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Abstract

In this paper, we consider the following system of nonlinear third-order nonlocal
boundary value problems (BVPs for short):

-bu"(0) = a[ul, (1) +du"(1) = Blul,
v(0) =0, av'(0) - bv"(0) = a[v], o/ (1) +av"(1) = BIv],

where f,g € C([0,1] x R* x R",R"), a[u] = f& u(t) dA(t) and Blul = fo1 u(t) dB(¢) are linear
functionals on C[0, 1] given by Riemann-Stieltjes integrals and are not necessarily
positive functionals; a, b, ¢, d are nonnegative constants with p := ac + ad + bc > 0. By
using the Guo-Krasnoselskii fixed point theorem, some sufficient conditions are
obtained for the existence of at least one or two positive solutions and nonexistence
of positive solutions to the above problem. Two examples are also included to
illustrate the main results.
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1 Introduction
The theory of BVPs with integral boundary conditions for ordinary differential equations
arises in different areas of applied mathematics and physics. For example, heat conduction,
chemical engineering, underground water flow, thermo-elasticity, and plasma physics can
be reduced to nonlocal problems with integral boundary conditions. Moreover, BVPs with
Riemann-Stieltjes integral boundary condition (BC for short) have been considered re-
cently as both multipoint and Riemann integral type BCs are treated in a single frame-
work. For more comments on Stieltjes integral BC and its importance, we refer the reader
to the papers by Webb and Infante [1-3] and their other related works.

In recent years, third-order nonlocal BVPs have received much attention from many
authors; see, for example [4-14]. It is worth mentioning that Sun and Li [12] studied the
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third-order BVP with integral boundary conditions

u” (&) + f(t,u(e),u'(t)) =0, 0<t<l],

: (L1)
w0)=u(0)=0,  uw(1)=f, gty () dr.

Their main tool was the Guo-Krasnoselskii fixed point theorem. Recently, we [14] were
concerned with the existence of a monotone positive solution for the third-order BVP

u”(t) +f(tu(),u'()=0, O0<t<l,
u(0) =0,

au'(0) — bu"(0) = a[u],

cu/(1) + du” (1) = Blul,

(1.2)

by applying monotone iterative techniques, where f € C([0,1] x R* x R*,R*), a[u] =
fol u(t) dA(t) and Blu] = fol u(t) dB(t) are linear functionals on C[0,1] given by Riemann-
Stieltjes integrals.

Furthermore, motivated by the wide applications of systems of differential equations in
biomathematics, the study of systems of BVPs has received increased interest; see [15-28]
and the references therein. In particular, Henderson and Luca [17] established the exis-
tence of positive solutions for the system of BVPs with multi-point boundary conditions

—u"(t) + Ac(t)f (u(t),v(t)) =0, te(0,T),

—V'(0) + nd()g(u(®), v(H) = 0, te(0,T),

au(0) - fu'(0) =0,  w(T)=Y7 auE), m=3,
yv(0)=8v(0)=0,  WT)=Y " bv(n), m=>3

1.3)

by applying the fixed point index theory.
Yang [27] studied the existence of positive solutions for the system of second-order non-
local BVPs

—u"(t) =f(t,u,v),

—V'(t) =g(t, u,v),

u(0) =v(0) = 0, (1.4)
u(1) = Hy(f u(t) de(z)),

v(1) = Hp(f, v(t) dB(z))

by using fixed point index theory in a cone.

Infante and Pietramala [19] studied the existence of positive solutions for a system of
perturbed Hammerstein integral equations by fixed point index theory for compact maps
and illustrated their theory by studying the following system of BVPs:

u'(t) + @O (6 u(®),v(1) =0, 0<t<l,
V() + @Ot ut),v(t) =0, 0<t<l,
u(0) = Hu (Bu[u]), u(1) = Hia(Br2[u]),
v(0) = Hyi (Bar[v]), V(1) = Hy(B2[V]).

(1.5)
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The result was quite general and covered a wide class of systems of BVPs. Here f;[w] was
of the form B;[w] = fo w(t) dB;(t) involving positive Riemann-Stieltjes measures.

Inspired greatly by the above-mentioned excellent works, in this paper, we are concerned
with the following system of third-order BVPs:

-u"(t) =f(t,v(t),V (), te(0,1),
—v"(t) = g(t,u(t),u'(2)), te(0,1),

1.6
u(0) =0, au'(0) — bu”(0) = alul, c' (1) +du” (1) = Blul, (16)
v(0) =0, av'(0) —bv'(0) = a[v], /1) +dv’'(1) = Blv],
where f,g € C([0,1] x R* x R*,R"), a[u] = fo t) and Blu] = fo u(t) dB(t) are linear

functionals on C[0,1] given by Riemann- Stlelt)es 1ntegrals with signed measures; 4, b, c,
d are nonnegative constants with p := ac + ad + bc > 0. To the best of our knowledge, the
study of existence of positive solutions of third-order differential systems (1.6) has not
been done.

A vector (u,v) € C2(0,1) x C2(0,1) is said to be a positive solution of BVP (1.6) if and
only if u, v satisfy BVP (1.6) and u, v are positive on (0, 1). The proof of our main results is
based on the well-known Guo-Krasnoselskii fixed point theorem, which we present now.

Theorem 1.1 Let E be a Banach space, K C E be a cone, and Q1 and Q2 be bounded open
subsets of E with 0 € €, Q1 C Q. Assume that A : K N (Q\) = K is a completely
continuous operator such that either

(i) JAull < |\u|l foru e KN 32 and ||Aull > ||u|| for u € KN 3Qy; or

(i) |Awu| = |lu|| for u € KN and || Aul| < |u| foru e K Na2,.
Then A has a fixed point in K N (Q23\$21).

2 Preliminary lemmas
In this section, we adopt the ideas and the method which have been widely used and which
are due to Webb and Infante in [1, 2].

In our case, the existence of positive solutions of nonlocal BVP

u”(t) +f(t,u(),u'(t)=0, O0<t<l,
u(0)=0

au'(0) — bu"(0) = a[u],

cu'(1) +du”’ (1) = Blu]

(2.1)

with two nonlocal boundary terms «[u], B[] can be studied via a perturbed Hammerstein
integral equation of the type

1
u(t) =y@alu] +6(t)Blul + / G(t,s)f(s, u(s),u/(s)) ds =: Tru(?). (2.2)
0
Here y(¢), 5(¢) are linearly independent and given by

-y () =0, y(0) =0, ay'(0) - by"(0) =1, cy/(1)+dy”"(1) =0,

=8"(t) =0, 5(0)=0, ad'(0) - bs"(0) =0, c8'(1)+ds"(1) =1,

Page3of 13
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which imply y (¢) = % and §(¢) = %ﬂzbt, t €[0,1]. Let || - || be the usual supremum

norm in C[0,1]. A direct calculation shows that for ¢ € [0,1-60],0 <6 < %,

v =cllylloe 8= c2ll8llocs
v'Ozdily'|, and 8@ =zd|8],,

(2.3)

2 2 . .
where ¢; = 269+62+”§il‘69 , Cy = “9a++22bb9, d = Cf:; and d, = “;:: ; G(t,s) is Green’s function for

the corresponding problem with local terms when &[] and B[u] are identically 0, i.e.,

(at? +2bt)(c(-s)+d)  (t=s)>

- ’ 0 E N E t S 11
G(ts) = (mhzb;(p (1=s)+d) ’
c(1-§
T 0<t<s<l.

In the remainder of this paper, we always assume that
(H1) 0 <afy],Bl8] <1, «[8], Bly] = 0 and D:= (1 - a[y])(1 - B[8]) — «[8]B[y] > O;
(H2) A, B are functions of bounded variation, and K4(s), Kg(s) > 0 for s € [0,1], where

1 1
Ku(s) = / G(t,s)dA(t) and Kp(s):= / G(t,s) dB(?).
0 0

As shown in Theorem 2.3 in [1], if u is a fixed point of T} in (2.2), then u is a fixed point

of S, which is now given by

1 1
Su(t) := % ((1 - ,6[8]) /0 ICA(s)f(s, u(s),u’(s)) ds + a[8] /0 ICB(s)f(s,u(s), u/(s)) ds)

1
+ % (ﬂ [V] /; ’CA (S)_f(s’ u(S), u/(s)) dS
! 1
*{L-ely]) / Ka(s)f (s, uls), ' (s) ds) + / G(,5)f (s, u(s), u'(s)) ds
0 0
= /1 Gs(t, 9)f (s, u(s),u/(s)) ds
0

in our case. The kernel G is Green’s function corresponding to BVP (2.1). By Lemma 2.1

and Lemma 2.2 in [14], we can get the following properties of Green’s function.

0
Lemma 2.1 Let p:=ac+ad +bc>0,c3= %, 0 <6 < 1. Then G(t,s) satisfies

G(t,s) < ®(s) fortel0,1],s€[0,1],

G(t,8) = c3®P(s) forte[h,1-0],s€]0,1],
where ®(s) = %(h +as)(d +c(1-5s)),se€[0,1].
Lemma 2.2 Let ¢y = min{ci, ¢z, ¢c3}. Then Gs(t,s) satisfies

Gs(t,5) < Py(s) forte[0,1],s€[0,1],

Gs(L,8) > coPi(s) forte[0,1-6],5s€[0,1],

Page 4 of 13
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where ®(s) := 1= (1 B[81)KCa(s) + @ [81KCx(s)) + L2 (B[y 1KCa(s) + (L - [y ])Kx(s)) + D(s),

se[0,1].
Lemma 2.3 Let dy = min{d,d»,ds}, d3 = %&ﬂ;}m, 0<0<1,and
@2(9) = I [(1- BI51)KA() + aloIKs(9)]
18"l oo
5 [BIY1Ka(s) + (1 - aly])Kp(s)] + D(s).
Then %Ets) satisfies
3Gs(t,
I can9 forecionlseo)
3Gs(t,
;(t D 2 dod(s) forte[0,1-0]s < [0,1],

Proof For s € [0,1], by the fact

3G(t,s) (b+as)(d+c(1-t)) _ (b+at)(d+c(1-t)) p®d(¢)

2t | Gras@rcizs) = Granidrci=s) = @berdy 0=s=t=1L
D(s (b+at)(d+c(1-s)) _ (b+at)(d+c(1-t)) pd(t)

) bras) drc(os) = (bras\drcD) = @ibierd) O0=t=s=1

S0 aGa(tt’S) > £ mi(r;‘fl[f;‘(lcfji)q)(t) ®(s), t € [6,1-6], s € [0,1], which together with (2.3) shows that

9G53) > dyds(s) holds. O

Let E = {C'[0,1] : u(0) = 0} equipped with the norm ||z|| = max{||||e, |#'||c0}, Where
|l£]| o is the usual supremum norm in C[0, 1]. Similar to Lemma 2.1 in [29], we can get the

following lemma.

Lemma 2.4 Ifu € E, then ||u| s < ||t/ ||co- And so, E is a Banach space when it is endowed

with the norm ||ul| = ||t/ || oo-

Define
K= {u CE:ult)>0,u/(t)>0,t€[0,1], min ' (£)> dolull }
te[6,1-6]

Then it is easy to verify that K is a cone in E.
For u € K, we define

1 1
(Tu)(t):/0 Gs(t,s)f(s,/o Gg(s,r)g(T,u(r),u’(t))dt,

1
/ wg(r,u(t), (1)) df) ds, te[0.1].
0 as

It is easy to see that if x is a fixed point of T in K, then BVP (1.6) has one solution (u,v),
where

u(t) = x(t),
We) = [ Gs(t,s)g(s, x(s), %' (s)) ds.
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Lemma25 7T:K — K.

Proof Itis obvious that (Tu)(t) > 0 and (Tu)'(¢£) > 0. Moreover, for ¢ € [0,1], by Lemma 2.3,
we have

1 G : 1
(Tw)(t) = /0 ;(Lf S)f<s, /0 Gs(s,1)g(z, u(z), u' (1)) dr,

1
/ wg(T’ M(T),M/(T)) d7:> dS
0 as

< /01 <I>2(s)f(s,/01 Gs(S,T)g(‘L’,M(T), u’(r)) dr,

1
/ aGS_(S’T)g(r, u(r),u (7)) dt) *
o as

and hence
1 1
” TM” S/O q>2(s)f<S’/O GS(S;T)g(T;M(T),M (T)) dT’

1
/ 8G54(S,‘E)g(7:, u(t), u/(T)) dt) ds.
0 as

Moreover, it follows from Lemma 2.2 that for ¢ € [6,1 - 0],

1 1
(Tu) (¢) = [0 an(;’s)f(s, /0 Gs(s, 1)g(t, u(x),u' (1)) dr,

1
/ Mg(r, u(r),u (7)) dt) *
o as

1 1
> do/o @2(s)f<s,/0 Gg(s,r)g(t,u(r),u’(t)) dr,

1
/ aGS_(S’T)g(r, u(r), (7)) dr) *
o 0s

= do | Tull.
Then we get

min (Tu)'(t) > do|| Tul,
te[6,1-6]

which shows that TK C K. g

Similar to the proof of Lemma 2.4 in [28], we can get the following lemma.
Lemma 2.6 T :K — K is completely continuous.

3 Mainresults
Denote

t,x, . L%,
f° = lim sup max AULS)) and g° = limsup max gexy) ,
xty—>0F te[0l]] X +Yy xty—0+ te[0l] X +Yy

Page 6 of 13
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t! X, . . . t! X,
Jo=liminf min ACL) and go =liminf min ‘u,
x+y—>0*te[0,1-0] X +y x+y—>0*te0,1-0] X +y
f°° = limsup max VACL) and g™ = limsup max 4G x,y)’
x+y—>+oo t€[01] X + Y x+y—>+oo t€[01] X + Y
.. . t, x, . . t,x,
foo = liminf min u and go = liminf min u,
xty—>+0tel,1-0] X +y x¥+y—>+00telf,1-0] X+ Yy

) 1
A= /0 D, (s) ds, B, = 2_/0 (P1(s) + P2(s)) ds,
o 1-6
Ay = do / ®,(s) ds, B, = do/ (COCD1(S) + d0d>2(s)) ds.
) 0

Theorem 3.1 Assume that A1f° < 1 < Ayfo, and Big° < 1 < Bogoo. Then BVP (1.6) has at
least one positive solution.

Proof In view of A;f° <1 and B,g° <1, there exists &, > 0 such that
Al(f0 + 81) <1, Bl(go + 81) <1 (3.1)
By the definition of ©, g°, we may choose o7 > 0 so that

ftxy) < (O +e1)(x+9),

(3.2)
glt,x,y) < (go + 81)(x +y), tel0,1],(x+y)€[0,01].

Set Q1 = {u € E||lu| < 01/2}. It follows from (3.1), (3.2), Lemmas 2.2 and 2.3 that for any
ue KNoy,sel0,1],

/1 (Gg(s, T)+ %)g(r, u(7), u’(r)) dt
0 N

1
< / (@1(7) + @2(1)) (¢° + &1) (ulr) + /(1)) dt
0
1
<2[lull (g’ + 81)/ (1(1) + Da(1)) dr
0
<o0i. (33)

Then, by (3.1), (3.2) and (3.3), we have

ot

1
./ wg(r, u(t),u'(7)) dt) *
0 as

1 1
(Tw)(t) = /0 aGS(t’S)f<s, /0 Gs(s, 0)g(z, u(z), u' (1)) dr,

1 1
5/ Dy(s)(f° +&1) (/ Gs(s,0)g(t, u(r),u/'(v)) dr
0 0

1
+ /0 %(Ss’ﬂg(f, u(‘l:),u/(z')) d‘L’) ds

1 1
< / Dy (s)(f0 + &1) (/ (@1(7) + P2(1)) (g° + &1) (u(x) + /(7)) dr) ds
0 0
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1 1
< [ D,(s)ds(f° + &1) (/ (P1(s) + Pa(s)) ds) (g% +e&1)2ul
0 0

< llull, ¢tel0,1].
Therefore,
I Tull < llull,  ue€KNo2. (3.4)
On the other hand, since 1 < Ayf and 1 < Bygoo, there exists 5 > 0 such that
As(foo —82) > 1, Biy(goo —82) > 1. (3.5)
By the definition of f,, goo, we may choose o, > 07 so that

f&xy) > (fo —2)(x + ),
2(t,%,9) > (g —&2)(x +y), t€[0,1-0],(x+y) € [0, +00).

(3.6)

Let 0y = max{203,0,/do} and set Q3 = {u € E|||u|| < 03}. Then u € K N 32 implies that
oy <dollull < u'(t), t € [,1-0]. So, for s € [#,1 - 0], in view of Lemmas 2.2 and 2.3, we
have

1
/ (GS(S;T) + M)g(r,u(r)’ u'(v)) dr
0 as
1-0
> /9 (co®1(7) + do P2 (7)) (go — &2) (u(T) + 1 (7)) dT
1-0

aw@mﬁw@l (co®(z) + do®s(r)) d = 0. (37)

Then, for ¢ € [6,1 - 0], by (3.5), (3.6), (3.7), Lemmas 2.2 and 2.3, we have

1 1
(Tu) () :/ wf(s,/ Gs(s, T)g (7, u(r), ' (1)) d,
0 0

ot
1
/ aGS4(S’T)g(t, u(r),u’(t)) dt) ds
0 as
1-6 1
> d0/6 Dy (8)(foo — 82)</0 <Gs(s, )+ 8(;;7(:,{)>g(‘[,u(‘[),u/(t)) dr) ds
1-6
2o [ @)t - eon
0
> |lull, tel0,1].
Therefore,
1 Tull > llull, ueKNoQs. (3.8)

Therefore, it follows from the first part of Theorem 1.1 that T has a fixed point u; € K N
(2,\81). Consequently, BVP (1.6) has a positive solution (u,v) € K x K, here

u(t) = ui (),
W(e) = [ Gs(t,5)g(s, u(s), u}(s)) ds. O

Page 8 of 13
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Theorem 3.2 Assume that A1f*° <1< Ayfo and B1g*> < 1 < Bygy. Then BVP (1.6) has at

least one positive solution.
Proof The proof is similar to Theorem 3.1 and therefore omitted. g

Theorem 3.3 Assume that Ayfy > 1, Agfeo > 1, Bago > 1, Bageo > 1, Bog® < 2 and there is a
> 0 such that

max{g(t,x,y), £ € [0,1],(x +y) € [0, u]} < Z—lf; (3.9)

max{f(t,x,y), € [0,1], (x + ) € [0, M]R% (3.10)
Then BVP (1.6) has at least two positive solutions.
Proof Firstly, in view of Ayfy > 1 and Bagy > 1, there exists € > 0 such that

As(fy—e)>1,  Bylgo—¢e)>1. (3.11)
By the definition of fy, go, we may choose 67 > 0 so that

f&x,y) = (fo - €)x +),

(3.12)

g(t;x)_y)Z(gO_S)(x"'y)v te [011]7(x+y)€ [0761]
Moreover, from B,g° < 2, take p satisfying 0 < p; < g—f&l < i such that

2
gtx,y) < f, vVt e [0,1],x+y € [0, p1].
2

Set Q1 = {u € E||lu|| < p1/2}. It follows from (3.11), (3.12), Lemmas 2.2 and 2.3 that for any
ueKNoQy,

1
f (Gs(s, T) + %)g(f,u(r), (7)) dr < 2 (<I>1(r) +®,(7)) d
0 N B2

B
= 2Lp<éy, selo1]. (3.13)
B,

Then, for ¢ € [0,1 - 0], by (3.11), (3.12), (3.13), Lemmas 2.2 and 2.3, we have

1 G : 1
(Tu) () = /0 ;(tt S)f(s,/o Gs(s, )g(7, u(x),u/ (1)) dr,
1
/ Mg(f,u(f),u/(l’))dt) ds
0 as
1-0 1
> dofe ®,(5)(fo - s)(/o (Gs(s,f) . %‘:t))g(f,u(f), W (1)) dr) ds

1-6 1-6
> dy /0 a(5)(fy - s)( /9 (Gs<s, o)+ aGsa—(SS”))g(f,u(f), (1)) df> ds

Page9of 13
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1-6

> do/g B2(5)(fo )

1-6
X </ (cod>1(t) + d()(bz(l'))(go - 8)(u(t) + u’(t)) dt> ds

0
1-6 1-6

> dy fe ®,(5) ds(fo —s)< /@ (co®1(x) + do®a(r)) dT>(go — &)dollul

> |lull, tel0,1].

Thus,
I Tull = l|ull, ueKNaR. (3.14)

Secondly, similar to the proof of (3.8), we may choose o3 > u and set 2, = {u € E|||u]| <
07}, and easily get

I Tull > lull, ueKnoQ,. (3.15)

Let Q23 = {u € E|||lu|| < #/2}. Then, for any u € K N 923, it follows by (3.9) and (3.10) that

1 1
/o (Gs(S,‘L') + %(Ss'r))g(r,u(r), W'(1))dt < z—pj/o (@1(7) + Pa(7)) dr

<u, sel0,1] (3.16)

and

1 1
(Tu)/(t)zf0 8Gs<t’s)f<s,/(; Gs(s, 0)g(t, u(r), 4/ (v)) dr,

ot
1 3G (s,
/ ﬂg(r,u(t),u'(f))d‘f) ds
0 83
! T
() _— = — = , ,1].
<f0 ) dssle =5 =l telo
Thus,
| Tull < ||ull, w©weKNaQs, (3.17)

which together with (3.13), (3.14) shows that T has at least two fixed points in 3 € K N
(92:\23) and uy € K N (23\Q1). O

Similarly, we can get the following theorem.

Theorem 3.4 Assume that Aif° <1, Aif™ < 3, Big° <1, Bage > do and there exists n > 0

such that
dgn
max{g(t,x,y),t €0,1-0],(x+y) e [don,+oo)} > 5 (3.18)
2
max{f(t,x,y), tel[6,1-0],(x+y) € [don, +oo)} > Ai (3.19)
2

Then BVP (1.6) has at least two positive solutions.
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Theorem 3.5 If Aif(t,x,9) < (x + y) and B1g(t,x,y) < (x +y) for t € [0,1] and (x + y) €
[0, +00), then BVP (1.6) has no monotone positive solution.

Proof Suppose on the contrary that & is a monotone positive solution of BVP (1.6). Then
u(t) > 0 and u/(¢) > 0 for £ € [0,1], and

1 1
u’(t):/o aGS(t’S)f<s,/0 Gs(s,7)g (7, u(r), ' (1)) d,

ot
1
/ Z’GS_(S’T)g(r, u(r),u' (7)) dt) “
o s
1

1
I dbz(s)(/o Gs(s, 7)g (7, u(r), ' (1)) dr

+/0 %(‘:’T)g(t,u(‘[),u/(t))d‘t)ds

11

1 1 1
<xg ), 20 /0 (®1(s) + Pa(s)) ds fo (u(z) +u/(v)) dr

< llull,
which shows that ||«|| < ||«||. This is a contradiction. a
Similarly, we can prove the following theorem.

Theorem 3.6 IfAyf(t,x,y) > (x +y) and Byg(t,x,y) > (x +y) fort € [0,1-0] and (x +y) €
[0, +00), then BVP (1.6) has no monotone positive solution.

4 Example
In this section, we give an example to illustrate our main results.
Consider the BVP:

-u"(t) =f@,v(8),V (), te(0,1),

—v"(t) =g(t, u(t) u/(t)) t e (0, 1)

u(0) =0, alu] = fo s)ds, u'(1) = ﬂ[u] f u(s) ds,
v(0) = 0, % (0) =av] = fo 1- s)v(s) ds, V(1) = B[v fo sv(s)ds.

(4.1)

For this BCs, the corresponding y (£) = Qt_ and §(t) = &. 2 A simple calculation shows that

alyl=g,  abl=gn,  Bl=on  BBl=¢
D= (1-aly])(1- A1) ~allBlyl = - .
ICA(S):—/IG(t 81— t)dt—§—£+§—%
KCp(s) := /0] G(t,s)tdt = j—i - % + %,
265s 1455 13s st 156s 181s> 265> st

Bls) =~ .1 Dl e e S
218 109 109 218’ 109 109 109 109
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Let 6 = 1/4, then A; = 719/3,270 ~ 0.2199, A, = 126,517/3,348,480 ~ 0.0378, B; =
2,767/3,270 ~ 0.8462, B, = 4,438,339/428,605,440 ~ 0.0104.

Example 4.1 Let

v(e) + V()  1,000(v(t) + v’(t))21|
+17

, 1
f(t’ ve,v(0) = 1—|: eV (@ 1+v(t) + v (2)

1

g(t,u(),u' (1)) = 101 + ¢) [

u(t) +u'(t)  2,000(u(t) + u/(£)?
OO T T u(t) + u(0) ]

It is easy to compute that f© =1, foo = 22%%, ¢° = =1, g = 822, which show that A;f° <1<
Ayfoo and Big° < 1 < Byg.. So, it follows from Theorem 3.1 that BVP (4.1) has at least one
positive solution.

Example 4.2 Let

f(t, V(t), V/(t)) _ 1 |:50(V(t) + V’(t)) SO(V(t) + V/(t))z )i|,

1+t eV 1,000 + v(t) + V(¢

3)2} [100(u(t) +u' (1) 100(u(?) + o/ (t)? }

4 — —_——
g6 ul) 1)) = [1 * (t 1 0Ol 1,000+ u(@) + 2 Q)

It is easy to compute that f; = @,foo = @, g0 =100, g, =100 and g° =

that Ayfy > 1, Aofeo > 1, Bago > 1, Bagoo > 1 and Byg® < 2.
Choose u = 14,

625

ol which show

50 4,900 2
t,x,9),t € [0,1], 0,14]} = 22 29 < 2.
max{g(t,%,9),t € [0,1], (¢ +3) € [0,14]} = — + — == < <%

25/1 9,800 m
t,x,y),t €[0,1], €[0,14]t = —| — 2l < —.
max {f(¢,%,),¢ € [0,1], (x + y) € [0,14]} i <Ze+ 07 )< o

So, it follows from Theorem 3.3 that BVP (4.1) has at least two positive solutions.
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