (Vi L® + V) 1960 — T *]
+ & [(L= Bl = Tuyull® + BaL® Vo = B + Bu¥nL)1%n — Tt
= B = Bu)1%n = Tuzull*] = tu(1 = ) 1 = Tyull®
+ &pdn[ (A= B)1%n = Toyull* + BaL? (Ve = Bu + Bu¥nL) 120 — T ®
= Bu(@ = B ltw — Tuzul*]
= [l = PI* + [@nBuvn (2L + 20 — 1)
+ @Bl (Vi = B + Bu¥uL)* |12 — Tutull®
+ &ty = B 1%n = Tuyull® + BB — Vi — Dlitn — Tz
+ A @BV (VoL + Vi) + €uBuL? V= B + Bu¥uL)*|l1%n — Tull®
+ &pdn(L = Bu) 1% = Tuyull® + 2n0tnBu(Bn = V)% — Tuzall>.  (3.10)
Note that
&

1¢n = Tuyull” < 2%, __)/n”2 + 2|y, - Tnyn||2

= 2133”9% - TnanZ + 2||yn - Tnyn”z‘ (3-11)
Substituting (3.11) into (3.10), we obtain

%1 =PI < 1% =PI + [cuBuvu (V2L + 27 — 1)

+ an,BnLZ(Vn —Bnt ,BnVnL)Z] ll, — Tnxn”Z
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+ oy, — Ba) %, — Tnyn||2 + 0, (2B, — Vn — D, — Tnzn”2

+ Mn[@uBuVn(VEL + Vi) + €uBuLl? (Vn = B + Bu¥uL)* |10 — Tt
+ (1= B[22 11%n = Tuzall® + 2y — Tuyull’]
+ 2nnBu(Bu = Vi) 16n — Tzu?
= 120 = PI* + [nBavn (V2 L? + 2yn — 1)
+ Bl (Vi = B + Bu¥uL)* |12 — Tutull®
+ (@ = Bu)1%n = Toyull® + @nBu(2Bn = Vu = Dlitn = Tuzall®
+ Mn[ @BV (VEL? + Vi) + €uBuLl?(Vn = B + Bu¥uL)* |10 = Tt
+ 2 [2( = B)anBy + Bl = Vi) — nBu(L = Ba) 1% — Tzull®

+2hn(1 = B)llyn = Tuyull®. (3.12)
In terms of condition (iii) we have
y(y2L* + yL* + 2y 1) + y*L*(1+ yL)* <0,
which implies that

Vu(ViEL? + 29, = 1) + L* (v — By + Buyul)?

< V(Y212 + yul? + 2y, = 1) + L2 (ya + v2L)” < 0.
So,
@B (V2L + 29 = 1) + @uBuLl* (Y = Bu + Buyul)* < 0.
Again from condition (ii), we have «,, — 8, <0, 28, — ¥, —1 <0 and
3Bn—2B) — ¥n <O0.

Hence, we get

2(1 - ,Bn)anﬁfl + anﬂn(l - yn) - anlgn(l - ,Bn)
= 20{;1,33 - 205;'1/33 + By — uBuVn — By + anﬂﬁ
= 30{,,,33 - 205,,,33 — & Bu¥n

= anﬂn (3,3;1 - 21331 - yn) <0,
which, together with (3.12), implies that
1 =PI < 16 =PI + [otnBuya (v L + 20— 1)

+ Olnﬂan(]/n =B+ ﬁnVnL)z] llx, — Tnxn”2

+ Ay [anﬂnyn(ynz[,z + Vn) + anﬂan(yn = But ,BnVnL)2] [, — Tnxn”2


http://www.fixedpointtheoryandapplications.com/content/2014/1/66

Li et al. Fixed Point Theory and Applications 2014, 2014:66
http://www.fixedpointtheoryandapplications.com/content/2014/1/66

+2hn(1 = B)9n = Tuyull®
< 1% = pII* + [@nBuvu (v L? + 2y, — 1)

+ @ BuLl’ (Vn = B + Buvul)* |10 — Tutul®

+ A (L2 + 1) + L2+ L [0 = Totnll* + 20013 = Tyl
< otw =PI + [enBuu (v L + 24 — 1)

+ @Bl (Vi = Bu + Bu¥uL)* 1% — Tuull® + 1nM

< 1% = pII* + AuM, (3.13)

where sup, . {((L* + 1) + L*(1 + L))l — Tpn||* + 211y — Ty l|*} < M for some M > 0 (due

&

to sup,o1 {Il%n = Tuull® + [lyn — T,yall*} < 00). Consequently, we have

%061 =PI < %0 =PI + AuM. (3.14)

Utilizing condition (iv) and Lemma 2.3 we know that lim,_, « [|x, — p|| exists and hence
{llx, — p|l} is bounded. This implies that {x,}, {T\x,}, {zx}, {Tuzu}, {4}, and {T,,y,} are also
bounded.

On the other hand, from (2.3) we have

¢(p,xn) = ¢(p’xn+1) + ¢(xn+1,xn) + Z(xwrl —Pr Xy _xn+1>;

which implies that

1 1
(K41 = Py %Xy — Xyy1) + §¢(xn+1: Xn) = §(¢(p:xn) -9(p, xn+1))‘ (3.15)

Since the interior of F is nonempty, there exists p* € F and r > 0. Such that p* + rh € F
where ||k|| < 1. Thus, from the fact that ¢(x,y) = ||x — y]|?, and from (3.14) and (3.15) we
get

1 1
0< (xn+l - (P* + Vh),xn —x,,+1) + Eqb(xml,xn) + E)\”M

1 1
= E((p(p* + J/h,x,,) _ ¢(p* + yh,xn+1)) + E)LHM. (3.16)
Then from (3.15) and (3.16), we obtain

1 1
r<h,xn _xn+1> f (xn+l _p*rxn _xn+1> + §¢(xn+1yxn) + EAnM

1, . 1
= §(¢( xxn)_¢(p rxn+1))+§)‘nM

and hence

1
(hrxn _xn+1> < (¢([9*,xn) - ¢(p*,xn+1)) + ZA’”M

1
2r
Since & with || k|| <1 is arbitrary, we have

1, . 1
”xn _xVH—l” =< ;(¢(p 1xn) _¢(p ,xn+1)) + ;AnM

Page 10 of 18
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So, whenever n > m, we get

”xm _xn” = ”xm —Xmil T Xl — 0~ X1 X1 — xn”

n-1
< Z lloc; = 2i1
i=m

1 n-1 -1
= ; p— (¢(p*,xi) _¢(p*,xi+l)) + ; ;)\,l
1 . . M n-1
= ;(¢(P ’xm) _¢(P rxn)) + 2_7' ;)L,

Note that {¢(p*,x,)} converges and Y .-, A, also converges. Thus, we find that {x,} is a
Cauchy sequence. Since C is a closed subset of H, there exists x* € C such that

lim |x, —x*| = 0. (317)
n—0oQ
Furthermore, from (3.13) and conditions (i)-(iii), we get

@[(1-y*L? = 2y) = yL2 (L + y L] 1%n — Tt
< @BV (1= V2L = 2) = VuL* (L + VL) ]l1n — Tt
= [0tuBuyn(1 = VI L? = 27) — uBu ¥t L* (L + YuL)* ] 112 — Titull®
< [0tuBuyn(1 = VL = 29) = €uBuLl? (Vi = B + BuVuL)* |10 — Tt

< 1% = pII* = 1%ne1 = P11 + XM
From lim,_, o A, = 0 and the existence of lim,,_, . ||x,, — p||, it follows that
hm ”xw - Tnxn” = 0 (318)
n— o0

Since {T,},>1 are uniformly closed, from (3.17) and (3.18), we deduce that x* € F :=
(Mo2y E(T,). The proof is complete. 0O

Remark 3.1 As previously, it is worth emphasizing that whenever T: C — H is a nonex-
pansive mapping, a pseudocontraction or a strict pseudocontraction, T is certainly a gen-
eralized strict pseudocontraction. Here we provide an example to illustrate a countable
family of uniformly closed and uniformly Lipschitz generalized strict pseudocontractions
with the interior of the common fixed points being nonempty. Suppose that X := R and
C:=[-1,1] CR.Let {Ty}u=1: C — C be defined by

x, xe[-1,0),
A 5
3—”+§)x, xE[O, E]

Then we observe that F := (2, F(T,) = [—%, 0], and hence the interior of common fixed

point set F is nonempty.

Page 11 0of 18
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Next we show that {7,},>1 is a countable family of nonexpansive mappings. Indeed,
suppose that C; = [—%,O) and C, = [0, %].
If x,y € C1, we have
I Twx = Tuyll = llx =yl
If x,y € Cy, we have
1T = Topll = (2 + 3 )l =3l = 2l =91 < llx -
=Tyl =\ g; + 3 )l =ol = gle—yll < llx =l

Ifx € C1, y € Cy, we have

I Twx — Tuyll =

<-x+ -
= 37
=-x+y

= [l =yll.

So, it follows that {T},},>1 is a sequence of nonexpansive mappings and hence uniformly
Lipschitz with uniformly Lipschitz constant L = sup,,., L, = 1.
Finally, we show that {7},},,>1 is uniformly closed.
Case 1: If there exists {x,} C C; such that x, — x* € [—%,O], and ||x, — T,x,| = 0, we
observe that [—%, 0] =F.
Case 2: If there exists {x,,} C C, such that x, — x* € [0, %], then if and only if x* = 0 we
have ||x,, — T,x,|| = 0, and it is obvious that O € F.
If there exists {x,} C C:
(i) 3N, asn >N, x, € C,. The proof is the same as the proof of the second case.
(i) AN, as n> N, x, C C;. The proof is the same as the proof of the first case.
(iii) {xn} C Ci, {xn;} C Ca. If there exists x,, — «*, then we have x* = 0. The proof is the

same as the proof of the second case. So, we find that {T},},,>; is uniformly closed.

Remark 3.2 In Theorem 3.1, put a, = 55, B = 55, ¥» = 3 and take L € [1,1.5]. Then
conditions (i)-(iii) in Theorem 3.1 are satisfied. Indeed, it is clear that conditions (i)-(ii) in

Theorem 3.1 are satisfied. Next we verify condition (iii) in Theorem 3.1. Observe that

Y3  + 2921% + 2L 4 2y L% + 2y
154 2x15 152 2x15%2+2
<—+ +—-—+ —
83 82 82 8
232 3x23 23 65
+ =+ —
83 82 8 8
53 92 65
< +—+—
8 8 8
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53 736 416
<—+——+—

512 512 512
4949

512

Theorem 3.2 Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
T, : C — C be a finite family of uniformly closed and uniformly Lipschitz generalized A,-
strict pseudocontractive mappings with Lipschitzian constants L,, n =1,2,...,N. Let L =
sup,-, L. Assume that the interior of F := ﬂly\f:l F(T,) is nonempty. Let {x,} be a sequence
generated from an arbitrary x, € C by the following algorithm:

Zn = (1 - yn)xn + Vn Tnxm
Yn = (1- lgn)xn + BuTnzu, (319)
K1 = (L= @), + 0ty Tyyn,

where T, := Tymodn) and {o,}, {Bn}, and {y,} are sequences in (0,1) satisfying the following
conditions:
(i) {en), {Bu} v} C la, b] for some a,b € (0,1);
(ii) oy < By < ynand3p,—2p2 -y, <0 foralln>1;
(iii) sup,; yu <y with y3L* + 2y2L% + y2L* + 2y L* + 2y < L.
Then {x,} converges strongly to x* € F provided sup,...{l1x, — Tuxull + |¥n — Tuyull} < 00.

If in Theorem 3.1, we consider a single Lipschitz generalized strict pseudocontractive

mapping, then we get the following result.

Theorem 3.3 Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
T : C — C bea Lipschitz generalized \-strict pseudocontractive mapping with Lipschitzian
constant L. Assume that the interior of F(T) is nonempty. Let {x,} be a sequence generated
from an arbitrary x, € C by the following algorithm:

Zu = (L= vu)n + ¥uTxp,
IYn = (1 - ,Bn)xn + ﬂn 1z, (320)
Xn+l = (1 - Olrz)xn +a, Tynr

where {a,}, {Bn}, and {y,} are sequences in (0,1) satisfying the following conditions:

(i) {au}, {Bu} {yu} C la, b] for some a,b € (0,1);
(ii) ay < Bn < yn and 3B, — 2;33 —¥u <0 foralln=>1;
(iii) sup,, yu <y with y*L* + 2y2L% + y2L* + 2y L* + 2y < L.

Then {x,} converges strongly to x* € F(T) provided sup,.{|lx, — Tx, |l + ly» — Tyall} < co.

Proof Following the same process as in the proof of Theorem 3.1, we obtain x, — x* €
F(T).
Indeed, from (3.8) and conditions (i)-(iii), we deduce that
@®[(1=yL? = 2y) = y L2+ yL)*] Il — Tl
< @BV (1= ¥/ = 29n) = YL (L + yuL)*] 1% — Tocul)*

= [atuBuvu(L = ¥2L* = 27) — cuBuv i L* A + yul)*] I — Txul|*

Page 13 0f 18
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< [enBuyn(1 = V2L = 2) = uBuL? Vs = Bu + Bu¥uLl)*] 1% — T

< % = pII* = 1201 - pII%,
which yields
lim |lx, — Tx,| =0,
n— 00
and hence there exists a subsequence {x,, } of {x,} such that
kliigo %6, = T |l = 0.
Thus, x,, — x* and the continuity of T implies that Tx* = x* € F(T). a

4 Uniformly Lipschitz pseudocontractions

In this section, we introduce and analyze a three-step hybrid viscosity approximation
method for finding a common fixed point of a countable family of uniformly closed and
uniformly Lipschitz generalized A,-strict pseudocontractive mappings with A, =0, i.e.,

a countable family of uniformly closed and uniformly Lipschitz pseudocontractive map-
pings.

Theorem 4.1 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let {Ty}y>1: C — C be a countable family of uniformly closed and uniformly Lipschitz
pseudocontractive mappings with Lipschitz constants L,. Let L = sup,.., L,. Assume that the
interior of F := (o F(T,) is nonempty. Let {x,} be a sequence generated from an arbitrary
x1 € C by the following algorithm:

Zy = (1= Yu)%n + Vu TnXn,
Yu=(1- Bu)xn + BuTnzns (4.1)
Xn+l = (1 - an)yn + ar(f(xn);

where f : C — C is a contractive mapping with contractive constant § € (0,1) and {o,},
{Bu}, and {y,} are sequences in (0,1) satisfying the following conditions:
(i) Y02y <005
(11) 0<IB Eﬂnfyn;
(iii)) 0<y, < RAAVA U n Wfor some ¢ € (0,1).

Then {x,} converges strongly to x* € F.

Proof Let p € F. Then from (4.1) and Lemma 2.2, we have

i1 = 2% = | (1 = )0 = p) + (@) £ () + @ (F2) - P) ||
< A=) = p) + @ulf ) —f D)) | + 20a{f (B) = P, %1 — )
<@ =a)lyn —P||2 + oy “f(xn) _f(p)||2 + 20571(}(([9) —Pr¥ni1 _p>

< (L= a)lyn —pI* + @udllx, — plI* + an(|[f @) = p||* + %01 - pI?),

o,0 o 2
%1 =1 < lyw =PI + —— - pI* + ——|f(0) - p||", (4.2)
l-«, l1-oy,
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I9n = pI* = (L= B)%n = pII* + Bul Tuzn = pII* = Bu(L = B) 1% — Tzl
< (1= B)l%n — plI* + Bullzn — pII* + Bullzn — Tuzul®
= Bl = Bu) 1% — Tuzul®
< (1= B)l%n = pI* + Bullzu = pII* + Bullzu — Tuzull?, (4.3)
Izn =PI = @ = ) lxn =PI + Vil Tun =PI = Y1 = y) 1% = T

f(l_yn)”xn_p||2+yn”xn —P||2+Vn||xn len”z

= _yn(l - yn)”xn nxnllz

= 1% = pII* + ¥ 2 1% = Tuull® = v (L = v 16 — T 1 (4.4)
and

12 = Tuzull® = (1= 1) = Tz) + V(T — Tz)|)”

2 2
[ I

= (1 - Vn)”xn - Tnzn”2 + yn” Tnxn - nzn yn(l - yn)”xn nxn
<A -y)llx. - Tnzn”2 + VnLZHxn - Zn||2 = Vul =y, — Tnxn”Z
= (1= y)ltn = Tuzull® + Vo L2 11%n = T l)* = YL = i) % — Totull®

= (L= ylon = Tuzall* + vu (v L2 + v = 1) 10 = Tl . (4.5)
Substituting (4.4) and (4.5) into (4.3) we have

Iyn = 21> < (L= B)ll%n =PI + Bulllxn — 21 + v, %0 = Toual®)
+ Bu[ (L = V) 1%n = Tuzull® + ¥ (V2L + i = 1) 60 — T |*]
= Ba(1 = B)ltn — Tza®
= |10 = 2I% + BuVu (Ve L® + 2 — 1) 260 — Tt ||
+ BB = v 16w — Tuzu*
< Nltn =21 + Buvu (Vi L? + 2vn = 1) 1% — Tkl (4.6)

Since 0 < B < B, < y»and y2L? + 2y, —1 < —¢ (due to condition (iii)), for some ¢ € (0,1),
from (4.6) we get

Iyn = pI* < llxn = pII? = Brellxn — Tuxull®,
which leads to

Iy = pII? < lln - pII%.
Thus,

%1 =Pl < @ = o) lyn = Pl + e (8l — pll + |[f(0) - p])
< (1-0u@ =) llxn —pll + o |f () - p|

If @) - pll } 4.7)

= maX{ lleo —pll, = —5—
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Thus, {||x, — p||} is bounded. This implies that {x,,}, {T,x,}, {zu}, {Tuzu}> {¥u}> {Tuys}, and
{f(x,,)} are also bounded.
Note that

%1 =PI = [ (1= )0 — p) + au(Fxn) - p) |
< (= a)llyn - pI? + @ |[f ) -
< llyn = pI? + ol f ) —

2
< llxw = pII* = Brelln = Tuxall + au [ f () = . (4-8)
Hence it immediately follows that
2
ne1 =PI < 2w = pI* + ot [ f @) ~ |-
By Lemma 2.3, we conclude from Y - «, < co and the boundedness of {x,}, {f(x,)} that
lim,,—, o ||x, — p|| exists.
Following the same process as in the proof of Theorem 3.1, we can derive

x, > x*e€C. (4.9)

Furthermore, from (4.8) and conditions (i), (ii), and (iii), we get

2
’

Baellxn — Tuxnll> < 1120 =PI = 1201 — pII* + | f () — p
which, together with lim,,_, o, &, = 0, implies that

lim ||x, — Tyx,|| = 0. (4.10)

n—00

Since the {7T,}5, are uniformly closed, from (4.9) and (4.10) we infer that x* € F :=
(Mo2y E(T,) = F. The proof is complete. O

Theorem 4.2 Let H be a real Hilbert space and let {A,},>1 : H — H be a countable
family of uniformly Lipschitz monotone mappings with Lipschitzian constants L,. Let
L:=sup,. L. Assume that if |A,x,|| — 0 and x, — x, then x € ﬂZZIN(A,,). Let the inte-
rior of F := (72, N(A,) be nonempty. Let {x,} be a sequence generated from an arbitrary
x1 € H by the following algorithm:

Zy = Xn — YnAuXn,
Vn = %n = Bu(n = 2u) = BuAnZn, (4.11)
Xn+l = (1 - an)yn + anf(xn);

where f : H — H is a contractive mapping with contractive constant § € (0,1), and {o,},
{B.}, and {y,} are sequences in (0,1) satisfying the following conditions:
(i) Y02y <00
(ii) 0< B <Bu<Vw
(ili) O<y, < eyl Wfor some ¢ € (0,1).

Then {x,} converges strongly to x* € F.
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Proof Put T, :=1- A, for n > 1. Then we know that {7,},>1 is a countable family of uni-
formly closed and uniformly Lipschitz pseudocontractive mappings with (2, F(T,,) =
M2y N(A,) # 9. In this case, the iterative scheme (4.1) reduces to scheme (3.1) and hence
the conclusion follows from Theorem 4.1. O

Corollary 4.1 Let H be a real Hilbert space and let A, : H — H be a finite family of
uniformly Lipschitz monotone mappings with Lipschitzian constants L,, n = 1,2,...,N.
Assume that if ||A,x,|| = 0 and x, — x, then x € ﬂ}::lN(An). Let the interior of F :=
MY, N(A,) be nonempty. Let {x,} be a sequence generated from an arbitrary x, € H by
the following algorithm:

Zn = X0 — VAKX,
Yn =%Xn— Bn(xn — 21) — BrAnzn, (4.12)
Tne1 = (1= )y + atnf (%),

where A, := Aymodny, f 1 H — H is a contractive mapping with contractive constant § €
(0,1), and {a,}, {Bn}, and {y,} are sequences in (0,1) satisfying the following conditions:
(i) Y02, ay <005
(i) 0<B=Bu=vw
(i) 0<y, < LWforsome e€(0,1)and L:=max{L,:n=1,2,...,N}.

Then {x,} converges strongly to x* € F.

Corollary 4.2 Let H be a real Hilbert space, let A : H — H be a Lipschitz monotone map-
ping with Lipschitzian constant L. Assume that the interior of N(A) is nonempty. Let {x,}
be a sequence generated from an arbitrary x, € H by the following algorithm:

Zy =Xy — VA,
Yn = %n = BuXn — 2n) = PuAzn, (4.13)
Xn+l = (1 - an)yn + a}’(f(x}’l)r

where f : H — H is a contractive mapping with contractive constant § € (0,1), and {o,},
{Bu}, and {y,} are sequences in (0,1) satisfying the following conditions:
(i) Y02 an <00
(i) 0<B <Bu=<vu
(iii)) 0<y, < %7‘122(1%]’0;" some ¢ € (0,1).
Then {x,} converges strongly to x* € N(A).
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