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Abstract

In this article, we study the stability of a class of singular linear matrix difference
equations whose coefficients are square constant matrices and the leading
coefficient matrix is singular. Speciffically we analyze the stability, the asymptotic
stability and the Lyapunov stability of the equilibrium states of an homogeneous
singular linear discrete time system and we define the set of all equilibrium states.
After we prove that if every equilibrium state of the homogeneous system is stable
in the Lyapounov's sense, then all solutions of the non homogeneous system are
continuously depending on the initial conditions and are bounded provided that the
input vector is also bounded. Moreover, we consider the case where the equilibrium
states of the system are not stable. For this case we provide necessary and sufficient
conditions for stabilization.

Keywords: matrix difference equations, linear, discrete time system, stability, equili-
brium state, pencil, singular

1 Introduction

Linear discrete time systems (or linear matrix difference equations), are systems in
which the variables take their value at instantaneous time points. Discrete time systems
differ from continuous time ones in that their signals are in the form of sampled data.
With the development of the digital computer, the discrete time system theory plays
an important role in control theory. Thus many authors have studied the stability of
such systems, see [1-27]. In most cases these articles are referred to regular discrete
time systems. In this article we study singular linear matrix difference equations. Thus
we consider the singular discrete time system

FYj1 = GYi + Vi (1)
with known initial conditions

Y, (2)

where F, G € M(m x m; F), (i.e. the algebra of square matrices with elements in the
field F) with Y, Vi, € M(m x 1; F) and F is a singular matrix (detF = 0). For the
sake of simplicity we set My = M(m x m; F) and My, = M(n x m; F). With
Omn € Mym we will denote the zero matrix. For Vj = 0,,; we get the homogeneous

system of (1)
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FYp1 = GYy (3)

Because of the singularity of the matrix F, in order to solve and to study these type
of systems there are in the literature two methods. The first method is by using the
theory of the Drazin inverse, see [4], and the second is by using matrix pencil theory
and the Weierstrass canonical form which is a generalization of the Jordan canonical
form. The advantage of the second method is that it gives a better understanding of
the structure of the system and more deep, elegant results. In this article we will pre-
sent a theory based on the matrix pencil of the system and we will show how the
eigenvalues of the pencil are related with the stability of singular systems.

2 Mathematical backround

2.1 The matrix pencil

Matrix pencil theory has been used many times in articles for the study of linear dis-
crete time systems with constant matrices, see for instance [9,14,21,27-33]. A matrix
pencil is a family of matrices sF-G, parametrized by a complex numbers, see
[14,21,23,27,34-36]. When G is square and F = I, where [, is the identity matrix, the
zeros of the function det(sF-G) are the eigenvalues of G. Consequently, the problem of
finding the nontrivial solutions of the equation

SEX = GX (4)

is called the generalized eigenvalue problem. Although the generalized eigenvalue
problem looks like a simple generalization of the usual eigenvalue problem, it exhibits
some important differences. In the first place, it is possible for det(sF-G) to be identi-
cally zero, independent of s. Second, it is possible for F to be singular, in which case
the problem has infinite eigenvalues. To see this, write the generalized eigenvalue pro-
blem in the reciprocal form

FX =s1GX (5)

If F is singular with a null vector X, then FX = 0,,,, so that X is an eigenvector of
the reciprocal problem corresponding to eigenvalue s = 0; i.e., s = co.

Definition 2.1.1. Given G € M,,, and an indeterminate s € F, the matrix pencil
sF-G is called regular when m = n and det(sF - G) = 0. In any other case, the pencil
will be called singular.

In this article, we consider the case that pencil is regular.

The class of sF-G is characterized by a uniquely defined element, known as complex
Weierstrass canonical form, sF, - Q,, see [14,21,27,34-36], specified by the complete
set of invariants of sF-G.

This is the set of elementary divisors (e.d.) obtained by factorizing the invariant poly-
nomials into powers of homogeneous polynomials irreducible over field F . In the case
where sF-G is regular, we have e.d. of the following type:

+ e.d. of the type (s — a;)P, are called finite elementary divisors (f.e.d.), where a; is a
finite eigenavalue of algebraic multiplicity p;
« e.d. of the type 57 = Slq are called infinite elementary divisors (i.e.d.), where g the

algebraic multiplicity of the infinite eigenvalues



Dassios Advances in Difference Equations 2012, 2012:75 Page 3 of 20
http://www.advancesindifferenceequations.com/content/2012/1/75

We assume that Ziil pj=p and p+q = m.

Definition 2.1.2. Let By, B,, . . ., B,, be elements of M,. The direct sum of them
denoted by B; @ B, @ ... @ B, is the blockdiag [B; B, . .. B,].

From the regularity of sF-G, there exist nonsingular matrices P, Q € M,, such that

PFQ=FW=IP®H4

-G - (6)
PGQ =Gy =], &1,

Where sF,, - Q, is the complex Weierstrass form of the regular pencil sF-G and is
defined by

SFw - Qw = SIp - ]p @ SHq - Iq (7)

where the first normal Jordan type element is uniquely defined by the set of the

finite eigenvalues,
(s—a), ..., (s—a,)
of sF-G and has the form
sty =Jp :=slp, = Jp, (a1) @ -+ @ slp, = Jp, (av) (8)

The second uniquely defined block sH, - I, corresponds to the infinite eigenvalues
a
3,.,8,% gi=4q
j=1
of sF-G and has the form
SHq —_ Iq = Squ —_ Iql @ e 69 SI_Iq‘7 —_ Iqa (9)
Thus, H, is a nilpotent element of M, with index q=max{qgj:j=1,2,..,0}, where
q
Hg =044

and I, Jy;(a;), Hy are defined as

[10---00
01---00

by=1... ..My
[ 00---01
Ca;1---00
0400

Jpa) =% . 11 | €My (10)

00 a1
(0004
[01---00
00---00

Hy =11 0 | eMyg.
00---01
[ 00---00




Dassios Advances in Difference Equations 2012, 2012:75 Page 4 of 20
http://www.advancesindifferenceequations.com/content/2012/1/75

For algorithms about the computations of the Jordan matrices, see [14,21,34-36].

2.2 The solution of an homogeneous singular linear discrete time system
In this subsection, we will obtain formulas of the solutions of homogeneous singular
linear matrix difference equations.

Definition 2.2.1. Consider the system (1) with known initial conditions (2). Then the
initial conditions are called consistent should they satisfy (3) and non-consistent should
they not.

For the regular matrix pencil of system (3), there exist nonsingular matrices
P, Q € M,, as applied in (6), see subsection 2.1. Let

Q=[Qy Q] (11)

where Qp € My is a matrix with columns the p linear independent (generalized)
eigenvectors of the p finite eigenvalues of sF-G and Qp € My is a matrix with col-
umns the q linear independent (generalized) eigenvectors of the q infinite eigenvalues
of sF-G.
Proposition 2.2.1. The initial conditions (2) of the system (3) are consistent if and
only if
Yy, € colspanQ, (12)

Proof. See [14,21,30,32]

Proposition 2.2.2. Consider the system (3) with initial conditions (2). Then the solu-
tion is unique if and only if the initial conditions are consistent. Moreover the analytic
solution is given by

Yi = Quly 2

4 (13)

where ZZO is the unique solution of the algebraic system Y, = QpZZU,
Proof. See [14,21,28-33,37-39]

2.3 The solution of a non homogeneous singular linear discrete time system
Consider the singular discrete time system (1) with known initial conditions (2).

For the regular matrix pencil sF-G, there exist nonsingular matrices P, Q € M,, as
applied in (6), see also Section 2.1. Let

P
P= [P;] (14)

with Pl € Mpm, P2 € qu and
Q= [QP Qq]

where Qp € My, is a matrix with columns the p linear independent (generalized)
eigenvectors of the p finite eigenvalues of sF-G and Qg € My is a matrix with col-

umns the g linear independent (generalized) eigenvectors of the g infinite eigenvalues
of sF-G.
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Proposition 2.3.1. Consider the system (1) with initial conditions (2). Then the solu-
tion is unique if and only if

fl**l
Yy, € colspanQ, — Qg Z HyP> Vi (15)
i=0

Moreover the analytic solution is given from the formula

k—1 q.—1
Ye=Qp [ 1702 + Y SRV | = Qg Y HiPy Vi (16)
i=ko i=0

where Zio is the unique solution of the algebraic system
p ol
Yiy = QpZ),, — Qq Y- HyP2Vigui
i=0

Proof. See [14,21,28-33,37-39]

3 Stability of equilibrium state(s) of homogeneous singular discrete time
systems

Definition 3.1. For any system of the form (1), with a constant input vector V; =V, Y-
is an equilibrium state if it does not change under the initial condition, i.e.: Y+ is an
equilibrium state if and only if Y}, = Y, implies that Y; = Y- for all k > kp+1.

The set of equilibrium states for a given singular linear system in the form of (3) is
given by the following Proposition.

Proposition 3.1. Consider the system (3). Then if 1 is not an eigenvalue of the
matrix pencil sF-G then

Yy = Ot (17)

is the unique equilibrium state of the system (3). If 1 is a finite eigenvalue of the
matrix pencil sF-G, then the set E of the equilibrium points of the system (3) is the
vector space defined by

E = N;(F — G) N colspanQ, (18)

where N, is the right null space of the matrix F-G, Q,, is a matrix with columns the p
linear independent (generalized) eigenvectors of the p finite eigenvalues of the matrix
pencil sF-G or from Proposition 2.2.1 the set of the consistent initial conditions of (3).

Proof. If Y. is an equilibrium state of system (3), then this implies that for

Yko =Y,
we have
Y. =Y =Y

If 1 is not an eigenvalue of the matrix pencil sF-G then det(F-G)=0 and from the sys-
tem (3) we have

FY, = GY,
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or
(F=G)Y, =0

Then the above algebraic system has the unique solution
Y. =0m1

which is the unique equilibrium state of the system (3). If 1 is a finite eigenvalue of
the matrix pencil sF-G then det(F-G) = 0. If Y- is an equilibrium state of system (3),
then this implies that for

Yy, =Yy
we have
Yi=Yr =Y

This requires that Y- must be a consistent initial condition which from Proposition
2.2.1 is equal to

Y, € colspanQ,

Moreover from system (3) we have

FY, = GY,
or
(F = G)Yy = Oy
or
Y. € N/(F - G)
So
Y. € N;(F - G) N colspanQ,
or

E € N, (F—G)N colspanQ, (19)

Let now Y- € N(F - G) n colspanQ,, then we can consider

Yi, = Y,

0
as a consistent initial condition and
(F— G)Y, = O
or
FY, = GY,

where Y- is solution of system (3) and combined with Y}, = Y, we have Y- € E or

N;(F - G) N colspanQ, € E

From (19) and (20) we arrive at (18).



Dassios Advances in Difference Equations 2012, 2012:75
http://www.advancesindifferenceequations.com/content/2012/1/75

Definition 3.2 [25]. Let X € M,; and ||X|| € F be norm of vector X. Then if

[|AX]]|
||A||=max{ X Xe My, X#0,,
[AX]]
||A||=max{ ||X|| :XGMTIIX?/OT,T} (21)

Definition 3.3 [25]. Let A = [a;]; ; _ 1, » be a square matrix with A € M,, and let
X = [x]; = 102, , be a vector with X € M,;, then

.
Al = max ) |y
1<j=<r 1
1=

.
X111 =) Ixil
i=1

is by definition the 1-norm for matrices and the 1-morm for vectors respectively,

(22)

which is simply the maximum absolute column sum of the matrix and the absolute
column sum of the vector respectively. Furthermore

.
Alloo = max ) " a|
1<i<r i1

[1Xlloo = max |x;]|
1<i<r

(23)

is by definition the eo-norm for matrices and the eo-norm for vectors respectively,
which is simply the maximum absolute row sum of the matrix and the maximum
absolute row of the vector.

Definition 3.4 [7]. An equilibrium state Y- € E of the system (3) is stable in the
sense of Lyapounov if, for every J >0, there exists ¢ > 0, such that the trajectories start-
ing in

Y, = Yull <8 (24)
do not leave

Y =Yl <€ (25)

as k increases indefinitevely.

Definition 3.5 [7]. An equilibrium state Y- € E of the system (3) is asymptotically
stable if it is stable in the sense of Lyapounov and if every solution starting within (24)
converges without leaving (25) to Y- as k increases indefinitely, i.e.

Jim Y3 = Y, (26)

Definition 3.6. An equilibrium state Y- € E of the system (3) is asymptotically stable
in the large if, asymptotic stability holds for every equilibrium state of the system. In
this case the system (3) is asymptotically stable in the large. Consequently, a necessary
condition for asymptotic stability in the large is that there exists a unique equilibrium
state since the limit lim; .. Y is unique. For system (3) this unique equilibrium state
is Yo = 0,1

Page 7 of 20
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Theorem 3.1. Consider the system (3) and its solution (13). Then an equilibrium
state Y- € E of the singular discrete time system (3) is stable in the sense of Lyapounov

if there exist a constant ¢ € (0, +), such that “ ]},f*ko < c < +00, for all k > k.

Proof. The solution of the system (3) is given from (13),

Y, = Qp]f,‘*’“’zg0

where Zio is the solution of the algebraic system
_ P
Yko - QPZko

Since the columns of the matrix Q, are linear independent, the matrix is left inverti-

ble. Thus we can define its left inverse matrix Q, le M such that
Q 1QP =1
Then
Yy = Qpl’ﬁfh Q, 'V,

ko

We assume that there exist a constant ¢ € (0, +o) such that H]Lf < ¢ < +00, for

all k >ko. Furthermore let an equilibrium state Y- € E. Then
Y= Qly QY.
and easy we obtain
k—ko —1
Yk - Y* = Qp]p Qp (Ykg - Y*)

or

k—ko -1
Y=Yy = [onm,q] |:]pq Op,q] [gqpm] (Yko - Y*) (27)

-1
If we set ||Qp || = || [Q,,Om,q] || and ||Qp_1 || = “I:E)Q:m]“ Then by taking norms for

every k>ky in (27) we have

k—k,
V= Yall = IIQpll |57

[t |1 = v 28)

Hence for any ¢ >0, if we chose 5(€) = 2l ﬁQ,;l”c’ then for
1Y, — Yill < 8(¢)
implies that for every ¢ >0

k—k
V=Yall = liQpll 57

(o RIS AR forsd IIQp||||€Qp_]||C =

Page 8 of 20
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or
IYe = Yill <€ (29)

Theorem 3.2. The system (3) is asymptotically stable in the large, if and only if, all
the finite eigenvalues of the matrix pencil sF-G lie within the open disc,

[s] <1
Proof. The solution of the system (3) is

Y, = Qp];‘*kﬂzzn

Let a; be a finite eigenavalue of the matrix pencil sF-G with algebraic multiplicity p;.
Then the Jordan matrix ]L‘fk" can be written as
J5' = blockdiag [Jj™ (@) (a2) .. (@)
with ];Zik" € M,, be a Jordan block. Every element of this matrix has the specific
form
— ko )Pigt o
(k= ko) 'd;
The sequence
— ko )Pila
(k= ko)Pila; ™
can be written as
(k — ko )Pietk=ko)inlajl

The system (3) has the unique equilibrium state Y- = 0,,; when for every j, a; # 1,
(see Proposition 3.1) and then the system is asymptotically stable in the large, when

lim Y, =Y,

k— 00

Thus this holds if and only if
Injaj| <0
or
laj] <1
Then for kK >+
(k — ko)Pietk—kollnal ¢
or

(k= o)l ) — 0

Page 9 of 20



Dassios Advances in Difference Equations 2012, 2012:75
http://www.advancesindifferenceequations.com/content/2012/1/75

or for every k=ko
ke
]p 0 — Op'p

Then for every initial condition Yj,

lim Yk = Om,l
k—o00

Corollary 3.1. Let r(sF-G) = max, ;< , |4, be the spectral radius of the finite eigen-
values of the matrix pencil sF-G. Then the system (3) is asymptotically stable in the
large, if and only if

r(sSF-G) <1

3.1 Lyapounov theorem on uniform stability
Definition 3.1.1 [23]. The singular linear discrete time system (3) is called uniformly
stable if there exists a finite positive constant c such that for any k, and Y}, the corre-

sponding solution satisfies

Yell2 < cllYi,ll2

Where ||]|» is the Euclidean norm.
It can be shown for regular linear discrete time systems, see [7,23], that if a positive
scalar function W(Y}) can be found such that its forward difference AW (Y}), where

AW(Yr) = W(Yir1) — W(Yz)

taken along the trajectory is always negative, then as time increases, W(Y}) takes
smaller and smaller values and finally shrinks to zero, and therefore Y} also shrinks to
zero. This implies the asymptotic stability of the origin of the state space. Lyapounov’s
main stability Theorem, provides a sufficient condition for asymptotic stability. This
Theorem states that if there exists a scalar function W(Y}) satisfying the conditions, W
(Y%) is posistive definite and AW(Y}) is negative definite, then the equilibrium state at
the origin is uniformly asymptotically stable.

We consider the singular discrete time system described by (3). We shall investigate
the stability of this state by using this method of Lyapounov. Let us choose as a possi-
ble Lyapounov function

W(Yy) = Y F*TFY,,

where ()* is the Hermitian tensor and T is a positive Hermitian (or a positive definite
real symmetric) matrix. Then

AW(Yy) = Y}, F*TFYy1 — Y F*TFY,
or

AW(Yi) = (FYies1 )*TFY 1 — Y} F*TFY),
or

AW(Yi) = (GYy)*TGY,, — Y} F*TFY,,

Page 10 of 20
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or
AW(Yy) = Y;G*TGY;, — Y} F*TFY,,
or
AW(Yy) = Y;(G*TG — FTF)Y,
Since W(Y}) is chosen to be positive definite, we require AW(Y}) be negative definite.
Therefore,

AW(Yy) = —Y;:SYk

where
S = —(G*TG — F*TF)
must be positive definite. Note that a positive definite T is a necessary and sufficient

condition.
Theorem 3.1.1. Consider the singular linear discrete time system (3) with

nllm =< F =< n21m

A necessary and sufficient condition for the system (3) to be uniformly stable is that,
given any positive definite Hermitian (or any positive definite real symmetric) matrix S,
there exists a positive definite Hermitian (or any positive definite real symmetric)
matrix T with

mily, < T <myly,
such that the matrix
S = —(G*TG — F*TF)

is positive definite. Where #n,, n,, m; and m, are finite positive constants.
Proof. Suppose T satisfies the stated requirements. Given a consistent initial condi-
tion (2) and the corresponding unique solution of the system (3) from (13), we have

k-1
(Ye)*F*TFYy — (Yi,)*F*TFYy = > [(Yju1)*F*TFYjy — (Yj)*F*TFYj]

j=ko
or
k—1
(Y)*F*TFYy, — (Yi,)*F*TFY}, = Zk [(Y))*G*TGY; — (Y;)*F*TFY;]
J=ko
or
k—1
(Yi)*F*TFYy, — (Y, )*F*TFYy, = ij (Y;))* [G*'TG — F*TF]Y;
J=Ro
or

k-1
(Vi) F*TFY}, — (Yi, )" F*TFY, = — 3 (Y))"SY;

j=ko
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where S is positive definite and thus we have
(Y)*F*TFY), — (Yi,)*"F*TFY}, <0
Furthermore

(Y)*F*TFY), < (Yi,)*F*TFYy,

or
(m1)?m1[|Yeell2 < (n2)?ma||Yi, |2
Therefore
2
(nz) my
Ykll2 < 2 N¥kll2
ny) mp

And thus the system (3) is uniformly stable by Definition 3.1.1.
Example 3.1.1. Consider the system (3) and let

2]

and

o [o%]

Let us choose
—(G*TG — F*TF) = 1,

If the matrix T is found to be positive definite, then the system is uniformly stable.

ab
bd

L JGallo% ] (ool bl (50 - -[of)

Consequently,

(4]

By applying Sylvester’s criterion for the positive definiteness of matrix T, we find T is

Let T=|: ].Then

positive definite. Hence, the system is uniformly stable.

4 Stability of non homogeneous singular matrix difference equations
The definition of an equilibrium state of a non homogeneous system in the form of (1)
is given from definition 3.1.

Proposition 4.1. Consider the system (1) with a constant input vector V; = V. Then
if 1 is not an eigenvalue of the matrix pencil sF-G

Y, =(F—G)'V

Page 12 of 20
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is the unique equilibrium state of the system (1). If 1 is a finite eigenvalue of the
matrix pencil sF-G, then the set £ of the equilibrium points of the system (1) is the
vector space defined by
A 4=l
E = N;(F — G) N (colspanQ, — Qq i—ZO H,P,V)

where N, is the right null space of the matrix F-G and Q,, Q, P, are matrices
defined in (11), (14).

Proof. The proof is similar to the proof of Proposition 3.1. Note that from Proposi-
tion 2.3.1, the system (1) has a unique solution if and only if the given initial conidtion
(2) lies inside the set

a1
Y, € colspanQ, — Qg Y H,P,V
i=0

Thus from Proposition 4.1, the unique equilibrium state for a system in the form of
(1) with a constant input vector Vi = V is Y« = (F - G)™V, when det(F-G) = 0.

Theorem 4.1. Consider the system (1) with a constant input vector V; = V and a
consistent initial condition (2). Then the equilibrium state is asymptotically stable in
the large, if and only if, all the finite eigenvalues of the matrix pencil sF-G lie within

the open disc,
[s] <1
Proof. The general solution of the linear system
FYj1 =GYp +V

is the sum of a partial solution and the solution of the homogeneous system (3).
Since an equilibrium state Y- can be assumed as a partial solution, the general solution
of this system is

Yi = Qply " Zp + Y.

Given a consistent initial condition Y, and since the columns of the matrix Q, are

linear independent, the matrix is left invertible. Thus we can define its left inverse

matrix Q, ' € My, and the general solution can be written in the form of

Yi = Qulp Qi — Yi) + Vs
Let a; be a finite eigenavalue of the matrix pencil sF-G with algebraic multiplicity p;.

Then the Jordan matrix ]gik" can be written as

]ﬁ_kﬁ = blockdiag []ﬁl_ko (al)]gz_ko (a2) ~-~]¢}7ev_ko (a”)]

with Iﬁ_k" € M,, be a Jordan block. Every element of this matrix has the specific

form

(e — Ieo)a ™

Page 13 of 20
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The sequence

(k - ko)pi |a]},€7k0 |
can be written as

(k — ko)pjg(k—ko)ln\aj\

The system has a unique equilibrium state when for every j, a; = 1, because then det
(F-G) = 0 and the unique equilibrium state is Y. = (F - G)™'V. In this case the system
is asymptotically stable in the large, when

lim Y, =Y,

k—o00

Thus this holds if and only if
Injaj| <0
or
laj] <1
Then for k —+oco
(k — ko)Pielk—ko)lIngjl _ o
or
(k — ko)Pijaj|(k=ko) — 0

or for every k=koy

]l;j_kﬁ —> Op'p
From (30)
k—ko -1
0
Yk - Y* = [onm,q] |:]6 Op/q] [(02p :| (Yko - Y*) (31)
ap V4.4 q.m

, then by taking norms for

-1
1t we set ] = 1[Qu0nalll and 05" - [ &2

every k>kj in (31), for every consistent initial condition Yy, we have

k—ko ~—
V=Yl = | Q0@ (Vi = 2)

1= el

Q" | 1Y, =Yull = 0

and thus

lim Y, =Y,

k— 00

or
lim Y, = (F—G)"'V
k— 00

Knowing from Proposition 2.3.1 the closed formula that provides the unique solution
of the singular system (1), we can prove the following Theorem.

Page 14 of 20
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Theorem 4.2. The unique solution of the non homogeneous finite (ky < k < ky) dis-
crete time system with a bounded input vector V; (1) is bounded if every equilibrium
state of the homogeneous system (3) is stable in the sense of Lyapounov.

Proof. The solution of system (1) is given from the formula (16),

qx—1

Yy = QP (]ﬁkozp ZIS = 1Pl ) Qq Z H! P2Vk+1

or

—ko k=1 - i1
0 J; 0 Py
Yie = [QpO0mq] [ pq][ }Jr |:p p,q}[ ]V)—
" Ogp Oqq] LOgm | <=1 0gp Ogq[Ogm] "

’ (32)

qx—1
sy
= [QuOms ;[Opaopp et
-1
€ e s 1l =l@ondl 160 = [ ]] wea- (5]

P,
P2 = H |:0q,m]

vl < Il 57"

, then by taking norms in (32)

b
.

k-1 =1
QY =t i ivii =ttt Y- [Hi fieatt Vit (33)
i=ko i=0

If every equilibrium state of the system (3) is stable in the sense of Lyapounov, the

matrix ];f*k‘) is bounded,
Wyl < e (34)

and moreover for a finite discrete time system, ky < k < ky, we have

k—1

DTN < (k= 1 = Roen (35)
i=ko

If the input vector V} is bounded, we have
(IVell <c (36)

By applying (34), (35) and (36) into (33) we have

HYell = 11Qpllex H ko ||+ 11Qpllkner[IPrllez — [1Qqlles [IP2]le2

where
q.—1

¢ = Y [Hl
i=0

and thus we have proved that every solution of a finite discrete time system in the
form of (1) is bounded.
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Theorem 4.3. Let the system (3) be asymptotically stable in the large. Then after a §
perturbation in the set of consistent initial conditions of the non homogeneous discrete
time system (1), the unique solution changes by an amount depending on J.

Proof. The solution of system (1) is given from the formula (16),

k—1 q.—1
k—k —i— i
Vem @y (B2 + YR - ) X HaVi
i=ko i=0

where ZZO is the solution of the algebraic system
P e
Yiy = QpZ),, — Qq X HyP2Vii
i=0

Since the columns of the matrix Q, are linear independent, the matrix is left inverti-

ble. Thus we can define its left inverse matrix Q, le M such that
Q IQP =1l

Then
1 1A S
Zp = Q' Vi + Q' Qq 2 HyPaVis
1=I

and the solution can be written as

qx—1 k—1 q.—1
k—ko ~— — i —i— i
Vi=Q [1;7°Q Vi + Q' Qq Y HiPaViwi + Y TPV | = Qg Y HLPy Vi
i=0 i=ko =0

If we perturb the initial conditions of the system accordingly
1Y, = Vi Il <8

then the solution of the system with initial conditions ¥}, changes to

q.—1 k—1 q.—1
i e . o _
Vie=Q [1o7°Q Vi + Q' Qq Y HiPaViwi+ Y I TPV | = Qg Y HiPy Vi
i=0 i=ko i=0

and substracting Y, from Y}, we obtain
= k—ky ~y—1 &
Yie =Y =Qply " Qp (Yiy — Yiy)

or

. k—ko 1 3
Yie = Yie = [QpOmq] [Ip Op'q} [Qp } (Yieg — o) (37)

0gp Ogq 1 L Ogm

-1
If we set ||Qp || = || [Qp0m,q] || and ||Qp’1|| = “[gjm]“ Then by taking norms for

every k>ky in (37) we have
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Vi -9 = nir | (38)

151 | Yao = i

If every equilibrium state of the system (3) is stable in the sense of Lyapounov, the

—ko

matrix ];f is bounded,

i

Then from (38) we have

=G

HYk — 17er < 162636

where ¢; = ||Qp ,C) = ”Qg ! ” Therefore if we chose € = €(d) = ¢;ca¢30, we obtain,

[ =<

5 State feedback stabilization

In this section we will study the case where the system (3) has non stable equilibrium
states. We state the following question. Under what conditions is it possible to apply
to the initial unstable system (3) an external input vector

Vi, = BUy (39)
where B € M,,,, U, € M, and a state feedback law
u, = élYk (40)

such that the new system has stable equilibrium states. If it is possible, the system (3)
will be called stabilizable. So, the initial system (3) takes the form, first

FYj.1 = GY,, + BUj, (41)
and after applying the feedback law (40)
FYj,1 = GY; (42)

where G = G + BG; and G; € M,,, is the feedback gain.

Proposition 5.1. Consider the singular system (3) and the corresponding singular
system of the form (41). We also suppose that some of the finite eigenvalues of the
matrix pencil sF-G does not lie within the open disc |s| <1. Then this system becomes
stable by a feedback law of the form (40) if

rank [sF — G, B] =m (43)

Proof. Since the system (3) has finite eigenvalues of the matrix pencil sF-G that don’t
lie within the open disc |s| <1, there exists non stable equilibrium state(s). We consider
the system (41) and we want to apply an appropriate feedback law in the form (40),
such that all finite eigenvalues of the matrix pencil sf . G of the system (41) lie within

the open disc |s| <1. Thus

det(sF — G) #0
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and

rank(sF — G) = m (44)
Thus we require

rank[sF — G, B] = rank[sF — G, B] |:_I"él } = rank(sF — G — BG;) = rank(sF — G) = m
or

rank[sF — G,B] =m

Example 5.1. Consider the system (3) with

10-1 -202
F=[010 |,G=|-1}-1 (45)
000 0 01

Then
det(sF — G) = (s + 2) <s+ ;)

the equilibrium state is not stable. We consider now the system (41) with

B= (1) (46)
0
Since for s = 2, §
rank[sF — G,B] =3
the system is stabilizable. We assume the feedback law
Up=[300]Y
and by applying it in (41) we get the system (42), with

1
~102

G=|-11-1 (47)

0 01

et 6= (54 1) (-2)

and since the matrix pencil doesn’t have the finite eigenvalue 1 the system has the

with

unique equilibrium state 0,,; and moreover since all the finite eigenvalues are inside
the unite circle, the unique equilibrium state is asymptotically stable in the large and

lim Yk = Om,1

k— o0
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6 Conclusions

In this article, we studied the stability of a class of linear singular discrete time systems
whose coefficients are square constant matrices and the leading matrix coefficient is
singular. We presented a theory based on the matrix pencil of the system and we
showed how the eigenvalues of the pencil are related with the stability of singular sys-
tems. We studied the stability of systems in the form of (3) and the behavior of the
solution Y} as k increases from ko to c. Furthermore we reformulated the Lyapounov
Theorem for uniform stability to be applied in singular systems. After we considered
the system (1) and proved that all solutions of the non homogeneous system are
bounded provided that the homogeneous system (3) is asymptotically stable in the
large. Moreover we provided properties to avoid a “blow up” in the system when hav-
ing small perturbations in the initial conditions. Finally for the case of not stable equil-
librium states we gave necessary and sufficient conditions for state feedback
stabilization. As a further extension of this article, we can discuss possible applications
based on the presented approach, as is the very famous Leondief model, see [4], or the
very important Leslie population growth model and backward population projection,
see also [4], the Host-parasitoid Models in physics, see [38] or the distribution of heat
through a long rod or bar as suggested in [24]. Furthermore another interesting case
for further studies is the case of systems with a singular pencil. This is the case where
the constant matrices of the system are not square or they are square with an identi-
cally zero matrix pencil. For all these, there is some research in progress.
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