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Abstract

The purpose of this paper is to construct a three-step iteration method (as follows)
and obtain the convergence theorem for a countable family of Lipschitz
pseudocontractive mappings in Hilbert space H. For the iteration format,

Zn = (1- Vn)xn + VnTnXm
Vo= =Buxn + BnTnzp,
Xn+1 = (1- oln)Xn + OlnTn)/m

under suitable conditions, we prove that the sequence {x,} generated from above
converges strongly to a common fixed point of {T,},>1. The results obtained in this
paper improve and extend previous results that have been proved for this class of

nonlinear mappings.
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1 Introduction
Let C be a nonempty subset of H. A mapping T : C — H is said to be nonexpansive, if

I1Tx =Tyl < llx-yl, VxyeC. (L.1)

A mapping T : C — H is called «-strictly pseudocontractive in the terminology of Brow-

der and Petryshyn [1] if for all x,y € C there exists « > 0 such that
(Tx - Ty,j(x —y)) <Ilx-y]*- a||x —y—(Ix - Ty) ||2 (1.2)

Without loss of generality, we may assume that o € (0,1). If I denotes the identity operator,

then (1.2) can be rewritten as

(I=T)x—(I-T)y,jx-y) = a|(-T)x— - Ty’
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A mapping T is called pseudocontractive if
(Tx - Ty, x-9) < =yl (1.3)
Note that inequality (1.3) can be equivalently written as

2
1Tx - Tyl|* < llx =yl + |- Tx— U= T)y|",

Vx,y € C. (1.4)

Apart from their being an important generalization of nonexpansive mappings and
a-strict pseudocontractive mappings, interest in pseudocontractive mappings stems
mainly from their firm connection with the important class of nonlinear monotone map-
pings, where a mapping A with domain D(A) and range R(A) in H is called monotone if
the inequality

=yl < |2 -y +s(Ax — Ay)|

holds for every x,y € D(A) and for all s > 0. We observe that A is monotone if and only
if T:=1- A is pseudocontractive, and thus a zero of A, N(A) := {x € D(A) : Ax = 0}, is a
fixed point of T, F(T) := {x € D(T) : Tx = x}. It is now well known (see, e.g., [2]) that if
A is monotone then the solutions of the equation Ax = 0 correspond to the equilibrium
points of some evolution systems. Consequently, considerable research efforts, especially
within the past 20 years or so, have been devoted to iterative methods for approximating
fixed points of T when T is pseudocontractive (see, for example, [3—5] and the references
contained therein).

The most general iterative algorithm for nonexpansive mappings studied by many au-
thors is the following:

x9 € C, Xpe1 = A —a)x, +a,Ix,, n>0, 1.5)

where {a,},>0 C (0,1) and satisfies the following additional assumptions: (i) lim,—, - &, =
0; (i) Y_n-; @y = 00, the sequence {x,},>1 generated by (1.5) is generally referred to as the
Mann iteration scheme in the light of Mann [6].

The Mann iteration process does not generally converge to a fixed point of T even when
the fixed point exists. If, for example, C is a nonempty, closed, convex and bounded sub-
set of a real Hilbert space, T : C — C is nonexpansive, and the Mann iteration process
is defined by (1.5) with (i) lim,—c ¢, = 0; (ii) > o) @, = 00, one can only prove that the
sequence is an approximate fixed point sequence, that is, ||x, — Tx,|| — 0 as n — oo. To
get the sequence {x,},>1 to converge to a fixed point of T’ (when such a fixed point exists),
some type of compactness condition must be additionally imposed either on C (e.g., C is
compact) oron 7.

Later, some authors tried to prove convergence of Mann iteration scheme to a fixed point
of a much more general and important class of Lipschitz pseudocontractive mappings.
But, in 2001, Chidume and Mutangadura [7] gave an example of a Lipschitz pseudocon-
tractive self-map of a compact convex subset of a Hilbert space with a unique fixed point
for which no Mann sequence converges. Consequently, for this class of maps, the Mann
sequence may not converge to a fixed point of Lipschitz pseudocontractive mappings even
when C is a compact convex subset of H.
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In 1974, Ishikawa [8] introduced an iteration process, which in some sense is more gen-
eral than that of Mann and which converges to a fixed point of a Lipschitz pseudocontrac-
tive self-map T of C. The following theorem is proved.

Theorem IS [8] If C is a compact convex subset of a Hilbert space H, T : C — C is a Lips-
chitz pseudocontractive mapping and x is any point of C, then the sequence {x,} converges
strongly to a fixed point of T, where {x,} is defined iteratively for each integer n > 0 by

Yu =1 = Bu)xy + BuTxy,

Xn+l = (1 - O5;/1)3‘:;1 +a, Tym

(1.6)

where {a,}, {B.} are sequences of positive numbers satisfying the conditions:
oo
) 0<e,<Bu<L () lim§B,=0; (i) Y oufy=00.
n—00 =0

The iteration method of Theorem IS, which is now referred to as the Ishikawa iterative
method has been studied extensively by various authors. But it is still an open question
whether or not this method can be employed to approximate fixed points of Lipschitz
pseudocontractive mappings without the compactness assumption on C or T (see, e.g,
[4, 9, 10]).

In order to obtain a strong convergence theorem for pseudocontractive mappings with-
out the compactness assumption, Zhou [11] established the hybrid Ishikawa algorithm for
Lipschitz pseudocontractive mappings as follows:

V= (1= an)xn + 0y Txy,
zy = (1= Bu)xu + Bu Ty,
Ci={zeC:|z, - Z||2 < llxn — Z”Z -, B,(1 - 20y, _Lzaﬁ)”xn - Txn”2}: 1.7)

Qu={ze€C: (x, —z,x0 —x,) > 0},

Xn41 = Pc,ng,%0, M EN.

He proved that the sequence {x,} defined by (1.8) converges strongly to Prrxo, where
P¢ is the metric projection from H into C. We observe that the iterative algorithm (1.7)
generates a sequence {x,} by projecting x, onto the intersection of closed convex sets C,
and Q,, for each n > 0.

In 2009, Yao et al. [12] introduced the hybrid Mann algorithm as follows. Let C be
a nonempty, closed and convex subset of a real Hilbert space H. Let T: C — C be a
L-Lipschitz pseudocontractive mapping such that F(T) # . Assume that the sequence
{a,} C [a, b] for some a, b € (0, HLL). Then for C; = C and x; = P, %, they proved that the
sequence {x,} defined by

Vn = (1= 0n)xn + 0y Txy,
Cu=1{z€ Cy: loyI - T)yn||2 <20, (x,—2z,(I - T)yn>}; (1.8)

Xn+1 = Pc, %0, MEN,

converges strongly to Pr(r)xo.


http://www.fixedpointtheoryandapplications.com/content/2013/1/100

Cheng et al. Fixed Point Theory and Applications 2013, 2013:100 Page 4 of 14
http://www.fixedpointtheoryandapplications.com/content/2013/1/100

More recently, Tang et al. [13] generalized algorithm (1.8) to the hybrid Ishikawa iterative
process. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
T : C — Cbea Lipschitz pseudocontractive mapping. Let {«,}, {8,} be asequence in [0, 1].
Suppose that g € H. For C; = C and x; = Pc, %y, define a sequence {x,} of C as follows:

Vn =1 = ap)xy + 0, T2y,

Zu = (1= Bu)xu + BuTxn,

Cun1 =z € Gyt law = T)yull® < 200 (% — 2, (I = T)y,) (1.9)
+ 20, BuLl|%n = Tnll - Y0 — %n + atn (L = T)ynll},

Xn+l = PC,Hle; neN.

Then they proved that the hybrid algorithm (1.9) strongly converges to a fixed point of
Lipschitz pseudocontractive mappings. It is worth mentioning that the schemes in (1.7)-
(1.9) are not easy to compute. They involve computation of the intersection of C, and Q,,
for each n > 1.

Recently, Habtu Zegeye et al. [18] generalized algorithm (1.9) to Ishikawa iterative pro-
cess (not hybrid) as follows. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let T;: C — C, i=1,2,...,N, be a finite family of Lipschitz pseudocontractive
mappings with Lipschitzian constants L;, for i = 1,2,..., N, respectively. Assume that the
interior of F := ﬂf\il F(T;) is nonempty. Let {x,} be a sequence generated from an arbitrary
x0 € C by

Yn = (L= Bu)xn + Bn Ty,

Xn+l = (1 - O5;/1)35;1 +ay, Tnyn~

(1.10)

Under some conditions, {x,} converges strongly to x* € F.

Our concern now is the following: Is it possible to construct a three-step iteration method
and obtain a convergence theorem for a countable family of pseudocontractive mappings?

It is our purpose in this paper to construct a three-step iteration method and obtain
the convergence theorem for a countable family of pseudocontractive mappings provided
that the interior of the common fixed points is nonempty. No compactness assumption is
imposed either on one of the mappings or on C. The results obtained in this paper improve
and extend the results of Theorem IS, Zhou [14], Yao et al. [12], Tang et al. [13] and Habtu
Zegeye et al. [18].

2 Preliminaries
Let C be a nonempty subset of a real Hilbert space H. The mapping T': C — H is called

Lipschitz or Lipschitz continuous if there exists L > 0 such that
I1Tx - Tyl < Lllx-yll, Vx,yeC. (2.1)
If L =1, then T is called nonexpansive; and if L < 1 then T is called a contraction. It is easy to

see from Eq. (2.1) that every contraction mapping is nonexpansive and every nonexpansive
mapping is Lipschitz.
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A countable family of mapping {7}, : C — H is called uniformly Lipschitz with Lip-
schitz constant L,, > 0, n > 1, if there exists 0 < L = sup,sq Ly such that

I Twx = Tuyll < Lllx=yll, Vx,yeCn=L (2.2)

A countable family of mapping {7,};°, : C — H is called uniformly closed if x,, — x*
and ||x,, — Tyx, || — O imply x* € (02, F(T),).

In the sequel, we also need the following definition and lemma.

Let H be a real Hilbert space. The function ¢ : H x H — R defined by

¢(,y) = llx = yI* = lIx1* = 2(x,9) + llyll*, forx,y € H,

is studied by Alber [15], Kamimula and Takahashi [16] and Riech [17].
It is obvious from the definition of the function ¢ that

(Il = lly)* < ¢(e9) < (Ixll + lyll)*,  forx,y € H.
The function ¢ also has the following property:
¢, x) = ¢, 2) + d(z,x) + 2(z—y,x—2), forx,y,z€ H. (2.3)

Lemma 2.1 Let H be a real Hilbert space. Then for all x,y € H and o € [0,1] the following
inequality holds:

|ax + (1= a)y| = allx]® + (1 = @) Iy = (1 — &) | — yI|*

Remark 2.2 We now give an example of a countable family of uniformly closed and
uniformly Lipschitz pseudocontractive mappings with the interior of the common fixed
points nonempty. Suppose that X := Rand C := [-1,1] C R.Let {T},},>1 : C — Cbe defined
by

X, X € [_1) 0)1
T,x:= (2.4)

(zi,, + %)x, x € [0,1].

Then we observe that F := (2, F(T,) = [-1,0], and hence the interior of the common

fixed points is nonempty.

Now, we show that {T}},>1 is a countable family of pseudocontractive mappings. Sup-
pose that C; = [-1,0) and C, = [0,1]. If x,y € C;, we have that

(Tox = Tpyrx—y) = (x =0 —y) =[x —y|*. (2.5)

If x,y € C,, we have that

1 1 1 1
(Twx — Ty, x — ) :<<§ + §>x— <2—n + E)y,x—y>

AT
= —_ 4 — —_
on T )Y

<lx-y (2.6)

Page 5 of 14
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1

Ifx € Gy, y € Gy, considering (35 %)y(x —y) > 0, we have that

1 1
(Twx —Tyy,x—y) = <x— <2—n + E)y,x—y>

==y - <2ln - %)y(x—y)

<lx-y* (2.7)

Therefore, from (2.5), (2.6) and (2.7) we obtain that {7} },>; is a countable family of pseu-
docontractive mappings.

Next, we show that { T} ,>1 is uniformly Lipschitz with Lipschitz constant L = sup,.., L, =
2.If x,y € C;, we have that

|Tyx — Tyyl = lx—y] <2|x—y|. (2.8)

If x,y € C,, we have that

1 1
|Tx— Tyl = 2—n+§ lx =y <2]x -yl (2.9)

If x € Gy, y € C;, we have that

11
x—|—+=
o2 )

1 1
x—y—z—ny+ 57

< | 1 1
x=yl+|—=+=
= Y mto )

<lx-yl . x|
x=yl+{ —=+=)lx-
= Y YR y

<2lx-yl. (2.10)

|Tpx —Tyy| =

Therefore, from (2.8), (2.9) and (2.10) we obtain that {7},},>; is uniformly Lipschitz.

Finally, we show that {7,},,>1 is uniformly closed.

If there exists {x,,} C C; such that x,, — x* € [-1,0], and |x,, — T,,x,,| = 0, we observe that
[-1,0] C F;

If there exists {x,} C C, such that x, — x* € [0,1], if and only if x* = 0, we have that
|%, — Tx,| = 0, it is obvious that 0 € F;

If there exists {x,} C C:

(i) 3N, asn >N, x, € Cy. The proof is the same as the proof of the second situation;
(i) AN, as n> N, x, € C;. The proof is the same as the proof of the first situation;
(iii) {wn} C Ci, {xn;} C Ca. If there exists x, — x*, then we have that * = 0. The proof is
the same as the proof of the second situation. So, we can obtain that {7}, is

uniformly closed.
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3 Main results

Theorem 3.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H, let
{Tu}2, : C— C be a countable family of uniformly closed and uniformly Lipschitz pseu-
docontractive mappings with Lipschitzian constants Ly, let L := sup, -, L. Assume that the
interior of F := (oo, F(T,) is nonempty. Let {x,} be a sequence generated from an arbitrary
xo € C by the following algorithm:

Zn = (L= Yu)%n + Yu Tk,
Yn == Bu)xn + BuTnzn, (3.1)

K1 = (L= ot)x + 0ty Tnym

where {a,}, {Bn}, {vn} C (0,1) satisfying the following conditions: (i) o, < B, < Yy, Vi > 0;
(ii) liminf,,— oo @y = & > 0 (i) Sup,y yu < y with y*L*+2y?L3 + y*L* + yL* + 2y <1. Then

{x,} converges strongly to x* € F.

Proof Suppose that p € F. Then from (3.1) and Lemma 2.1, we have that

[%ne1 = PII* = (L= ) % =PI + el Ty = P11 = a1 = o) 16 — Tryal®
< (1= an)llwn = pI* + au(lyn =PI + 1yn = Tuyull?)
—otu(1 = at) 1% = Toyull®
= (=) lxn = pI* + aullyn = pI? + ullyn — Tuyal®
— oty = o) 1% — Tyl (3.2)
Iyn = pI* = A= B)l%n =PI + Bul Tuzn = pII* = Bul = B 6w — Tzl
< (1= B)l%n = pI* + Bullzn — pII* + Bullzn — Tuzul®
= Bul = B)lI%n = Tyzall?s (3.3)
lzn =PI = @ = Y ltn = PI* + Vil Tukn =PI = Y@ = Y 6w = T[>
< A= y)ll%n = pI* + Vallxn = I + Villn — Totull®
= V(L= Yu) 1% = T ?
= llxn = pI? + v, 1% = T (3.4)

In addition, using (3.1), we have that

1z = Tuzal® = || (L = V) (n = Tu) + V(T = Tzn)||*
= (1= Y ltn = Tuzull® + Yull Tutn — Tuzall®
— Yl = yu) 1% = Ty
< @ =y l%n = Tuzull® + yuL? 1% — 241
— Yu(L = Y) 1% = Tl
= (1= yu) 120 = Tuzall® + v L? 1% — Tyt >
— ¥ = V)l = Tt ?

= (L= Y 1% = Tuzall® + vu (V2L + Vi = )12 — Tyl (3.5)


http://www.fixedpointtheoryandapplications.com/content/2013/1/100

Cheng et al. Fixed Point Theory and Applications 2013, 2013:100
http://www.fixedpointtheoryandapplications.com/content/2013/1/100

Substituting (3.4) and (3.5) into (3.3), we obtain that

Iy = p1? < (L= B)ll%n = pI* + Balllxn = pI* + v, 1260 = Tuxall?)

+ Bu [(1 = V) l%n = Tnzn||2 + Vn()/nsz +Vn— 1) ll, — Tnxn”Z]

- ﬂn(l - lgn)”xn - Tnzn”2
= lltn =PI + BuVu (Vi L? + 2 = 1) 1% — Tyl

+ :Bn(,Bn - Vn)”xn - TnanZ'

Since

190 = Tuyull> = 1A = Bn) 6w = Tuyn) + BuTuzn — Tuyull®
= (1= B %0 = Tuyull? + Bull Tuzu — Tyl
= Bu(l = B ltn — Tuzal®
< (L= B)l%n = Tuyull® + BuL? 12w —
= Ba(1 = B)lItn — Tzl
12w = yull = | (1 = YD + Vi Tutn = (L= Bu)&n — Bu Tz
= 1Buxn = Yuxn + Vu T — B Tuznll
= | (Bu = vi)%n = (B = V) Tubn + Bu( T — Tz |
< V= B I%n = Totull + BuL 1% — za
= (¥ = Bu)l%n = Touxull + BuyuL oy — Tyt

= (Vu = Bu + BuVu) %y = Tyl

Then, substituting (3.8) into (3.7), we obtain that

”yn - Tnyn”2 = (1 - ,Bn)Hxn - Tn_yn”z + ,BnLZ(Vn - ,Bn + ﬂnVnL)ZHxn - Tnxn”2

- ﬁn(l - ﬂn)”xn - TnZn||2.
Substituting (3.6) and (3.9) into (3.2), we obtain that

%1 = pII* < (L= a) [l — pII* + cu[ 20 — pII>
+ Bu¥n (Vi L® + 27 = 1) s — Tpot|I”
+ Bu(Bu = v 16w — Tuzu*]
+ [ (L= Bl = Tuyull® + BuL? (Vi — Bu
+ Bu¥ul)* 1% = Tueull® = Bu(L = Bu) 6w — Tuzall*]
= otu(L = ) 1% = Toyll®
= 1% = pI? + [nBuyn (V2L + 270 - 1)

+ an,BnLZ(Vn —Bnt ,BnVnL)Z] ll — Tnxn”Z

Page 8 of 14
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+ 0ty = B 1% — Tnyn||2
+ 0 Bu(2Bn = Vi — Dllon — Tnzn||2~ (3.10)

Since from condition (iii), we have that

y(Y2L2+yL? +2y 1) + y2L2(L+ yL)* <0
U
V(YL + yul? + 2y, = 1) + L2(yu + ¥, 2L)* < 0

U
B ¥n (V;%LZ + 2y, — 1) + an,BnLZ(Vn = Bu+ :BnynL)2 <0.

Again from condition (i), we have that o, — 8, < 0 and 28, — y, — 1 < 0. So, inequality
(3.10) implies that

%1 =PI < 1960 =PI = [ctuBuyu (L = v,2L* = 272)

= uBuL? (V= B + Buynl)* | 1% = Tl (311)

Then
%1 = pII* < lln = pII*. (312)
It is obviously that lim,,_, « ||, — p|| exists, then {||x, — p||} is bounded. This implies that

(%} {Tuxn}, {2}, {Tuzn}, {yn} and {T,,y,} are also bounded.
Furthermore, from (2.3), we have that

s %) = PP, Xni1) + K15 Xn) + 2(Kns1 = Py X — Xna1).
This implies that

ot = P = 5re0) + 5 B0 ) = 2 (85 ) ~ (P10 (313)
Moreover, since the interior of F is nonempty, there exists p* € F and r > 0 such that

p* +rh € F whenever ||k| < 1. Thus, from the fact that ¢(x, y) = |x — ||, and (3.12) and
(3.13), we get that

0 < (¥ni1 — (p* + 7h), %0 — K1) + %¢(xn+11xn)
1
=5 (¢ (p* + rh,xn) - qS(p* + rh,xml)). (3.14)

Then from (3.13) and (3.14)), we obtain that

1
r{l, %y — Xpi1) < (xn+1 —-p* % —xn+1> + §¢(xn+1»xn)

- Lm0 - 60575
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and hence

~(@(p" %) =9 (p"%0n)).

M|,,_.

(h, %, — Xns1)
Since & with || k|| <1 is arbitrary, we have

e~ aall = (60" %) ~ 85" 510)-
So, if n > m, then we get that

%0 = % ll = 1% = X1 + X1 =« = X1 + Xm1 — Xl

n-1
< Z llc; — i1l
i=m

IA

1 n-1
ZZ (p* %) — o (p" xi1))

5 (00" 5) = 8(p"3).

But we know that {¢(p*,x,)} converges. Therefore, we obtain that {x,} is a Cauchy se-
quence. Since C is closed subset of H, there exists #* € C such that

X, — X" (3.15)
Furthermore, from (3.11) and conditions (i), (ii) and (iii), we get that
o?[(1-y°L* -2y) - yL*(1 + yL)] Z (B e

<Y Byl (1= V2L = 272) = Yl >+ YL ] 10 — Tl
= [etBuya(l - v2L* = 2y,)
= @By L (L4 vl )]l — Tl
<Y lanBuva(1- 7L = 2,)
= @Bl (Y = Bu + Buvul)* 196 — T ®

< %1 = pII* = 1w — plI* < 00,
from which it follows that
lim ||x,, = Ty, || = 0. (3.16)
n—

Since {T),}72; are uniformly closed, then from (3.15) and (3.16), we obtain that x* €
Mooy E(T,) = F. The proof is complete. 0

Theorem 3.2 Let C be a nonempty, closed and convex subset of a real Hilbert space H, let
T, : C — C bea finite family of uniformly closed and uniformly Lipschitz pseudocontractive

Page 10 of 14
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mappings with Lipschitzian constants L,, n =1,2,...,N. Assume that the interior of F :=
ﬂi\il F(T,) is nonempty. Let {x,} be a sequence generated from an arbitrary xy € C by the
following algorithm:

Zp = (L= Y)%n + Yu Tk,
Yn =1 = Bu)xn + BuTuzn, (3.17)

Xn+l = (1 - an)xn +ay, Tnyn;

where T, := Tymodn) and {o,}, {Bu}, {vu} C (0,1) satisfying the following conditions: (i) o, <
Bn < Vu» Y1 = 0; (ii) liminf,ee o, = @ > 0; (iii) sup,.; v < y with y3L* + 2y?L3 + y2L* +
yL? +2y <1for L:=max{L,:n=1,2,...,N}. Then {x,} converges strongly to x* € F.

If in Theorem 3.1, we consider a single Lipschitz pseudocontractive mapping, then we
may change the conditions of Theorem 3.1.

Theorem 3.3 Let C be a nonempty, closed and convex subset of a real Hilbert space H,
let T : C — C be a Lipschitz pseudocontractive mappings with Lipschitzian constants L.
Assume that the interior of F(T) is nonempty. Let {x,} be a sequence generated from an
arbitrary xy € C by the following algorithm:

Zn = (1 - Vn)xn + Vn Txy,
Yn =1 = Bu)xn + Bu Tz, (3.18)

X1 = (1 — o)y + 0y Ty,

where {a,}, {Bn}, {vn} C (0,1) satisfying the following conditions: (i) o, < B, < Yy, Vi > 0;
(i) D" nBuyn = 00; (iii) sup,-; vu <y with y>L* + 2y2L> + y?L* + yL? + 2y <1. Then {x,}
converges strongly to x* € F(T).

Proof Following the method of proof of Theorem 3.1, we obtain that x, — x* € C.
Furthermore, from (3.10) and conditions (i) and (ii), we obtain (3.11). From (3.11) and
conditions (iii) and (iv), we obtain that
272 2 2 2
[(1=y2L* = 2y) =y LA+ YL)’] Y ctuBu¥illn — Tl
= Zanlgnyn 1 yn 2%1) - VnLZ(l + VnL)Z] ll%, — rtxn”2
= Z[anﬁnyn (1 V2L2 2Vn)
= auBuy, L2(1 + YulL) ]”xn Ty
= Z[anﬁnyn 1 VnL _2)/;1)
- an,Ban(Vn = Bu+ ﬁnVnL)z] ¢, — Tty ”2

2 2
< %1 = pII" = llxn = pII” < 00,

2
[

from which it follows that

liminf ||x, — Tx,| =0
n— 00
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and hence there exists a subsequence {x,, } of {x,} such that
Tim | Ty, — %, = .
Thus, x,, — x* and the continuity of T imply that x* = Tx*, and hence x* € F(T). O

4 Applications

Theorem 4.1 Let H be a real Hilbert space, let {A,};°, : H — H be a countable fam-
ily of uniformly Lipschitz monotone mappings with Lipschitzian constants L,, let L :=
sup,s, Ly. And if |Auxull — 0, x, — x, then x € Mooy N(A,). Assume that the interior of
F:=(2; N(A,) is nonempty. Let {x,} be a sequence generated from an arbitrary xo € C by
the following algorithm:

Zn =Xy — ynAnxm
yl’l =Xn — IBn(xn - Zn) - ﬂnAnznr (4'1)

Xl = X — 0y (X _yn) = A nYns

where {ay}, {Bn}, {vn} C (0,1) satisfying the following conditions: (i) o, < By < yu, Y > 0;
(ii) lim inf,o0 oy = & > 05 (iii) sUp,,oq ¥u <y with y3L* + 2y2L3 + y2L? + yL? + 2y <1. Then
{x,,} converges strongly to x* € F.

Proof Suppose that T,x := (I — A,)x for n > 1. Then we get that {T),},>1 is a countable
family of uniformly closed and uniformly Lipschitz pseudocontractive mappings with
Mooy E(T,) = (2 N(A,) # 8. Moreover, when A, is replaced by I — T,,, Scheme (4.1) re-
duces to Scheme (3.1) and hence the conclusion follows from Theorem 3.1. O

Corollary 4.2 Let H be a real Hilbert space, let A, : H — H be a finite family of uni-
formly Lipschitz monotone mappings with Lipschitzian constants L,, n =1,2,...,N. And
if |Aux,|l = 0, x, — x, then x € ﬂ]::l N(A,). Assume that the interior of F := ﬂff:lN(Ay,)
is nonempty. Let {x,} be a sequence generated from an arbitrary xo € C by the following
algorithm:

Zn = Xp — YAnXn,
Yn =%n— ﬂn(xn - Zn) - ,BnAnan (42)

Xn+l = Xp — an(xn _yn) - anAnyn;

where Ay, := Aumodn) and {0}, {Bn}, {vn} C (0,1) satisfying the following conditions: (i) o, <
Br < Vu» Y1 = 0; (ii) liminf,eg oty = @ > 0; (iii) sup,.; yu <y with y3L* + 2y?L3 + y2L* +
yL? +2y <1for L:=max{L,:n=1,2,...,N}. Then {x,} converges strongly to x* € F.

Corollary 4.3 Let H be a real Hilbert space, let A : H — H be a Lipschitz monotone map-
pings with Lipschitzian constants L. Assume that the interior of N(A) is nonempty. Let {x,}
be a sequence generated from an arbitrary xo € C by the following algorithm:

Zn = Xp — VnAXy,
Yn =%Xn— ﬂn(xn - Zn) - ,BnAZn; (43)

Xn+l = Xp — an(xn _yn) - anAynr
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where {a,},{Bn}, {vn} C (0,1) satisfying the following conditions: (i) o, < B, < Yy, Vi > 0;
(i) Y 0tuBuyn = 00; (iii) Sup,y yu <y with y>L* + 2y?L* + y?L* + yL* + 2y <1. Then {x,}
converges strongly to x* € N(A).

Remark 4.4 In the paper [18], Scheme (2.28) of Theorem 2.5 and Scheme (2.29) of Corol-
lary 2.6 are not correct, they are replaced by the following iterative algorithms, respec-

tively.

Vn =%n — ,BnAnxnr

Xl = Xp — (X — V) — Ay Vs
and

Y =%n — BuAXy,

Xn+l = Xp — an(xn _yn) - anAyn'
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