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Abstract

In this paper we introduce new modified Mann iterative processes for computing
fixed points of an infinite family of Bregman W-mappings in reflexive Banach spaces.
Let W, be the Bregman W-mapping generated by S, Sp-1,..., 51 and

B Bon-1.---, Bnr. We first express the set of fixed points of W, as the intersection of
fixed points of {S;},. As a consequence, we show that W, is a Bregman weak
relatively nonexpansive mapping if 5; is a Bregman weak relatively nonexpansive
mapping for each i=1,2,...,n. When specialized to the fixed point set of a Bregman
nonexpansive type mapping T, the required sufficient condition F‘(T) =F(T)is less
restrictive than the usual condition /E(T) = F(T) which is based on the demiclosedness
principle. We then prove some strong convergence theorems for these mappings.
Some application of our results to convex feasibility problem is also presented. Our
results improve and generalize many known results in the current literature.
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1 Introduction

Throughout this paper, we denote the set of real numbers and the set of positive integers
by R and N, respectively. Let E be a Banach space with the norm || - || and the dual space
E*. For any x € E, we denote the value of x* € E* at x by (x,x"). Let {x,},cn be a sequence
in E, we denote the strong convergence of {x,},cn to x € E as n — 0o by x, — x and the
weak convergence by x, — x. The modulus 6 of convexity of E is denoted by

llx + yli

5(6)=inf{1— el = L lylh <1, llx =yl 26}

for every € with 0 < € < 2. A Banach space E is said to be uniformly convex if 5(¢) > 0 for
every € > 0. Let Sg = {x € E: ||x|| = 1}. The norm of E is said to be Gdteaux differentiable if
for each x,y € Sg, the limit

x+ 1y - |jx
i 1+ 70— )
t—0 t
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exists. In this case, E is called smooth. If the limit (1.1) is attained uniformly for all x,y €

Sk, then E is called uniformly smooth. The Banach space E is said to be strictly convex if

x+y
1

only if E* is uniformly smooth. It is also known that if E is reflexive, then E is strictly convex

| <1 whenever x,y € Sg and x # y. It is well known that E is uniformly convex if and

if and only if E* is smooth; for more details, see [1, 2].

Let C be a nonempty subset of E. Let T': C — E be a mapping. We denote the set of
fixed points of T by F(T), i.e., F(T) = {x € C: Tx = x}. A mapping T : C — E is said to be
nonexpansiveif | Tx—Ty|| < ||x—y| forallx,y € C. Amapping T : C — Eissaid to be quasi-
nonexpansive if F(T) # ¥ and || Tx—y| < |[x—y| forallx € C and y € F(T). The mapping T
is called closed, if for any sequence {x, },en C C with lim,,_, o %, = %o and lim,,_,c T, = yo,
we have Tx( = yo. The concept of nonexpansivity plays an important role in the study of
Mann-type iteration [3] for finding fixed points of a mapping 7" : C — C. Recall that the

Mann-type iteration is given by the following formula:
Xni1 = VnTxn + (L= Yu)xn, %1 €C. 1.2)

Here, {y,}xen is a sequence of real numbers in [0, 1] satisfying some appropriate condi-
tions. The construction of fixed points of nonexpansive mappings via Mann’s algorithm
[3] has been extensively investigated recently in the current literature (see, for example,
[4] and the references therein). In [4], Reich proved that the sequence {x,},cn generated
by Mann’s algorithm (1.2) converges weakly to a fixed point of T. However, the conver-
gence of the sequence {x,},cn generated by Mann’s algorithm (1.2) is in general not strong
(see a counterexample in [5]; see also [6, 7]). Some attempts to modify the Mann iteration
method (1.2) so that strong convergence is guaranteed have recently been made. Bauschke
and Combettes [8] proposed another modification of the Mann iteration process for a sin-
gle nonexpansive mapping 7 in a Hilbert space H. Then they proved that if the sequence
{an}uen is bounded above from one, then the sequence {x,},cn generated by (1.2) con-
verges strongly to a fixed point of T, see also Nakajo and Takahashi [9].

Let E be a smooth, strictly convex and reflexive Banach space and let / be the normalized
duality mapping of E. Let C be a nonempty, closed and convex subset of E. The generalized
projection I1¢ from E onto C is defined and denoted by

[M¢(x) = argmin ¢ (y, x), (1.3)
yeC

where ¢(x,y) = [|x]|? = 2(x,Jy) + ||y||%. For more details, see [10].

Let C be a nonempty, closed and convex subset of a smooth Banach space E, let T be
a mapping from C into itself. A point p € C is said to be an asymptotic fixed point [11]
of T if there exists a sequence {x,},cn in C which converges weakly to p and lim,,_, ||,
— Tx,|| = 0. We denote the set of all asymptotic fixed points of T by F(T). A point p €
C is called a strong asymptotic fixed point of T if there exists a sequence {x,},cn in C
which converges strongly to p and lim,,_, o |%,, — TX, || = 0. We denote the set of all strong
asymptotic fixed points of T by F(T).

Following Matsushita and Takahashi [12], a mapping T : C — C is said to be relatively
nonexpansive if the following conditions are satisfied:

(1) F(T) is nonempty;
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(2) ¢(u, Tx) < ¢p(u,x), Vu € F(T), x € C;
(3) E(T) = E(T).
In 2005, Matsushita and Takahashi [12] proved the following strong convergence theo-

rem for relatively nonexpansive mappings in a Banach space.

Theorem 1.1 Let E be a uniformly convex and uniformly smooth Banach space, let C be
a nonempty, closed and convex subset of E, let T be a relatively nonexpansive mapping
from C into itself, and let {o,},cn be a sequence of real numbers such that 0 < «, <1 and

limsup,,_,  a, < 1. Suppose that {x,},en is given by

xo=x€C,
Yn :]_l(an]xn + (1 - an)]Txn):
H,={ze(C, :¢(Z:yn) =< ¢(Z:xn)}r (1.4)

W,={zeC:(x,—2zJx-Jx,) >0},

Xns1 = Ig,nw,x.

IfF(T) is nonempty, then {x,},en converges strongly to Iprx.

1.1 Some facts about gradients

For any convex function g : E — (—00, +00], we denote the domain of g by domg = {x € E :
g(x) < 0o}. For any x € intdomg and any y € E, the right-hand derivative of g at x in the
direction y is defined by

glx +ty) — g(x) _

n (1.5)

. .
gy = ltlﬁ)l

gr+ty)—g(x)
t

In this case g°(x,y) coincides with Vg(x), the value of the gradient Vg of g at x. The func-

The function g is said to be Gdteaux differentiable at x if lim,_,¢ exists for any y.
tion g is said to be Gdteaux differentiable if it is Gateaux differentiable everywhere. The
function g is said to be Fréchet differentiable at x if this limit is attained uniformly in
llyll = 1. The function g is said to be Fréchet differentiable if it is Fréchet differentiable
everywhere. It is well known that if a continuous convex function g : E — R is Gateaux
differentiable, then Vg is norm-to-weak* continuous (see, for example, [13]). Also, it is
known that if g is Fréchet differentiable, then Vg is norm-to-norm continuous (see [13]).
The mapping Vg is said to be weakly sequentially continuous if x,, — x as n — oo implies
that Vg(x,) —* Vg(x) as n — oo (for more details, see [13] or [14]). The function g is said

to be strongly coercive if

g(xn) - 00

lnll—oo ||%,]l

It is also said to be bounded on bounded subsets of E if g(U) is bounded for each bounded
subset U of E. Finally, g is said to be uniformly Fréchet differentiable on a subset X of E if
the limit (1.5) is attained uniformly for all x € X and ||y| = 1.
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Let A : E — 2% be a set-valued mapping. We define the domain and range of A by
domA ={x € E: Ax # @} and ranA = |,
by G(A) = {(x,x*) € E x E* : x* € Ax}. The mapping A C E x E* is said to be monotone [15]

if (x — y,a2* —y*) > 0 whenever (x,x*), (y,y*) € A. It is also said to be maximal monotone

Awx, respectively. The graph of A is denoted

[16] if its graph is not contained in the graph of any other monotone operator on E. If
A C E x E* is maximal monotone, then we can show that the set A™10 = {z € E: 0 € Az} is

closed and convex.

1.2 Some facts about Legendre functions
Let E be a reflexive Banach space. For any proper, lower semicontinuous and convex func-

tion g : E — (—00, +00], the conjugate function g* of g is defined by

" (x") = sup{(x,2") - gw)}
xeE
for all x* € E*. It is well known that g(x) + g*(x*) > (x,x*) for all (x,x*) € E x E*. It is also

known that (x,x*) € dg is equivalent to

g) + g% (x*) = {x,%). (1.6)

Here, dg is the subdifferential of g [17, 18]. We also know that if g : E — (—o00, +00] is a
proper, lower semicontinuous and convex function, then g* : E* — (—00, +00] is a proper,
weak* lower semicontinuous and convex function; see [2] for more details on convex anal-
ysis.
Let g: E — (—00, +00] be a mapping. The function g is said to be:
(i) Essentially smooth if dg is both locally bounded and single-valued on its domain.
(ii) Essentially strictly convex if (g)™" is locally bounded on its domain and g is strictly
convex on every convex subset of dom dg.
(iii) Legendre if it is both essentially smooth and essentially strictly convex (for more
details, we refer to [19]).
If E is a reflexive Banach space and g : E — (—00, +00] is a Legendre function, then in
view of [20]

Vg* = (Vg)™, ran Vg = domg* = intdomg*, and ranVg =intdomg.

Examples of Legendre functions are given in [21, 22]. The most notable example of a
Legendre function is %ll - |I* (1 < s < 00), where the Banach space E is smooth and strictly

convex and, in particular, a Hilbert space.

1.3 Some facts about Bregman distances

Let E be a Banach space and let E* be the dual space of E. Let g : E — R be a convex and
Géteaux differentiable function. Then the Bregman distance [23, 24] corresponding to g
is the function D, : E x E — R defined by

Dg(xry) =g(x) —g(y) - (x_y’ Vg()’))t Vx’y €E (1~7)
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It is clear that Dy (x,y) > 0 for all x,y € E. It is well known [25] that for x € E and x¢ € C,
Dy (x0,%) = minyec Dy (y, %) if and only if

(y — %0, Vg(x) - Vg(x0)) <0, VyeC. (1.8)

In that case when E is a smooth Banach space, setting g(x) = ||x|| for all x € E, we obtain
that Vg(x) = 2Jx for all x € E and hence D,(x,y) = ¢(x,y) forall x,y € E.

A Bregman projection [13, 23] of x € int(domg) onto the nonempty, closed and convex
set C C domg is the unique vector projt.(x) := xy € C satisfying

Dy (x0,%) = I;éiéng(y, x).

It is well known that proj}. has the following property:
Dy (y, proje. x) + Dy (projs. x, ) < Dg(y, %) (1.9)
for all y € C and x € E (see [13] for more details).

1.4 Some facts about uniformly convex functions

Let E be a Banach space and let B, := {z € E : ||z|| <r} for all r > 0. Then a function g : E —
R is said to be uniformly convex on bounded subsets of E [26] if p,(t) > 0 for all r,£ > 0,
where p, : [0, +00) — [0, 00] is defined by

pr(t) = inf ag(x) + (1-a)g(y) - glax + (1-a)y)

%,Y€By, | x-yll=t,a(0,1) a(l-a)

(1.10)

for all £ > 0. The function p, is called the gauge of uniform convexity of g. The function
g is also said to be uniformly smooth on bounded subsets of E [26] if lim, o “’Tm =0 for all
r > 0, where o, : [0, +00) — [0, 00] is defined by

1-a)t 1- —aty) —
e wp (o)) s (- ab) g
x€By,yeSEg,a€(0,1) O[(l - Ol)

for all £ > 0. The function g is said to be uniformly convex if the function §, : [0, +00) —
[0, +0o0], defined by

5,(0) = sup{%g(x) - 520) —g(’%) Ny =] = t},

satisfies that lim; o “’T(t) =0.

1.5 Some facts about resolvents

Let E be a reflexive Banach space with the dual space E* and let g : E — (—00, +o0] be a
proper, lower semicontinuous and convex function. Let A be a maximal monotone oper-

ator from E to E*. For any r > 0, let the mapping Res‘fA :E — dom A be defined by

Res®, = (Vg +rA)'Vg.
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The mapping Res’f 4 is called the g-resolvent of A (see [27]). It is well known that ATH0) =
F (Resljr 1) for each 7 > 0 (for more details, see, for example, [1]).
Examples and some important properties of such operators are discussed in [28].

1.6 Some facts about Bregman quasi-nonexpansive mappings
Let C be a nonempty, closed and convex subset of a reflexive Banach space E. Let g: E —
(—00, +00] be a proper, lower semicontinuous and convex function. Recall that a mapping
T : C — Cis said to be Bregman quasi-nonexpansive if F(T) # @ and

Dy(p, Tx) < Dg(p,x), VxeC,pe F(T).

A mapping T': C — C is said to be Bregman relatively nonexpansive if the following con-
ditions are satisfied:

(1) F(T) is nonempty;

(2) Dg(p, Tv) < Dy(p,v), Vp e F(T),ve C;

(3) F(T)=F(T).

A mapping T : C — C is said to be Bregman weak relatively nonexpansive if the following
conditions are satisfied:

(1) F(T) is nonempty;

(2) D,(p, Tv) < Dy(p,v), YVp € F(T), v e C;

(3) E(T)=F(T).

It is clear that any Bregman relatively nonexpansive mapping is a Bregman quasi-
nonexpansive mapping. It is also obvious that every Bregman relatively nonexpansive
mapping is a Bregman weak relatively nonexpansive mapping, but the converse in not
true in general; see, for example, [29]. Indeed, for any mapping T : C — C, we have
F(T) c E(T) c E(T). If T is Bregman relatively nonexpansive, then F(T) = E(T) =
E(T).

The concept of W-mapping was first introduced by Atsushiba and Takahashi [30]
in 1999 and ever since has been extensively investigated for a finite family of map-
pings (see [31] and the references therein). Now, we are in a position to introduce
the concept of Bregman W-mapping in a Banach space. Let C be a nonempty, closed
and convex subset of a reflexive Banach space E. Let {S,},cn be an infinite family of
Bregman weak relatively nonexpansive mappings of C into itself, and let {8, : k,n €
N,1 < k < n} be a sequence of real numbers such that 0 < 8;; <1 for every i,j €
N with i > j. Then, for any n € N, we define a mapping W, of C into itself as fol-

lows:

Un,n+1x =X,
Un,nx = PI'OJ.% (Vg* [ﬁn,n Vg(Sn un,n+1x) + (1 - ,Bn,n)vg(x)]):
Un,n—lx = PrOch(Vg* [,Bn,n—l Vg(Sn—lun,nx) + (1 - lgn,n—l)vg(x)]):

Uy ix = proj¢- (Ve [ Buk VE(Skluiax) + (1= Bui) Ve)]),
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Uyz% = proje (Vg Buz Vg (S2Unzx) + (1 - Bu2)Ve()]),

Wox = Uy1x = Vg* [,Bn,l Vg(Sillyzx) + (1 - 5n,1)Vg(x)]

for all x € C, where proj?. is the Bregman projection from E onto C. Such a mapping W,,
is called the Bregman W-mapping generated by S, S,,-1,...,81 and B,u, Bun-1s---» Bu1-

The theory of fixed points with respect to Bregman distances has been studied in the
last ten years and much intensively in the last four years. For some recent articles on the
existence of fixed points for Bregman nonexpansive type mappings, we refer the readers
to [20-22, 27, 28]. But it is worth mentioning that, in all the above results for Bregman
nonexpansive type mappings, the assumption F(T) = F(T) is imposed on the map 7. So,
the following question arises naturally in a Banach space setting.

Question 1.1 Is it possible to obtain strong convergence of modified Mann-type schemes
to a common fixed point of an infinite family of Bregman W-mappings {S;};cny without
imposing the assumption F(Sj) =F(Sj) on §;?

In this paper we introduce new modified Mann iterative processes for computing fixed
points of an infinite family of Bregman W -mappings in reflexive Banach spaces. Let W,
be the Bregman W-mapping generated by S, S,-1,...,81 and By, Buu-1,---» Bua. We first
express the set of fixed points of W, as the intersection of fixed points of {S;}7,. As a
consequence, we show that W, is a Bregman weak relatively nonexpansive mapping if S;
is a Bregman weak relatively nonexpansive mapping for each i =1,2,..., n. We then prove
some strong convergence theorems for these mappings. Some application of our results
to convex feasibility problem is also presented. No assumption F(T) = F(T) is imposed
on the mapping 7. Consequently, the above question is answered in the affirmative in a
reflexive Banach space setting. Our results improve and generalize many known results in
the current literature; see, for example, 8, 9, 12, 30-33].

2 Preliminaries
In this section, we begin by recalling some preliminaries and lemmas which will be used
in the sequel.

The following definition is slightly different from that in Butnariu and Iusem [13].

Definition 2.1 ([14]) Let E be a Banach space. The function g : E — R is said to be a
Bregman function if the following conditions are satisfied:

(1) g is continuous, strictly convex and Géteaux differentiable;

(2) theset {y € E: D,(x,y) <r}isbounded for allx € E and r > 0.

The following lemma follows from Butnariu and Iusem [13] and Zalinescu [26].

Lemma 2.1 Let E be areflexive Banach space and g : E — R be a strongly coercive Bregman
function. Then
(1) Vg:E — E* is one-to-one, onto and norm-to-weak™ continuous;
(2) (x—y,Vgx)—Vgy)) =0 ifand only if x = y;
(3) {x € E:Dg(x,y) <r} is bounded for all y € E and r > 0;
(4) domg* = E*,g* is Gateaux differentiable and Vg* = (Vg)™.
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We know the following two results from [26].

Theorem 2.1 Let E be a reflexive Banach space and g : E — R be a convex function which
is bounded on bounded subsets of E. Then the following assertions are equivalent:
(1) g is strongly coercive and uniformly convex on bounded subsets of E;
(2) domg* = E*,g* is bounded on bounded subsets and uniformly smooth on bounded
subsets of E*;
(3) domg* = E*,g* is Fréchet differentiable and Vg* is uniformly norm-to-norm
continuous on bounded subsets of E*.

Theorem 2.2 Let E be a reflexive Banach space and g : E — R be a continuous convex
function which is strongly coercive. Then the following assertions are equivalent:
(1) g is bounded on bounded subsets and uniformly smooth on bounded subsets of E;
(2) g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous on
bounded subsets of E*;
(3) domg* = E*, g* is strongly coercive and uniformly convex on bounded subsets of E*.

Let E be a Banach space and let g : E — R be a convex and Gateaux differentiable func-
tion. Then the Bregman distance [34] (see also [23, 24]) satisfies the three point identity
that is

Dy(x,2) = Dy(x,y) + Dg(y,2) + (x -y, Vg(y) - Vg(z)), Vx,y,z € E. (2.1)
In particular, it can be easily seen that
Dg(x,y) = —Dy(y, %) + (y -x,Vg(y) - Vg(x)), Vx,y € E. (2.2)
The following result was proved in [29].
Lemma 2.2 Let E be a Banach space and g : E — R be a Gateaux differentiable function

which is uniformly convex on bounded subsets of E. Let {x,},en and {y,}nen be bounded
sequences in E. Then

lim Dy(x,,9,) =0 <<= lim [z, —y,l = 0.
n—00 n—00
The following result was first proved in [19] (see also [14]).

Lemma 2.3 Let E be a reflexive Banach space, g : E — R be a strongly coercive Bregman
function and V be the function defined by

Ve(%x") = gx) — (%, 2%) + g*(x*), x€Ex" €L
Then the following assertions hold:
(1) Dy(x, Vg*(x*)) = Vg(x,x*) for all x € E and x* € E*.

(2) Vglw,x™) + (Vg*(x*) = x,5") < Vo, 5™ + y*) for all x € E and x*,y* € E*.

The following result was proved in [29].



Naraghirad and Timnak Fixed Point Theory and Applications (2015) 2015:149 Page 9 of 28

Lemma 2.4 Let E be a Banach space, r > 0 be a constant, p, be the gauge of uniform convex-
ity of g and g : E — R be a convex function which is uniformly convex on bounded subsets
of E. Then

(i) Foranyx,y € B, and a € (0,1),

glax+ (1 -a)y) <ag) + (1 -a)gy) —ad—a)p(lx-yl).

(ii) Foranyx,y € B,,

pr(”x —)’||) = Dg(xry)-

(iii) If, in addition, g is bounded on bounded subsets and uniformly convex on bounded
subsets of E then, for any x € E, y*,z* € B, and a € (0,1),

Vg(x,oty* +(1- a)z*) < ot\/g(x,y*) +(1- oz)Vg(x,Z*) —a(l- a)pf(“y* -z ||)
The following result was proved in [29].

Lemma 2.5 Let E be a Banach space, r > 0 be a constant and g : E — R be a convex func-

tion which is uniformly convex on bounded subsets of E. Then

g(Z am) <> euglore) — eviotipr(llxi — )

k=0 k=0

Soralli,j€{0,1,2,...,n}, xx € By, ax € (0,1) and k = 0,1,2,...,n with Y ;_,ox = 1, where
pr is the gauge of uniform convexity of g.

Now we prove the following important result.

Proposition 2.1 Let E be a reflexive Banach space and g : E — R be a convex, continu-
ous, strongly coercive and Gdteaux differentiable function which is bounded on bounded
subsets and uniformly convex on bounded subsets of E. Let C be a nonempty, closed and
convex subset of E. Let 1, S, . .., S, be Bregman weak relatively nonexpansive mappings of
Cinto itself such that (., F(S;) # @, and let {B,x : k,n € N,1 < k < n} be a sequence of real
numbers such that 0 < 8,1 <1land 0 < B,; <1 foreveryi=2,3,...,n. Let W,, be the Breg-
man W-mapping generated by S,,Sy_1,...,S1 and By, Bun-1,---»Bu1. Then the following
assertions hold:
(i) F(W,) = iy F(S2);
(ii) forevery k=1,2,...,n,x € C and z € F(W,), Dy(z, U, xx) < Dg(z,%) and
Dy (z, Skl k1%) < Dy(z,%);
(ili) for every n € N, W, is a Bregman weak relatively nonexpansive mapping.

Proof (i) It is clear that (1, F(S;) C F(W,,). For the converse inclusion, take any w €
N, F(S;) and z € F(W,).

Let r1 = sup{[|Vg(2)|l, IVg(Sk2 I, IVE(SkUnin2)ll : k=1,2,...,n} and p;; : E* — R be the
gauge of uniform convexity of the conjugate function g*. In view of (1.9) and Lemma 2.4,
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we obtain

Dy(w,2) = Dg(w, Wyz)

= Dg(w, V' [ B VE(SiUna2) + (1 - B) Ve(2)])

=g(W) = (W, Bu1 Bua VE(Si1Uy22) + (1 - B1) VE(2)
+ 8" (Bu1 VE(Siln2z) + (1 - Bu1)Ve(2))

< Buagw) + (1= Bu))gW) + B1g* (VE(S1ln22)) + (1 - Bu1)g* (Vg(2))
= Bua(L = Bu1)py (| Ve(Silnz) - Ve (2)||)

= Bu1 Ve (w, VE(S1l,22)) + (L= Bu1) Vg(w, Vg(2))
= Bua (= Bu) oy (| Ve(Sil22) - Vg(2)|)

= BuiDg(w, S1Up22) + (1 = B1)Dg(w, 2)
= Bun(1 = Bur) o}, (|| Ve(S1Ul22) - Vg(2)]))

< BuaDg(w, Uy 22) + (1 = By1)Dg(w, 2)
= Bua(L = Bu1)py (| Ve(Silnaz) - Vg (2)||)

= Bui[BnaDg(w, Uy 32) + (1= B2)Dg(w,2)
= B2 = Bu2) 0}, (| VE(S2Un2) = V(@) )] + (1 = Bu1)De(w, 2)
= Bua (= Bu)ps (| Ve(Si1l22) - Vg(2)|)

<.

< Dyw,2) = Bua(L = Bu)py, (| Ve(S1Un22) - Ve(@)])
= BrnaBn2(1 = Bu2) o}, ([ Ve(S2lnsz) — Vg@)]) - -+
= BuiBuz -+ Bun(L = Bun)o}, (|| VE(Suz) - Vg(2)])).

This implies that
o ([ Vg(S2llnsz) = Vg(@)|) = - = o} (| Vg(Su2) - Vg(2)||) =0
and hence, from the properties of p;,, we conclude that
Skz =z, Uz=2z (k=2,3,...,n).

If 8,1 < 1, then we get from || Vg(S1U,,22) — Vg(z)|| = 0 that S;z = z. And if 8,,; = 1, then we
obtain from z = W,z = §1U,,»z that S,z = z. Thus we have z € (", F(S;). This shows that
F(W,,) C N, F(Sy).

(if) Letk =1,2,...,n,x € Cand z € F(W,). By a similar way as in the proof of (i), we arrive

at

Dg(Z, Uy ix) < ﬂn,kDg(Zv Skl perx) + (1 - ﬂn,k)Dg(zr x)

< lsn,kDg(Zv Un,k+1x) + (1 - ,Bn,k)Dg(zy x)
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=< Buk [ﬁn,kJrng(Z» un,k+1x) +(1- ﬁn,kﬂ)Dg(Z; x)] +(1- ,Bn,k)Dg(Zr x)

< -+ < Dglz,%).
This implies that
Dy (z, Sl ks1%) < Dyg(z,%).

(iii) Since we have already proved that F(W,,) = ()_, F(S;), then the fact that W, is a Breg-
man weak relatively nonexpansive mapping is a consequence of each S; being Bregman
weak relatively nonexpansive. Indeed, let {z,,} »cy be a sequence in C such thatz,, - z€ C
and ||z, — W,z || = 0 as m — oo. We will show that z € F(W,,). To this end, let w € F(W,,).

In view of Lemma 2.2, we get that

lim Dy(W,2m,2m) = 0.

m— 00

On the other hand, we have from (2.1) that

Dg(W; Zm) — Dg(W; Wozm) = Dg(W: Wazm) + Dg(WanyZm)
+ <W - Wz, Vg(Wzi) - Vg(Zm)> - Dg(Wr Woizm)

= Dg(anm; Zm) + (W - anm; Vg(Wan) - Vg(zm))
This, together with (2.2), implies that
lim |Dg(w,zm) — Dy(w, anm)| =0.

Let rp = Sup{”Vg(zm)”r ”Vg(skzm)”, ||Vg(5kun,k+1zm)|| :m e Nk =12,..,n1} and ,0;; :
E* — R be the gauge of uniform convexity of the conjugate function g*. By the same ar-

guments as in (ii), we conclude that

Dy(w, Wazym) = Dg(w, VE* [ B VE(S1Un22m) + (1 = 1) VE(2n)])

= g(w) = (W, Bu1 Bu1 VE(S1Un2zm) + (1= B1)VE(zm))
+ & (BnaVE(S1Un2zm) + A = Bu1)VE(Zm))

< Buagw) + (1= B )gW) + Burg* (VE(Salln3zm)) + (1 = Bu1)g*(Ve(zm))
— Bui (= Bu) sy (| Ve (Si1Unazm) = Ve(zm) )

= Bu1 Ve(w, VE(Siln2zm)) + (L= Bu1) Ve (w, Vg (zm))
= Bua(L = Bu) ory (| VE(S1U221m) = ViE(2) |)

= Bu1Dg(W, S1Uyp2zm) + (1 = Bu1) Dy (u, 21n)
= Bua(1 = Bu) o}, (| VE(S1Uinpzm) = Vg(zm) )

< BuaDg(W, Uy 22m) + (1 = Bu1)Dg(W, 2,)

— Bl - ﬂn,l)p;kz (” Ve(Siluozm) — Vg(zm) ”)
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= Bur| Bu2DgW, Un3zm) + (1= Bu2)De(W; 2,n)
~ B2 = B2, (| Ve (Sallnzzm) — V(@) )] + (A = Bu) Do (w, 21m)
= Bua (L= o) 0}, (| VE(S1U22) - Ve(zm) )
<.
< Dg(w,2) = Bua (L = Bu) oy, (| VE(Si1Un22m) = Ve(za) )
= BuiBua (L= Bu2) o}, (| VE(Sallnszm) - Vezm)|) -
= BuiBua - Bun(L = Bun) ), (| VE(Suzm) = Ve(zn) | )-

This implies that

im0, (S5~ Setem]) =

= lim (| Ve(Suzm) - Velzm)]) = 0.
Therefore, from the property of p;; we deduce that
W}i_r)noo H Vg (Sizm) — Vg(Skzm)H =0, Vke{2,...,n}
and hence
Skz =z, Uyz=2z (k=2,3,...,n).

If 8,1 <1, then we get from ||Vg(S1U,,22) — Vg(z)|| = 0 that S1z = z. And if 8,,; = 1, then
we obtain from z = W),z = S U,,»z that Siz = z. Thus we have z € (|, F(S;) and hence W,
is a Bregman weak relatively nonexpansive mapping for every n € N. This completes the
proof. d

Next we prove the following convex combination of Bregman weak relatively nonexpan-

sive mappings in a Banach space.

Proposition 2.2 Let E be a reflexive Banach space and g : E — R be a convex, continuous,
strongly coercive and Gdteaux differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. Let C be a nonempty, closed and convex
subset of E. Let {S,}nen be a family of Bregman weak relatively nonexpansive mappings of
C into itself such that F := ()2, F(S,) # D, and let T,x = Ve (3 BniVE(Si)) for every
neNandxe C,where0<p,;<1(neN,j=12,...,n) with Z;lzlﬁn,j =1forallneN
and liminf,_, o B, > 0 for each j € N. Then the following assertions hold:
() (2 F(T) = F;
(ii) foreveryneN,x € Cand z € F, Dy(z, Tyx) < Dy(z,x);
(iii) for every m € N, Ty, is a Bregman weak relatively nonexpansive mapping.

Proof (i) 1t is clear that F C (-, F(T),) # @. For the converse inclusion, take w € F
and z € ﬂZZIF(Tn). Let n € N be large enough and /,m € N with 1 </ <m < n. Let
r3 = sup{[|Vg@)l, IVg(Sk2)ll, IVE(SkUnis1zm) |l : m € N,k =1,2,...,n} and p;;, : E* — R be
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the gauge of uniform convexity of the conjugate function g*. In view of Lemma 2.5, we

obtain

Dy(w,2) = Dy(w, Ty2)

=D, <W' Vg* (Z ,Bn,ng(Sj)(Z)>>

j=1

=D, <w, vg* [Z ﬂn,ng(S,z)])

j=1

= %(w,Zﬁn,;Vg(sjz))

j=1
=g(w) - <w, Z BnjVg (sz)>
j=1
(IBn,lVg(Slz)) + ,Bn,m Vg(sz)
ﬂn,l + ,Bn,m
Y12, it PriVE(Si2) )
1- (,Bn,l + ,Bn,m)

+ g* <(,3n,l + /Bn,m)

X (1 - (,Bn,l + ﬂn,m))

<gw) =) Bujlw, Ve(S;2)

j=1
+(Bat + ) [Lg’“(w(sm) ¢ P (ve(5,2)
’ ’ (ﬁn,l + ﬂn,m) (,Bn,l + lgn,m)
:Bn,l ,Bn,m % _
- (ﬁn,l + ,Bn,m) (,Bn,l + ﬂn,m) pr3 (” Vg(SlZ) vg(SMZ) ||)i|

n

Y Bug (Vels2)

J=L2,anjAlm

D" Bujlew) - (w, Vg(S2)) + g (Ve(S2) ]
j=1,2,..0n
ﬁn,llsn,m %

" Bt oy 178052 = Ve )

n
Z ,Bn,jV(W, Vg(S]Z))
j=12,..n
ﬂn,llgn,m

Gt poy P Ve - VelSaa])

D" BuiDew,Sp2)
j=1,2,.0m
_ BuiBum
(Bt + Buym)
BriBum
(lgn,l + ,Bn,m)

o5, (| Ve(Si2) - Ve(Sn2)])

= Dy(w,2) - oy ([ Ve(Si2) - Ve(Sm2)]))-
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This implies that for any [,m € N,

,Bn,l,Bn,mp:S (” Vg(SIZ) - Vg(SW’(Z)) “) =0

for large enough n € N.
Therefore, from the property of p;;, we deduce that

IVe(Siz) -~ Vg(Smz)| =0, VimeN.
Since Vg* is uniformly norm-to-norm continuous on bounded subsets of E*, we arrive at
[Si(z) = Sm(2)|| =0, VI,meN.
This implies that
lim ||Sl(z) - szH =0, VimeN.
n—00
Therefore, S;z = S,, for every [,m € N, that is, z € F. This completes the proof. 0

3 Strong convergence theorems
In this section, we prove strong convergence theorems in a reflexive Banach space. We

start with the following simple lemma which was proved in [35].

Lemma 3.1 Let E be a reflexive Banach space and g : E — R be a convex, continuous,
strongly coercive and Gdteaux differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. Let C be a nonempty, closed and convex
subset of E. Let T : C — C be a Bregman quasi-nonexpansive mapping. Then F(T) is closed
and convex.

Theorem 3.1 Let E be a reflexive Banach space and g : E — R be a convex, continuous,
strongly coercive and Gateaux differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. Let C be a nonempty, closed and convex
subset of E. Let {S,}yen be a family of Bregman weak relatively nonexpansive mappings of
C into itself such that F := ﬂiozl F(S,) #D, and let {B.x : k,n € N,1 < k < n} be a sequence
of real numbers such that 0 < ;; <1 and 0 < B;; <1 for all i e N and every j = 2,3,...,n.
Let W, be the Bregman W -mapping generated by S,,S,-1,...,51 and Buu, Bun-1s--» Bui-
Let {oy}nenujoy be a sequence in [0,1) such that liminf,_, o o, (1 — o) > 0. Let {%,}nen be a
sequence generated by

x9=x € C chosen arbitrarily,

Co=C,

Yn = Vg, Vegn) + (1 - o) Vg(Wyx,)], 3.1)
Cus1 = {2 € Gy : Dg(2,yn) < Dy(2,%,)},

Xpi1 = projgcn+1 x and neNU{0},

where Vg is the gradient of g. Then {x,},cn converges strongly to projs.xo as n — 0o.
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Proof We divide the proof into several steps.
Step 1. We show that C, is closed and convex for each n € NU {0}.
We proceed by the mathematical induction. It is clear that Cy = C is closed and convex.

Let C,, be closed and convex for some m € N. For z € C,,, we see that
Dg(zrym) = Dg(zrxm)
is equivalent to

(Z, Vg(xm) - vg()/m» <8Wm) —glxm) + <xm, vg(xm)) - (ym’ Vg(ym)>

An easy argument shows that C,,,; is closed and convex. Hence C,, is closed and convex
for each n € NU {0}.

Step 2. We claim that F C C,, for all » € NU {0}.

It is obvious that F C Cy = C. Assume now that F C C,, for some m € N. Take any w €
F C C,,. Employing Lemma 2.3, we obtain

Dyg(W,ym) = Dg (W, Vg* [ Vg(xm) + (1 = ) VE(Winx) )
= Ve (W, 0 Vg(m) + (1 = o) Vg (W)
=g(w) — (W, & Vg () + (1= 2y VE(Wintyn)))
+ &% (nVeWm) + A - ) Ve(Wx))
< amg(w) + (1 - an)g(w)
+ g (Vg(m) + 1 - an)g" (VE(Winm))
= o Vg (W, Vg(tm)) + (1 = o) Vo (W, Vg(Wri%1))
= 0y Dg(W, %) + (1 = ) Dy (W, WiXy)
< 0Dy (W, %) + (1 = ) Dy (W, %,)
= Dg(W, %) (3.2)
This proves that w € C,,,,1. Thus, we have F C C,, for all n € N U {0}.

Step 3. We prove that {x,},cn, {¥n}nen and { W, },en are bounded sequences in C.
It is then easily seen from (1.9) that

Dy (%4, %) = Dy (proj¢., x,%)

< D¢(w,x) — Dg(w,x,) < Dg(w,x), VYweF CC,neNU{0}.

This leads immediately to the boundedness of {D,(x,,*)},en. So, there exists M; > 0 such
that

Dy(xy,x) <My, VneNlN. (3.3)

Using Lemma 2.1(3) and (3.3), we have the boundedness of {x,},cn. Since {W,},cn is an
infinite family of Bregman weak relatively nonexpansive mappings from C into itself, we
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have for any g € F that
Dg(qv Wixn) < Dg(qrxn)r VneN. (3.4)
Then by Definition 2.1, (3.4) and observing that {x,},cn is bounded, we are led to the
boundedness of {W,.x,,},.en.
Step 4. We show that x,, — u for some u € F, where u = proj; x.
By Step 3, we have that {x,},cn is bounded. By the construction of C,, we conclude that
C,CCyandx,, = projgcm x € C,, C C, for any positive integer m > n. This, together with

(1.9), implies that

Dy (Xms %) = Dy (xm, proj‘%n x) < Dy(%m; %) — Dy (projgcn X, x)
= Dy (X, %) — Dg(%, ). (3.5)
In view of (3.5), we conclude that
Dg(xnrx) EDg(xmx) +Dg(xm;xn) EDg(xmrx); Ym > n.
This proves that {D,(x,,x)},cn is an increasing sequence in R and hence by (3.5) the limit
lim,,_, oo Dy (%, %) exists. Letting m1, n — o0 in (3.5), we deduce that Dy (x,,, x,,) — 0. In view
of Lemma 2.2, we obtain that |x,, — x,|| — 0 as m,n — 00. This means that {x,},cn is a
Cauchy sequence. Since E is a Banach space and C is closed and convex, we conclude that
there exists u# € C such that
lim ||x, —ul| = 0. (3.6)
n—00
Now, we show that u € F. In view of Lemma 2.2, (3.5) and (3.6), we obtain
lim Dy (%41,%4) = 0. (3.7)
n— 00

Since x,,1 € C,.41, we conclude that
Dg(xnﬂ»yn) = Dg(xnﬂ»xn)'
This, together with (3.7), implies that
lim Dg(%y41,0) = 0. (3.8)
n— 00
Employing Lemma 2.2 and (3.7)-(3.8), we deduce that
lim [%1 —%,l=0 and lim |x, —yull =0.
n—00 n—00
In view of (3.6), we get

lim ||y, —u| =0. (3.9)
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From (3.6) and (3.9), it follows that
lim [, = yu |l = 0.
Since Vg is uniformly norm-to-norm continuous on any bounded subset of E, we obtain
lim || Vg(x,) — Vgl | = 0. (3.10)
Applying Lemma 2.2 we derive that
lim Dy (y,,%4) =0
n—00
and hence

lim }g(x,,) —g(y,,)| = lim |Dg(yn,xn) - (xn —yn,Vg(xn))| =0.
n—00 n—00
It follows from the definition of Bregman distance that

| Dy (W, %) — Dg(w, )|
= |g(w) — g(xa) + (W — %, Vg(x)) = (gW) = g) + (W = 3, VE(1)))
= |g(n) — &) + (W = %, V() — V() + (0 = yr V()|
< |gOn) = gen)| + lw =241l | V) = V)| + llx = yall[| Ve W) |
50 (3.11)

as n — o0.
The function g is bounded on bounded subsets of E and, thus, Vg is also bounded on

bounded subsets of E* (see, for example, [13] for more details). This implies that the se-

quences {Vg(x,)}nen, {(VE€Wu)tnen and {Vg(W,x,,) : n € NU {0}} are bounded in E*.

In view of Theorem 2.2(3), we know that domg* = E* and g* is strongly coercive and
uniformly convex on bounded subsets. Let ry = sup{||Vg(x,) |, [Vg(Wux,)| : n € NU {0}}
and py, : E* — R be the gauge of uniform convexity of the conjugate function g*. We prove
that for any w € F

Dy(w,y) < Dg(w, %) — a1 = ) 5, (|| V&) = V(W) | )- (3.12)

Let us show (3.12). For any given w € F, in view of the definition of Bregman distance (see
(1.7)), (1.6), Lemma 2.5, we obtain

Dy (W, yy) = Dg(w, Vg* [, Vg(n) + (1 — 0t) Vg(Wii) ])
= Vo (w, 0, Vg(xs) + (1 — 00s) Vg(Wiyix))
=g(w) = (w, 2, Vg(x,) + (1 — ) V(W)
+ & (nVg(xn) + (1= ) V(W)

=< ang(W) +(1- Oln)g(W) - oz,,(w, vg(xn)> -(1- an)(w¢ Vg( ann)>
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+ang" (Velxn) + 1 - an)g* (Ve(Wox,))

— o, (1= )py, (|| Velen) - Va(Wox,)|)
= o, Vg (w, Vg(x,)) + (1 = o) Vg (w, V(W)

— o, (1 - )py, (|| Velen) - Va(Wox,)|)
= 0t Dg (W, ) + (1 = ) Dg (W, Wit,) — (1 = )5, (| V() = V(W) |)
< @, Dy(W,%,) + (1 — ) Dyg(w, %) — (1 — @), (|| V() = Ve (Wix)|)

= Dg(w, %) — @y (1= ) o5, (|| Vg (&) = VE(Wit,) | )-

In view of (3.11), we obtain

Dy(w,%,) — Dg(W,y,) > 0 asn— oo. (3.13)
In view of (3.12) and (3.13), we conclude that

an(l =)o), (|| Ve(xn) = VE(Wix,) |) < Dg(w,x,) — Dg(w,y,) — 0
as n — 00. From the assumption liminf,_, o ,(1 — &) > 0, we have

lim o7, [|Vgen) = Vg(Wxa)| = 0.
Therefore, from the property of p;;, we deduce that

lim [ Vg(x) — Vg(Wix) | = 0.

Since Vg* is uniformly norm-to-norm continuous on bounded subsets of E*, we arrive at

lim [|%, — W, | = 0. (3.14)
n—00
Dg(W; Un,kxn)

= Dy (w, projé-(Vg* [ Buk VE(SkUn i) + (1 = Bur) VE(xa)]))
< Dy(W, Vg* [ BraVE(SkUnisrxn) + (1 = Bui) VE(xa)])
= Dy (Unjtn, V& [ Buik VE(SkUnjr1tn) + (L= Bri) VE(xn)])
=g(w) — (1, VE(SkUpisr%n) + (1= Bui) VE(%1))
+ & (Buk VE(SkUisr%n) + (1 = Bui) VE(x4))
= Dy (Unjtn, V& [ Bui VE(SkUnjrrtn) + (L= Bri) VE(xn)])
< BrigW) + (1= Bu)gW) + Brig” (VE(Skllnarn) + (1= Bur)g” (VE(xn)
= Buk (1= Bur) oy, (|| VE(Sk %) — Ve(x,)])
= Dy (Unjtn, V& [ Buik VE(SkUnjr1tn) + (L= Bri) Vg(xn)])

= ,Bn,k Vg (V: Vg(Sk Un,2xn)) + (1 - lgn,k) V:g (u) Vg(xn))
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= Dy (Unin, V& [ Buk VE(SkUnprrtn) + (1= B i) VE(xn)])
= Bk (L= Bui)r, ([ Ve (Skllnxn) — Vg(sn) | )
= Do (Up s VE* [ Buk VE(SkUnnjer1n) + (1 = Bui) VE(x)])

= BukDg(W, Skl k1%n) + (1= B1)Dg(w, x,1)
— Bk = Bui) o, (| Ve (S Unirrn) = V()| )
= Dg(Up s Vg [ Buk VE(SkUnnjer1n) + (1= Bui) VE(x)])

< BuiDg(W, Uy i1%n) + (1 = B 1)Dg(w, x,,)
= Bk = Bui) 3, (| VE(Skllngrn) — V() )
= Do (Upizn, V[ Bk VE(SkUngs1%n) + (1 = Bui) Vg (i) ])

< BuiDg(W, Uy k1%n) + (1 = B i) Dg(w, x,,)
= Buk(L = B pss (| VE(SkUnirn) = VE(x) | )
= Dy (Unjtn, V& [ Buik VE(SkUnjer1itn) + (1= Bui) Vg () ]).

Let 75 = sup{|| Vg(x,) |, [ Vg(Wyx,)ll : n € NU{0}} and p}. : E* — R be the gauge of uniform
convexity of the conjugate function g*. Then we have
Dy(w, Wyx,)

=Dy(w, Uy 1%)

=< BuiDg(w, Uy 2x0) + (1 = Bu1)Dg(w, x,,)
= Bua (1= B0}, (| VE(SiUax,) — V() )

< Bua [ Bu2De(W, Uy 3%4) + (1= Bu2) D (W, x,,)
= Bua(1= Bu2) ot (| Ve(Sallax) — V()| )
= Dy (Unnp%n, Vg [ B2 VE(Sallnzxn) + (1= Bu2)Ve(xn)]) ]
+ (1= Bu)Dg(w, ) — Bua (= Bun) o} (| Ve(S1llax) = Vg()])
= Bua (1= Bun) oy (|| Ve (S1Unoxn) ~ Veg(xa) |)

<.

< Dg(w,%n) = B (L = Bun) oy (|| VE(S1Unzx) = V()| )
= BurBn2 (= Bu2)py, (| VE(Saldn3n) = Vgl |)
= Bun D (Unp%, V[ Br2 VE(Sall3x) + (1= ) VE(x)]) - - -
= BuBu2 - BunaDg(Unnn, V& [ BunV&(Sulnian) + (1= Brn) VE(%,)])

(3.15)

for all # € N. Since Vg is uniformly norm-to-norm continuous on bounded subsets of E,
we obtain

lim B[ Vg(S1Uuaxa) = Vglen) | = lim [ Vg(Wiex,) - Vglxa) | = 0.
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This implies that
lim || Vg(Sill2%:) = Vg(en)| = 0.
Now, in view of (3.14) and (3.15), we conclude that
nli)rgo||Vg(SkUn,k+1xn) - Vg(x,)| =0, VkeN. (3.16)

Since Vg* is uniformly norm-to-norm continuous on bounded subsets of E*, we deduce
that

nli)nolo ISkUpiaxn —%x4]l =0, VkeN. (3.17)
On the other hand, we have

nlingo Dy (Upin, V& Bk VE(SkUp 1) + (1 Bri)Vg(xs)]) =0,  Vk € N with k > 2.
This, together with Lemma 2.2, implies that

lim |t xn = Vg*[ Buk VE(SkUngsixn) + (1 = Bui) Vg ()] = 0,
Vk € Nwith k > 2. (3.18)

In view of (3.17), we obtain

Tim [[[BuiVE(Sillnsrrn) + (1= Bui)Ve(in)] = Vglxa) [ =0, VkeN.
Therefore,

Tim ([ Vg [BuiVe(Sillnicnn) + (1= Bui) V()] ~ 2] =0, VK eN.
From (3.14) and (3.17), we get

nlggo Upxn — %4l =0, VkeN.
This, together with (3.18), implies that

Tim [Sillykoin = Ungtall =0, V€N,
Since U, k1%, — u and Sy is Bregman weak relatively nonexpansive, we obtain u € F(S)
for every k € N. Thus, x,, — proj; xo as n — 00.

Finally, we show that u = proj x. From x,, = projgcn x, we conclude that

(z— % Vg(x,) - Vgx)) >0, VzeC,.

Since F C C, for each n € N, we obtain

(z =0, Vg(x,) — Vg(x)) =0, Vz€eF. (3.19)
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Letting n — o0 in (3.19), we deduce that
(z—u,Vg(u) - Vg(x)) >0, VzeF.
In view of (1.8), we have u = proj} x, which completes the proof. O

Theorem 3.2 Let E be a reflexive Banach space and g : E — R be a convex, continuous,
strongly coercive and Gateaux differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. Let C be a nonempty, closed and convex
subset of E. Let {S,}yen be a family of Bregman weak relatively nonexpansive mappings of
C into itself such that (2, F(S,) # @, and let T,x = Vg* (37, Bu,;VE(Sjx)) for every n € N
and x € C, where 0 < B,; <1 (neN,j=12,...,n) with Z;l=1ﬂn,/ =1forallneN and
liminf, o Bu; > 0 for each j € {1,2,...,n}. Let {ot,}nenuioy and {Bu}nenuio) be sequences in
[0,1) such that liminf,_, o o, (1 — «,) > 0. Let {x,,},en be a sequence generated by

xo=x€ C chosen arbitrarily,

Co=C,

In = Vg [, Vgx,) + (1 - n) VE(Tyxn)l, (3.20)
Cu1 ={z € Cyy : Dy(z,y4) < Dgl(z,%4)},

Xl = projgcm x and neNU{0},

where Vg is the gradient of g. Then {x,},cn converges strongly to projs.xo as n — 0o.

Remark 3.1 Theorem 3.1 improves Theorem 1.1 in the following aspects.

(1) For the structure of Banach spaces, we extend the duality mapping to a more general
case, that is, a convex, continuous and strongly coercive Bregman function which is
bounded on bounded subsets, and uniformly convex and uniformly smooth on
bounded subsets.

(2) For the mappings, we extend the mapping from a relatively nonexpansive mapping
to a countable family of Bregman W-mappings. We remove the assumption
F(T) = F(T) on the mapping T and extend the result to a countable family of
Bregman weak relatively nonexpansive mappings, where F(T) is the set of
asymptotic fixed points of the mapping 7.

(3) For the algorithm, we remove the set W, in Theorem 1.1.

The following result was proved in [29].

Lemma 3.2 Let E be a reflexive Banach space and g : E — R be a strongly coercive Breg-
man function which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Let A be a maximal monotone operator from E to E* such
that A™1(0) # @. Let r > 0 and Res®, = (Vg + rA)"'Vg be the g-resolvent of A. Then Res’ is
a Bregman weak relatively nonexpansive mapping.

As an application of our main result, we include a concrete example in support of The-
orem 3.1. Using Theorem 3.1, we obtain the following strong convergence theorem for
maximal monotone operators.
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Theorem 3.3 Let E be a reflexive Banach space and g : E — R be a strongly coercive Breg-
man function which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Let {A,,},en be an infinite family of maximal monotone op-
erators from E to E* such that Z = (2, A;1(0) #@. Let r > 0 and Res;, = (Vg +7rA,)"'Vg
be the g-resolvent of A,. Let {x,},cn be a sequence generated by

xo=x€E chosen arbitrarily,

Co=E,

Vn = Vg, Vg(x,) + (1 - a,) VE(Wyx)], (3.21)
Cui1 = {2 € Cy: Dg(2,y1) < Dy(2, %)},

Xnel = proj‘f;m1 x and neNU{0},

where Vg is the right-hand derivative of g and W, is the W -mapping generated by Res® A,
Reszn,V e Res‘fA1 and B Bun-1s - » Bui. Let {oty}nenujoy and {Bn}nenuio; be sequences in
[0,1) satisfying the following control conditions:

(1) liminf,_, o a,(1 - a,) > 0;

(2) 0 <B,<1forallne NU{0}andliminf,_, B, < 1.
Then the sequence {x,},cN defined in (3.21) converges strongly to proj‘%x as n— oo.
Proof Letting S, = Res‘fA”, Vn € N, in Theorem 3.1, from (3.1) we obtain (3.19). We need
only to show that S, satisfies all the conditions in Theorem 3.1 for all n € N. In view of
Lemma 3.2, we conclude that S, is a Bregman relatively nonexpansive mapping for each
n € N. Thus, we obtain

Dy(p,Resy, v) <Dy(p,v), VveEpeF(Res;, )
and
F(Resy,) = F(Resy, ) = A,1(0),

where F (Res? ,) is the set of all strong asymptotic fixed points of Res? 4, Therefore, in view

of Theorem 3.1, we have the conclusions of Theorem 3.2. This completes the proof. [
Below we include a nontrivial example of an infinite family of Bregman weak relatively
nonexpansive mappings in order to reconstruct a Bregman W-mapping in the setting of

Hilbert spaces.

Example 3.1 Let E = [?, where

o0 o0 %
2 2 2 2
P=16=(0,03....,00..): Y _ lloul <oo], ||o||:<2||on||> Yo el
n=1 n=1

o0
(o,m) = Za,,nn, V8 =(01,02,000500,...),1=(N1025 003Ny .) € 2.

n=1



Naraghirad and Timnak Fixed Point Theory and Applications (2015) 2015:149 Page 23 of 28

Let {x,},enuioy C E be a sequence defined by

x0 = (1,0,0,0,...),
X1 = (1’ 170;0, 0,...),
Xp = (1:0, 1,0,0, 0,...),

X3 = (1’0; 0!1)07 0, 0,...),

Xy = (On,lr Op2seeesOpnkse ~)’
L]
where
1 ifk=1n+1,
Onk =

0 ifk#Lk#n+1,

for all n € N. It is clear that the sequence {x,},cn converges weakly to x. Indeed, for any
A=Ay k.)€ 12 = (2", we have

A(xn _xO) = <xn — X0, A)

o0
= Z)»kay,,k —0
k=2

as n — oo. It is also obvious that ||x, — x,, || = /2 for any n # m with n, m sufficiently large.

Thus, {*,}.en is not a Cauchy sequence. Let k be an even number in Nand letg: E — R
be defined by

1
gl =7 lxl*, xeE.
It is easy to show that Vg(x) = Jx(x) for all x € E, where

Je(x) = {x* € E* : {,2%) = ||« | +*

| = e}
It is also obvious that

JOx) = A i(x),  VxeE,xeR.
We define a countable family of mappings S; : E — E by

y .
Lx ifx=ux,;
S,(x) — 71_1/-1 ‘ "
7% ifx # x,,,
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for all j > 1 and # > 0. It is clear that F(S;) = {0} for all j > 1. Choose j € N, then for any
neN

Dg(0> S}xn) = g(O) _g(S}xn) - <0 - ijm Vg(ijn)>

I’lk k
=— (l’l N l)kg(xn) + (}/[ ; l)k (xn, Vg(xn)>
&
= [—g(xa) + {0, V()]
k
= Gy i D00
< Dy(0,%).

If x # x,,, then we have

Dy(0,Sjx) = g(0) — g(S;x) — (0 - Sjx, Vg(Six))

~k ~k
= (] )kg( ) (] 1)k<x’ Vg(x)>
-0 / e[ = (= V)]
< Dy(0,%).

Therefore, S; is a Bregman quasi-nonexpansive mapping. Next, we claim that S; is a Breg-
man weak relatively nonexpansive mapping. Indeed, for any sequence {z,},en C E such
that z, — 2o and ||z, — Sjz,|| — 0 as n — oo, there exists a sufficiently large number
Ny € N such that z,, # x,, for any n, m > Ny. This implies that S;z, = —],Jrllz,, for all n > Nj.
It follows from ||z, — S;jz,|| — O that ﬂzn — 0 and hence z, — 7z = 0. Since zg € F(S)),
we conclude that S; is a Bregman weak relatively nonexpansive mapping. It is clear that
ﬂ;’fl F (S) = ﬂ]ofl F(S)) = {0}. Thus {S;} e is a countable family of Bregman weak relatively
nonexpansive mappings. Next, we show that {S;}cn is not a countable family of Bregman

relatively nonexpansive mappings. In fact, though x,, — x¢ and

lloen = Sjxnll = || % 1

Xn

ol =0

as 1 — 00, but xg ¢ F(S;) for all j € N. Therefore, f-"(S;) # F(S;) for all j € N. This implies
that ﬂ]o:ol f-"(S,-) # ﬂ;’fl F(S)). Let {Bux : k,n € N,1 < k < n} be a sequence of real numbers
such that 0 < 8,; <1land 0 < B,; <1 for everyi=2,3,...,n. Let W, be the Bregman W-
mapping generated by S, S;-1,...,81 and By, Buu-1,- ., Bua. Finally, it is obvious that the
family {S;} en satisfies all the aspects of the hypothesis of Theorem 3.1.

4 Applications to convex feasibility problems
Let {D,},cn be a family of nonempty, closed and convex subsets of a Banach space E. The

convex feasibility problem is to find an element in the assumed nonempty intersection
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M2, Dy (see [36]). In the following, we prove a strong convergence theorem concerning

convex feasibility problems in a reflexive Banach space.

Theorem 4.1 Let E be a reflexive Banach space and g : E — R be a convex, continuous,
strongly coercive and Gateaux differentiable function which is bounded on bounded sub-
sets and uniformly convex on bounded subsets of E. Let C be a nonempty, closed and convex
subset of E. Let F := {D,},cn be an infinite family of nonempty, closed and convex subsets
of E such that ﬂ;‘il D, # @, and let {Bux : k,n € N,1 < k < n} be a sequence of real num-
bers such that 0 < B;; <1 and 0 < B;; <1 for every i = 2,3,...,n. Let W,, be the Bregman
W -mapping generated by prongn, prongw e proj‘lg)1 and B, Bup-ts - - - P Let {y}nenuioy
and {Bn}nenuo) be sequences in [0,1) such that liminf,_, o o, (1 — o) > 0. Let {x,,}neny be a

sequence generated by

xo=x€ C chosen arbitrarily,

Co=C,

In = Vg [y Vgxn) + (1 - on) Vg(Wyn)], (4.1)
Cur =z € Cy: Dy(z,y1) < Dy(z,%4)},

Xpsl = projgcn+1 x and neNU{0},

where Vg is the gradient of g. Then {x,}nen defined in (4.1) converges strongly to projs xo as
n—> 00.

Proof For eachj e N, let §; = proj‘,%},. We will prove that S; is a Bregman weak relatively

nonexpansive mapping. Indeed, for any sequence {z, },en C E such that z, — z¢ and ||z, —

Sjzull = 0 as n — 00, in view of Lemma 2.2, we conclude that

nll)ngc Dg (Zus szn) =0,

(4.2)
lim Dy(z,,20) = 0.
n—0o0

It follows from (1.9) that
Dy (2, proj%j Zy) + Dg(proj%i 21, 20) < Dy(z4, 20)-
This, together with (4.2), amounts to
: £ -
nlggo D, (pI'OJ D; z,,,zo) =0
and hence by Lemma 2.2
. -g _ _
nlggo”prob/ Zn — 20 || 0.
Thus we obtain z, € F(S;) = D; and hence S; is a Bregman weak relatively nonexpansive

mapping. By a similar argument as in the proof of Theorem 3.1, we get the desired con-

clusion, which completes the proof. d
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5 Numerical example
In this section, in order to demonstrate the effectiveness, realization and convergence of
algorithm of Theorem 3.1, we consider the following simple example.

Example 5.1 Let S:[0,2] — [0,2] be defined by

0 ifx#2,
Sx = 7
1 ifx=2.

Then T is a quasi-nonexpansive mapping. Indeed, for any x € [0,2), we have that Sx = 0.
Thus,

ISx—0]2=0<|x—-0]%

The other cases can be verified similarly. It is worth mentioning that S is neither nonexpan-
sive nor continuous. Let 8, = 0 and o, = % for all n,k > 1. Under the above assumptions,
the given algorithm (3.1) in Theorem 3.1 is simplified as follows:

x9=x€[0,2] chosen arbitrarily,

[
= 1%+ 5%, (5.1)

Cin={zeCy: |Z_yn| <lz—-xul},

X1 =Pc,,x and neNU{0}.

We know that, in a one-dimensional case, the set C,,; is a closed interval. If we set
[@41,bus1] := Cyy1, then the projection point x,,; of x € C onto C,,; can be expressed
as

X ifx e [an+1r bn+l];
Knl = PC,“rx =1bua ifx>b,;

g ifx<a,.

Choose x¢ = x = 1. Then the iteration process (5.1) becomes

1
CO = [O: 2]: Uy = Exm Yn = —Xun,

5 5\"
Cn+1 = |:0: gxn]: KXntl = (g) .

In this section, we give some numerical experiment results (based on Matlab) as follows.

6 Conclusion
Table 1 and Figure 1 show that the sequence {x,},cn generated by (5.2) converges to 0,
which solves the fixed point problem.
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Table 1 This table shows the values of the sequence {x,},cn on 30th iteration steps (initial
valuexg=1)

n Xn up Yn
1 1.000000000000000e+000 5.000000000000000e-001 2.500000000000000e-001
2 6.250000000000000e-001 3.125000000000000e-001 1.562500000000000e-001
3 3.906250000000000e-001 1.953125000000000e-001 9.765625000000000e-002
4 2.441406250000000e-001 1.220703125000000e-001 6.103515625000000e-002
5 1.525878906250000e-001 7.629394531250000e-002 3.814697265625000e-002
6 9.536743164062500e-002 4.768371582031250e-002 2.384185791015625e-002
7 5.960464477539063e-002 2.980232238769531e-002 1.490116119384766e-002
8 3.725290298461914e-002 1.862645149230957e-002 9.313225746154785e-003
9 2.328306436538696e-002 1.164153218269348e-002 5.820766091346741e-003
10 1.455191522836685e-002 7.275957614183426e-003 3.637978807091713e-003
Il 9.094947017729282e-003 4.547473508864641e-003 2.273736754432321e-003
12 5.684341886080802e-003 2.842170943040401e-003 1.421085471520200e-003
13 3.552713678800501e-003 1.776356839400251e-003 8.881784197001252e-004
14 2.220446049250313e-003 1.110223024625157e-003 5.551115123125783e-004
15 1.387778780781446e-003 6.938893903907228e-004 3.469446951953614e-004
16 8.673617379884036e-004 4.336808689942018e-004 2.168404344971009e-004
17 5.421010862427522e-004 2.710505431213761e-004 1.355252715606881e-004
18 3.388131789017201e-004 1.694065894508601e-004 8.470329472543003e-005
19 2.117582368135751e-004 1.058791184067875e-004 5.293955920339377e-005
20 1.323488980084844e—-004 6.617444900424221e-005 3.308722450212111e-005
21 8.271806125530277e-005 4.135903062765138e-005 2.067951531382569e-005
22 5.169878828456423e-005 2.584939414228212e-005 1.292469707114106e-005
23 3.231174267785264e-005 1.615587133892632e-005 8.077935669463161e-006
24 2.019483917365790e-005 1.009741958682895e-005 5.048709793414475e-006
25 1.262177448353619e-005 6.310887241768094e-006 3.155443620884047e-006
26 7.888609052210119e-006 3.944304526105059e-006 1.972152263052530e-006
27 4.930380657631324e-006 2.465190328815662e-006 1.232595164407831e-006
28 3.081487911019577e-006 1.540743955509789e-006 7.703719777548944e-007
29 1.925929944387236e-006 9.629649721936179e-007 4.814824860968089e-007
30 1.203706215242023e-006 6.018531076210113e-007 3.009265538105056e-007

08

Sequence values
o o o o o o
[ 2 & 5 2 5

o
[N}

01

Y N —

15 20
Iteration steps

Figure 1 Iteration chart of the sequence {x,}ncn in Example 5.1 with initial value xo = 1.
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