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1 Introduction

In 1984, Kaleva and Seikkala [1] introduced the concept of a fuzzy metric space by setting
the distance between two points to be a nonnegative fuzzy real number. From then on,
some important results for mappings in fuzzy metric spaces, such as variational principles,
coincidence theorems and various fixed point theorems, etc., were stated in subsequent
work (see [2-7], etc.). It is well known that the Kaleva-Seikkala’s type fuzzy metric space is
an important generalization of a Menger probabilistic metric space and a metric space as
well (see [1, 4, 8]) and possesses rich structure with suitable choices of binary operations.
Recently, Huang and Wu [9] investigated the completion of the Kaleva-Seikkala’ type fuzzy
metric space. Previous work on this question is based on the £-norm min and the £-conorm
max. Their meaningful work does away with this restriction. Shortly afterwards, Xiao et
al. [10] proved some fixed point theorems of self-mapping for nonlinear contraction in
a complete fuzzy metric space. Their main results do away with the restriction of the ¢-
conorm max and are based on a generic class of binary operations.

On the other hand, fixed point theorems and their applications for complex non-self
mappings in two metric spaces were considered by Fisher [11] in 1981. Telci [12] general-
ized the fixed point theorems by introducing the notion of the real functions ¥ . Recently,
Aliouche and Fisher [13] proved two new fixed point theorems for complex non-self map-
pings by introducing the notion of the real functions ¥ satisfying an implicit relation in
two metric spaces, which is a generalization of the Telci fixed point theorem in [12].

Inspired by the work of [9, 10, 13], in this paper we discuss the unique existence of fixed
points for complex non-self mappings in two fuzzy metric spaces in the sense of Kaleva
©2013 Song and Wang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.fixedpointtheoryandapplications.com/content/2013/1/254
mailto:mlsong2004@163.com
http://creativecommons.org/licenses/by/2.0

Song and Wang Fixed Point Theory and Applications 2013, 2013:254 Page 2 of 19
http://www.fixedpointtheoryandapplications.com/content/2013/1/254

and Seikkala. In Sections 2-3, we first introduce the new real function class -4, satisfying
an implicit relation. Then, by using -4, -type real functions, some fixed point theorems for
complex non-self mappings satisfying an implicit relation in fuzzy metric spaces are estab-
lished. Our main results do away with the restriction of the t-conorm max and are based
on a generic class of binary operations. As some immediate consequences of this theo-
rems, we obtain Theorem 3.4 and Theorem 3.5. It is a generalization of the main results
in [13]. In Section 4, as applications, we obtain the corresponding fixed point theorems
in Menger probabilistic metric spaces. Also, an example, which shows the validity of the

hypotheses of our main results, is given.

2 Basic concepts and lemmas

Throughout this paper, let N be the set of all positive integers, R = (-00,+00) and
R* = [0, +00). For the details of a fuzzy real number, we refer the reader to Kaleva and
Seikkala [1], Dubois and Prade [14], Bag and Samanta [15].

Definition 2.1 (Dubois and Prade [14]) A mapping u : R — [0,1] is called a fuzzy real
number or a fuzzy interval, whose «-level set is denoted by [u], = {t € R: u(t) > o}, if it
satisfies two axioms:

(1) There exists o € R such that u(t) = 1;

(2) [¢)e = [Ma) po] is a closed interval of R for each o € (0,1], where

—00 < Ay < Py < +00.

Let us denote the set of all such fuzzy real numbers by G. If u € G and u(¢) = 0 whenever
t <0, then u is called a nonnegative fuzzy real number, and by G* we mean the set of
all nonnegative fuzzy real numbers. If 1, = —0co and p, = +00 are admissible, then, for
the sake of clarity, u is called a generalized fuzzy real number. The sets of all generalized
fuzzy real numbers or all generalized nonnegative fuzzy real numbers are denoted by G,
and G}, respectively. In that case, if ., = —00, for instance, then [A,, o] means the interval

(—00, py]. Since each r € R can be considered as a fuzzy real number 7 defined by

1, ift=r,
0, ift#r,

7(t) =

R can be embedded in G, and 0 € G*.

Lemma 2.1 (Xiao and Zhu [16]) Let u € G, o € (0,1], and [u]y = [Aa, po]. Then
(1) limys oo u(t) = 0 = limy, .0 u(Z);
(2) u(t) is a left-continuous and non-increasing function for t € (A1, +00);

(3) pq is a left-continuous and non-increasing function for « € (0,1].

Definition 2.2 (Kaleva and Seikkala [1]) Let X be a non-empty set, d be a mapping from
X x X into G*, and let the mappings L,R : [0,1] x [0,1] — [0,1] be symmetric, nonde-
creasing in both arguments and satisfy L(0,0) = 0 and R(1,1) = 1. For ¢ € (0,1] and x,y € X,
define the mapping

[d(%y)]a = [)\a(x’y): pa(xhy)]'
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The quadruple (X,d, L, R) is called a fuzzy metric space (briefly, FMS), and d is called a
fuzzy metric on X if
(FM-1) d(x,y) = 0 if and only if x = y;
(EM-2) d(x,y) =d(y,x) for all x,y € X;
(FM-3) for all x,y,z € X:
(EM-3L) d(x,y)(s +t) > L(d(x,2)(s),d(z,y)(t)), whenever s < A1 (x,2), £ < A1(z,9)
and s + ¢ < A(x,9);
(FM-3R) d(x,y)(s + t) < R(d(x,z)(s),d(z,y)(¢)), whenever s > A1 (x,2), t > A1(2,7)
and s+t > A1(%, ).
If d is a mapping from X x X into G, and (X,d,L,R) satisfies (FM-1)-(FM-3), then
(X,d, L, R) is called a generalized fuzzy metric space (briefly, GEFMS).

From Lemma 2.1 and Definition 2.2, we obtain the following consequences.

Lemma 2.2 Let (X,d,L,R) be a FMS, [d(x,9)]a = [Aa(%,9), pu(x,9)] for o € (0,1], where
x,y € X are any two fixed elements. Then

1) lim;, o d(xry)(t) =0=lim; 0 d(x’y)(t);

(2) d(x,y)(t) is a left-continuous and non-increasing function for t € (A1(x,y), +00);

(3) po(x,) is a left-continuous and non-increasing function for « € (0,1].

Lemma 2.3 (Xiao and Zhu [17]) Let (X, d, L, R) be a FMS, and suppose that
(R-1) R < max;
(R-2) foreach a € (0,1], there exists s € (0,o] such that R(s,t) < « for all t € (0,®);
(R-3) limg_, ¢+ R(a,a) = 0.

Then (R-1) = (R-2) = (R-3).

Remark 2.1 (Xiao et al. [10, 17]) Since R(t,s) = [min(t,s)]"/? satisfies (R-2) and does not
satisfy (R-1), (R-2) does not imply (R-1). Since R(Z, s) = [max(z, s)]"/? satisfies (R-3) and does
not satisfy (R-2), (R-3) does not imply (R-2).

Lemma 2.4 Let (X,d,L,R) be a FMS. Then
(1) (R-1) = for each a € (0,1], po (%, ¥) < po(%,2) + pu(2,y) for all x,y,z € X (cf. [9]);
(2) (R-2) = foreach a €(0,1], there exists u = u(e) € (0, ] such that

Pa(%:Y) < (%, 2) + po(2,y) for all x,y,z € X (cf. [10]);
(3) (R-3) = foreach a € (0,1], there exists u = u(a) € (0, ] such that

P, 9) < pu(x,2) + pulz,y) for all x,y,z € X (cf [16]).

Lemma 2.5 (Kaleva and Seikkala [1]) Let (X,d, L, R) be a EMS with (R-3). Then the family
{U(e,a) : & >0, € (0,1]} of sets U(e, ) = {(x,y) € X X X : py(x,y) < €} forms a basis for a
Hausdor(f uniformity on X x X. Moreover, the sets

Ny(e,a) = {)’ €X: pa(x’y) < 5}
form a basis for a Hausdor{f topology on X and this topology is metrizable.

According to Lemma 2.5, convergence in a FMS (X, d, L, R) can be defined by sequences.

Definition 2.3 (Kaleva and Seikkala [1]) Let (X,d, L, R) be a FMS.
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(1) A sequence {x,} in X is said to be convergent to x (we write x,, — x or
limy,, o0 %y = %) if limy, 00 d(%n, %) = 0, i.e., limy,— 00 e (%, %) = O for all & € (0,1];

(2) A sequence {x,} in X is said to be a Cauchy sequence in X if lim,, ;0o d(%;, %,,) = O,
equivalently, for any given ¢ > 0 and « € (0, 1], there exists N = N(¢,«) € Z* such
that o4 (%, %,) < &, whenever m,n > Nj;

(3) (X,d,L,R) is said to be complete if each Cauchy sequence in X is convergent to

some point in X.

Lemma 2.6 (Xiao et al. [10]) Let (X,d, L, R) be a FMS with (R-2). Then, for each «a € (0,1],
Pa(%,y) is continuous at (x,y) € X x X.

Definition 2.4 Let ¢ : R* — R* be a function and let ¢"(¢) denote the nth iteration
of ¢(t).
(1) ¢ is said to satisfy condition (&) if it is nondecreasing, right-continuous and ¢(¢) < ¢
forall £> 0.
(2) @ is said to satisfy condition (®y) if it is nondecreasing, right-continuous and
Y@ () < +ooforall£>0.

Remark 2.2 Obviously, if ¢(¢) satisfies condition (®g), then ¢(£) < tforall £ > 0, i.e., ($g) C
(®). Since ¢(t) = l—it satisfies condition (®) and does not satisfy condition (o), (Po) does

not imply (®), i.e., (®) Z (Po). Also, if ¢(t) satisfies condition (P), then ¢(0) = 0.

Definition 2.5 A function F : R} — R is called a real function satisfying an implicit rela-
tion if the following conditions are satisfied:
(A-1) F is right-lower semi-continuous;
(A-2) There exists ¢ € (®g) or (®P) such that F(u,v,0,u) < 0 or F(u,v,u,0) <0 for
u,v € R* implies u < ¢(v).
We denote by s, the collection of all real functions F : R} — R satisfying an implicit

relation.
The following examples show that the #4,, is a largish class of real functions.

Example 1 Let ¢ € (®g) or (P). We define the functions Fj, F; : R} — R as follows:

Fl(tlr ty, L3, t4) =4 - (p(max{tZ! t3, t4}))

Fy(t1, ta, t3, ta) = ty — max{@(t2), ¢(t3), 9(ta) },

respectively. Then Fi, Fy € sA,.

In fact, since ¢ € (®g) or (P), by the right-continuity of ¢, we know that F; satisfies
condition (A-1). If F;(u,v,0,u) < 0 or Fi(u,v,u,0) < 0, then we have u < p(max{u,v}) <
max{u, v} for u #v. This implies u < v, and so u < p(max{u, v}) = ¢(v). In addition, if u = v,
then u = 0 < ¢(v) = ¢(0) = 0. This shows that F; satisfies condition (A-2). Hence F; € .

Similarly, we can prove F, € A,.

Page 4 of 19
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Example 2 Let ¢ € (®g) or (P). We define the functions Fs, Fs : R} — R, respectively, as
follows:

F3(ty, by, t3,ta) = ty — @(Mby + Aotz + A3la),

Fy(ty, by, t3,84) = i — (M@(t2) + Moo (t3) + A30(ta)),

where Aj,49,A3 > 0and A; + Ay + A3 =1. Then F3, F4 € A,.

Obviously, F; satisfies condition (A-1).

Now suppose that F3(u,v,0,u) < 0 or Fs3(u,v,u,0) < 0. If u = 0, then u < ¢(v) holds
evidently. If u > 0, then we have ¢(u) < u < @(A1v + Asu) or ¢(u) < u < @(r1v + Aau), which
implies that # < Ayv+ Azu or u < v+ Ayu, and so u < v. Hence, we have u < p(Av+ Azu) <
o) or u < e(Mv + Aau) < @(v), i.e., (A-2) holds. Therefore F3 € .

Similarly, it is easy to prove that Fy € #A,.

Example 3 Let ¢ € (®g) or (®). The function Fs : R} — R is defined by

ity + 3L,
FS(tlrt21t31t4):tl_¢( >1

lf2+t3+t4+1

then F;5 € A,.

In fact, it is easy to see that Fj satisfies condition (A-1). Now suppose that F5(i, v, 0, u) <
0 or Fs(u,v,u,0) <0.If u = 0, then u < ¢(v) holds evidently. If u > 0, then we have u <
@(>), which implies that u < ¢(v), i.e., (A-2) holds. Therefore F5 € A,.

Example 4 Let ¢ € (Pg) or ($). The function F¢ : R} — R is defined by
Fo(t1,ta, t3,t4) = (1 + ta)ty — @ (max{tity, t3ts}) — (max{ty, 3, ta}),

then Fs € A,,.

In fact, it is easy to see that Fg satisfies condition (A-1). Now suppose that Fs (i, v, 0, u) <
0 or Fe(u,v,u,0) < 0.Ifu = 0, then u < ¢(v) holds evidently. If u > 0, then we have (1 +v)u <
@ (uv) + p(max{u, v}) < uv+max{u, v}, which implies that u < max{x, v}, and so u < v. Hence,
we have (1+v)u < p(uv) + o(v) <uv+¢(v) = u < ¢(v), i.e., (A-2) holds. Therefore Fg € A,.

Definition 2.6 (Aliouche and Fisher [13]) Let f: R} — R be a function satisfying the
following conditions:

(E-1) f is lower semi-continuous;

(E-2) There exists 0 < ¢ <1 such that f(x,v,0,u) <0 or f(u,v,u,0) <0 for u,v € R*

implies u < cv.

We denote by ¥ the collection of all real functions f : R; — R satisfying the conditions
of Definition 2.6.

Remark 2.3 Taking ¢(¢) = ct,c € (0,1),¢£ > 0, wehave ¢ € (Py) C (P). Thenitis easyto see
that # C 4, which implies that the implicit relation of Definition 2.5 is a generalization
of Aliouche and Fisher [13, implicit relation].
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3 Main results

Theorem 3.1 Let (X,d,L,R) and (Y, d,L, E) be two complete FMS s with R and R satisfying
(R-2). Let T: X — Y and S: Y — X be two non-self mappings, and ¢y, 3 € (®o). If there
exist F € A, and G € A, such that

F(ﬁa(Txr TSJ’), P (%, 5}’), 5& ()/, Tx), 1301 (% TS)’)) <0, (3.1)
G(pa(Sy, STX), Py T), P (%, SY), P, ST)) < 0 (3.2)

forallx e X,y €Y and o € (0,1], then ST has a unique fixed point x,, € X, and TS has a
unique fixed point y, € Y with Tx, =y, Sys = X

Proof For any given x¢ € X, we construct a sequence {x,}°°, in X and a sequence {y,}>°,

in Y, respectively, as follows:
%, = (ST)"x, Y= T(ST) %y foralln=1,2,3,....

Obviously, we have y, = Tx;,_1, Sy = %, TSYn = Txy = yys1 forallm=1,2,3,....
For y,, x,-1, applying (3.1), we obtain for each & € (0,1]

F(ﬁa (Txn—lr TSyn)’ Pua (xn—l: Syn)’ ﬁa (ym Txn—l): ,aa ()/n: TSyn))

= F(Pa s Yns1)s P15 %n)s 0, P Ws V1)) < 0.
Note that F € #,,, it is not difficult to see that
PO Ys1) < 01 (Paln1,%,))  for each o € (0,1]. (3.3)
Again, for y,, x,, applying (3.2), we obtain for each « € (0,1]

G (0o (SY1> ST), B Wts TH1), P X1 SYi)s Poc (0, STx) )

= G(pa % %ns1), Pa Vs Y1), 0 P (K %11)) < 0.
Note that G € #A,,, we have
Pl 211) < @2 (B ys1))  for each @ € (0,1]. (34)
Since ¢1, 92 € ($y), by Remark 2.2, (3.3) and (3.4), we can obtain
Poc %y %n11) < 02 (01 (00 Fn-1,%4))) < @1(0e(X1,%))  for each & € (0,1],
and
B s Yns1) < 01(02(Pe n-15Yn))) < @2(Pe(n-1,y4))  for each o € (0,1].
Using the inductive method, for n=1,2,3,..., we have

P %ni1) < @7 (a0, %1))  for each @ € (0,1], (35)
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and

Ba W 1) < 037 (Pay1,72))  for each a € (0,1]. (3.6)

In the next step, we show that {x,} is a Cauchy sequence in X. Since (X, d, L, R) is with
(R-2), it follows from Lemma 2.4(2) that for each « € (0, 1], there exists u = u() € (0, «]
such that

Pa(%,9) < 0%, 2) + po(z,y) forallx,y,zeX. (3.7)
For m,n € N and n < m, by (3.7), (3.5) and Lemma 2.2(3), we have

poz(xmxm) =< pu(xnrxnﬂ) + pa(xnﬂ;xm)
< pu(xnrxnﬂ) + pp.(xn+1:xn+2) t--t pp.(xm—Z’xm—l) + 0o (X1, %)

=< pu(xnrxnﬂ) + pp.(xn+1’xn+2) t--t pp.(xm—Z:xm—l) + pu(xm—l:xm)

m-1

<> ol (oo, 1)) <D @i (0u(x0,21)). (3.8)
Since ¢ € (Pp), ie, Y o) @l (t) < +oo for all ¢ > 0, it follows from (3.8) that {x,} is a
Cauchy sequence in X. Hence, by the completeness of (X, d, L, R), there exists x, € X such
that lim,_, o %, = x,. By the similar reasoning process, from (3.6), (3.7), ¢, € (®o) and
Lemma 2.2(3), we can prove that {y,} is a Cauchy sequence in Y. Hence, by the complete-
ness of (Y,d, I, R), there exists ¥« € Y such that lim,_, o0 ¥, = ¥s.

Now we prove that x, is a fixed point of ST and y, is a fixed point of TS. For x., y,_1,
applying (3.1), we have for each « € (0,1]

F(IZSIU( (Tx*, TSyn—l): Po (x*; Syn—l): /705 (yn—l; Tx*); ﬁa (yn—lr TSyn—l))

= F(laa(Tx*:yn): pa(x*rxn—l): 5& (yn—lx Tx*); ﬁa(yn—lryn)) S 0

Let n — 00, by the lower semi-continuity of F and Lemma 2.6, we have for each « € (0,1]

F(ﬁa(Tx*ry*)r 0’ ﬁa()’*; Tx*), 0)

< lim ian(ﬁot(Tx*»yn): Puo (x*> xn—l): Ea (yn—lr Tx*), ;501 (yn—lyyn)) <0.

n—00

Note that F € 4, and (A-2) of Definition 2.5, we can obtain gy (T%.,¥:) < ¢1(0) = 0 for
each o € (0,1], i.e., Tx, = y,. Similarly, we can prove that Sy, = x,. Hence, STx, = Sy, = x.
and TSy, = Tx, = y., which imply that x, is a fixed point of ST and y, is a fixed point of
TS.

Finally, we show the uniqueness of a fixed point. If y* is another fixed point of TS, then
by (3.1) we have for each « € (0,1]

F(Pa (T, TSY*), pa (%4, SY*), B (v, Ts), B (v, TSYY))
0

= F(Ba (07" ) Par (Y15 V), P ("5 94),0) < 0.

Note that F € A, it is not difficult to obtain that 5, (¥.,5*) < ¢1(0a(Sy«, Sy*)) for each

Page 7 of 19
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a € (0,1]. We claim that Sy, = Sy*. In fact, if Sy, # Sy*, there exists ag € (0,1] such that
Py (SY%, Sy*) > 0. From (3.2), it follows that
G (g (SY*s ST ), Py (¥ T4 ), Py (% V™), Pary (35 ST))

= G(0ug (7" 5Y)s Bag (V1 9 )» g (872 ¥*), 0) < 0.

Note that G € ,,, we have py,(Sy*,Sys) < ©2(0ay (%, ¥5)). Since ¢1,¢2 € (Pp), by Re-
mark 2.2, it is not difficult to obtain that

15101() (y*’y*) =¢ (,an (Sy*,Sy*)) < Payg (Sy*,Sy*) =@ (5&0 (y*,y*)) =< /5010 (J/*,J/*)y

which is a contradiction. Hence, Sy, = Sy*, i.e., 0o (¥5,7*) < 91(06(Sy+, Sy*)) = 1(0) = 0 for
each o € (0,1]. This shows that y, = y*, i.e., the uniqueness of a fixed point for TS is true.
Similarly, we can prove the uniqueness of a fixed point for ST So, the proof of Theorem 3.1
is finished. d

Theorem 3.2 Let (X,d,L,R) and (Y, d, L,R) be two complete FMS s with R and R satis-
fying(R-2). Let T: X — Y and S : Y — X be two non-self mappings, and ¢y, ¢, € (®g). If
there exist F € Ay, and G € Ay, such that u — F(u,v,w,s) > Xl(Tx, TSy), u — G(u, v, w,s) >
M(Sy, STx) and

E(Tx, TSy)(u — F(u,v, w,s))
< max{d(Tx, TSy)(w), d(x, Sy)(v), d(y, Tx)(w), d(y, TSH)(s)}, (3.9)
da(Sy, STx)(u - G(u,v, w,s))

< max{d(Sy, STx) (1), d(y, Tx)(v), d(x, Sy)(w), d(x, STx)(s) ) (3.10)

forallxe X,y e Y and u,v,w,s > 0, then ST has a unique fixed point x, € X, and TS has
a unique fixed point y, € Y with Tx, = V., Syx = %4.

Proof Now, we use inequality (3.9) to prove that inequality (3.1) holds. In fact, for
each x € X, y € Y and « € (0,1], if we set p,(Tx, TSy) = u, pa(x,Sy) = v, pa(y, Tx) = w,
Do (y, TSy) = s, then for any ¢ > 0, it is obvious that 3(Tx, TSy)(u+e)<a,dxSy)(v+e)<a,
E(y, Tx)(w+e¢) <a, E(y, TSy)(s+¢) < a. By (3.9), we have Zi(Tx, TSy u+e—F(u+e,v+e,w+
&,s + €)) < o, which implies that

Pu(Tx, TSy) =u<u+e—-Fu+ev+e,w+e,s+e),

F(u(Tx, TSy) + €, pa (%, Sy) + € Py, Tx) + & Py, TSy) + €) < &.
Then, by the arbitrariness of ¢ and the right-lower semi-continuity of F, we have

F(Pu(Tx, TSY), pa (%, Sy), B (v, T), P (3 TSY))

< lim(i)an(ﬁa(Tx, TSY) + &, pa (%, SY) + &, P (v, T%) + &, Pu (v, TSY) + €)
e—0*t

<0
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for each x € X, y € Y and « € (0,1], i.e., inequality (3.1) holds for all x,y € X and « €
(0,1].

Similarly, by inequality (3.10), we can prove that inequality (3.2) also holds. Moreover,
the other conditions in Theorem 3.1 are satisfied, thus by Theorem 3.1, the theorem is
proved. 0

In Theorem 3.2, taking (X, d,L,R) = (Y, 2, Z, E), S = T, we obtain the following corollary.

Corollary 3.1 Let (X,d,L,R) be a complete FMS with R satisfying (R-2). Let T : X — X be
a self-mapping, and ¢ € (®). If there exists F € A, such that u—F(u,v,w,s) > &i(Tx, T?y)
and

d(Tx, T*y) (u - F(u, v, w,5))

< max{d(Tx, T*y)(w), d(x, Ty)(v), d(y, Tx)(w),d(y, T*y)(s)} (3.11)
forallx,y € X and u,v,w,s > 0, then T has a unique fixed point in X.

Corollary 3.2 Let (X, d, L, R) be a complete EMS with R satisfying (R-2),and let T : X — X
be a self-mapping. If there exists ¢ € (Po) such that o(v) > ri(Tx, Ty) and

d(Tx, T9) (¢(v)) < d(x,y)(v) (3.12)
forallxe X,ye T(X) andv > 0, then T has a unique fixed point in X.

PT‘OOf Taking F(tl, ty, t3, t4) =t — (p()\ltz + )thg + )\.3t4), )\1 =1, )Lz = )Lg =0, from Example 2,
we obtain F = F3 € A,. Furthermore, for all x,y € X and u,v,w,s > 0, by Ty € T(X) and
(3.12), we have

d(Tx, sz) ((p(v)) = d(Tx, sz) (u - (u - <p(v))) <d(x, Ty)(v)
< max{d(Tx, sz)(u), d(x, Ty)(v), d(y, Tx)(w),d(y, sz) (S)},

which implies that (3.11) holds. Therefore, the conclusion follows from Corollary 3.1 im-
mediately. O

Remark 3.1 Corollary 3.2 is a fuzzy version of the Boyd-Wong-type nonlinear contraction
theorem (see [18]).

Theorem 3.3 Let (X,d,L,R) and (Y,d,L,R) be two complete FMS s with R and R satisfying
(R-2). Let g1, 03 € (D). Suppose that T : X — Y and S : Y — X are two continuous non-self
mappings satisfying the following conditions:

(1) There exists F € sy, such that

F(Bo (T, TSY), 0 (5, 59), B 0, T), B3, TSY) < 0 (313)

forallx e X,y € Y and o € (0,1] with x # Sy;
(2) There exists G € Ay, such that

G(pa (5)’, STx), pu ()/, Tx), o (%, Sy)’ P (%5 STx)) <0 (3.14)

forallxe X,y e Y and o € (0,1] with y # Tx;
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(3) There exists xo € X such that {(ST)"xo} has an accumulation point in X.
Then ST has a unique fixed point x, € X, and TS has a unique fixed point y, € Y with
Tx* = Vs Sy* = Ko

Proof From condition (3), we can construct a sequence {x,}°2, in X and a sequence {y,}%2;
in Y, respectively, as follows:

X%, = (ST)"x0, Y= T(ST)" txo, forallm=1,2,3,....

Obviously, we have y,, = Tx,,_1, Syn = %4, TSy, = Ty =y forallm =1,2,3,... . If x,y = %4941
for some #y, then x, = x,, is a fixed point of ST. So, we can assume that x,, # x,,,1 for all
n=0,1,2,.... Then, foralln=1,2,3,..., it is obvious that y, # yu1.

Again by condition (3), we can assume that z € X is an accumulation point of {(S7)"x,} =
{#,}. Then there exists a subsequence {x,,} of {x,} such that lim,_, %, = z. Let Tz = y,.
Next we show that y, is a fixed point of 7.

If TSy, # y,, then by Tz = y,, we have TSTZz # Tz, which implies that STz # z, i.e., z # Syx.
It follows from (3.13) that for all « € (0, 1],

F(ﬁa (17, TSJ’*), Pa(2, Sy*), :501 ()’*, Tz), 5& (y*: TSJ’*))

= F(0u(T2 TSy.), pu(2, Sy+), 0, Pu (T, TSy,)) < 0.
Note that F € 4,,, it is not difficult to see that for all « € (0,1],
Po(T2, TSy:) < 91(pa(2,8y.)) & Pu(T2, TSTZ) < ¢1(pul(z, STZ)). (3.15)
Similarly, by TSy, #y. and (3.14), we obtain for all « € (0,1]

G(0a(Syr STSY.), P (s TSY-), P (S SY), P (Y STSy))
= G(Pa(Sy*,STSy*), ﬁa 0’*, TS)/*), 0, po (Sy*, STSJ’*)) <0.

Note that G € #A,,, we have for all « € (0,1]

Pa (84> STSy) < @2(Ba (7, TSys))
& pa(STz,STSTz) < ¢ (Pu(Tz, TSTZ)).

(3.16)

Since STz # z, we know that there exists g € (0,1] such that p,,(S7z,2) > 0. From
1, @2 € (P), (3.15) and (3.16), we can obtain

Pao (T2 (ST)2) < ¢2(¢1(Pug (2, ST2))) < 91(Pug (2, ST7)) < puy (2, ST2). (3.17)

On the other hand, by (3.13) and (3.14), we can prove that {pe, (%11, %41)} and {Buy V> Yns1)}
are non-increasing. In fact, applying (3.14), we obtain
G(ﬂao (Sym S§Txy), ﬁao (Yn: Tx,), Pay (s Syn)’ Py (ns STxn))
= G(pao (S( Txn—l): STxn): 50(0 (Txn—h Txn)r pao (xm xn): pao (xm STxn))

= G(pao (xrnxrﬁl)’ ﬁao (yn’yrﬁl)’ 0) Pag (xrnxrﬁl)) =< 0.

Page 10 of 19
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Note that G € #A,,, we have

:0010 (xnrxn+l) S (/72(13110 (ynryrwl)) E 5&0 (yn:y}ﬁl)' (318)

Similarly, by (3.13) and F € s, we can obtain that

;5010 (,menﬂ) =@ (poto (xnr xn—l)) = Pag (xn: xn—l)~ (319)

Then from (3.18) and (3.19), we have pg)(*n, %541) < Pag X Xn-1) a0d Pay Vs Y1) <
Py Wn=1> V) i-€.5 { Py (% 1)} and { Doy (¥, ¥u41)} are two non-increasing sequences, and
so there exist £, > 0 such that lim,,_, oo Poy (X, %ne1) = & and 1imy,_, o0 Pay Wi Y1) = 1.
Since T and S are continuous, by Lemma 2.6, we can obtain that

P (2,8Tz) = 1im gy (%, STxy;) = im o (s Xy41) = &
11— 00 11— 00
and
Py (STZ, (ST)ZZ) = ll_l)nolo Pag (STxnir (ST)ani) = 11_1}2) Payg (xn,drlr xni+2) = E;

which imply that py, (STz, (ST)?2) = pq, (2, STz). This is a contradiction with (3.17). Hence,
9y« is a fixed point of TS.

Now we set Sy, = x,, then y, = TSy, = Tx, = STx, = Sy, = x4, L.e., x, is a fixed point of
ST.

Finally, we show the uniqueness of a fixed point. Assume that y* is another fixed point
of TS with y, #y*, then Sy, # Sy*. By (3.13), we have for each o € (0,1]

F (8o (TSyss TSY*), P (Sy1r SY* ), B (v TSYue), B (v, TSY¥))

= F(0u (74:5"), e (Sy4r "), B (v*,34),0) < O.

Note that F € +,,, it is not difficult to obtain that oy (y.,y*) < @1(04(Sys Sy*)) for each
a € (0,1]. Since Sy, # Sy*, there exists oy € (0,1] such that pg, (Sy., Sy*) > 0. From ¢; € (P),
it follows that

50(0 (y*ry*) =y (/an (5}’*: 5)’*)) < Pay (5)’*:53’*) (3.20)

On the other hand, by y, # TSy*, from (3.14) and G € +A,,, it is easy to obtain that
Pao (SVir V) < 02(Bag 045 7)) < Do V4> ¥*). This is a contradiction with (3.20). Hence, the
uniqueness of a fixed point for T is true.

Assume that x* is also a fixed point of ST'. Let y = Tx*, then TSy = TSTx* = Tx* = y. By
the uniqueness of a fixed point for TS, we know ¥ = y,. This shows that x, = Sy, = Sy =
STx* = x*, i.e., the uniqueness of a fixed point for ST holds. This completes the proof.

O

Let (X, p) be a metric space and

1) t = b )
d(x,y)(t) = p@y) forallx,y € X and £ € R.

0, t#pxy),
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Then (X, d, min, max) is a FMS (c¢f. [1, 4]). It is easy to see that (X, p) and (X, d, min, max)
are homeomorphic and p(x,y) = p,(x,y) for all @ € (0,1].

Theorem 3.4 Let (X, p) and (Y, p) be two complete metric spaces. Let T : X — Y and
S:Y — X be two non-self mappings, and ¢, ¢, € (o). If there exist F € A, and G € A,

such that
F(p(Tx, TSy), p(x, Sy), 5y, Tx), 5y, TSy)) < O, (3.21)
G(p(Sy, STx), p(y, Tx), p(x, Sy), p(x, STx)) <0 (3.22)

forallx € X,y €Y, then ST has a unique fixed point x, € X, and TS has a unique fixed
point y, € Y with Tx, = y,, Sy, = %s.

Proof Note that the topology and completeness of (X, p) and (Y, p), and the induced FMS
(X, d, min, max) and FMS (Y, d, min, max) are coincident respectively, as well as p(x1,x;) =
Pa(x1,%7) for all x1,x, € X and « € (0,1], and p(y1,%2) = Pu(1,¥2) for all 1,5, € ¥ and
a € (0,1]. Then it is not difficult to see that inequality (3.1) holds as a result of (3.21), and
inequality (3.2) holds as a result of (3.22). Moreover, the other conditions of Theorem 3.1
are satisfied, thus by Theorem 3.1, the theorem is proved. 0

Applying the same method, we can obtain the following theorem by virtue of Theo-
rem 3.3.

Theorem 3.5 Let (X, p) and (Y, p) be two complete metric spaces. Let 1,92 € (P). Sup-
posethat T: X — Y and S: Y — X are two continuous non-self mappings satisfying the
following conditions:

(1) There exists F € 4y, such that

F(p(Tx, TSy), p(x, Sy), p(y, Tx), 59> TSy)) < 0 (3.23)

forallx e X,y € Y with x # Sy;
(2) There exists G € Ay, such that

G(,O(Sy, STx), p(y, Tx), p(x, Sy), p(«, STx)) <0 (3.24)

forallxeX,yeY withy # Tx;
(3) There exists xy € X such that {(ST)"xo} has an accumulation point in X.
Then ST has a unique fixed point x, in X, and TS has a unique fixed point y, in Y with
Txy = Yir SYx = X

Remark 3.2 Taking ¢(t) = ct, c€(0,1),t >0 and F,G € ¥ in Theorems 3.4 and 3.5, we
can obtain Theorems 3 and 4 in [13], respectively. This shows that our results improve
and generalize Theorems 3-4 in [13] , and so the main results in [11, 12].

4 Applications to Menger probabilistic metric spaces and example

In this section, we first point out that our fixed point results for fuzzy metric spaces contain
some corresponding results for Menger probabilistic metric spaces. After that, we give an
example to discuss the validity of the hypotheses of Theorem 3.1.
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Definition 4.1 A function F: R — [0,1] is called a distribution function if it is nonde-
creasing and left-continuous with inf;cg F(t) = 0 and sup, g F(£) =1

If F is a distribution function which satisfies F(0) = 0, then F is called a nonnegative
distribution function. Let 7* be the set of all nonnegative distribution functions. A special
element of F* is the Heaviside function H defined by

1, t>0,
0, t<0.

H(t) =

Definition 4.2 (Hadzi¢ and Pap [19]) A function A : [0,1] x [0,1] — [0,1] is called a
triangular norm (for short, a t-norm) if the following conditions are satisfied for any

a,b,c,d €[0,1]:

(A-1) Ala,l) =a;

(A-2) Ala,b) = Ab, a);

(A-3) Ala,b) > Alc,d), fora > ¢,b > d;
(A-4) A(A(a,b),c) = Ala, A(b,c)).

For each a € [0,1], the sequence {A"(a)}, is defined by Al(a) = a and A"(a) =
A(A"Ya),a). A t-norm A is said to be of H-type if the sequence of functions {A"(a)}22;
is equicontinuous at a = 1.

Lemma 4.1 (Xiao et al. [10]) Let A be a t-norm for each a,b € [0,1], R be defined by
R(a,b)=1- A1 -a,1-Db), then

(1) R is a symmetric and nondecreasing function such that R(1,1) = 1;

2) If A is of H-type, then R satisfies (R-2).

Remark 4.1 (Xiao et al. [10]) LetR:[0,1] x [0,1] — [0,1] be a symmetric and nondecreas-
ing function such that R(1,1) =1 and Ay(a,b) =1-R(1 —a,1-b) for all a,b € [0,1]. Then
Ay satisfies (A-2) and (A-3). But A does not necessarily satisfy (A-1) and (A-4). Hence
A is not necessarily a £-norm. From Remark 2.1 we see that R(s, t) = [min{s, £}]"/? satisfies

(R-2); but Ag(s,£) =1 —R(1 —s,1 —¢t) = 1 — [1 — max{s, £}]V? is not a t-norm of H-type.

Definition 4.3 (Hadzi¢ and Pap [19]) A triplet (X, F, A) is called a Menger probabilistic
metric space if X is a non-empty set, A is a t-norm and F is a mapping from X x X into
F* satisfying the following conditions (F(x,y) for x,y € X is denoted by F,,):

(M-1) F,,(t) = H(¢) for all t € R if and only if x = y;

(M-2) Fy,(t) = Fyx(t) forallx,y € X and t € R;

(M-3) Fyy(t+5) > A(Fy(2), Fry(s) forallx,y,z € X and £,5s € R*.

Lemma 4.2 (Kaleva and Seikkala [1]) Let (X, F, A) be a Menger probabilistic metric space,
%,y € X and wyy = sup{t : F,,(t) =0}. Let d : X x X — G* be a mapping defined by

~ 0, L < Wyy,
d(x,y)(t) = (4.1)
1-Fy(t), t> wxy.

Then wyy > 0 and d(x,y) € G*. Let L,R : [0,1] x [0,1] — [0,1] be defined by L =0 and
R(a,b)=1-A(1—-a,1->b). Then (X,d,L,R) is a FMS.
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From Lemma 4.2 we see that each Menger probabilistic metric space can be consid-
ered as a special Kaleva-Seikkala’s type fuzzy metric space. But Remark 4.1 shows that
in general a Kaleva-Seikkala’s type fuzzy metric space cannot be considered as a Menger
probabilistic metric space. Hence, as direct consequences of our results, we can obtain the
corresponding fixed point theorems in Menger probabilistic metric spaces. For example,
from Theorem 3.1 and Lemmas 4.1-4.2 we can obtain the following consequence.

Theorem 4.1 Let (X,F,A) and (Y,E, Z) be two complete Menger probabilistic metric
spaces such that A and N are two t-norms of H-type. Let T: X — Y and S: Y — X be
two non-self mappings, and ¢\, ¢> € (Po). If there exist f € Ay, and g € A, such that

?Tx,TSy(u _f(u, v, W, S)) = min{fo,TSy(u)rFx,Sy(V)) ?y,Tx(W); ?y,TSy(S)}, (4'2)
FSy,STx (Ll —g(bh v, W, S)) > min{FSy,STx(u)r ?y,Tx(V)r Fx,Sy(W): Fx,STx(S)} (43)

forallxe X,yeY and u,v,w,s >0, then ST has a unique fixed point x, € X, and TS has
a unique fixed point y, € Y with Tx, = Y., Syx = %4

Proof Let (X,d,L,R) and (Y,E,Z,E) be defined as in Lemma 4.2, respectively. Then
(X,d,L,R) and (Y, J,Z,ﬁ) are two FMSs. Since A and A are of H-type, by Lemma 4.1,
Rand R satisfy (R-2). Now we check that (3.1) holds.

From (4.1) we see that

Fy@)>1-a & dxy)t)<a &  pulxy) <t
forallx,y € X and @ € (0,1]. (4.4)
For eachx € X, y € Y and « € (0,1], if we set o, (Tx, Tsy) = u, po(x,Sy) = v, pu(y, Tx) = w,
P (y, TSy) = s, then for any ¢ > 0, it is obvious that g, (Tx, Tsy) < u + &, pa(x,Sy) < v + &,
Doy, Tx) < w+¢, Py (y, TSy) < s +¢&. By (4.4), we have FTx,Tsy(u+€) >l-a,Fs(v+e)>1-a,
E,Tx(w +&)>1-a, fy,Tgy(s +¢&)>1—- . Note (4.2), we can obtain that
F’Tx,Tgy(u+8—f(u+8,v+8,w+8,s+€)) >1-a,

which implies that

0u(Tx, TSy) =u<u+e—f(u+e,v+e,w+e,s+e¢),

f(ﬁa(Tx, TSy) + &, pa(x, Sy) + €, Pu (¥, Tx) + &, o, (¥, TSy) + 8) <e.
Then by the arbitrariness of ¢ and the right-lower semi-continuity of f, we have

f(ﬁa(Tx’ TS)’); Pa (%, Sy)r ﬁa (% Tx), 1’50( ()/; TSJ’))
< lim(i)nff(ﬁa(Tx, TSY) + &, pa (%, Sy) + €, P (¥, Tx) + &, o (¥, TSy) + 8)
e—0*

<0

foreachx € X,y € Y and @ € (0,1], i.e., (3.1) holds for all x,y € X and « € (0,1].
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Similarly, by (4.3), we can prove that (3.2) also holds. Moreover, the other conditions in

Theorem 3.1 are satisfied, thus by Theorem 3.1, the theorem is proved. O
In Theorem 4.1, taking (X, F, A) = (Y, E, 1), S =T, we obtain the following corollary.

Corollary 4.1 Let (X, F,A) be a complete Menger probabilistic metric space such that A is
a t-norm of H-type. Let T : X — X be a self-mapping, and ¢ € (). If there exists f € A,
such that

FTx,sz (u _f(u: v, W, S)) Z min{FTx,sz(u)’Fx,Ty(V); Fy,Tx(W): Fy,T2y(S)} (4'5)
forall x,y € X and u,v,w,s > 0, then T has a unique fixed point in X.

Corollary 4.2 Let (X,F,A) be a complete Menger probabilistic metric space such that A
is a t-norm of H-type. Let T : X — X be a self-mapping. If there exists ¢ € (Do) such that

Fr1y(9(V)) = Fiy(v) (4.6)
forallxe X,ye T(X) andv > 0, then T has a unique fixed point in X.

Proof Takingf(tl, to, t3, t4) =t - <p(A1t2 + )\ztg + A3t4), )\1 = 1, )\2 = )\3 = 0, from Example 2,
we obtain f = F3 € A,. Furthermore, for all x,y € X and u,v,w,s > 0, by Ty € T(X) and
(4.6), we have

FTx,TZy ((0(1/)) = FTx,TZy(u - (bl - (0(1/))) = Fx,Ty(V)

= min{FTx,sz(u)r Fx,Ty(V)va,Tx(W)) Fy,TZy(S)}:

which implies that (4.5) holds. Therefore, the conclusion follows from Corollary 4.1 im-

mediately. u
Remark 4.2 Recently, in [20] Jachymski obtained the following result.

Theorem] Let (X, F, A) be a complete Menger probabilistic metric space such that A is a
continuous t-norm of H-type. Let a function ¢ : R* — R* be such that, for any r > 0,

0<o(r)<r and lim ¢"(r)=0. (4.7)

n— 00

Let T : X — X be a mapping such that
FTxlTy((p(t)) >F,)(t) forallt>0 and xyecX. (4.8)

Then there exists a unique x, € X such that Tx, = x,.

Remark 4.3 Comparing Corollary 4.2 with Theorem J, it is not difficult to see the differ-
ences between them. Although Corollary 4.2 demands the function ¢ € (®g) to imply that
(4.7) holds by Definition 2.4(2), it does not require the t-norm of H-type to be continuous
for all y € X such that (4.8) holds.
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Finally, we give an example to support the main results presented herein.

Example 5 Suppose that X = [-1,1] C R. Defined: X x X — G* by

0, ift<0,

dlx,y)(t) =11, ift=0, forallx,yeX. (4.9)

lx=y1
l—e’Ty, ift>0,

LetL,R:[0,1] x [0,1] — [0,1] be defined by L = 0 and R(a, b) = max{a, b}. Then (X,d, L, R)
is a complete FMS.
In fact, (FM-1), (FM-2) and (FM-3L) are easy to check. We only see (FM-3R). Since

d(x,y)(0) = 1forallx,y € X,and so A1(x, y) = O for allx, y € X. To prove (FM-3R), we assume
thats,t>0,x,7,z€ X and

X~z lz=1

R(d(x,2)(£),d(z,y)(s)) = max{1 —e"T,l —e s f=1-e 7

Then we have s|x—z| > t|z—y|, and so %Ix—zl = |x—z[+i|x—z] > [x—z[ +|z—y| = [x—yI.
It follows that

| x|

W <1- e = R(d, (0, d(2,9)(5)).

dx,y)t+s)=1-¢

Hence (FM-3R) holds. It is clear that (X, d, L, R) is complete.

In the same manner, if we take Y = [1,3] C R and d:YxY— Gt given by (4.9), then
(Y,d,L,R) isa complete FMS.

DefineT:X — Yand S:Y — X by

9 5 17
) X € —1,0, e € 1;_r
Tx = fl [ ) and Sy= j ’ [1716)
¥, xe[0,1], 3 yelp 3l

Obviously, STx = % for each x € [-1,1], TSy = % for each y € [1,3], and ST(%) = %,
Uy_ 1 g7y U olly_7
TS(?) =3 T(g) =3 S(?) =3
Next we check that 7" and S satisfy the conditions in Theorem 3.1. Obviously, we have

0, ifa=1,
(%, y) = oyl for all x,y € X;
—ln(l_ya), ifa €(0,1),
and
0, ifa=1,
Do (x,y) = ool forallx,y e Y.
i ifa €(0,1),

We set F(u, v, w,s) = u—qi1(max{v,w,s}), G(u, v, w,s) = u—@y(max{v, w,s}), where ¢ (t) = %t’
@a(t) = %t (Vt € R). It is easily seen that ¢1, ¢y € (Pg), F € Ay, and G € Ay, If o =1, then
(3.1) and (3.2) are easy to check. We only see o € (0,1). In the next step, we consider the

following four cases.

Page 16 of 19
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Casel. Ifxe[-1,0) and y € [1, %), then for each @ € (0,1) we have

- _ (9 11 1 5 lx— 2|
(T, TSY) =pu|l == ) =7 o (%,8Y) = po | %, = ) = ———2—,
PulTr, TSy) = (8 8) 4In(l - ) Pal:Sy) = (x 8) In(1 - «)
- (9 ly-3 ~ (1 y- %l

o :T = Pa y T ) =~ 3 o ,TS = Pu y — ) = — .

o (9, Tx) = (y 8) o) 0o (9, TSY) = P\ ¥ 3 )

: : 5 9 11 5 - 1 1 5 9
Since inf, [ g) e, 17y imax{le — gl 1y = gy - g1} = §, ie, g — gmax{ly =gl ly - gl Iy -

18—1|} <Oforallx e [-1,0)and y € [1, %), it follows that for each @ € (0,1)

1 1 _s _9 _1u
I lx— 21 -~ ly -5l ’_ ly—3 <0,
4Inl-a) 2 Inl-o) In(l-«) In(l-a)

which implies that (3.1) holds. Similarly, we have

9

5 7 1 - ~( 9 ly -3l
aS,ST =Pal =» < == o yT = Pu o =— ’
Pa(Sy, ST2) = p. (8 8) i) OT=p (y 8) n(1—a)

5 - 2| 7 lx - Z|
o )S = Pa y | = — 8 ) o ;ST = Po y— | = — 8 .
Pa:5) p(x 8) ni_a) ST p(x 8) n(l-a)

Since inf, () (1,17 {max{ly - =2 lx— 2 =1, ie, 2 — Fmax{ly— 3|, lx— 2|, |x -

%|} <O0forallx € [-1,0)and y € [1, %), it follows that for each « € (0,1)

R S O B N et LN Lt 1N O
4Inl-w) 5 Inl-«) Inl-«) InQ-«)| ="

which implies that (3.2) also holds.

Case2.Ifxe[-1,0)and y € [%, 3], then for each « € (0,1) we have

- (91 1 7 lx = 7|
(T, TSY) = pu| =, = | = ——————, o (5,59) = po %, =) = ———8
PuT TSy) = (8 8> 4In(1 - ) Pal®:Sy) = (x 8) In(1-«a)
N R ly -3 - ./ 1 -5

o ’T = Pa . == ) (] yTS = Pu y = - .
Puly T = B (y 8) mi—a)y PO TD=P\r g )= At

: : 7 9 1 7 1 1 7 9
Since inf, [ g) ez s{max{lx — gl Iy = gl ly = 511} = g, ie, g — g max{lx— gl ly - gl Iy -

18—1|} <Oforallxe[-1,0)and y € [}—Z, 3], it follows that for each « € (0,1)

1 1 _7 _9 _u
~ L I et - ly -3 ,_Iy gl <0,
4Inl-a) 2 Inl-o) In(l-a) In(l-a)

which implies that (3.1) holds. Similarly, we have p,(Sy, STx) = pa(%, %) = 0, which shows
that (3.2) also holds.
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Case 3. If x € [0,1] and y € [1, ), then for each o € (0,1) we have p,(Tx, TSy) =

’ 16
501(% 18—1) = 0, which shows that (3.1) holds. In addition, for each « € (0,1) we have
57 1 ~ 11 ly- 4
aSﬂST =Pal\ S5 )= 7 v o ,T =P\ V5 )=~ 7 7
Pa($9,STx) = (8 8) dn(_a)y POI=r (y 8) n(l-a)

5 7
o= 2] -5l

59 = pu (5,2 ) = (05T = po (22 ) =
Pax,J’—Pa(xyg)——m; Pa X, x—Pa(xyg)——m~

: : 11 5 7 5 :, 1 _ 4 11 5
Since mfxe[o,l]’ye[l,%){max{|y— shlx=3hlx—gltt =2 ie, g —zmax{ly— 5| lx - 3|, |x -

5
%I}fOforallxe[O,l] andye[l,%), then we can obtain that for each « € (0,1)
_ _> _7
B S S N 2 N (N et 1 O
4Inl-a) 5 Inl-a) Inl-o) In(l-a)f

which implies that (3.2) also holds.
Case 4. If x € [0,1] and y € [%,3], then for each « € (0,1) we have p,(Tx, TSy) =
/5a(1,71, 18—1) =0, po(Sy,STx) = pa(%, %) =0, which imply that (3.1) and (3.2) hold.

Thus, all the conditions of Theorem 3.1 are satisfied. This shows the validity of the hy-
potheses of our main results.
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