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Abstract

In this paper, we are interested on the study of the nonexistence of nontrivial
solutions for the p(x)-Laplacian equations, in unbounded domains of R”. This leads us
to extend these results to m-equations systems. The method used is based on
pohozaev type identities.

1 Introduction

Several works have been reported by many authors, comprise results of nonexistence
of nontrivial solutions of the semilinear elliptic equations and systems, under various
situations, see [1-8]. The Pohozaév identity [1] published in 1965 for solutions of the
Dirichlet problem proved absence of nontrivial solutions for some elliptic equations of
the form

—Au+f(u)=0in Q,
u=0o0ndQ,

when Q is a star shaped bounded open domain in R” and f'is a continuous function
on R satisfying
(n — 2)F(u) — 2nuf(u) > 0,
A. Hareux and B. Khodja [2] established under the assumption

f(0) =0,
2F(u) — uf(u) < 0.

that the problems

—Au+f(u)=0in] X w,
(wor 9*) =00nd(J x w).

admit only the null solution in H*(J x ) N L™(J x ). where J is an interval of R and
o is a connected unbounded domain of RY such as

AA € RN, [|A]l = 1,{n(x), A) > 0 on dw, (n(x), A) #0,

(n(x) is the outward normal to dw at the point x)
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In this work we are interested in the study of the nonexistence of nontrivial solutions

for the p(x)-laplacian problem

1.1)

—Apyu = H(x)f (u)in Q
Bu =0 on 92

with

ou

u Dirichlet condition (1.2)
Bu =
av

Neumann condition (1.3)

where
Apytt = div (|Vulf®)2vy)

Q is bounded or unbounded domains of R”, fis a locally lipshitzian function, H and

p are given continuous real functions of C(Q) verifying

Hg=ﬂfmeﬂm=a

H(x) > 0, (x, VH(x)) # 0 and ‘ |lim H(x) =0, 1.4
xX|— + o0 1.4
p(x) > 1,(x, Vp(x)) = 0,Vx € Q,
n (x,VP(x))).

“”@O‘M+ﬁm
xeQ

(., ) is the inner product in R".
We extend this technique to the system of m-equations

—Apy ot = Hx)fe(u1, ..o ) in 2,1 <k <m,
Bu,=00ndR,1<k<m,

with

u, Dirichlet condition (1.7)

Bu, = { - ..
Y { ‘L’f}‘ Neumann condition (1.8)

Where {f;} are locally lipshitzian functions verify

fk(sll ceer Sk—1 0/ Uks1r oo 5m) = OI (0 S k S m)/
3F,, :R™ - R : 882" (517 - Sm) = fr(51, - Sm)-

H is previously defined and p; functions of C! () class, verify

pre(x) > 1, (x, Vpr(x)) = 0,Vx € Q.

(1 no (x,Vpk(x))) (1.9)

ag=sup (1 — pi(x)

xeQ

Page 2 of 11



Kamel Boundary Value Problems 2011, 2011:50 Page 3 of 11
http://www.boundaryvalueproblems.com/content/2011/1/50

2 Integral identities
Let

rM(Q) = {u measurable real function : [ |u(x)["®dx < + oo} ,
Q

with the norm

|l () = lttlpg) = inf{k >0 :£|”&x)|”(")dx < 1},
and

WHE(Q) = (u e PO(Q) : |Vu| e PO(Q)),
with the norm

ullwrow @) = [tlpe @) + IVl pe )

Denote Wé'p(x)(gz) the closure of C3°(2) in W P Q),
Lemma 1 Let y ¢ Wé’p(x) () NL*® (Q)solution of the equation (1.1) - (1.2), we have

[ 1=+ 287 (2 () )

Q
+H(x)(nF(u) — auf (1)) + (x, VH(x))F(u)] dx (2.1)
- / (1 - p(lx)>|w|l’(x)(x, v)ds

a0

Lemma 2 Let y e Wé"’(x)(gz) ) LOO(Q)solution of the equation (1.1) - (1.3), we have

/ [(1= o+ 508 (1= ()vur®))) = a) |VupPt dx

Q
+H(x)(nF(u) — auf (1)) + (x, VH(x))F(u)] dx (2.2)
- / <<1 - p(lx)> |Vut) +H(x)F(u))(x, v)ds

IQ

n
Proof Multiplying the equation (1.1) by >_Xi g’;j and integrating the new equation by
j=1

parts in Q N By, B = B (0, R)

- / div<|Vu|p(x)’2Vu> Zn:x]g;‘] dx
j=1

QNBgr

n

_ 3 p(x)—2 du ou
Z / x; ('Vu| ox; Xj ax]-dx
W=1anB,

n
/ VulPl) 4 |Vup=2 ) " on o d

dx; 0x;0x;
QNBg ij=1
n
_ p(x)—2 ou du . .,
E [Vul o ax]_x]vlds
W=1(QnBg)
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Introducing the following result

ap

— u 2 dx:
VP23 2 e 2 8 () — 8 19 n (9
i=

we have

n

n
/ Vupe) L 3 b (IVu|"(")) = CROD V) in <|Vu|p(x)> dx
j=1

QNBg j=1

n

_ Z |vu|p(x)—2 ou auxjvids

Bx,' axj
a(2nBg) Y=la(2nBy)

| Ty 580 (e
QNBR

n

n

~29u 0 1

- / > vup® ox; vy NV — > . IVulP@xv; | ds
a(enBy) \M=1 j=1

On the other hand

f H(x)f (1) ijg;; dx=>" f xH(x) ) (F(u))dx
j=1

QNBg =1 onB,

=— f (nH(x) + (x, VH(x)))F(u)dx + Z f H(x)F(u)xjv;ds

QNBy =1 5(QnBy)

these results conduct to the following formula

R L

QBy
+(nH(x) + (x, VH(x)))F(u)] dx

n
— / Z |Vu|p(x)—2 ou ou iji (23)

Bx,' axj
a(nBg) LW=1

n

-3 ( oy [V — H(x)F(u)) x; | ds

j=1
Multiplying the present equation (1.1) by au and integrating the obtained equation

by parts in Q, we obtain

S [alVuP® —auHX)f(w)]dx = [ alVulP® iuds =0, (2.4)
(QOBR) B(QHBR)
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Combining (2.3) and (2.4) we obtain

[T o 557 (o m (5)) )

QNBg
+H(x)(nF(u) — auf (u)) + (x, VH(x))F(u)] dx

n
_ p(x)—2 ou du,. .,
= Z [Vu| o, 053 Vi
a(nBg) LW=1

n

-3 ( oy [V — H(x)F(u)) xv; | ds

j=1

n
_ p(x)—2 ou du . .,
- Z [Vl Ax; ijx]vl
aQnBy LU=1

n

=3 (ply IVUP® = HE)F()) 3y | ds

j=1

n

p(x)—2 ou du,, .,

+ Z|Vu| x, 9, Vi
QnaBy L1

n

- Z (p(lx) |VulP®) — H(x)F(u)) xvj | ds

j=1

On (Q N 0Bg) we have n; = fx"‘

so the last integral is major by

MQR)=R [ ((1+p(1x)>|Vu|1’(x)+|H(x)|IF(u)I)ds

QNoBr

We remark that if Q) in bounded, so for R is little greater, we get Q N dBr = ¢, then
M (R) = 0.

If Q) is not bounded, such as |Vu| e W"?® (Q), F(u) e L' (Q) and ‘xllif?oo H(x) — 0,
we should see

+00
f dr f ((1 + p(lx)> |Vu|P(X) + |H(x)||F(u)|) ds < +00
0 QnaBe

consequently we can always find a sequence (R,),, such as

lim R, - +c0 and lim M(R,) — O.
Nn—+00 n—+00

In the problem (1.1) - (1.2), u|3q = 0. Then, Vu = g’: n, we obtain the identity (2.1).

In the problem (1.1) - (1.3), g"f ‘BQ = 0, we obtain the identity (2.2). ®

Lemma 3 Let y;, € Wé'p"(x)(gz) ) L°°(Q)(1 < k < m), solution of the system (1.6) -
(1.7). Then for the constants ay of R, we have
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m
L @) (4 _ e\ -

k=1

+H(x) (nFm(ul, e Um) — Zakukfk(ul, e um)> +

k=1
+(x, VH(x))Fyn (11, ..., )] dx

- [ 3 (1 VO s

a0 k=1

Lemma 4 Let y, € Wé’p(Q) NL®(Q)(1 < k < m), solutions of the system (1.6) - (1.8).

Then for the constants ay of R, we have

m

[ (£ 587 (-l -
Q

k=1

+H(x) (nFm(ul, ey Um) — Zakukfk(ul, " um)> +

k=1
+(x, VH(x))Fm(u1, ..., um)] dx

(2.6)

m

- / |:Z (1 - ﬂk%ﬂ)lvuk'pk(x) + H(x)Fpn(u1, ..., um):| (x, v)ds

a0 Lk=1

n .
Proof Multiplying the equation (1.6) by >_ xi ?;L,?f and integrating the new equation by
=1

part in Q N Bp, Br = B (0, R), we get

oo eI (4 _ Pi(x) ] p(x)
/[1 P ) (1 =10 (V) 19

n
—2 duy, 0 % e
= / Z |vuk|ﬂk(x) a?ck 81;; xjv; — Z ) |Vuk|p'(x)x]1)] ds
a(enBy) \W=1 j=1

On the other hand

/H(x)fk(ul,. o ly) Zx]f?uk

QNBg

=Z / SHE) W 2 (Fnlut, e i) )
=1 onBy
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These results conduct to the following formula

[ 0=t 587 ) s

QNBr

n
+ Y xH(x) o gy (Fn (1, e ) | dx
j=1

n
- pre(x)—2 dup dup . .
= / Z Vg™ ax; ax; Vi
a(enBg) L=l

n
3 oy O
j=1

Doing the sum on k of 1 to m, we obtain

/ er_n:[(l G (x,:ip(;;()x)) (1 —In (IVuklpk(x)») |V 14y, [P0

n
+ 3 %H() ) Fu(t1, e t) | d
j=1

m n
_ Pre(x)—2 dupe Juge .
_ / 33 Va2 gy
a(enBy) Lk=1 t=!

n

-

pk}X) [V |pk(x)x1' Vj ds

=
[

1 j=1
which leads to the following identity

/ i [(1 ~ i + S (1 —In (IVukl"k(x)))) |V 4y [ P4)

QNBg k=1

—(nH(x) + (x, VH(x)))Fu (11, ..., i) ] dx

m n
= / Z Z | Vg |Pr(¥) =2 3ukxjvi 2.7)

BJC,' Bx,-
a(@nBy) Lk=1 i<l

+ (Z ety | V1P + H(x) P (a1, ., um)) (x, v):| ds

k=1

Now, multiply the equation (1.1) by au and integrating the obtained equation by
parts in N Bp

(Qr{g : [ak|vu|pk(x) — akukH(x)fk(ul, e um)]dx =0 (2.8)

Combining (2.7) and (2.8), we get the identities (2.5) and (2.6).
The rest of the proof is similar to the that of lemma 1. ®
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3 Principal Result
theorem 3.1 If y ¢ Wé"’(x)(gz) mLOO(g_z)be a solution of the problem (1.1) - (1.2), Q is
star shaped and that a, H, f and F verify the following assumptions

nF(u) —auf(u) <0,Vx € €, (3.1)

(x, VH(x))F(u) < 0,Vx € Q. (3.2)

Then, the problem admits only the null solution.
Proof Q) is star shaped, imply that

I (1= o )1Vl (x, v)ds = o. (3.3)

On the other hand, the condition (3.1) give

/ (1= + 508 (1= (jVur®)) - a) |VupPt dx

2 (3.4)
+H(x) (nF(u) — auf () + (x, VH(x))F(w)] dx < 0
(1.4), (3.3) and (3.4), allow to get
F(u) = 0in .
So, the problem (1.1) - (1.2) becomes
—div (|Vu|f’(x)*2w) ~0in g, 55

u=0o0nd.

Multiplying the equation (3.5) by u# and integrating over Q, we get

/ |VulP®dx = 0.
Q

So
[Vul =0,
Hence u = cte = 0, because u|;q = 0. ®

theorem 3.2 If y ¢ Wé'p(x)(gz) N LOO(Q)solution of the problem (1.1) - (1.3), Q is a
star shaped and that a, H, F and F verify the following conditions

nF(u) —auf(u) <0,Vx € Q, (3.6)
(x, VH(x))F(u) < 0,Vx € Q. (3.7)
H(x)F(u) > 0,Vx € 92. (3.8)

Therefore, the problem admits only the null solution.

Proof Similar to the proof of theorem 1. ®

theorem 3.3 If y, Wé'p"(x)(gz) mLOO(Q)solution of the system (1.6) - (1.7), Q is a
star shaped and that ay, H, fi and F,, verify the following conditions
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m
nFy(uy, .o tiy) — Zakukfk(ul, e ly) <0,Vx € Q,
k=1

(x, VH(x))Fp(u1, ..., um) < 0,Vx € Q.

So, the system admits only the null solutions.
Proof Q) is a star shaped, implies that

m
/> (1 — pk%x)>|Vuk|pk(x)(x, v)ds > 0.
9 k=1

On the other hand, the conditions (3.9) and (3.10), give

/ |:2m: (1 B Pk?x) + (x/zit?;()x)) (1 —In <|Vuk|pk(x)>> - ak>|Vuk|Pk(x]
L

o -

+H(x) (nFm(ul, e Um) — Zakukfk(ul, " um)> +

k=1
+(x, VH(x))F (11, ..., i) ] dx < 0.

(1.4), (3.11) and (3.12), allow to have
Fp(u, ..., ) = 0in Q.

So the system (1.6) - (1.7) becomes

—div (|Vuk|p"(x)_2Vuk> =0inQ,1<k<m,

u,=00nad2, 1 <k<m.

Multiplying (3.13) by u; and integrating on Q, we have
/ |Vt |PDdx = 0
Q

So

|vuk| =0

Therefore u; = cte = 0, V1 < k < m, because uy|sq = 0. ®

(3.11)

(3.12)

(3.13)

theorem 3.4 If y;, € Wé'p"(x)(Q) N L (Q)solution of the system (1.6) - (1.8), Q is a

star shaped and that ay, H, fi and F,, verify the following conditions

m
nFp (U1, ..., ty) — Zakukfk(ul, e lim) <0,Vx € Q,
k=1

(x, VH(x))Fpu(u1, ..., um) <0,Vx € Q,

H(x)Fm(uy, ..., um) > 0,Vx € 9Q2.

So, the problem admit only the null solution.
Proof Similar to the that of theorem 3. ®

(3.14)

(3.15)

(3.16)
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4 Examples
Example 1 Counsidering in Wé'p(x)(g) N Wé"’(g_z)the following problem

_di p(x)-2 = ¢ q-1
div (|Vu| Vu) = (1+|x|)””|”| in , 1)
u=0o0n0dL,

where Q is a bounded domain of R", ¢, u >0, q > 1 and p (x) = \/1 +|x|2 > 1.
By choosing

a=sup|(1-— me(n=1) Il ) ,
Qp ( (1+1212) /1412

we obtain

(x, VH(x))F(u) = q(l‘flfil‘;ﬂﬂ lul™! <o,

_ RS
V) = =0,
nF(u) — auf (u) = <qfl - a) lul™ <0ifg="".

So, the problem (4.1) doesn’t admit non trivial solutions if

n—a
q=""

Example 2 Considering in Wé’p(x)(gz) N Wé'y(fz),the following elliptic system

_Ap(x)u = (1+C|};|)M u|u|7/—1 |V|§ inQ,
gV = (g e vV Ul in 4.2)

u=0ondQ

where Q is a bounded domain of R", ¢, u, ¥, 6 > 0 and p, q > 1.
By choosing

_ R O)
“1‘5‘11?(1 ) () )

xeQ

and

az = sup (l — p(';) + (x;;‘(g)))
xeQ

we obtain

(v, VH))F(u,v) = < ul” o’ <0,
nF(u, v) — ayufi (u,v) — axvfa(u,v) = (n — ya, — 8ay)|ul” v
So, the system (4.2) doesn’t admit non trivial solutions if

yay +da; > n
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