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1 Introduction
In this paper we consider the existence of at least one positive solution of the fractional

differential equation
—Dg, u(t) :f(t,u(t)), 0<t<l, 1)

subject to the boundary conditions
u(0) =0, u(l) = Hp (go(u)) + /Hz (s,u(s)) ds, (2)
E

here E € (0,1) is some measurable set, 1 < a < 2, D§, is the Riemann-Liouville fractional

derivative and ¢ is a linear functional having the form

1
(1) = /0 u(t) do (1), 3)

where the integral appearing in (3) is taken in the Lebesgue-Stieltjes sense, 6 is a function
of bounded variation.
Let us review briefly some recent results on such problems in order to see our problem

(1)-(2) in a more appropriate context.
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So far, in view of their various applications in science and engineering, such as fluid
mechanics, control system, viscoelasticity, porous media, edge detection, optical systems,
electromagnetism and so forth, see [1-15], fractional differential equations have attracted
great attention of mathematicians.

There are a great number of works on the existence of solutions of various classes of
ordinary differential equations and fractional differential equations; readers may refer to
[16-32].

Some of them discussed two-point boundary value problems. For example, Bai and
Li [6] studied the following two-point boundary value problem of fractional differential
equations:

Dg+u(t)+f(t,u(t)):0, 0<t<l1, @
4
u(0) = u(1) =0,

where 1 < o <2, Dj, is the standard Riemann-Liouville fractional derivative. By means
of Guo-Krasnosel’skil’s fixed point theorem and the Leggett-Williams fixed point theorem
they obtained the existence of positive solutions.

Some authors discussed multi-point boundary value problems, for instance, by using
fixed point index theory, the Krein-Rutman theorem and some other methods, Jiang [7]
studied the eigenvalue interval of the multi-point boundary value problem

Du(t) — Mu(t) = A (6, u(®)), tel0,1],

" (5)
u(0) =y pu(&),
i=1

where 0 < @ <1, D* is the Caputo derivative, M > 0,0 <& <& <---<§, <1.

There are also results on fractional boundary value problem with integral boundary con-
ditions, let us refer to Vong [8]. He investigated positive solutions of the nonlocal bound-
ary value problem for a class of singular fractional differential equations with an integral
boundary condition,

‘D u(t) +f(t, u(t)) =0,

1 (6)
W(0)=---=u""(0) =0, u(l) = / u(s) du(s),
0

where n > 2, a € (n—1,n) and u is a function of bounded variation.
To proceed, Goodrich [9] considered the existence of at least one positive solution of
the ordinary differential equation

—'(6) =f(t.y(®), 0<t<l,

3(0) = H (o)) + /E Hy(sy(s)ds,  y(1)=0,

in which the boundary condition is more general.

Motivated by the above works, we decided to consider the problem (1)-(2). As to
the novel contributions of this work, we hold in the first place that the problem dis-
cussed in [9] is an ordinary differential equation, while we take a look into the frac-
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tional differential equation under the same boundary conditions. Secondly, the bound-
ary conditions are more flexible and general than often. Let us take the condition #(0) =
Hi(pw)) + |,  Hy(s, u(s)) ds into consideration, where Hj, H,, ¢(u) are defined in the se-
quel. If Hl(go(u)) + [z Ha(s, u(s)) ds = 0, the conditions are the standard Dirichlet boundary
conditions. Readers might refer to Bai and Lii [6]. As far as we are concerned, ¢(u) varies
among many sorts of functionals If Hy(p(u)) = fF u(t) dt (where F C E € (0,1) is defined
in the sequel) or Hj(¢(u /[0 1 (¢) d6(¢), our conditions reduce to integral boundary
conditions, while if H1(<p(u)) = 21:1 |a;|u(&;), we have multi-point boundary conditions.
Thirdly, compared to Goodrich [9], we make an adjustment to the Green function and
define a function r(-) instead of a constant which affects the defined cone.

This paper is organized as follows. In Section 2, we review some preliminaries and lem-
mas. In Section 3, a theorem and five corollaries about the existence of at least one positive
solution of problem (1)-(2) are obtained. Lastly, we give an example to illustrate the ob-
tained theorem.

2 Preliminaries and lemmas
For the convenience of the readers, we give some background materials from fractional
calculus theory to facilitate the analysis of the boundary value problem (1)-(2).

Definition 2.1 ([2]) The Riemann-Liouville fractional integral of order « > 0 of a function
y:(0,+00) — R is given by

Ig.y(t) = / (t—5)*y(s)ds,

T(e)

provided the right side is pointwise defined on (0, +00).

Definition 2.2 ([2]) The Riemann-Liouville typed fractional derivative of order « (¢ > 0)
of a continuous function f : (0, +00) — R is given by

D 0= () [ a9

where n = [«] + 1, [¢] denotes the integer part of number «, provided that the right side is
pointwise defined on (0, +00).

Lemma 2.1 ([2]) Leta > 0.Ifweassumeu € C(0,1)NL(0,1), then the fractional differential
equation

Dg+ M(t) = 0

has u(t) = it + cpt* 2+ -+, t%", ¢, €R, i =1,2,...,1, as a unique solution, where n
is the smallest integer greater than or equal to «.

Lemma 2.2 ([2]) Let u € C(0,1) N L(0,1) with a fractional derivative of order o (o > 0)
that belongs to C(0,1) N L(0,1). Then

tOt—}’l

I§. DG u(t) = u(t) + at® 4t w7, forsomec; €R,i=1,2,...,n,

where n is the smallest integer greater than or equal to «.
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Remark 2.1 ([2]) The Riemann-Liouville type fractional derivative and integral of order
a (a0 > 0) have the following properties:

DI u(t) =u(t),  I&1bu(t) =I5 u(e), «,B>0,ueL(0,1).

Lemma2.3 Letu € C[0,1] and 1 < « < 2. Then the fractional differential equation bound-
ary value problem

Dy.u(t) +y(t) =0, 0<t<l,

u(0) =0, u(l) = Hy ((p(u)) + /EH2 (s,u(s)) ds,

has a unique solution,

1
u(t) =1 |:H1 (go(u)) + /EH2 (s,u(s)) dsi| +/ G(t,s)y(s) ds,
0
where

1 | l1=-s)*1=-(t-9)*1, 0
G(t’S) = Ta) toz—l(l _ S)a—l’ O

Proof We may apply Lemma 2.2 to reduce (1) to an equivalent integral equation,
u(t) = =I5, y(s) + at®t+et* 2, eR.

Consequently, the general solution of (1) is

t— a-1
/ ( F(s)) y(s)ds + c1t® ™ + ct*%, cp,c0 €R.

By (2), we have

)a—l

1 —
a1 = Hi(p(u)) + /EHZ (s, u(s)) ds +‘/0 %y(s) ds,

C2:0.

Therefore, the unique solution of problem (1) and (2) is

u(t) = "‘1|:H1 szsus) :|

a—-1
/ (tF()) y(s)ds + t*~ 1/ - y(s)ds
= o1 |:H1(<P(u)) +/H2(S, u(S)) d3:| +f G(t,s)y(s) ds.
E 0

The proof is complete. O
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Lemma 2.4 ([6]) Let (a,b) C (0,1) be an arbitrary but fixed interval. Then the function
G(t,s) defined by (8) satisfies the following conditions:

(1) G(z5s) >0, fort,s€(0,1);

(2) there exists a positive function y(-) € C(0,1) such that

ar;ltiélb G(t,s) = y(s) 5151?5)(1 G(t,s) = y(s)G(s,s), foreach0 <s<1. 9)
Lemma 2.5 ([4]) Let B be a Banach space, and let K C B be a cone. Assume 2, Q2 are
open and bounded subsets of B with 0 € Q;, Q1 C U, and let T: K N (2, \ Q1) > K bea
completely continuous operator such that
(D) NTull < lull, u € KN 3y, and || Tull > ||ull, u € K N 32y; or
(i) | Tull = |lull, u € KN 3R, and || Tul| < ||ull, u € KNIQ,.
Then T has a fixed point in K N (€ \ Q1).

In order to get the main results, we first need some structure on H;, Hy, ¢, and f ap-
pearing in problem (1)-(2).

Let B be the Banach space on C([0,1]) equipped with the usual supremum norm | - ||.
Then define the cone K C B by

K={ueBlu®=0, min u®) = y*lul, e, ¢2(0) = 0},
as<t=<

where y* = min{mine[4 s t"‘l,minse[a,b] y(s)}.
Define the operator 7 : C[0,1] — C[0,1] by

Tu(t) = 27! |:H1 ((p(u)) + /EH2 (s, u(s)) ds:| + /: G(t,s)f(s, u(s)) ds. (10)

Here we come to the nine significant assumptions.

(Hy) Let H; :[0,+00) — [0, +00) and H, : [0,1] x [0, +00) — [0, +00) be real-valued con-
tinuous functions.
(Hy) The functional ¢(u) := f[OJ} u(t) dO(t) can be written in the form

mm=@wwwmn:/

[0,1

u(t) doy(t) + / u(t) do,(2), (11)
] [0.1]

where 0, 6y,6, : [0,1] — R satisfy 6,6,,6, € BV([0,1]), and ¢y, ¢, are continuous linear
functionals.
(Hs) Thereis a constant C; € [0,1) such that the functional ¢ in (11) satisfies the inequality

()| < Cillul (12)
for all u € C([0,1]). Furthermore, there is a constant C, > 0 such that the functional
@y in (11) satisfies |@o(u)| > C;||u|| whenever u € K.

(Ha) For each given € > 0, there are C3 > 0 and M, > 0 whenever z > M, and we have

|Hi(z) - Csz| < £Csz. (13)

Page 5 of 15
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(Hs) There exists a function F : [0, +00) — [0, +00) satisfying the growth condition
F(u) < Cau (14)

for some C, > 0, having the property that for each given ¢ > 0, there is M, > 0 such
that

|Hy(x, 1) — F(u)| < eF () (15)

for all x € [0,1], whenever u > M,.
(He) Assume that the nonlinearity f(¢, #) splits in the sense that f(¢, ) = a(t)g(u), for con-
tinuous functions a : [0,1] — [0, +00) and g: R — [0, +00) such that a is not identi-

cally zero on any subinterval of [0,1].

g(u)
u

: () _
(Hg) Suppose lim,,_, .o, €2 = 0.

(Hg) For eachi=1,2 both

(H7) Suppose lim,,_ ¢+ = +00.

/ 71 do(5) = 0 (16)
[0.1]
and
/ G(¢,5)do,(¢) > 0 (17)
[0.1]

hold, where (17) holds for each s € [0,1].

3 Main results
In this section we state and prove the existence theorem of problem (1)-(2).

Lemma 3.1 Let T be the operator defined in (10). Assume conditions (Hy)-(Ho) hold. Then
T :K — K, and the operator T is completely continuous.

Proof Now we divide the proof into two steps; in the first step we prove that 7: K — K,
then in the next, the conclusion that the operator T is completely continuous is treated.
Step 1. Here we are going to show that T': K — K. In fact, since Hy, H,, a4, and g are
all nonnegative, it is easy to find that whenever u € K, it follows that (Tu)(¢) > 0, for each
t € [0,1], where we use the fact () > 0, following H;(¢(x)) > 0.
On the other hand, provided u € K we get

tela,b] tela,b)

1
min Tu(t) > min t"“l[Hl(go(u)) +/H2(S, u(s)) ds:| + rr[lirllj]/ G(t,s)f(s,u(s)) ds
E tela, 0

- - 1
> yo| Hi(p(w)) + LHz(s,u(s)) ds | + max /0 Y ($)G(5,5)f (s, u(s)) ds

te[0,1]

- 8 b
>y Hl((p(u))+/;H2(s,u(s)) ds |+ max/ y(s)G(t,s)f(s,u(s)) ds

te[0,1]

> yo| Hi(p(w)) + /E Hy(s, uls)) ds
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b
+ min y(¢) max/ G(t,s)f(s, u(s)) ds

tela,b] tef01] J,

=y Tull, (18)

where yp = minge(,p) 7.

Consequently, for each i = 1,2 we deduce that
©i(Tu) = / T |:H1 ((p(u)) + /Hz (s, u(s)) ds:| do;(t)
[0.1] E

1
' /[o,u </o Glt,)al9)g(u(s)) ds) do,(t)
= |:H1((/)(M)) + /EHz(S, L{(S)) ds:| ‘/[;),1] ol d@,‘(t)

1
’ /0 |:/[0,1] G(£,5) d@i(t)}ﬂ(s)g(”(S)) ds

>0, (19)

where the inequality follows from assumption (Hy). Thus, ¢;(Tu) > 0, therefore as desired
we conclude T(K) C K.

Step 2. In this part we turn to the proof that T(2) in the sequel is bounded as well as
equicontinuous with the help of the Arzela-Ascoli theorem.

With the continuity of Hy, Hy, 4, and g, it is easy to find T is continuous.

Let Q C K be bounded, namely, there exists a number M > 0, such that for each u €
we have |lu|| < M. By the continuity of H;, H, and ¢, we find H;, H, are bounded, so there
exist constants P > 0 and Q > 0 such that |H;(¢(2))| < P and |H, (¢, u(t))] < Q.E € (0,1) is

a measurable set, take L = maxX;e[o1)uefo.m | (¢, #)| + 1, then

|(Tio)(0)] =

1
(o1 [Hl(w(u)) +/H2(s, u(s)) ds] +/ G(t,s)f(s,u(s)) ds
E 0

1
< |H1(<p(u))| +/’H2(s,u(s))|ds+/ G(t,s)[f(s,u(s))|ds
E 0
1
<P+ Qm(E) +L/ G(t,s)ds
0
1
<P+ Qm(E) +L/ G(s,s)ds
0

=P+ Qm(E) + (20)

Fla+2)

Hence T(L2) is bounded.
For each u € Q, 1,1, € [0,1], f < t5, and assuming there is a § > 0, such that £, — f; < §,
for each ¢ > 0 put

1

. 1/ ¢ = e a1 £ o
§=minie, = — , , , (21)
{ 2<2N> [2(a—1)N] <2Noe> }

Page 7 of 15
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where N = P+ Qm(E) + w75 a+1 , we find [(Tu)(t;) — (Tu)(t1)| < &, so that T(2) is equicontin-
uous.
Indeed,

|(Tu)(t2) - (Tu)(t1) |

= |ty 1[H1 /Hz s, U ds:| +/ Glt2, )f (s, uls)) ds

0

—t [1-11 (o(w) + /EHz(S, u(s)) ds} —/ G(t1,9)f (s, u(s)) ds
0

1
= (tg—l - t‘l)‘—l) [Hl (go(u)) + /Hz (s, u(s)) dS:| + / (G(tz,S) - G(tl,s))f(s, u(s)) ds
E 0

< (=) I o) + [ Pt ) s

N (22)

1
/ (G(tz,s) - G(tl,s))f(s, u(s)) ds
0

By the continuity of H;, H,, and ¢, we find H;, H, are bounded, so there exist constants
P >0 and Q> 0 such that |[H1(¢(£2))| < P and |H, (¢, u(t))| < Q. E € (0,1) is a measurable
set, take L = maxXe[o1),uefo.m |f (¢, 1)| + 1, then

|(Tu)(8) - (Tu)(t1)]
< (&~ ) [P+ QmE f |(Gltars) - Gltn,9)f (5, u(5)) | ds
< (5" -g7)[P+Qm(B)]
L i a-1 o-1 a-1 a-1 a-1 a-1
m[/o ’tz 1-8""=(L—9)* " =t (1-8""+(t1—5) ’ds

2
¥ / |57 (19" = (8 - 9)* ! - 57 (1 - 5)* | ds
5]

1
+ / |71 - ) - 7 157 ds}
5]

< (& - [P+ QmE)] + T{V — 1|/ 1- ) ds

t;
e [ et - s o - l\f o ds
0

2
+ / (8, —5)*Lds+ |L‘g’1 - t‘1”1| / (1-s)! ds}
t 7]

L L
= (5 - |:P + Qm(E) + Tas 1)] + TarD) (5 —17). (23)

Next we discuss the following three cases.
Casel.§ <t <ty<l.

&

o -
o bh-t)<(@-1)§"1< —, 24
) 1 = 52 (2 1) (o ) =5N° ( )
N €
t _t1_81 (th—t) <ab <y\]

Page 8 of 15
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Case2.0 <t <8<ty<26.

£
@4—ﬁ45645@&”4526, (25)

£

By -t <t <(28)% < —.

2 —h <ty <( )—2N
Case3.0 <t <t <é.

&
tg—l _ ttlx—l < tg—l < 80{—1 <

=5N (26)

&
15—t <ty <8< —.
2 1 =2 = =~ 9N

Hence |[(Tu)(t2) — (Tu)(t1)| < e.
From the Arzela-Ascoli theorem, T is completely continuous. The proof is complete.

O

With Lemma 3.1 in hand, we are now ready to present the first existence theorem for
problem (1) and (2).

Theorem 3.1 Assume that conditions (Hy)-(Ho) hold. Suppose that
CiC3+ Cym(E) <1 (27)
and that E € (0,1). Then problem (1)-(2) has at least one positive solution.

Proof Begin by selecting a number #; such that

b
w [ y*G(g,s)a(s)dsz 1 28)

From (H7), there exists a number r; > 0 such that g(u) > n,u whenever 0 < u < ;. Then

set
Q= {ueB:|ull <n}, (29)
for u e KN 0, we find
1 1 71 b 1
(L) = f 6(L,s)alo)g(u(s)) ds = lullm / y*G( L5 )ats)ds
2 o \2 p 2
> [Jull, (30)

from the definition of norm || - ||, we get || Tu|| > ||«||, and so, T is a cone expansion on
KNoag,.

Page 9 of 15
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From condition (27), we choose a positive number ¢ small enough, so that we may as-

sume
CiC3e + C1C3 + & + (Cy + Che)m(E) < 1. (31)

Since ¢1(u) > 0, it follows that @(u) > @2 (1) > Co||lu|l, if ||u| > Aé[—z", then ¢(u) > M,, and
then by condition (Hy), we have

[Hi(p(w)) - Csp(w)| < eCs(u). (32)

For E & (0,1), we may select 0 < a < b < 1 such that E C (a, b). By the definition of the
cone, we have

min u(f) > min u(t) > r*|u]. (33)
teE tela,b)

If [|ul| > 2=, then
min«(¢) > min u(t) > r*||u|| > r* — = M,. (34)
teE tela,b] r*

Hence, by condition (H;) we get

|Hy (%, u(s)) = F(u(s)) | < eF (u(s)). (35)
Provided that
Jul zmax{j‘ci:,%}, (36)
both (32) and (35) hold.

Next we are going to discuss these two cases: g is bounded and unbounded on [0, +00),
respectively.
Now if g is bounded on [0, +00), then there exists r, > 0 sufficiently large such that

gu) <r,, foranyu=>0. (37)

Indeed, we might assume without loss of generality that

ry€

_— 38
: [ Gls,s)al(s)ds )

g(u)

where ¢ is selected sufficiently small such that both (32) and (35) hold. We define a number

Q= {ueB:|lul <ry}. (39)

Page 10 of 15
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Then for each u € K N 0825 we find that

1
I Tull < Hi(p(w)) + /E Hy (s, u(s)) ds + /0 G(s,s)a(s)g(u(s)) ds
< |Hi(¢(w) - Czp(w)| + Cs|o(w)| + /E|H2(S» u(s)) — F(u(s)) | ds
1
+ /E|F(u(s))|ds +/0 ryeds
<eCGllull + GG |lull + m(E)Cy(1 + &)|ul| + &||u]]

= [CiCse + C1Cs + m(E)Ca(1 + &) + €] [lull
=< lull, (40)
whence T is a cone compression on K N 982

On the other hand, assume g is unbounded on [0, +00). From condition (Hg) there is a
number r3 > 0 such that g(«) < n,u whenever u > r3, where 1, is picked with

1
2 /0 G(s,s)a(s)ds < e. (41)

Since g is unbounded on [0, +00), we can find a number r satisfying

. 2 M, M,
r3>Maxy —,73, =
14

Coort

such that g(u) < g(r}) for any u € [0,r3].
Take

Q= {ueB:|lul <r3}. (42)

Then for each u € K N 082,z we find that

1
I Tull < Hi(p(w)) + /Hz (s, u(s)) ds +/ G(s,8)a(s)g(u(s)) ds
E 0
< }Hl ((p(u)) - Cg(p(u)’ + Cg}(p(u)| + /E|H2(s, u(s)) —F(u(s)) ’ ds
1
+ /E|F(u(s)) \ ds + /0 G(s, s)ol(s)g(r;) ds

1
< Czep(u) + C1Cslu|| + /E(l + E)F(M(S)) ds + /0 G(s,s)a(s)g(rg) ds

<eCGiGllull + CiGllull + m(E)Ca(l + &) llull + ]|
= [Cngs +C1C3 + m(E)Cy(1+¢) + 8] [lae]|

< llull, (43)

whence T is a cone compression on K N 9€2,x.
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Therefore, in either case, define r; = max{r;,r;}, we find || Tu| < |lu|| whenever u € KN
9€2,z. From Lemma 2.5, we claim that problem (1)-(2) has at least one positive solution;
the proof is complete. d

Next we are going to give some corollaries since ¢(«) admits a wide variety of function-
als. First we assume H;(¢(u)) = 0, then, respectively, that H;(¢(u)) = fF u(t) dt, Hy(o(u)) =
Yo lailu(g;) and Hy(o(u)) = f[0,1] u(t) do(t), where F C E € (0,1) is not Lebesgue null. In
addition, we know u(0) = 0 is also well defined and if #(0) = 0 the problem as well as the
boundary conditions are similar to [6].

Corollary 3.1 Assume that conditions (H:), (He)-(Ho) hold, then the problem with Dirich-
let conditions

—-Dg, u(t) =f(t, u(t)), 0<t<l,
(44)
u(0) =0, u(1) =0,

has at least one positive solution.

Corollary 3.2 Assume that conditions (H;)-(Ho) hold. Suppose, in addition,
C1C3 + C4Wl(E) < 1,

and F C E € (0,1) is not Lebesgue null, and m(F) < C,, then the problem with integral
conditions

—-Dg, u(t) =f(t, u(t)), 0<t<1,

u(l) = /Fu(t) dt + /EH2 (s,u(s)) ds, u(0) =0,

has at least one positive solution.

Corollary 3.3 Assume that conditions (Hy)-(Ho) hold. Suppose, in addition,
C1C3 + C4W1(E) <1,

and E € (0,1) is not Lebesgue null, and Y, |a;| < Cy, then the problem with multi-point
conditions

-Dg, u(z) :f(t, u(t)), 0<t<l,

) (46)
uV) = 3 lardu(e:) + fE Hy(suls)ds,  u(0)=0,
i=1

has at least one positive solution.

Corollary 3.4 Assume that conditions (Hy)-(Ho) hold. Suppose, in addition,

C1C3 + C4W1(E) <1,
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and E € (0,1) is not Lebesgue null, and the total variation of 6 over [0,1] satisfies Vio1)(0) <
Cy, then the problem with the Lebesgue-Stieltjes integral conditions

—-Dg, u(t) :f(t, u(t)), 0<t<l,

u(l) = /[‘0,1] u(t)do(t) + /EHZ (s, u(s)) ds, u(0) = 0,

has at least one positive solution.

Specially, take 6(¢) = t2 - ¢, for any x, y € [0,1] we have
0(x) - 00)| = |(x-Nx+y-1)| < [x—yl,

then
Vioy(0) = Z|9(xi) - H(xi—1)| < Z loe; — ;1| = Z(xi -xi) =1,

i=1 i=1 i=1

thus we have the following corollary.

Corollary 3.5 Assume that conditions (H;)-(Hs) and (He)-(Ho) hold. Suppose, in addi-
tion,

C1 C3 <1,
then the problem

-Dg, u(t) =f(t, u(t)), 0<t<1,

48
u(1) =/ u(t) d(t2 —t), u(0) =0, (48)
[01]

has at least one positive solution.

4 Example
In this part we give an example of Theorem 3.1.
Define ¢(u) in the first place by

ou) = éu(%) - iu(%) + /[3)31 u(t) dt, (49)
where
() = éu(%) - iu(%) o2(00) = / o (50)

Then define H;, H, by

Hi(z)=In(z+1) +z (51)
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and
Hy (o, 1) = 3u + 24 + €/ u.
It is clear that
Zl_i)nolo‘(ln(z +1)+ z) —z| =0,

and moreover

3u+2x% +eu) -3
lim |3 + 2x° + €°\/u) u|:

U—>00 Su

0,

so conditions (Hy) and (Hs) hold, and we see C3 =1, C4 = 3, and F(u) = 3u.
Now we consider the boundary value problem

-D§,u(t) =f(Lu(t)), 0<t<l,

u(1) = In(p(w) +1) + (u) + /j [3u(s) + 25> + €y u(s)] ds, u(0) = 0,

20

where f (£, u(t)) is a given function with conditions (H7) and (Hg) satisfied. Here E = |

is chosen such that m(E) = % and E C (0,1).
What is more, for each u € K

o] < Sl + Sl + (2= 2 )t =
w| < =lul+ =llull + | = - = )llull = =|lu
Pl =g 4 5710 20

and

1
|2(w)| = EF*IIMII-

(52)

(53)

(54)

20’

(56)

(57)

Then we find that C; = % € [0,1] and C, = %r* > 0, so condition (H3) is met as well.

Finally, after straightforward numerical calculations, condition (Hy) can also be achieved,

since

CiCs+ Com(E) = X 1+3. L <1
+ =—.1+3-—<1.
18 T EME) =50 20

As a consequence, each of conditions (Hj )-(Hy) is satisfied. From Theorem 3.1, problem

(55) has at least one positive solution.
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