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in terms of local stability and local Hopf bifurcation. By regarding the possible
combination of the feedback delays of the prey and the predator as a bifurcation
parameter, sufficient conditions for the local stability and existence of the local Hopf
bifurcation of the system are obtained. In particular, the properties of the local Hopf
bifurcation such as direction and stability are determined by using the normal form
method and center manifold theorem. Finally, numerical simulations are carried out
to illustrate the main theoretical results.
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1 Introduction

As we all know, one of the dominant themes in mathematical ecology is the dynamic re-
lationship between predators and their prey. One of the important factors which affect
the dynamics of biological and mathematical models is the functional response. Especially
the Beddington-DeAngelis functional response which is first proposed by Beddington and
DeAngelis et al. [1, 2]. Beddington-DeAngelis functional response has desirable qualita-
tive features of ratio dependent form but takes care of their controversial behaviors at low
densities and it has an extra term in the denominator modeling mutual interference among
predators. Predator-prey systems with a Beddington-DeAngelis functional response have
been studied by many authors [3-12]. Ko and Ryu studied a diffusive two-competing prey
and one-predator system with Beddington-DeAngelis functional response and discussed
the stability and uniqueness of coexistence states [3]. Liu and Wang studied the global
asymptotic stability of two stage-structured predator-prey systems with Beddington-
DeAngelis functional response [6]. Li and Takeuchi studied the permanence, local stabil-
ity, and global stability of two models of a density dependent predator-prey system with
Beddington-DeAngelis functional response by using stability theory and Lyapunov func-
tions [10]. Yu investigated the permanence, local stability, and global stability of the follow-

ing modified Leslie-Gower predator-prey system with Beddington-DeAngelis functional
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response [12]:

d: t
B0 = (1 - px(t) - T (2),

) _

1)
“ar (7'2 - x%l)(f-)k )y(t)’

where x(£) and y(¢) represent the densities of the prey and the predator at time ¢, respec-
tively. r; and r, are the intrinsic growth rates of the prey and the predator, respectively. p is
the intra-specific competition coefficient of the prey. « is the maximum value of the per
capita reduction rate of the prey due to the predator. § is a measure of the food quantity
that the prey provides converted to the predator birth.

It is well known that dynamical systems with one delay or multiple delays have been
studied by many authors [7, 10, 11, 13-20]. Li and Wang studied the stability and Hopf
bifurcation of a delayed three-level food chain model with Beddington-DeAngelis func-
tional response [7]. Bianca et al. studied the stability and Hopf bifurcation of a mathemat-
ical framework that consists of a system of a logistic equation with a delay and an equation
for the carrying capacity by regarding the delay as a bifurcation parameter [13]. Cui and
Yan studied a three-species food chain system with two delays and they analyzed the Hopf
bifurcation of the system by taking the sum of the two delays as the bifurcation parameter
[17]. In [20], Bianca et al. further studied an economic growth model with two delays and
they investigated the existence and properties of Hopf bifurcation of the model by regard-
ing the possible combination of the two delays as the bifurcation parameter. To the best of
our knowledge, seldom did authors consider the Hopf bifurcation of the delayed predator-
prey system with modified Leslie-Gower and Beddington-DeAngelis functional response.
Stimulated by this, in this paper we investigate the Hopf bifurcation of the following de-
layed predator-prey system with modified Leslie-Gower and Beddington-DeAngelis func-
tional response:

I B = (= pxe(t = 1) = 1ty %),

d _
G = 2 = By,

()

x(t—-1)+k

where 11 > 0 is the feedback delay of the prey and 7o > 0 is the feedback delay of the
predator. The main purpose of this paper is to consider the effect of the two delays on the
dynamics of system (2).

This paper is organized as follows. In Section 2, we discuss local stability of the posi-
tive equilibrium and existence of the local Hopf bifurcation of system (2). In Section 3,
direction of the Hopf bifurcation and stability of the bifurcated periodic solutions are de-
termined by using the normal form method and center manifold theorem. In Section 4,
some numerical simulations are performed to illustrate our theoretical analysis and a final

conclusion is given in Section 5.

2 Local stability and the existence of Hopf bifurcation

It is easy to verify that if the condition (H;): aryk < 18 + rirack holds, then system (2) has

1o (s +k) —B+VB2-4AC
B 24

a unique positive equilibrium E,(x,, y.), where y, = ,and x, = , where

A =bpp +cpry, B=ary +pB + cprak —rirac —bn B, C = aryk — B — rirack.
Let x(£) = x(£) — x., ¥(£) = y(£) + y.. Dropping the bars, system (2) gets the following form:

O - gx(t) + ary(t) + bux(t - v) + £, 3)
% =cx(t —19) + szy(t - 1) +f2’
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where
abx,y. oxs, (1 + bx,)
=, =, 4
an 1+ bxy + cy,)? a2 (1 + by + cyy)? @)
53’2 By
b = * = 7*) =- ) 5
=T e (% + k)2 2 X+ k 2
fi = @ () + @x(Oy(t) + g% (8) + gax(E)xlt — 1) + gsx* (£)y (D) (6)
+gex(O)y* (6) + grx° () + gy () + -+, 7)
o= mx*(t = 1) + hax(t — )y (t) + h3x(t — T2)y(t - T2) (8)
+ hax (£ = T)y(t) + hsx® (t — )yt — To) + hex>(t—T2) + - -, 9)
with
bay.(1+c a(1l+ bx, + cyy) + 2bcox,yy
&1 = ' ( y*)3; &L= ( * Y ) 3 ) » (10)
(1 + by + cys) 1+ bxy +cys)
coxy (1 + bx,) ba(l + bx,) + beay,(2bx, — cys)
$= 7 & =-p &= 2 4 > ’ (1)
(1 + Dby + cyy) 1+ by + cyy)
ca(1 + cyy) + beax, (2cy, — bxy) bray.(1 + cys)
86 = J i/ ’ g7 = _yiyzly (12)
(1 + by + cys) (1 + by + cyy)
oax, (1 + bx, 2 ,
Pt R . S W, (13)
(1 + by + cys) (x4 + k) (x4 + k)
Bys Bys Byx By>
hy = ————, hy =——"——, hg = ——F—, = . 14
37 (e + )2 T e+ K3 5T (e + KB ©7 (e + k) 14)
The linearized system of system (3) is
% = anx(t) + any(t) + bux(t — ), (15)
% = cux(t — 1) + cony(t — 7).
The characteristic equation of system (15) is
A2+ A1d + Bide M+ (i + Co)e ™ + Dye »(1+ ™) =, 16)
where
Ay =—an, By = by, Co = ancy — apcy, Cy = —c2, Dy = byicoy.
Casel. 7y =17, =0.
When 1, = 7 = 0, Eq. (16) becomes
)\,2 +A11)» +A10 = 0, (17)

where

AIO = Co +D0, Au =A1 +Bl + Cl.
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. . Licys
It is easy to obtain Ay =7y + 7y + % >0, Ag = (an + bi1)cys — a13¢1. From the
. 1
expressions of a;; and by, we get ay + by = —r; — % < 0. Then we can get A1 > 0.
* *

Therefore, if the condition (H;) holds, then the positive equilibrium of system (2) without
delay is locally asymptotically stable.
Case2.71>0, 15 =0.
When 1, >0, 7, = 0, Eq. (16) becomes
)\,2 +A21)\, +A2() + (le)» + Bzo)e_M’1 =0, (18)
where
A=A+, Ay = Co, By =By, Byo = Dy.

Let A = iw (w; > 0) be the root of Eq. (18). Then we have

321w1 COS Ty — Bzou)l sin Tiwy = —A210)1,

lea)l sin Tiwy + Bg()a)l COSTiwy = a)f — A20,
from which one can obtain
4 2 2 2 2 2
wi + (A3 — B, — 2Ax)w; + A3y — B3, = 0. (19)

Since Cy + Dy > 0, we can conclude that if we have the condition (H;): Cy — Dg < 0, then

Asg < By, and further Eq. (19) has a unique positive root

(A3, ~ By —24n0) + (A3, — B, ~ 2400)? — (A%, BS)
w10 = ’
2

and the corresponding critical value of the delay is

(Bao — A21By1)wiy — A2oBao . 2k

Tik = — arccos , k=0,1,2,....
2 2 2
w10 BleIO + BZO w10
Define
2
(Bao — Ag1Ba1)wiy — A20Bao
Ti0 = —— arccos

2 2 2
@10 Bjwip + By

When 7; = 7y9, then Eq. (18) has a pair of purely imaginary roots +iwy. Differentiating
the two sides of Eq. (18), one can obtain

™! 2) +An By !
—_— = - + - .
dl’l )»()»2 + Agl)» + A20) )\(Bgl)» + Bgo) A

Thus,

>0

R [ dx :|_1 \/(Agl — B} —24A20)* - 4(43, - B3))
e| — =

2 2 2
du 11=T10 B3 01 + By
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Based on the analysis above and according to the Hopf bifurcation theorem in [21], we

have the following results.

Theorem 1 Suppose that the conditions (Hy) and (Hy) hold. The positive equilibrium
E. (x4, y:) of system (2) is asymptotically stable for T, € [0, 110). System (2) undergoes a Hopf
bifurcation at the positive equilibrium E.(x.,Y.) of system (2) when ©1 = 1o and a family of

periodic solutions bifurcate from the positive equilibrium E,(x,, y.) of system (2).

Case3.711=0,17,>0.
Substitute 7; = 0 into Eq. (16), then Eq. (16) becomes

)\.2 +A31)\. + (Bgl)\ + Bg())e_)LT2 = 0, (20)
where

Az =A; + By, Bz = (, B3y = Cy + Dy,

{ Bgla)z sin wrTy + B30 COSwyTy = a)%,

Bgla)z COSwr Ty — Bgo sin wWwrTy = —A31602,
from which it follows that
wy + (A3, - B3))ws — B3, = 0. (21)

Obviously, B3, > 0. Thus, we can conclude that Eq. (21) has a unique positive root

~(A% - B3) + \/(Agl - B})? +4B3,
2

Wy =

’

and the corresponding critical value of the delay is

1 (Bgo —Anggl)a)go 2k
Togk = — arcCcoS —————>—— + ——

k=0,1,2
b} 2 2 ) sy Ly
w70 BSleO + BBO [OHN)
Define
2
1 (B3 — A31B31)wy
Typg = — arccos ————~——————,
BZ w?, + B2
@20 31%20 T P30

When 1, = 190, then Eq. (20) has a pair of purely imaginary roots Fiw;o and similar to

Case 2, we can obtain

>0

d T

R [ dx ]‘1 \/(A31 —B3)? +4B3,
e =

22 2
Ty=To0 B3 w3 + B3

Based on the analysis above and according to the Hopf bifurcation theorem in [21], we

have the following results.
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Theorem 2 Suppose that the condition (Hy) holds. The positive equilibrium E,(x.,.) of
system (2) is asymptotically stable for t; € [0, Ty0). System (2) undergoes a Hopf bifurcation
at the positive equilibrium E,(x.,y.) of system (2) when t, = Ty9 and a family of periodic

solutions bifurcate from the positive equilibrium E,(x,y.) of system (2).

Cased.11=17p=7>0.
When 1, = 7p = 7, then Eq. (16) becomes

A%+ Anh + (Bah + Bag)e™" + Caoe™™" =0, (22)
where

Ag = Ay, By =B +(, Bao = Co, Ca0 = Dy.
Multiplying by €*%, Eq. (22) becomes

Bk + Bag + (A* + Aur)e'™ + Caoe™** = 0. (23)
Let A = iw (w > 0) be the root of Eq. (23). Then

(w?* = Ca0) cOS Tw + Agrwsin Tw = By,

(w?* = Cho)sinTw — Ay cosTw = By .

It follows that

(Bao — A41B41)w2 +B49Cao (Bao — A41341)602 +B4oCao

COSTW = COSTw =
4 2 .2 2 ’ 4 2 2 2
w* + Aj0* - Cy, w* + Aj0* - Cy,

Then we have

w8 + 6430)6 + 6426()4 + 6410)2 + €40 = 0, (24)
where

es0 = Cio(Clo — Bio), ess = 243, ~ B}y, (25)

ea1 = 2B40Ca0(Aa1Bar — Bao) — (AuBao — BuCao)® — 247, Csy, (26)

esn = Ay — 2Cyy — 2Ba1(A41Bao — Ba1Cao) — (Bao — AsBar)*. (27)

Let ®? = v, then Eq. (24) becomes
v+ east® + eanV? +eqv +en = 0. (28)
The discussion of the roots of Eq. (28) is similar to that in [22]. Denote

fv) = v+ easV® + eqoV? + eV + eag. (29)
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From Eq. (29), we have
f'(v) = 4v® + 3eq3V* + 2e40v + 4.
Set
412 + 3eq3V? + 2e49v + €41 = 0. (30)

Letz= 3‘% +v. Then Eq. (29) becomes

ZS+O[412+0640=0, (31)
where
1 3, 1, 1
Oy = —€49 — —€5a, 040 = — €50 — —€42€43 + €41.
a1 = Sl = 1ol 40 = 55 a3 ~ gear€a3 + Cal
Define
2 3 .
040 41 —1+\/§l
(%) () -V 32
Va1 ( ) ) ( 3 ) Va2 ) (32)
o o
21=\3/—§+ Va1 + 3—%-«/7/41, (33)
@40 x40
22:\3/—T+\/V41V42+ 3—7—«/)/41)’32, (34)
o o
23=\3/—¥+\/V41)/422+ 3—§—\/V41)/421 (35)
3e
v,:zi—T“, i=1,2,3. (36)

Based on the conditions (H;) and (H;), we can conclude that e4y > 0. Then we have the
following results according to Lemma 2.2 in [22].

Lemma 1 For Eq. (29),
(i) if ym = 0, then Eq. (29) has positive root if and only if vi > 0 and f(v1) < 0;
(i) if ya1 <O, then Eq. (29) has positive root if and only if there exists at least one
Vi € {v1,va,v3}, such that v, > 0 and f(v,) < 0.

In what follows, we assume that (Hy;): the coefficients satisfy one of the following con-
ditions in o’-B’: (@) Y41 > 0, v; > 0, and f(v;) < 0; (8") Y41 < 0 and there exists at least one
Vi € {v1,V2,v3}, such that v, > 0 and f(v,) <O0.

If the condition (Hy4;) holds, Eq. (28) has at least one positive root vo. Thus, Eq. (24) has
at least one positive root wy = /vy and the corresponding critical value of the delay is

1 (Bao — AuBu)®} + BsoCao 27
Ty = — arccos + 2=

k=0,1,2
4 2 2 2 ’ 2y e
wo wy + A 05— Cho wop

Let

2

1 (Bao — Ag1Bar)w§ + BaoCag

7o = — arccos — .
@o wy + A ;- Cyo
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When t = 79, Eq. (23) has a pair of purely imaginary roots tiwy. Differentiating both sides
of Eq. (23) with respect to 7, we get

= ~

di -1 _ (2)\ +A41)€)Lr + B41 T
T CaoreT — (A3 + Agr2)ert A

Thus,

R I:d)»:|_1 PyrQur + PajQu
e| — === <=

dr =10 QiR + Qil ,
where
Py = Ag1 cOS Towo — 2w Sin Towg + By, (37)
Py = Ay sin towg + 2wg €OS Towy, (38)
Qur = Aqw} cos Towo + (Caowo — wy) sin Towo, (39)
Qur = A41a)% sin Towg + (C4oa)0 + a)g) COS Towy. (40)

Obviously, if the condition (Haz): PagQar + ParQas # 0 holds, the transversality condition
is satisfied. Based on the discussion above and according to the Hopf bifurcation theorem
in [21] we have the following results.

Theorem 3 Suppose that the conditions (H;), (Hy), (Hq1), and (Hap) hold. The positive
equilibrium E,(x.,.) of system (2) is asymptotically stable for t € [0, t). System (2) un-
dergoes a Hopf bifurcation at the positive equilibrium E,(x.,y.) of system (2) when t = 19
and a family of periodic solutions bifurcate from the positive equilibrium E.(x.,Y) of sys-
tem (2).

Case 5. 11 >0, 15 € (0, T99).
We consider Eq. (16) with 7, in its stable interval and ; is considered as the bifurcation
parameter. Let A = iw] (] > 0) be the root of Eq. (16). Then

M51 sin Tla)i + M52 COS Tla)i = N51,
M51 CoS rla)i - M52 sin rla)i = N52,

with
M51 = Blwi — D() sin ‘L'za)i, M52 = D() COS ‘L'za)i, (4'1)
2 .
N5 = (w1)” = Cio; sin yw; — Co cos 1,0}, (42)
Nsy = A1) — Cio] cos Tyw] + Co sin Tow]. (43)

Then one can obtain

eso(w]) + es1 (@) cos | + es; sin 1] =0, (44)
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where
eso(@}) = (@})" + (47 - B} + ) ()" + C - D}, (45)
€51 (wi) = 2(A1C1 - C())(a)i)z, (46)
€52 (Cz)i) = —2C1 (CL)i)3 + 2(BlD0 —A1C0)wi. (47)

In order to give the main results in this paper, we make the following assumption. (Hs;):
Eq. (44) has at least finite positive roots. If the condition (Hs;) holds, we denote the roots
of Eq. (44) as wj;, ]y, ..., ;. For every fixed wj; (i = 1,2,...,k), the corresponding critical
value of the delay is

; 1 Ms51N5y + M5y N: 2
rﬁ)/z—,arccos{W} + ], , i=12,...,k;j=0,12,....
@ Mz, + Ms, o=}, @l

Let 13 = min{tl({)’|i =12,...,k,j=0,1,2,...}. When 7; = 13, Eq. (16) has a pair of purely
imaginary roots tiw; for 7, € (0, Ty0). Differentiating Eq. (16) with respect to 7;, one can
obtain

dx -1 N 20+ A7+ Ble_}dl +(C1 —13Co — T2C1)€_)LT2 - TzDoe_)‘(THfZ)
dn| BiAZe T + Dy)e M) '

Thus,

[ﬂ}_l _ P5pQsr + P51Qsy

dn 0=t - QgR + le ’
where

Psg = A1+ (C1 — 12C1 — 12.Cp) cos rf (48)

+ (Bl + 1Dy cos rza)f) cos Tjpw; — 1Dy sin T} sin Ty, (49)
Ps; =20} — (C1 — 12C — 12.Cp) sin o (50)

- (Bl + 19D cos tzwf) — 7Dy sin T} cos w5, (51)
Qsr = (Dow; sin o} — By (w})?) cos tihwf + Do} cos 1,0} sin Ty w?, (52)
Qs = (B (wf)z - Dow; sin 1y} ) sin iy} + Dow; €08 Tow] cos Ty o} (53)

Obviously, if the condition (Hs,): PsgQsg + Ps;Qs; # 0 holds, then Re[ ;—;\1]_1

T1=T

. #0. Thus,

according to the Hopf bifurcation theorem in [21] we have the following result.

Theorem 4 Suppose that the conditions (H;), (Hs1), and (Hsy) hold and t, € (0, 1y9). The
positive equilibrium E, (x,,y.) of system (2) is asymptotically stable for 7, € [0, t}})). System
(2) undergoes a Hopf bifurcation at the positive equilibrium E,(x.,y.) of system (2) when
T = 4 and a family of periodic solutions bifurcate from the positive equilibrium E, (%, Y.)
of system (2).

Page 9 of 19
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Case 6. 75 >0, 11 € (0, 110).
We consider Eq. (16) with 7; in its stable interval and 7, is considered as the bifurcation
parameter. Let A = iw), () > 0) be the root of Eq. (16). Then

{ Mg, sin o0} + Mey cos Towy = Ne1,

M cos Thowh, — Mgy sin Tywy = Ny,
with

Me) = Ciw), — Do sintywy, Mea = Co + Do cos Ty, (54)

7\2 /oo / / / ’
N61 = (a)2) —Bla)2 SIN T1w,, N62 = —A1w2 —Bla)2 COS T1w,. (55)

It follows that

60 () + e61 () cos T + g2 sin T = O, (56)
where
eso(@h) = (@) + (A + B} - CF) (wp)" - G} + I}, (57)
e51(w}) = 24, (})* = 2CoDy, (58)
esa(w)) = —2B1 ()’ + 2C Do) (59)

Similar to Case 5, we make the following assumption. (He;1): Eq. (56) has at least finite
positive roots. We denote the roots of Eq. (56) as wy;, w5, ..., w;,. For every fixed w); (i =
1,2,...,k), the corresponding critical value of the delay is

L0 _

1
5 = —~ arccos
2i

MeiNes + MeoN, 2
M} s 12, k=012,
Cl)/=a)/

Mg, + Mg, wh;”

Let o, = min{fz(’l:)/li =1,2,...,k,j=0,1,2,...}. When 7, = 7}, Eq. (16) has a pair of purely
imaginary roots +iwj for 7; € (0, 7yp). Differentiating Eq. (16) with respect to 73, one can
obtain

|: di ]_1 = 21+ Aq + (B - ‘5131)\)6*)\{1 + C1€7M2 - TID037A(11+T2) 1]

dr, (CiA2 + Coh)e ™ + DyheMa+m) A

Thus,

’

[ﬂ]l _ PsrQsr + Ps1Qsr
dl’z =15, QéR + Qél

where

Pgp = (Cl — 11Dy cos rla)ﬁ) oS Tyow5 + 11Dp sin yw; sin 75w} (60)
+A; + By cos iw;, + 1B1w; sin tjwy, (61)

Pg; = (t1D0 Cos Tyw; — Cl) sin tjyw; + 11Dy sin i@} €OS Ty w) (62)
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+ 2w; — By sinywi — 1 Bjw} cos 1wy,

(63)

. . 2
Qsr = (Cow} + Dow} cos Tyw3) sintTjyws + (Dows sin Ty — Cy(w3)7) cos T,  (64)

. 2 .
Qo1 = (Cows + Dow} cos T1w} ) cos Tyyw}s — (Dow; siniws — Cy(w})”) sintjyws.  (65)

Similar as in Case 5, we can conclude that if the condition (Hg,): PsrQer + Pe1Qsr # 0
holds, then Re[;%];:r;o # 0. Thus, according to the Hopf bifurcation theorem in [21] we
have the following results.

Theorem 5 Suppose that the conditions (Hy), (He1), and (Hey) hold and ©; € (0,1y). The
positive equilibrium E, (x., y.) of system (2) is asymptotically stable for T, € [0, T;;). System
(2) undergoes a Hopf bifurcation at the positive equilibrium E,(x.,y.) of system (2) when
Ty = T3, and a family of periodic solutions bifurcate from the positive equilibrium E.(x., y+)
of system (2).

3 Direction and stability of bifurcated periodic solutions
In this section, we investigate the direction of the Hopf bifurcation and the stability of bi-
furcated periodic solutions of system (2) with respect to 1, for 7 € (0, 19). Let 7o = 755 + 11,
1 € R, so that the Hopf bifurcation occurs at i = 0. Without loss of generality, we assume
that 71, < 73, where 11, € (0, 719).

Let u1(2) = x(¢) — x4, ua(2) = ¥(¢) — y., and rescale the time delay t — (t/73), then system
(2) becomes

w(t) = Lyuy + F(u, uy), (66)

where u(t) = (u1(£), u2(t))T € R? and L, : C — R?, F: R x C — R? are given, respectively,
by

Lug = (w30 + 1) (A%b(O) +B'¢ (—}) + C/¢(—1))

20

and
F(u, @) = (50 + 1) (F1, F)",

with ¢(0) = (#1(6), $2(0))" € C([-1,0],R?),

A = an  ai B = bu 0 C - 0 0
0 0}/’ o o0/’ 1 €22

and
Fi = g197(0) + £2¢1(0)92(0) + g3 (0) + gap1(0)hr (—l) + g597(0)¢2(0) (67)
20
+ 26¢1(0)3(0) + g7¢7 (0) + gs3(0) + - -, (68)
Ey = gt (=1) + a1 (~1)2(0) + h3pr (=1)p2 (1) + hap (—1)¢h2(0) (69)

+ s (=1)a (1) + hei (1) +--- . (70)
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Using the Riesz representation theorem, there exists a 2 x 2 matrix function 7(6, u),
0 € [-1,0] = R**? whose elements are of bounded variation, such that

0
Lo [ dn0,000), € C(1-1,0L ). 1)

In fact, we can choose

(o + WA +B +C), 6=0,

(t)y + w)(B + ), 0 e[-2,0),

n@m=1q, " o’
(t50 + C', 0 e (- ,—%),
0, 0 =-1.

For ¢ € C([-1,0]), we define

M’ -1<6<0,
(¢ = { a0 =
[5dn(, )$©), 6=0
and
0, -1<6<0,
R _ =<
e {P(u,m, 6-0.

Then system (66) can be transformed into the following operator equation:
u(t) = A(uy + R(w)uy, (72)

where u; = u(t + 0) = (1 (¢ + 0), uy (¢t + 0)) for 0 € [0,-1].
For ¢ € C}([0,1], (R?)*), we define the adjoint operator A* of A:

A*(p) S 0<s<1,
(p =
[%dn" (s, we(-s), s=0,

and a bilinear inner product:

0 0
(p(5), () = 7T (0)p(0) - / / 57 (& —0) dn(0)¢ (&) d, (73)
0=-1J&=0

where n(0) = 1(6,0).

Let p(0) = (1, p2)Te®2%20? be the eigenvectors of A(0) corresponding to iw;t;, and

o*(s) = D(1, pé‘)ei")ztfos be the eigenvectors of A* corresponding to —iw; ;. By a simple

computation, we can get
€21

. iTX
iw} + cyne™0w;

*
P2 e et 2T T a rbpeeat
lwy — Cyp€ 20, an + one*w,y

From Eq. (73), we choose
- -1

i * _ ik ok
D= [1 + 02 + Py + Tbne” ™2 + prTy e 2072 (cop + C32,02)]

such that {p*, p) =1, (p*, p) = 0.
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In the remainder of this section, following the algorithms given in [21] and using a similar
computation process to that in [23], we obtain the following coefficients that determine
the properties of the Hopf bifurcation:

2) g m(OC0) o

&0 =275,D |:g1 +22p2(0) + g3 (,0(2)(0))2 +gap" (—
20

+hp® (-1)p?(0) + hsp“)(—l)p(z)(—l))} (75)
g = rz*ob[zgl +2(5%(0) + p?(0) + 22507 (0)5%(0) + & (ﬁ<” (—%) (76)
20
+ o0 (—j—)) + 532010 (-1) + Iy (p0(-1)52(0) 77)
20
+pW(=Dp2(0) + B3 (p® (-5 (-1) + ﬁ“)(—l)p@)(—n))} (78)
go2 = 275,D [g1+g2,0 (0) + g5 (5" (0)) +g4/3(1)< ? )+Pz(h1( (-1 ))2 (79)
20
+hapV (-1)2(0) + hsﬁm(—l)ﬁ(z)(—l))} (80)
g21=2T2*0D|: 1(W1(0) + Wig (o>)+g2<wn><o>p ©0)+ = Wz% 0)52(0) (81)
+ Wi (0) + %Wé?(O)) + (2w (0)02(0) + W3 (0)5%(0)) (82)
W 0)p® (=2 ) 4 2w (0)0 (- 1x
+g4(WH e ( "72*0> ZWZO(O) ( ":20)
of T\, ool s
+ Wll (—;*0) + 5W20 (—%)) (83)
+25(52(0) +202(0)) + g6 ((0?(0)* + 202 (0)5?(0)) + 3¢, (84)
+3g5(0?(0)*52(0) + 5 (hl(zwa(—l)p“)(—lnWéy(—n) (85)
+hy (Wﬁ>(—1>p<2>(0> ¥ %Wé}f(—nﬁ@(m + W(0)p"(-1) (86)
L @) =) M @ Lo 0 10
+5W20 (0o (=1) ) + h3| Wy’ (=1)p (—1)+5W20(—1)p (-1 (87)
+ W1 (1) + %Wéﬁ)(—l)ﬁ“)(—l)) + ha((p" (1)’ p?(0) (88)
+2p0(=1)p2(0)5V (-1)) + k5 (o (-1))* P (1) (89)
+2p0(-1)p?(-1)5"(-1)) + 316 (pV (-1))* 5V (- 1)>} (90)
with
Wio(6) = 89P0 prspuso | 02000) igpuso |, p ey, (91)
Tyo®s 3120w2
Win(6) = - PO prguso , B1PO) irzuzo | p (92)

20@3 T35
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where Eyg and Ej; can be computed by the following equations, respectively:

-1
2- * _ —2i1'1*w* _ E(l)
Ex=2 Hos T —Zil*li)* ’ .k alZ—Zir* wk x (220) ’ (93)
—cye 20 2iwy — cyre” 17202 E5
-1
0
Ey=-— (ﬂu +bn ﬂ12> < ( g)) ) (94)
21 €22 Eu
with
T1x
ES) =g +202(0) + &(02(0)” + gap! (—%), (95)
20
Ey = (p(”(—l)) +h2pM(=1)pP(0) + 30V (<1) 0¥ (-1), (96)
EY =26 + o (p® @(0)) +2¢30?(0)52(0) (97)
_ Tix
+g4(p(”< >+p” : >) (98)
T30 T30
E? = 2100 (-1)p0(=1) + s (0 (<1)52(0) + 5V(-1)p?(0)) (99)
+ 13 (0P (1) (1) + sV (1P (-1)). (100)

Therefore, we can calculate the following values:

2
Ci(0) = 7 2*0 : (gngzo —2lgnl* - %) + %, (101)
Re{C1(0)}

==, 102
H2 Re{A'(15,)} 102)
B2 = 2Re{C1(0)}, (103)
T, = _Im{G,(0)} +*M2*Im{)»/(fz*o)}. (104)

TooWo

Based on the discussion above, we can obtain the following results for system (2).

Theorem 6 The direction of the Hopf bifurcation is determined by the sign of o if ;1o > 0
(2 < 0), the Hopf bifurcation is supercritical (subcritical). The stability of bifurcating pe-
riodic solutions is determined by the sign of Ba: if B2 < 0 (B2 > 0), the bifurcating periodic
solutions are stable (unstable). The period of the bifurcating periodic solutions is deter-
mined by the sign of Ty: if T > 0 (T, < 0), the period of the bifurcating periodic solutions
increases (decreases).

4 Numerical example

In order to verify the analytic results obtained above and depict the Hopf bifurcation phe-
nomenon of system (2), we give some numerical simulations in this section. The study of
system (2) in this paper is restricted only to a theoretical analysis, therefore, for the choice
of the value of the parameters in system (2), we only consider the conditions mentioned in
Section 2 and the simulation effect. We hope that it may be helpful for experimental stud-
ies of the real situation. To this end, we choose a set of parameters randomly which can
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Figure 1 E, is stable for 7, = 2.35 < 719 = 2.7488. 9 9
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describe the Hopf bifurcation phenomenon of system (2) and get the following system:

dx(t) _ 0.2y(t)
S =1=0.5x( - 1) - 5 55550

dy(t) 0.3y(t—
G =12 FEEE0),

(105)

which has a positive equilibrium E,(1.0582,6.6328). Then we obtain A;y = 0.7513 > 0,
Aq =1.7025 > 0 and Cy — Dy = —0.5185 < 0. Thus, the conditions (Hij;) and (Hy;) holds.
For 7; > 0, 7, = 0. By a simple computation, we get wjy = 0.3848, 119 = 2.7488. From
Theorem 1, the positive equilibrium E,(1.0582,6.6328) of system (105) is asymptotically
stable when 7; < 119. This is illustrated by Figure 1. As can be seen from Figure 1, when
71 = 2.35 < 199 = 2.7488, the positive equilibrium E,(1.0582,6.6328) of system (105) is
asymptotically stable. Once 7; passes through the critical value 7j9, the positive equilib-
rium E,(1.0582,6.6328) of system (105) loses stability and a family of periodic solutions
bifurcate from the positive equilibrium E,(1.0582, 6.6328), which can be shown as in Fig-
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Figure 4 E, is unstable for
72 =1.251 > 70 = 1.1705. W l HH
MWWM I A

o 1 MW INH Mn\ 4

TR e e
Figure 5 E, is stable for T = 1.042 < 7o = 1.1062. 1.8 14 14

TR b S i
Figure 6 E, is unstable for 1.8 15 b
7, =1.163 > 79 = 1.1062. o

-

B |U|UWHVWHV1V| |V| y Ny
| II ||
T e b e b

ure 2. As shown in Figure 2, we choose 7; = 3.25 > 179 = 2.7488, then E,(1.0582,6.6328)
is unstable and a Hopf bifurcation occurs and a family of periodic solutions bifurcate
from E,(1.0582,6.6328). Similarly, we obtain wyo = 1.2455 and o0 = 1.1705 when 7; = 0,
75 > 0. According to Theorem 2, the positive equilibrium E,(1.0582,6.6328) of system
(105) is asymptotically stable when the value of 7, is below the critical value 759 and
E.(1.0582,6.6328) becomes unstable when the value of 7, is above the critical value 759.
This property is illustrated by Figures 3-4.

Consider the case 73 = 75 = T > 0. By some complex computations, we obtain wg =
0.2754 and 7y = 1.1062. From Theorem 3, we can conclude that the positive equilibrium
E.(1.0582,6.6328) of system (105) is asymptotically stable when t € [0,1.1062) and a Hopf
bifurcation occurs when 7 > 1.1062 = 1. Figure 5 shows that the positive equilibrium
E.(1.0582,6.6328) of system (105) is asymptotically stable when t =1.042 € [0,1.1062).
Then the positive equilibrium E,(1.0582, 6.6328) of system (105) becomes unstable when
7 =1.163 > 1.1062 = 79, which can be shown in Figure 6.
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Figure 7 E, is stable for 71 =2.56 < 7, =2.7138 1.8 " "
and 7, =0.75. 1.6 10 10
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Now we consider 7; > 0, 73 = 0.75 € (0, 739). We can obtain o] = 1.2133 and then we
obtain 77} = 2.7138. Figure 7 shows that the positive equilibrium E,(1.0582,6.6328) of
system (24) is asymptotically stable when 7 = 2.56 < 2.7138 = 7 and Figure 8 shows
that there is a Hopf bifurcation occurs at the positive equilibrium E,(1.0582,6.6328) of
system (105) and a family of periodic solutions bifurcate from E,(1.0582,6.6328) when
T =3.015 > 73 = 2.7138. Similarly, we have wj = 0.4950 and 75, = 1.0988 when 7, > 0,
71 = 0.85 € (0, 719). The corresponding waveform and plots are shown in Figures 9-10. In
addition, we obtain A’(t;;) = 3.9216 —1.7717i and C;(0) = —=12.3787 +9.7059i by some com-
plex computations. Further we have py = 3.1565 > 0, B, = —24.7574 <0, T, = -7.5629 < 0.
According to Theorem 6, we can conclude that the Hopf bifurcation with respect to 7,
with 73 = 0.85 € (0, 7y0) is supercritical, the bifurcating periodic solutions are stable and
decrease. Since the bifurcating periodic solutions of system (105) are stable, we know that

the two species in system (105) can coexist in an oscillatory mode.
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5 Conclusion

In the present paper, a delayed predator-prey system with modified Leslie-Gower and
Beddington-DeAngelis functional response is considered. We incorporate the feedback
delays of the prey and the predator into the predator-prey system considered in the litera-
ture [12] and get a predator-prey system with Beddington-DeAngelis functional response
and two delays. The main purpose of the paper is to investigate the effect of the two de-
lays on the system. By choosing the diverse delay as a bifurcation parameter, we show that
the complex Hopf bifurcation phenomenon at the positive equilibrium of the system can
occur as the diverse delay crosses some critical values. Furthermore, the properties of the
Hopf bifurcation such as direction and stability are determined. From the numerical ex-
ample, we can know that the two species in system (2) could coexist in an oscillatory mode
under some certain conditions. This is valuable from the point of view of ecology.

It should be pointed out that Gakkhar and Singh [19] have earlier considered the
Hopf bifurcation of another modified Leslie-Gower predator-prey system with Holling-
II functional response and two delays. But the predator-prey system with a Beddington-
DeAngelis functional response considered in this paper is more general and it can reflect
the dynamic relationship between the predator and the prey more effectively and it may be
more helpful for experimental studies of the real situation. In addition, the global stability
of the positive equilibrium and global existence of the Hopf bifurcation are disregarded in
the paper. We leave this for further investigation.
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