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Abstract

In this paper, the mixed Caputo-Hadamard fractional derivative is introduced based
on the Caputo-type modification of Hadamard fractional derivatives in the existing
paper, and impulsive partial differential equations with Caputo-Hadamard fractional
derivatives are studied. The formula of a general solution for these impulsive
fractional partial differential equations is found by considering some limiting cases
(impulses tending to zero), and its validity is shown by an example.
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1 Introduction

The fractional calculus was developed within the frame of the Hadamard fractional deriva-
tive in [1-6], and for the general theory of Hadamard fractional calculus we refer the in-
terested reader to [7]. Moreover, some progress was achieved in controllability, some new
definitions, some new methods of numerical solution etc. for fractional differential equa-
tions [8-13].

Recently, Jarad et al. presented the definition of Caputo-Hadamard fractional deriva-
tive in [14], and developed the fundamental theorem of fractional calculus in the Caputo-
Hadamard setting in [14, 15].

Furthermore, Vityuk and Golushkov were concerned with the existence and uniqueness
of solution for a kind of fractional partial differential equations in [16]. Next, Abbas and
Benchohra first considered fractional partial differential equations with impulses in [17],
and the authors gave some results as regards the existence and uniqueness of solution for
these impulsive systems in [17-22].

Now the equivalent integral equations were found for several fractional-order systems
with impulses in [23-28], and the obtained results show that there is a general solution
for their impulsive fractional-order systems.

Motivated by the above-mentioned work, we will give the definition of a mixed Caputo-
Hadamard fractional derivative and seek the equivalent integral equations for a kind of
impulsive partial differential equations with Caputo-Hadamard fractional derivatives to
find the essential result that there exists a general solution for impulsive fractional differ-
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ential equations in this paper. We have

(C_HD'(ZM’MM)(x,y) =f(x,y,ulxy), @y eJandx#x;(i=1,2,...,m),
u(xf,y) = ulx;,y) + L(u(x;,y), i=L12,...,m, (1)
u(x, b) = ¢(x)’ u(ﬂrj’) = W(y)r PAS [ﬂrA],J’ € [er]r

where ] = [a,A] X [b,B] (a,b > 0), q = (q1,92) (here q1,4> € C and (N(q1), N(g2)) € (0,1] x
(0,1)]), C»HDZH, be) denotes the Caputo-Hadamard fractional derivative of order g. We have
the impulsive points a = xg < X1 < -+ < Xy < X1 = Ao ulx],y) = lim,_, o+ u(x; + €,7) and
u(x;,y) = lim,_,o- u(x; + &,y) represent the right and left limits of u(x,y) at x = x; (i =
1,2,...,m), respectively. f : ] x C" — C" and [; : C" — C" (i = 1,2,...,m) are given func-
tions. ¢ : [a,A] — C", ¢ : [b, B] - C" are given continuous functions with ¢(a) = ¥ (b).

Consider a limiting case in system (1):

lim system (1
Ii(u(x; ,y))— 0 for all i€{1,2,..., m}{ Y ( )}

. (cHD, poyW)x,y) = fx, 3, u(x,9)),  (x,y) €], @
u(x, b) = ¢(x)’ M(ﬂ’y) = 1//()/)7 LS [ﬂ’A]’y € [b:B]
Therefore,
li the soluti f syst 1
I,-(u(xi’,y))ﬁoflorpall i€{1,2,.., m}{ ¢ sofution of system ( )}
= {the solution of system (2)}. (3)

Next, some preliminaries are given in Section 2, and the equivalent integral equation will
be provided for a fractional partial differential system with impulses in Section 3. Finally,

an example is presented to illuminate the main result in Section 4.

2 Preliminaries
In this section, we shall present the definition of Caputo-Hadamard fractional partial
derivatives according to definition of left-sided Caputo-Hadamard fractional derivatives

suggested by Jarad et al. in [14, 15], and we draw a conclusion.

Definition 2.1 Let a; € [a,A], 2" = (a1+,b+), ], = [a1,A] x [b,B), q = (q1,42) (here q1, g2 €
C and N(q1), R(g2)) € (0,1] x (0,1]). For the function w, the expression

. B 1 x py a_c qll( Z>¢121 ﬂé
(1T 59) = o) //h (l“s) ) venT

where T is the gamma function, is called the left-sided mixed Hadamard integral of or-

der g.

Definition 2.2 Let g = (q1,4>) (here q1,q> € C and (R(q1), R(g2)) € (0,1] x (0,1]). For w €
L(J,,C") the mixed Caputo-Hadamard fractional derivative of order g can be defined by
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the expression

(c-HDLw)(x,9)
1 X y —-q1 —q2 dtd
[ (02) " (02) s
Fl-q)T(1-q2) Jo, Jo s 4 ts
= (T 78:8,w)(x,y),

where we have the partial differential operator §, = x%

Lemma 2.3 Let h € C(J,,C"), q = (q1,q2) (here q1,q2 € C and (R(q1), R(g2)) € (0,1] x
(0,1]). A function u € C(J,,C") is a solution of the differential equation

(cuDLu)(x,y) = hx,y), (%) €l (4)
if and only if

u(x,y) = u(x,b) + u(ai,y) — u(aj, b) + (IL. h) (x,)
= u(x,b) + u(a;,y) — u(aj,b)

1 * [ ot 2l dtd
+7/ / (lna—c> (lnz> h(s,t)——s,
g (q2) Jay Jo s t t s

for (x,y) €],. (5)

Proof Let u(x,y) is a solution of the equation (C_HDZ u)(x,y) = h(x,y), (x,9) € J,. Due

to
(c-uD%u) () = (0T 18:8,u) (x,)
we have
n T8 (1T 18:8,u) (x,9) = (0 TLH) (x,9),  (x,9) €.
On the other hand,
nT 2 (0T 18:8,u) (x,9)
= n T (8:8,u)(x,9)
= u(x,y) — ulx,b) — u(af,y) + u(af,b), for (x,y) € /.
Therefore,

u(x,y) = u(x,b) + u(aj,y) —u(ai,b) + (nJ2h)(x,y), for (x,9) € /..

Moreover, equation (5) satisfies (4) by Definition 2.2. The proof is completed. O
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3 Main results
For convenience, let Z?zlz, 0, E(x,y) = ¢(x) + ¥ (y) — d(a), and f = f(s, £, u(s, t)). Define

u(x,y) = u(x,b) + u(xg,y) — u(xf,b)

1 oy g\ 2! dtds
- - InZ InZ ==
+r(q1)r(qz)/xkfb (“s) <nt) ur

for (x,y) € (xk,xk41] X [b,B],and k € {1,2,...,m}, (6)

with u(xg, y) = ulxg, y) + L(ulxg, y)).

By Lemma 2.3, it is sure that #(x, y) satisfies the fractional derivative condition and im-
pulsive conditions in system (1). But (x, y) is not a solution of (1) because it does not satisfy
(3). Therefore, u(x, y) will be considered an approximate solution to seek the exact solution

of system (1).
Theorem 3.1 Let q = (q1,42), here q1,q> € C and (R(q1), R(q2)) € (0,1] x (0,1]. Li(u(x;,))

(i =1,2,...,m) are differentiable functions on y. System (1) is equivalent to the integral
equation

1 ¥y o\ g\ BT de ds
, ) _— In = InZ =z
uboy) = Bw) + F(ql)r(qz)/u ,/b (ns) (nf> f

k

+ Z %,3)) = i(u(x,b))]

o) k -1 y)"z U dt ds
, n2 at as
r(ql)nqz) (+7) [/ / < ) (“t S
R\ y\ deds
) (1“5) (“‘2) n
X 1-1 -1
CRE R
a Jb N t t s
JSor (x,) € (%, %i41] % [b,B] (here k €{0,1,2,...,m}), (7)

provided that the integral in (7) exists, where o (y) is an arbitrary differentiable function
ony.

Proof As regards necessity; letting J;(u(x;,y)) — 0 for all i € {1,2,..., m} in equation (7),
we obtain

u(x,y)

lim
Ii(u(x; ,y))— 0 for all i€{L,2,...,m}
1 x py q-1 q2-1 dt d
=B,y + 7/‘ / <ln9—c> <lnz) f——S,
C(gT(q2) Ja Jb N t t s
for (x,7) € (xx, xx1] x [b,Bl,k €{0,1,2,...,m}.

Therefore, by Lemma 2.3, equation (7) (under conditions [;(u(x;,y)) — 0 for all i €
{1,2,...,m}) is the solution of system (2), that is, equation (7) satisfies condition (3).
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Next, for Vx; (i € {1,2,...,m}) in equation (7), we get

u(xf,y) —u(x,9) = E(xf,9) +Li(u(x;,y)) - Liu(x;, b)) - E(x;,y)
(u(x7,)) — Ll b)) + ¢ (x) - 6 (x;)
(u(x7,9))-

I
o~

1l
=~

Therefore, equation (7) satisfies the impulsive conditions in system (1).

Finally, taking fractional derivatives of both sides of equation (7) as (x,) € (xk,%k41] X
[b,B] (here k =0,1,2,...,m), we obtain

(C HD (a+,b+) )(x’y)

= (H‘7(a1?b+)8x5yu) (x’ y)

k

e ay{umnz[ (o) — 1o 0)]
1 oy o\ y\PT dt ds
+F(q1)F(qz)/ﬂz /b <ln§> (111;) f__
ey St [ [ (%) (m2) 2
(ql)r(q» (x23) f / ) T
¥y o\ g \PT de ds
Cr s
_/x/y (hly_c)ql—l(an)qz lfﬂéj”
a b S t

1
{f(x'% (%) co)elan )< b8 + )T @)
k x q1-1 y @21 g\ 4
x ;Hjijm 828 |:/x, <lni—c) (/b a(y)]i(u(xi,y))(ln%> fT)?S
x q1-1 y q2-1 dt\ d
L ool )%
a S b t t S
(.)€ (egg41]% [0,B]
We have
x q1-1 y q2-1 dr\ d
Hjm be) ) [/xl (lni—c) (/b G(y)li(u(x[,y))<ln%/) f7>:s
x q1-1 y q2-1 dat\ d
—fu (ln%c) (/b o )i (u(x;,7)) <ln%) f7)51| =0. (8)

Also, we will give the proof of equation (8) in the Appendix. Thus

(DG ) @ y) = £ (%, 806, 9)) )] < 58]-

So, equation (7) satisfies all conditions of (1).
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As regards sufficiency: we will prove that the solution of system (1) satisfies equation (7)
by mathematical induction. By Lemma 2.3, the solution of system (1) satisfies

= 1 7w\ y\PT dt ds
M(x»y):G(x,y)+m/a ‘/; (hl;) (lnz) f?:’

for (x,y) € [a,%1] x [b,B]. )

Using (9), the approximate solution (as (x,) € (x1,x,] x [b, B]) of system (1) is given by
u(x,y) = u(x, b) + u(xy,y) — u(xj,b)
1 * oy \TT oy \2T deds
" T@r@) / /b (]“E> (“’E U
= ¢(x) + ¢(x7) + V() — d(a) + L(u(x,y))
1 X1y x Q11< y)qzl dt ds
- - In2 InZ iidhiad
+F(Q1)F(612)/u /b (“ s> ") I
—¢(x7) — ¥ (b) + ¢p(a) — L (u(x], b))

x ry q1-1 q2-1
(03 ) 22
C(qT(q2) Ji Jb s 1 s

= B(.y) + h(u(x,9)) - h(u(x, b))
1 oy e\ N2 di ds
+r<q1>r<qz>[/a A(lﬂ?) (1“E> U
v\ g\ dt ds
+fx1fb (“‘z) (“‘2> 4 7?}

for (x,y) € (x1,%2] x [b, B]. (10)

Let e;(x,y) = u(x,y) — u(x,y) for (x,5) € (x1,%2] x [b, B], here u(x,y) denotes the exact so-

lution of system (1). Moreover, by equation (9), the exact solution u(x,y) of system (1)
satisfies

1 x pry q1-1 q2-1 dtd
lim  u(x,y) = E(xy) + 7/ / <ln f) <1n2) f—_S,
L (u(5.,9))—>0 Mg (q2) Jo Jb s t ts

for (x,y) € (x1,x2] x [b,B]. (11)

Thus,

lim e (x,y)
hut g0

= lim u(x, y) — u(x,
11(u<x;,y>>—>o{ @) - @)}

1 oy N g2 deds
" T@)r (@) [/ /b (1“E> (ln¥> U
X1 1-1 -1
_/ /y<1n’ﬂ)q (mz)”’ gl ds
a Jb s t t s
X 1-1 -1
L6
% Jb s t t s
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Equation (12) means that e;(x, y) is connected with limy, (u(; y)—0 €1(%,y) and L (u(x7, 7))
Therefore, we suppose

el(x,y)—/c(ll( (xl,y))) (}clrﬁ) Oel(x,y)

e (B (ulay,9))) x ( z)q“ dt ds
- r(oh)r(qz) [/ / <l ) ) TS
1 o\ Y\ dtds
‘/a [ ) ()" %S
X 1-1 -1
-/ /y(ln’—“)q (ml)” fM} 13)
x Jb S t

where « is an undetermined function with «(0) = 1. Thus,

u(x,y) = ulx,y) + e1(x, )

E(x,y)+11( (xl,y)) (u(xl'b))

L (5" (2 q“ﬂé
+F(611)F(6I2 / / (ln5> (mt) f
1— ke (h(u(xg,)) y( >q1_1< _>q21 ﬂé
@) [/ /h )

INACIRCIE
L) ()

for (x,y) € (x1,%x2] x [b,B]. (14)

Next, using equation (14), the approximate solution (as (x,y) € (x2,x3] X [b, B]) of system
(1) is provided by

u(x,y) = u(x,b) + u(xg,y) — u(x;,b)

1 v\ g\ dt ds
- l _ l i -
" T (@) //b (“s) (“t) ur

= E(,y) + L (u(x7,9)) — L (u(x7, b)) +12(u(x2,y)) I (u(x3,0))

1 X2 ry 92 q1-1 X)qz 1 ﬂé
" T (@) [/ / (1“ ) <1“t f
X 1-1 21
+/ /y(lnif)q (ln%)q fﬂé}
1- K(ll(u(xl,y)))[ ( ) _< X)‘” - ﬂé
* I'(q1)T (g2) / lnt S
q1-1 q2-1
y dt ds
/ / ( ) (t) e
[ ) (o)
_a b(ns) <nt) fts’
b, B].

for (x,) € (x2,x3] x [b, (15)
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Let ex(x,y) = u(x,y) — u(x,y) for (x,y) € (xp,x3] X [b, B]. Moreover, by equation (14), the
exact solution of (1) satisfies

1 *ory o\ P dt ds
lim  u(x,y) = E,y) + 7/‘ / (ln —) <1n —) ——
I (u(xy )0, g T @@ Jo S s iy

Iy (u(x3,9)—0

for (x,y) € (x0,x3] X [b,B],

lim  u(x,y)
I (u(x5,9)—>0 )

= Bxy) + L(u(xr,y)) = h(u(x,b))

1 ¥y o\ g \?T dt ds
+F41)F (42) / / <ln§> <ln;> f__

1o K(Il(u(xl,y)))[ ( ) ( z)q“ ﬁé
¥ I'(q)T (q2) / / " 4 /

x 1-1 2-1 2-1
L0 G L) )]

for (x,y) € (x2,x3] x [b,B],

lim  u(x,y)
nt g0 Y

=By +L (u(xg,y)) -5 (u(xg,b))

1 oy o\ y\PT dt ds
+r(q1)r(q2>/a /b (1“E> (mE) e
1- k(B (u(x3,9)) [ ( )‘“‘1( _)"“ @@
*TT@r@) / / w2) (m3) s
* oy g\ 271 dt ds a-ly N2 Gt g
L) e3) TS L ) () TS

for (x,y) € (x2,x3] x [b, B].

Thus,

lim () (x, )
I (u(xy ,)—0, 7

I (u(x3,)—0

= lim {ulxy) - i(xy)

I (u(x] ,9))—0,
I (u(x3,9)—>0

1 v\ g\ de ds
= —— 1 - 1 - -
F(Ql)r(%)[/a /b (n5> (nt> f
_/xz /y (lnﬂ>ql—l<lnz>qz—lfﬂé
a Jb s t t s
x 1-1 2-1
L) )
xy Jb s t t s

lim  ey(x,y)
I (u(x3,)—0 Y



Zhang Advances in Difference Equations (2016) 2016:281

= lim {u(x,y) - L_t(x,y)}

D(ulxy )0

—K 11 xl,y 1( Z)q21 ﬂé
~ T(q)T(q2) [/ /( > 4 f

t s

L)) - )

1 el u(xl,y)))[ ( _) ( z)"“ﬂé
MEYPAINeS // i ne) 7

2 X2 -1 y 22-1 dtds
‘Lﬁ@ﬁ? () %S

*ory e\ N2 g s
'Lﬂ@ﬁ () %5)

lim  e(x,)
I (u(xy,9)—0 4

= lim u(x,y) — u(x,
Il(u(xl',y))—>0{ (x,) — (%, )}

el (u,9) [ ( )‘“'1( z)”“ ﬂ@
= T / / me) S

x py x a-1 y 421 dt ds
+Ll@ﬁ () 55

x 1-1 2-1
_/ /y<1n’_“)q <1nz>q fﬂé}

a b S ¢

By (16)-(18), we get

oy - L LG9) -

x ry q1-1 q2-1
SN ACH R CH A
x Jb S t

t t s

L) )

t s

1 -k (h(u(x1,9)) [ ( _>q11< Z)qz_l dt ds
@) / / " ") I

1-1 2-1

_f /(m’E)q <1n2)q fﬁé

x1 b S t

oy e\ 2l gt ds
[ L) (5) 25

t s
Therefore, by (15) and (19), we have

u(x,y) = ulx,y) + e2(x,y)

= E(x,y) + L (u(x],9)) -

n(u(x, D)) + B (u(x3,3)) = B (u(x2, b))

1 2\ YN dt ds
- InZ In? e
+r<ql)r<qz>/a /b (“s) (nt> ur

(ql)r(cp) - U / < > 1(1“

t

)

y\ 27 dt ds
n;) f——

17)

(18)

2l gt ds
f__

(19)

Page 9 of 21
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1 k(I (ulxg, y»)[ y( )"( _)q“ ﬁé
T T () / /b ne) 7
o\ N2 dtds
L) (D)
L) )
s t
1—x ]2(%(962,)/ y( )ql 1< _)qz -1 ﬂé
" Tl / /b ne) 7
N\ Y\ dtds
L) () TS
x 2-1
_/ /y<1n—> <lnj—l>q dtds]
t
]

==
for (x,y) € (x2,x3] X [b, B].

On the other hand, for system (1), we have

lim

X)—>X

ulxf,y) = ulx;,y) + L(u(x;,y), i=12, (21)
M(xr b) = ¢(x)v M(ﬂ:y) = W()’), X € [ﬂ;A];y € [er]

l(c uDL, W& y) =f(x,y,ux,y), (xy) €Jandx#x,

l (D, 4o)(x,9) = f(@,y,u(x,y)),  (x,y) €] and x #x1,%),

u(xy,y) = ulxi,y) + L(u(xy,y) + L(ux], ), (22)
u(x, b) = ¢(x): ”(ﬂ;)’) = lﬁ()/); X € [ﬂ»A]»J’ € [er]

Using (20) and (14) to (21) and (22), respectively, we get

L we[h(u(xr,9)) + B(u)] = 1= (0 (u(x1,9)) + 1 -k (B(u(x9))),

for VI, (u(x7,y)) and I (u(x7, ). (23)

Therefore, 1 — k (I;(u(x;,y))) = 0 (¥)1;(u(x;,y)), here o () is a differentiable function on y.
Thus, (14) and (20) can be rewritten into

us.) = B ) + 1 (7. 9)) ~ 1 (o)

1 xry 2\t @1 g ds
+F(611)F(612 / / (ln_> (lnz> f__
e L ) ()
Tl () / / %) J
1-1 -1
) () S
xory 2\ 1! 2l gy ds
L) ()]

for (x,y) € (x1,%2] x [b,B], (24)
u(x,y) = Bxy) + b (u(xy,y)) - h(u(xi, b)) + L (u(x3,)) - L (u(x3, b))
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ot 21 dt ds
r(ql)r<q2 / / (] ‘) (l ‘) e
o(J’)h(u(xpy))[ < )q1_1< Z)‘“ - ﬂé
* I'(q)T (q2) / / lnt S
*orr e\ N2 gy ds
SNACHE TN
X 1-1 -1
L ) () S
o () h(u(x3,y)) oy\?T dt ds
"M@ I(q1)T (q2) [/ / ( ) (111;) f__
x ry x q1-1 y q2-1 dt ds
L 3) () S
x 1-1 -1
_/ /y<1n’_“>q <lnz>q fﬂé]
a Jb N t

for (x,y) € (x2,x3] x [b, B].

For (x,y) € (x,,x,11] X [b, B], suppose

g 1 o x\TT g\ " deds
u(x,y) = Ex,) + m/a ./1; <ln ;) (ln Z) f__
*Z (7,9)) = Ii(u(x7, b))
G(Y) n - Z)‘Izl ﬂé

" Tt 21 040) [/ / < ) (h‘t f
o Cx NI  y\®T dt ds

+[ﬁﬂ <ln;) <lnz> f__
R\ y\BT deds

_/a /b (ln§> (lnz> f—_]

for (xry) € (xn:x;ﬁl] X [er]

Page 11 of 21

(25)

(26)

Using (26), the approximate solution (when (x,y) € (%41, %142] X [, B]) of (1) can be given

by

u(x,y) = ulx,b) + u(xn+1, ) - u(xn+1,b)

-1 q2-1
> y ﬂé
F(oh)l"(qz /x,m / <l ) <ln t) f

n+l

= E(x,y) + Z [£i(u(x7,9)) = Li(u(x7, b)) ]

X+l y Q-1 q2-1

] ) ) e

C'(g)T(q2) L/a b s ¢
x y a1-1 q2-1

A CH R

Xp41 Vb S t
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o) « _ Wiy g BT NPT dtds
*r(qor(qz);[i(”(x“y))[/a /b <ln?) (ln¥> U

X+l y q1-1 q2-1
) e

x; b S t t s
_/‘xml /y lnx”+1 q1-1 lnz qZ—If'ﬂé

a b s ¢ t s/

for (x,y) € (%441, %442] X [b, B]. (27)

Let e,41(x, y) = u(x,y) — u(x,y) for (x,y) € (x,41,%442] X [b, B], here u(x, y) denotes the exact
solution of system (1). Moreover, by equation (26), the exact solution satisfies

1 oy e\ N2 dr ds
lim ulx,y) = 8(x,9) + ——— In - In= -,
Ly )0, (v.7) = 8x2) ['(q1)T (q2) /a /b < S) < t) f t s

for all ie{1,2,...,n+1}
fOf (xxy) € (xn+1:xn+2] X [be]) (28)

lim u(x,y)
Bt -0, 7

here je{1,2,...,n+1}

=B@y)+ Y [L(u(x.y) - L(ub))]

1<i<n+l,
and i#j

1 *ory o x N y\PT dt ds
S InZ InZ aas
+r(q1)r<q2>/a /b (“s> (“r) T3

a(y) . sy g\ y\2T dt ds
* T 2 Ii(”(’“f’y))[/a /b <h‘?) (ln¥> U

1<i<n+l,
and iz

x Py q1-1 q2-1
L) ()
x; Jb S t t s
x ry q1-1 q2-1
L) () S
a Jb N t t s

fOI’ (x:y) € (xn+1’xn+2] X [b:B] (29)
Thus,
lim en1(x,
[ )0, 1®9)

for all ie{1,2,...,n+1}

= lim  {ulxy) - alxy)}

Iiuls; )0,
for all i€{1,2,...,n+1}

x pry Q-1 q2-1
I e
)T (q2) LJa Jo s 14 ts
Xpil [V q1-1 q2-1
[ (o)
a b S t t s
x y q1-1 q2-1
) )
Xpe1 J b S t t s
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lim en1(x,9)
Hat o, Y
here je{1,2,...,n+1}

= lim u(x,y) — u(x,
i, 9) =859}

here je{1,2,...,n+1}

1- O'()/) Zl<z<n+1 I; (u(xl 7}’))

and 1) x y( 9_C>q1—1< Z)qzlﬂé
M@ (@) [//b ms) \ln3) f

Xn+l Xysl -1 y q2-1 dtdS

/ / ( ) (1“;> i

x 1-1 -1
_/ /y(ln’_“>q (lnz)q fﬂé]

xps1 J b N t

o0 =" z)"“ﬂé
* ) 2 i) [/ / (1“ ) <lnt f

1<i<n+l,

and i

Xn+l - 21
R
t
o\ y\BT dtds
L6
%pe1 J b S t t s

By (30) and (31), we obtain

_ I—U(Y) 215i§n+11i(u(xf,y)) o X n-1 y 2-1 dt ds
en(%,y) = @) (@) [/ / (ln ;) (ln —) f——
[ e
t
x 1-1 -1
_/ /y <ln’£)q (hlz)q fﬂé}
X4l /b S

o‘(y) ”*1 x -1 y q2-1 ﬂﬁ
F(CI1)F(6]2) (+729) U / (1“ > (lnt) %

L %ﬂ) ()
L)

Therefore, by (27) and (32), we get

u(x,y) = u(x,y) + p1(x,)

n+l

= E(x,y) + Z [i(u(x;,y)) = Li(u(x;, b))

1 oyl N y\2T deds
- InZ In? e
+r<ql)r<qz>/g /b (“s) (nt> ur

Page 13 of 21

(31)

(32)
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o [ [ () (o)
NG ) (-)q“fM
L) ()

for (x,y) € (Xu41,%442] X [b, B]. (33)

Therefore, the solution of system (1) satisfies equation (7). Thus, by necessity and suffi-
ciency, system (1) is equivalent to equation (7). The proof is completed. d

4 Examples
In this section, we will give an example to reveal that there exists a general solution for

impulsive fractional partial differential equations.

Example 4.1 Let us consider the impulsive fractional system
(C_HDEIMMu)(x,y) =Inxlny, (x) €[1,3] x[1,3]andx#2
u(2',y) =u(27,y) + 1y, (34)
u(x’l) =M(1,J’) =0, xe€ [1)3])}’6 [I)S]r

where g = (% + j,% +j) (here j denotes the imaginary unit) and / is a constant. By Theo-
rem 3.1, the general solution of (34) is given by

1 L NI g ds
u(x,y) = 1 / / <ln—) (ln —) Intlns——
I'(3 +])F +) t s

1 . )
= W(lnx)i i(Iny)37, for (x,9) € (1,2] x (1,3], (35)

1, 1. .
1 x pry -1 7+-1 dt d
u(x,y)=ly+ﬁ// ]nf ]nZ lntlns——s
rG+HrG+nJh h s t t s
+]1 %+j—l
A o(y)lyl [ (ln2> (m—) Inglns 2 98
INCESINCEY) s t ts
TN
t
241 dt ds
//(1 —> <ln—) Intlns :|
t S

(Inx)2 34

td
lntlns——s
S

(Iny)3"

x>1

=ly+

(5 +]) (% ]) y>1

o)l ,, 1 x\2Y
"TE NG ) [a E [1““ (5 ”) 1“2] (lI‘E)

](hwﬁ*f

x>2

—(Inx)3* for (x,) € (2,3] x (1,3], (36)

x>1 y>1
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where o (y) is a differentiable function on y in equation (36). Next, we will verify that the
general solution (35)-(36) satisfies all conditions in system (34). By the Appendix, we have

1 .
27 dtd
(i) c.HDzI1 1 { T [/ / <ln—) <lnz> lntlns——S
w1 r'(3 +})F +)) t t s
x y 7+j—1 7+j—1
—/ / (lna—c> (lnz> lntlnsﬂéj“
1 1 S t t s
L' +)(3+))
1 . .
x py 3+-1 5 +-1 dt d
x HJL’]H(S B ”:/ / (1n9—6> (lnz) Intlns= %
2 1 S t t s
1. 1 .
oy x\2I oy 2t dt ds
- In - In= Intlns— —
I CH I CH R

[T

Taking fractional derivatives of the two sides of equations (35)-(36), we have

y>1)

(C HD 1+ 1+) )(x’y)

1
_CHD(1+1+)( (

3.,
f(lnxﬁ”
LG +)TE +))

(lny)%"/

x>1

=Ilnxlny, for (x,y) € (1,2] x (1,3],

(C HD 1+1+) )(x’y)

1 . 1 .
1 e 741 A dtd
= C_]—[D(ql+ 1+){ly+ ﬁ\/\ / <1na—c) (lnz> lntlnS——s
’ FG+HTGG+) 1 J s t t s
1.
I 7971 dtd
a(y)y [/ / <ln—> <lnz) lntlns——s
INCESINCES): t t s
y 341 dt ds
//(ln—) (ln—) Intlns— —
t t s
x py 341 141 dt d
—/ / <ln9—c) (lnz> lntlns——S“ (using (i)
1 J1 s t t s

=Inxlny, for(x,y)€(2,3]x (1,3].

Therefore, equations (35)-(36) satisfy the fractional derivative condition in system (34).
Next, by equations (35)-(36), we have

[u(Z*,y) - ”( ’y)]ye 1,3
) 1 2y 2 3+i-1 y 341 dt ds
=yt —4——7 In - In= Intlns— —
rG+HrGG+Hh L s t t s
1 2 0y g1l y 241 dt ds
— ﬁ/\ / (ln —> <1n—) Intlns— —
rG+HrGG+n 1 h s t t s
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(using (35) and (36))

= ly|y€(1,3] .

Therefore, equations (35)-(36) satisfy the impulsive conditions in system (34).
Finally, for system (34), we have

(cHD{, 1 W)xy) =InxIny, (x,y) €[1,3] x [1,3]andx #2,
llin& u2t,y) =u(27,y) + Iy,
ux,1)=u(l,y)=0, x€(l,3],yell,3]

_ ) (cnuDf, 1wy =Inxlny,  (x,) € [1,3] x [1,3],

(37)
ulx,1)=u(l,y)=0, x€[1,3],yelL,3]
On the other hand, by equations (35)-(36), we have
lliné{equations (35)-(36)}
li ,
= fimute)
— L (Inx)?*(Iny)3¥, for (x,9) € (1,2] x (1,3],
L) (3 +) R R
1 5+ 54
ly + FGrGe) (Inx)2"|,51(Iny)2 |y>1
=lim _ob 34 (38)
-0 + T340 (3 +) [(In2)2 .
+[Inx+ (3 +/)In2](In §) 27,5,
3, 3.
= (Inx) 2" [-1](Iny) 2 7|1, for (x,) € (2,3] x (1,3]
L (Inx)3"(Iny)3", for (x,7) € (1,2] x (1,3],
= u(x,y) — (7+1)1 (§+1)

§+j §+j
F(gﬂ')r(%ﬂ') (lnx)z |x>1(1ny)2 |y>lx for (?@J’) € (2; 3] X (11 3]

By Lemma 2.3, equation (38) is equivalent to system (37). Therefore, equations (35)-(36)
satisfy the corresponding condition (3) of system (34). Thus, equations (35)-(36) satisfy
all conditions of system (34), that is, equations (35)-(36) is the general solution of sys-
tem (34).

Appendix
In the section, we will prove the following conclusion.

1 _ * 2 \D oy ~ y 2-1 dt\ ds
et [ (n3) ([ oomteein () weo) T

x Q-1 y q2-1 dt\ d
_/,; <1n f) </b a(y)li(u(xi—,y)) (ln%) h(s, t)%)?s} =0. (A1)

Proof Let o (y);(u(x;,y)) = ¥(y). For the sake of convenience, we divide the calculation
into several steps.
Step 1. Compute

1 - o\ y\ 2! dt\ ds
_F(ql)F(qz)Hj(“:’lm)sxay[/xi (m3) ([ rr(m3)" me0)T)
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First of all, fx’j (In f)ql_l(fby ?(y)(In %)qz_lh(s, t)%)% is transformed as

x X q1-1 y y 0 s
L3 ([ oor(nd) o) 2

1 * y N2 o

S o ), (/b z?()’)h(s,t)d(ln;> )d<ln;)
T\ N
Qe [(hl s) /h P ()hs, t)d(m t)

_/: (m;)‘“ (f B (y) h(S,t)d(ln_) )}
RN A | )
_qIQZ|: <lnxl.) /;ﬂ@)h(x“t) ( t)

x a\ 1 y ah(S,t) y

L) ([ o 5 a(m3)) ]
= L{—(]n i)ql (]nz)qzﬁ(y)h(xi,

9192 X; ¢

X q1 y y x“t)

+<1n;i> /b<lnz) 19(),)

x q1 ,b y q2 2h ,
-/x,. (23) [Hn3) o055 /b(“z) 0
1 x q1 y q2 x q1  py y q2 t

T ah(s, b
f) (s )ds
s

y\ % x
+ <ln E) ﬂ(y)/x,. <ln s
x a1 y a2 92h(s,
+/x‘i <ln§> |:‘/]; <ln%> 19()') (S L‘) ]ds}.

Therefore,

1

Hjiz+qb+ 8 8 x\ " ) o
=——2 - {In— In=) d(h(x;,b
I'(q)T (g2)0192 { < ! xi) < ! b) O, b)

O\ 7\ 8h(xl,t)
(‘“2) f (1“2) PO
(hﬁ) ﬁ(y)/ ( )qlah(s,b)
N <1n_) [ ( z) (0 dt] ds}
t ds 0t o

1 7 lqu_llyqz_lh(b)ﬁ)ll?')ly
R (S e e R

X -l ey y q2— 18h(x”
+<1“2> /h <h‘;> Py (z‘/‘(y) ﬁ(y)ln—)dt

1 * x\01/ oy s -1
s [ (3) ([ o (n]) wen S

Page 17 of 21
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y\ 2™ T, oy\ [*(, x\T " 0hs,b) ¥\t
+ (ln E) <l9(y)+ %yﬂ (»)In E) /xi <ln ;) % ds+/xi (ln ;)
Yoy \ 2 1 ¥\ 0%h(s, t)
X |:/b <ln;) (z?(y) + ayﬂ () an) YT dt:| ds}xzxi. (A.2)

By Definition 2.1, we have

1 T AN In? qﬂh( )(96)+ Ly )
Nl ()™ b{< E) (“Z> o (W%y v “Z)Lzm

1 1
') (q2) T(A - q)I (1 - g2)

e )

d
(19(n)+—m9 (n)In ) nd
q n &

_ h(x;,b) 1 y Z)—qz(l ﬁ>q2_1< LI, ﬁ)
T T(@)D(q) TA-q)T A -q2) Jy <h‘ " ny o (n) + o (mn

X {/x (Inx—Inx; — (In§ - lnxi))l_ql_l(ln?;‘ —Inx)" ' d(ln€ - lnxi)}%

(let i = go)
x;

__ b /y (1112)_@ (hlﬁ)qz_l (ﬁ(n) s L) E)@. (A3)
T 1-q2) J, n b 1 b)n’ '

1 x qi-1 py y q2-1
- InZ InZ
Figorigy Jiersn {(“x) /b <“ t)

< 2D (5 + oo ) aef

X>X;

(ql)lr(qz>r(1 )T (1~ qz)/x,f (1“_> ql(m%)m{(m%)ql_l
- r(ql)lr(q» r(l—ql)lr(l—cm (lni’lni)m <lni)mld<h‘%)
S () T ) (o o ) ]
(let f ¢>
i ) ()
x Uhn (m g)qz_l ah(;t"’ f) (0(;7) + %w'(n) In g) dt}%
“rrama ) [ (n3) (%)
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oh(x;,t 1
X ( )<L9(n) + —nd
at 2

q

1 y "“( 1, y)

1 n? L 96y

Figorigy Jiarsn {(“ b) PO)+ Ly Oy
5.b)

x 1-1
L,
1 Z ﬁ q2-1
(g7 (q2) T - ql)m qz>/x,/ ( ) ( n) {(lnb)
oo\ [F( & q”ah( b) | dndé
* (l’(”’* Pl (””“z)/xi (1“2) }7?
__ 1 ! "(lnf)q‘{ /E( )q " 0h(s,b)
I'(g)l(q2) TA-q)I'1-q2) Jy, & xi as
Yoy 0\ P 1, n
x/b lnn> (lnb) (ﬁ(n)+q—m9(n)ln }
1 1 ah(s, b) e\ de
m2) =4
Mg () T - )T (- g) / f( > (“s) g ™
0-1
x/y(ln}—]) (ln—)q (19(77)+in19’(r/)1n>
b n q2
1

8h(s,b)
T(g2)T (1 - q2) /xi ds

y —q2 gq2-1 1 dn
X/,, (“‘;) (l“z) (l’(’”*a’“’( )in z)?

_ M b)  hab) (7 z)"”( Q>q2‘1< 1 g)@‘
" T@ri-a) ), <1nn lnb 1?(77)+q2771? (n)lnh y (A.5)

X[/f(ln%)@_l(w—w D))
) O / X (1“ §>q (1“ %)q /E (1“ é)qﬂ

« [ /b ' (m g)q (ﬂ(n) . qims/(n)ln g) 32;;(;; 2 dt] ds%”’gﬁ
(ql)lr(q»r(l aT(1- qz>/x, / <ln_)m_l(l“§)_ql
)L 02 o ron ]
i r(ql)lnqz) r- ql)lr(l ~q) / / (1“ §>ml (1“ gy

S T L 02) (0]) (e gn}) T a o

’(n)lnﬁ) M o (A.4)
t)n

—_
=]

=
4 3 |S

SHES
= |§~
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Y 32%h(s, t)
[(g)T (1 -q5) /,/ ds ot
y A 1, n\dy
X|:/: <1n;> <1nz> <ﬁ(n)+anﬁ(n)ln;)7i|dtds
~ 1 y Ly X —42( Q>q2—1
‘qu>r(1—q2)/ / <]“ ) I

(ﬁ(n)+q—nﬁ (m1n )M@

. A.
o7 ;. dt (A.6)

Substitute (A.3)-(A.6) into equation (A.2), we have

¥ a1 q2-1
) ([ oo )
1 2
(x¢b) q2-1 1 / Q d_n
T()T(1-q) Jy ( ) (ln—> <ﬂ(n)+5w (r))lnb) \

L dt. (A7)

Step 2. Compute

WH‘ZZ{;H‘Sﬁy[ f ’ <ln f)ql_l
y ( | ’ ) (s y))(ln%)qz_lh(s, t)?)?].
Letting x; = a in (A.7), we obtain
mﬁjzfméé (m—)qll(/bya(y)z l,y))(ln%)qz_lh(s,t)?)%
%/( JNCHN (W* vomng)
I(g>)T(1- cn/f(ln_) lng>

(ﬁ(n)+im9() >ah(x’)d”d, (A.8)
q a1

Therefore, by (A.7) and (A.8), we get

1 B x q1-1 y a2-1 dt\ d.
b [ (n3) ([[romtrn(nd) meo) S
x Q-1 y q2-1 de\ d
—/a‘ <1n§) </b a(y)liu(x;,y))(ln%) h(s,t)?)f}:o.

The proof is now completed. O
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