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Abstract

By using the generalized Borsuk theorem in coincidence degree theory, we prove the
existence of periodic solutions for the p-Laplacian neutral functional differential
system.
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1 Introduction
In recent years, the existence of periodic solutions for the Rayleigh equation and the Lié-
nard equation has been studied (see [1-9]). By using topological degree theory, some re-
sults on the existence of periodic solutions are obtained.

Motivated by the works in [1-9], we consider the existence of periodic solutions of the

following system:

d ~ o d
Ed)p[(x(t) -Cx(t-1)) ]+ 7 grad F(x(¢)) + grad G(x(2)) = e(?), (1.1)
where F € C2(R",R), G € C}(R",R), e € C(R, R") are periodic functions with period T; C =
[¢ijlnxn is an 1 x n symmetric matrix of constants, 7 € Ris a constant. ¢, : R” — R" is given
by

_ _ T
Gp(W) = Pyttt ..., ) = (|| 2u, .o Ul 2u) ", 1< p < o0

The ¢, isa homeomorphism of R” with the inverse ¢,. By using the theory of coincidence
degree, we obtain some results to guarantee the existence of periodic solutions. Even for
p = 2, the results in this paper are also new.

In what follows, we use (-,-) to denote the Euclidean inner product in R” and | - |, to
denote the /P-norm in R, i.e., |x|, = (31, |x:[P)V7.

The norm in R**” is defined by [ A||, = SUP|y ,=1xern A p-

The corresponding L”-norm in L7([0, T'], R") is defined by

nooaT 5 T :
= (0 d =( pd>p,
Il (XE /0 Ji(2)] t) /0 ()|} dt
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and the L*°-norm in L*°([0, T, R") is
[%lloc = max %[00,
1<i<mn

where [|x;[l 0o = SUpcjo,, 1% (@) (i=1,...,n).
Let W = W'2([0, T], R] be the Sobolev space.

Lemma 1.1 (See [8]) Suppose u € W and u(0) = u(T) = 0, then

ity < (),

where

/‘(p‘l)l/p ds  2m(p-1)'
0 1- %)l/p psin(%) '

In order to use coincidence degree theory to study the existence of T-periodic solutions
for (1.1), we rewrite (1.1) in the following form:

d (1.2)
y'(t) = ; grad F(x(2)) — grad G(x(t)) + e(2).

i (x(2) = Cx(t = 7)) (8) = dg(y(0)),
Ifz(¢) = (;((f))) is a T-periodic solution of (1.2), x(¢) must be a T-periodic solution of (1.1).
Thus, the problem of finding a T-periodic solution for (1.1) reduces to finding one for (1.2).
Let Cr = {x € C(R,R") : x(¢ + T) = x(¢)} with the norm ||x||oo = Maxi<j<y [|%i]lco, X = Z =
{z= (;(())) € C(R,R*") : z(t + T) = z(t)} with the norm ||z|| = max{||x||o, |¥]|lcc}- Clearly, X
and Z are Banach spaces.
Denote the operator A by

A:Cr— Cr, (Ax)(t) = x(t) — Cx(t — 7).

Meanwhile, let

L:DomLCcX—Z,  (Lz)(t)=Z(t) = <(A9/C)'(t)> ’
y'(t)
N:X— Z,
= Pq(y(2)) B
(Nz)(2) = (_% grad F(x(t)) — grad Gle(o) + e(t)) = H(z, t).

It is easy to see that KerL = R¥", ImL ={z € Z: fOT z(s)ds = 0}. So, L is a Fredholm oper-
ator with index zero. Let P: X — KerL and Q: Z — Im Q be defined by

T
Pu = / u(s)ds, wuelX;
0
T

1
T
1

QV=?/O v(s)ds, veZ,

and let K, denote the inverse of L|ker prpomz-
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Obviously, Ker L = Im Q = R*" and

1.3)

(A E0)
(sz)(t)‘( (B)(®) )

where z= (x7(-),y" ()T € Z, (Fh)(t) = [y h(s)ds - & [ [* h(s)dsdt, h e Cr.
From (1.3), one can easily see that N is L-compact on 2, where  is an open bounded
subset of X.

Lemma 1.2 (See [9]) Suppose that Ay, Ay, ..., Ay, are eigenvalues of the matrix C. If |A;] #1,
Vie{l,2,...,n}, then A has a continuous bounded inverse A" with the following relation-
ships:

O 1A ullo < Q21 u_‘l—,\i”)llulloo, Vu € Cr;

(2) lA ullbdt <ollulbdt, Yu e Cr, p > 1, where

1
max;e(2,., }{m}» p=2,

o = (Zl 1 217 ( —p)/2, p € [1: 2):
121122
o o pE2,+00),

where q is a constant with 1/p +1/q = 1;
(3) Ax' = (Ax),Vx e C7.

In the proof of our results on the existence of periodic solutions, we use the following
generalized Borsuk theorem in coincidence degree theory of Gaines and Mawhin [10].

Lemma 1.3 Let X and Z be real normed vector spaces. Let L be a Fredholm mapping of
index zero. Q2 is an open bounded subset of X and Q2 is symmetric with respect to the origin
and contains it. Let N : Q x [0,1] — Z be L-compact and such that

(a) N(=x,0)=—-N(x,0),Vx < Q,

(b) Lx #N(x,1), Vx € DomL N 9.
Then, for every X € [0,1], the equation Lx = N(x, 1) has at least one solution in Q.

2 Main results
Theorem 2.1 Suppose that the matrix C satisfies the conditions of Lemma 1.2 and that
there exist constantsa >0, b >0, ¢ > 0 and o > 1 such that

T3F

(HY) " 80y > a)y)3 or y" LWy < _a)y)3, Va,y € RY;

(H2) (y,grad G(x)) = blyl; —c, Vx,y ER".
Then equation (1.1) has at least one T-periodic solution for1 < p < 2.

Proof For any A € [0,1], let
N(Z’)")(t) TH(Zr t) - TH( Z, t)
Consider the following parameter equation:

(L2)(£) = N(z, 2)(@), X €]0,1]. (2.1)
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Let z(t) = (;((tt))) be a possible T-periodic solution of (2.3) for some A € [0,1], then x = x(¢)
is a T-periodic solution of the following system:

(¢,,((Ax’)(t)))/ + L ; )L % gradF(x(t)) - I_T)\ % gradF(—x(t))
+ A grad G(x(t)) - 1-4 grad G(—x(t)) = Ae(t). (2.2)

Noticing that x(¢) is a T-periodic solution, we have

a1 = [ a0y a1 29

Multiplying the two sides of (2.2) by (Ax)(¢) and integrating them on the interval [0, T,
by (2.3) and (H1)-(H2), we obtain

1 1
—|Ax' |7 + allAx|; + I Ax||E - T < llellglAx]la, where = + = =1. (2.4)
p 2 o ﬁ a ﬁ

On the other hand,

| 4 [y (Ax)] ) <.

So, multiplying the two sides of (2.2) by (A«')(¢) and integrating them on the interval
[0, T'], by (H1)-(H2), we get

allAx’ Hi —cT < alAx|; + bl Ax|S — cT < |lell2|Ax'|,.
Furthermore, we have

, T el ez
”Ax”Zf 7+4‘—(12+$.—R1.

It is obvious that there exist ¢; > 0 and ¢; > 0 such that
cilxly < |xl, < calxl2, x€R".
Thus,
P r V4
/ /
[} - [ lav)opa
T ) pl2
<d ( / |Ax'(1)], dt) TC-P)/2
0
< (Cle)pT(Z—p)/z =Ry, (2.5)

wherel<p <2.
From (2.4) and (2.5), we can see

bllAx||% - llellgllAx]lq - cT < R, — a| Ax'|2 < R,
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from which it follows that there exists a positive number R3 such that
lA%]le < Rs.

By using Lemma 1.2, we get

T 1/a
a = ad
Il (/0 x| t)
T 1/a
= ( f |A"1(Ax)(t)|Zdt)
0
T 1/«
1/a A "‘d>
<ot ([ o) ar

<oYRy:=Ry. (2.6)

From (2.6), there exists £, € [0, T) such that |x(¢y)]e < RsT%, and

|x:(0)] = x,-(to)+/ x)(s) ds

Lo

T 172
< Ry T7V 4 ﬁ(/ (x;(s))zds>
0

< R4T_1/a + ﬁRl :=Rs.

Therefore ||x]|o < Rs and |x(£)|, < n'/PRs.
Since F € C*(R",R), G € C'(R", R), there exist Rg and R; such that

From (2.4), we have

92F(x)
0x2

<R, |grad G(x) |p <R; for |x|, < n'PRs.

p

T T T
/0 (6p(4%)) |, dt < Rq /0 ], de+ R, T+ /0 (0], at
T

< ReTVI|[ + R, T + / )], at
0
T

<RsTVIR)” + R, T + f le(t)|, dt := Rs.

0

Clearly, for each i = 1,...,n, there exists t; € (0, T) such that x}(z;) = 0. Thus, for any
t € [0, T], we have

@) = |6 ((Ax) )]
— 16 ((Ax) () = 6, (A% ()]
/ (6,((Ax)(5))) ds

i

< Rg.
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Therefore ||y]|cc < Rs.

Choose a number Ry > max(Rs, Rg), and let Q@ = {z € X : ||z|| < Ro}, then Lz # N(z, 1) for
anyz € DomLNJ, A € [0,1].Itis easy to see that N is L-compact on Q x [0,1], Lz = N(z,1)
is (2.1) and N(-z,0) = —N(z,0). From Lemma 1.3, (2.1) has at least one T -periodic solution
zZ= (;((;))), x(t) is a T-periodic solution of (1.1). O
Theorem 2.2 Let Ao = max{|ri],|Xal,..., | x|}, where A1, Mg, ..., A, are eigenvalues of the
matrix C with |A;| #1,Vi € {1,2,...,n}. Suppose that there exist constants b > 0, ¢ > 0 and
d > 0 such that

(H3) there is a constant r > 0 such that lim_, ;o

(H4) (y,grad G(x)) < b|y|§ +¢ Vx,y € R

(H5) Vie{l,...,n), either xi[ag;j‘) —e]>0o0r x,-[aan(j‘) —e] <0 for |x;| > d, where

&=+ [ et
Then (1.1) has at least one T -periodic solution for (Aoor + b)% <o.

| grad F(x)| .
=7

Proof Let z(¢) = (;((tt)) ) be a possible T-periodic solution of (2.1). From assumption (H3),

there exists a constant p > d such that
|gradF(x)’ <rlxlPt, VxeR"with || >pfori=1,2,...,n.

From (H3) and (2.2), we have

r 1+x d 1-1d
_ a2 -~ -~ _ »
HAx Hp +/0 <Ax(t), o gradF(x(t)) Y gl‘adF( x(t))>dt+ bllx|I5, + T

T
> 1 fo (x(t),e(®)) dt = —lell Il

r 1+1d 1-1d
2z / -~ -~ _
”Ax ”p 5/0 <Cx (t-1), T gradF(x(t)) T gradF( x(t))>dt

+Dllxll} + llellgllxll, + cT

< |||, |erad F(x(@) | o + BlIxlE + llellylixll, + T

p-1

< hoo[«'[|, (rllxl5 ™ +6) + bllxlly + llellg %], + T, 2.7)

where 6 = max, </, | grad F(u)| TW@-Dip,
Integrating both sides of (2.2) over [0, T], we get

T T
1”/ [86(’6“))—@}#—14/ [BG(_x(t))—a]dtzo, i=1,...n
2 0 axl‘ 2 0 axi

So, there exist #; € [0, T] such that

T % _ T e
1”/ [aG(x(t‘))—a}dt—l K/ [BG( x(t’))—él}dt:O, i=1,...,n
2 0 8.?6[' 2 0 axi
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From (H4), one can see |x;(£;)| < d. Let xi(t) = xi(t + &) —x:(&), x () = (a(®),..., xa(8))7,
then x(0) = x(T') = 0. By Lemma 1.1, one can obtain

T ’
Xl < ﬂ—pHx 12

Noticing the periodicity of x(£), we have

T
il = fo lwa(e) P it
T
2/ |x,'(t+fi)|pdt
0

< [ (x| ay

< (Ixill, + TV7d)".

T
0

From Minkovski’s inequality, we have

n 1/p
(Z ||xi||§>
i=1

n V4
(ZH @] + m)
i=1

Il + (7)#d < — [ '], + (uT)*d
p

ll%ll,

IA

IA

T, , /
n_p ||x ||p + (nT)Y7d.
In view of (2.7) and Lemma 1.2, we get
A / T / 1/, Pl
a”x ”p < Aso ”x ”p(r(n—p ”x ”p + (nT) Pd) + 9)
p
+ b(z &, + (nT)“Pd) + ||e||q(1 %]+ (nT)”Pd) v 2.8)
Ty p Ty P

Since (Aoo? + b)% <o, from (2.8), there exists a constant Ry > 0 such that

J
[#]], < Ro. (2.9)
Therefore,
T 1
xll, < —Rg + (nT)"*d := Ryo. (2.10)
Tp

From (2.9) and (2.10), we know that the rest of the proof of the theorem is similar to that
of Theorem 2.1. O
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Remark 2.1 If C =0,,.,,, system (1.1) can be reduced to the system in [2].
If C=0,x, and p = 2, system (1.1) can be reduced to the system in [3].

Example 2.1 Consider the following system:

d

Eqbp[(x(t) — Cx(t - 'C)),] + % gradF(x(t)) + grad G(x(t)) =e(t), (2.11)

where F € C2(R?,R), G € CY(R?,R), e € C(R, R?) are periodic functions with period T; C =
(j 61)' Clearly, A1 = # S,
Let

X1X2 1
x= (%), Flx,xg) =af +x5 — — - Glux)= xf + g — fox% +x5,

then, by Theorem 2.1, (2.11) has at least one T-periodic solution for 1 < p <2.
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