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Abstract

In the present paper, we study the operator, using the Ruscheweyh derivative R"f(2)
and the generalized Saldgean operator D}'f(z), denote by RD% A, — A,

RD;”laf(z) =(1-a)R"f(2) +aD'f(z), z € U, where

A, ={f e HW) : f(@) =z +ap 2" +---,z e U} is the class of normalized analytic
functions. We obtain several differential subordinations regarding the operator RDY,.
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1 Introduction
Denote by U the unit disc of the complex plane, U = {z € C: || < 1} and H(U) the space
of holomorphic functions in U.

Let A, = {f e HU) : f(2) =z + @2 + --- ,z€ U} and Hla,n] = {f € HU) : f(2) =
A+ a,2" +apa2" +---,zel) forac Candn e N.

Denoteby K = {f € A, :Re ZJJ:,/;S) +1> 0,z € U} the class of normalized convex functions
in U.

If f and g are analytic functions in U, we say that f is subordinate to g, written f < g, if

there is a function w analytic in U, with w(0) = 0, [w(z)| < 1, for all z € U such that f(z) =
g(w(z)) for all z € U. If g is univalent, then f < g if and only if f(0) = g(0) and f(U) < g(U).
Let ¥ : C> x U — C, and let /& be an univalent function in U. If p is analytic in U and

satisfies the (second-order) differential subordination

v (p(2), 20 (2),2°p" (2);2) < h(z), zel, (1.1)

then p is called a solution of the differential subordination. The univalent function g is
called a dominant of the solutions of the differential subordination, or more simply a dom-
inant, if p < ¢q for all p satisfying (1.1).

A dominant g that satisfies § < g for all dominants g of (1.1) is said to be the best domi-
nant of (1.1). The best dominant is unique up to a rotation of U/.
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Definition 1.1 (Al-Oboudi [1]) Forf € A,, A > 0 and n,m € N, the operator D" is defined
by DY : A, — A,

DY (2) =f(2),
Dif(2) = (1 - M)f (2) + Azf'(z) = Dyf (2),

D" (z) = 1 - MD'f (2) + a2(D)'f (2)) = D, (D'f (2)), zeU.

Remark 1.1 Iff € A, andf(2) =2+, a7, then DJ'f (z) =z + Y+ G- DA"a;,
zel.

Remark 1.2 For X =1, in the definition above, we obtain the Silagean differential opera-
tor [2].

Definition 1.2 (Ruscheweyh [3]) Forf € A,, n,m € N, the operator R” is defined by R :
Ay — Ay,

R%(2) =f(2),
R'f(2) = 2f (2),

(m+1)R"f(2) = z(R"‘f(z))/ +mR"f(z), zel.

Remark 1.3 Iff € A, f(2) =z + 375, a7, then R"f(2) =z + 3%, Chi. a7, z € UL

j=n+1

Definition 1.3 [4] Let a, A > 0, n,m € N. Denote by RD", the operator given by RD}", :
An— Ay,

RD}! f(2) = (1 - a)R"f(2) + aD{'f (z), z€U.

Remark 1.4 Iff € A,, f(2) =z + 375, @7, then RD} f(2) =z + 35, {e[1 + (= D)A]" +
1- a)CZn"ﬂ._l}ajzj, zel.

This operator was studied also in [4—6] and [7].

Remark 1.5 For o = 0, RDY’\f(z) = R"f(z), where z € U and for « = 1, RD?",f(2) = D}'f (2),
where z € U.

For X =1, we obtain RD}" f(z) = L}f(z), which was studied in [8-11].

For m =0, RD) f(2) = (1 - a)R°f (2) + aD)f (2) = f(z) = R°f (2) = DYf (), where z € U.

Lemma 1.1 (Hallenbeck and Ruscheweyh [12, Th. 3.1.6, p.71]) Let h be a convex function
with h(0) = a, and let y € C\{0} be a complex number with Rey > 0. If p € H[a,n] and

p(2) + %ZP/(Z) <h(z), zel,
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then
p2)<gz) <h(z), zel,
where g(z) = L Jo h@)er'"tdt, ze U.
Lemma 1.2 (Miller and Mocanu [12]) Let g be a convex function in U, and let h(z) = g(z) +
nozg'(z), for z € U, where o > 0 and n is a positive integer.
Ifp(z) = g(0) + pu2" + pun2™t + - -+, z € U, is holomorphic in U and
p(z) +azp'(z) < h(z), zel,

then

pl2)<gla), zel,
and this result is sharp.

2 Main results
Theorem 2.1 Let g be a convex function, g(0) = 1, and let h be the function h(z) = g(z) +
=g (2), forze U.

Ifa,2,6>0,n,meN, f € A, and satisfies the differential subordination

" 6-1
(M) (RD!f(2)) < h(z), zel, (2.1)

then

m §
(L)Ajf(z» <g), zel,

and this result is sharp.

Proof By using the properties of operator RDY",, we have

RD] f(2) =z + Z {0‘[1 + (- 1)/\]m +(1 —Ot)CZn”+,_1}a/zj, zel.

j=n+1

)’ =1+ pus?™ + pusa 2™ +

(RDi’faf(z) )5 _ (z+zl.°:°n+l{(x[1+(j—l)k]m+(1—oz)C$+}._1}a]-zj
z z

Consider p(z) =
-,zel.

We deduce that p € H[1, né].

Differentiating we obtain (w)‘H (RDY! f(2)) = p(z) + %zp’(z), zel.

Then (2.1) becomes

P&+ S < D) =)+ (@) forzell
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By using Lemma 1.2, we have

RDY" f(2)\°
p(2)<glz), zel, ie, <#) <g2), zel. 0
Theorem 2.2 Let h be a holomorphic function, which satisfies the inequality Re(1 + Zhh,/;g))
—%, ze U, and h(0) = 1.
Ifa, 2,8 >0,n,meN, f € A, and satisfies the differential subordination

m §-1
(M) (RD! f(2)) < h(z), zel, (2.2)

then

m §
(RDAT‘J(Z» <qz), zel,

where q(z) = é IN (t)t%’1 dt. The function q is convex, and it is the best dominant.

Proof Let

p@) = (RD ) (Z))‘S _ (“ ol G- DA + (1_a)cz+,_1}a,zf>s

V z

(1+Z 1+G-DA]"+A-a)Cp; a Zl) —1+ZPIZ'

j=n+l j=nd

forze U, p € H[1,né].
Differentiating, we obtain (*22/2)-\(RD £(2))' = p(z) + L2p/(2), z € U, and (2.2) be-
comes

p2) + %ZP'(Z) <h(z), zel.

Using Lemma 1.1, we have

m 8 z
pz) <qz), zel, ie, <M) <q(z):i5/ h(t)t%_ldt, ze U,
0

and g is the best dominant. |

Corollary 2.3 Let h(z) = L be a convex function in U, where 0 < 8 < 1.
Ifa,,,>0,n,meN, f e A,, and satisfies the differential subordination

m §-1
(RDKTJ(Z)) (RDI.f(2)) < h(z), zel, (2.3)

then

RD} f(2)\°
(%%7)

<qz), zel,
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z tn

where q is given by q(z) = (28 - 1) + 2- 5)5 0 117 dt z € U. The function q is convex, and
nzn

it is the best dominant.

Proof Following the same steps as in the proof of Theorem 2.2 and considering p(z) =

(RD*’T"‘}((Z))‘S , the differential subordination (2.3) becomes

1+(28-1)z

Z /
p(2) + 5P (2) < h(z) = — 1., = %€ u.

By using Lemma 1.1, for y = §, we have p(z) < q(2), i.e.,

RD™ § S z
(7*'°f (Z)) <q(2) = — / h(t)en dt
z nzn Jo
s [ 1+28 -1t
= a/t%_l4+( p-1) dt
nzn Jo 1+t
3
5 [* gnt
- 5/[(2,3—1)t3‘1+2(1—,3)—]d
nzn Jo 1+t
)
20-pB)8 [Ztn!
=(z,e_1>+<_f>/ DT g zeu -
nzn 0 1+¢

Remark 2.1 Forn=1, A = %, a =2, § =1, we obtain the same example as in [13, Exam-

ple 4.2.1, p.125].

Theorem 2.4 Let g be a convex function such that g(0) = 1, and let h be the function h(z) =
g2) +5¢'(2), ze U.
Ifoz,k,é >0,nmeN, f € A, and the differential subordination

§+1 RD} f(2) . Z RD} f(z) [(RDZ,J @) Z(RDZTJ (z ))/}
5 (RDf\’Llf (2))*> & (RDY, £ (2))2 RD} f(2) RDY, Hf(z)
<h(z), zel (2.4)
holds, then
RDo/ @) <gla), zel,

(RDm“f( )?
and this result is sharp.

Proof Forf € Ay, f(2) =2+ )7, a7, we have

RD;f(2) =z + Z{a[1+(j—1)x] +1-a)C, Jad, zel.
j=n+1
. A&fz
Consider p(z) = z—24—— RO and we obtain

@+ 2= KOO 2 KDL [(RDZ’J(Z))/%(RDM (Z)q
PSP 5 (RDI()2 8 (RDIf(2)2 | RD! f(2) DI (2)

Page 5 of 14


http://www.advancesindifferenceequations.com/content/2013/1/252

Andrei Advances in Difference Equations 2013, 2013:252
http://www.advancesindifferenceequations.com/content/2013/1/252

Relation (2.4) becomes
z, nz
p(2) + 5P (2) < h(z) = g(2) + ¢ (2), zel.

By using Lemma 1.2, we have

RD?" f(2)

ZW <g(Z), zel. 0

p(z)<gz), zel, ie,

Theorem 2.5 Let h be a holomorphic function, which satisfies the inequality Re(1 + o (Z))

—E,zeu,andh( )=1
Ifa,1,6>0,n,meN, f € A, and satisfies the differential subordination

§+1 RD] f(z) 2> RD;,f(2) [(RDZ,J @) 2(RD”*lf(Z)) }

+ —

8 (RDJHf(2))> 8 (RD{Lf(2)? | RD},f(2) RD{f(2)

<h(z), zel, (2.5)
then

RD f(z)

z————— <q(z), zel,
RDf@P 1

where q(z) = fo h(t)tn “Ldt. The function q is convex, and it is the best dominant.

Proof Let p(z) = z%, zel, peH,nl.

6+1 RDfoZ) 22 RD;:,UJ(Z) RDZuf )/
Differentiating, we obtain p(z) + $p/'(z) = TR + T(RDmlf(z)ﬁ[ o
RDLEf ()Y
ZW] z € U, and (2.5) becomes

p(z) + gp/(Z) <h(z), zel.
Using Lemma 1.1, we have

pl2)<qlz), zel, ie,

RD? f(2)
—_— h(t t ldt, el,
oy <1970 S KL :
and g is the best dominant. d

Theorem 2.6 Let g be a convex function such that g(0) = 1, and let h be the function h(z) =
82+ 5g'(2), ze U.
Ifa,k,S >0,nm,meN, f e A, and the differential subordination

,8+2(RDLf@)  2[RDLSE) [ (RD} )\
8 W * _[ RDZ’J(Z) _< RD;{,af(z) > i|<h(z), zel (2.6)
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holds, then

, (RDLf (2))

D (@) <g(2), zel.

This result is sharp.

2 RDY ()Y

Proof Letp(z) =z RO

. We deduce that p € H[0, n].

_ 2542 RDY @) 3 (RDY f(2))

(RD! f()

. - . gy .
Differentiating, we obtain p(z) + ;p'(z) = z° =~ ot =l o

zel.
Using the notation in (2.6), the differential subordination becomes

Ple) + 2/(e) < @) = gle) + (2],

By using Lemma 1.2, we have

2 (RDYf (2))

el, ie, , el,
z ie D /(@) <g(2), =z

p(2) < g(2),

and this result is sharp.

2
RD] f(@) ),

O

Theorem 2.7 Let h be an holomorphic function, which satisfies the inequality Re(1 +

278> -1,z U, and h(0) =1.

Ifa,x,8>0,n,meN, f € A, and satisfies the differential subordination

8+2(RDLS@) 2 [(Rny“f(z))” ) ((RDZ,J(Z))/

5 RD! fGz) ' 8| RD!.f(2) RD;, f (2)
then
L (RD?f(2))
ROV fimy 1@ Zelh

2
> :| < h(z), zel, (2.7)

s
where q(z) = % fozh(t)ﬁ‘1 dt. The function q is convex, and it is the best dominant.
nzn

(RDY f(2))

Proof Let p(z) = 2% D@

ze U, peH[0,n].

. .. . , (RDY f(2)) 3 (RD} f(2)" (RDY f(2))
Differentiating, we obtain p(z) + £p/(z) = 2222 RD)Esz(Zz) + 5 RDA;":ff(Zz) RD?Asz(zz) )],
z € U, and (2.7) becomes
1,
plz) + gzp (z) < h(z), zel.
Using Lemma 1.1, we have
(RDf(2)) 5[t s
pl2)<qlz), zel, ie, Z2—22"" <q(z)= / h)entdt, zel,
RD;SJ(Z) nz% 0

and g is the best dominant.
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Theorem 2.8 Let g be a convex function such that g(0) = 1, and let h be the function h(z) =
g(2) +nzg'(z), ze U.
Ifa,.»>0,n,meN,f e A, and the differential subordination

_ RDf(2) - (RDYf(2))"
[(RD.f(2)]?

<h(z), zel (2.8)

holds, then

RD? f(2)

Z4(RD,’CJ(Z))/ <g(@), zel.

This result is sharp.

RDY f(2)

Proof Let p(z) = ZRDY @) *

We deduce that p € H[1, n].
RDY (&) (RDY f(2)"
(RD}! f(2)/1?
Using the notation in (2.8), the differential subordination becomes

Differentiating, we obtain 1 — =p@)+zp'(2),ze U.

p(2) + 20’ (2) < h(z2) = g(2) + nzg'(z).

By using Lemma 1.2, we have

RD? f(2)

@D [y @ 2el

p(2) <gz), zel, ie,

and this result is sharp. g
Theorem 2.9 Let i be a holomorphic function, which satisfies the inequality Re(1 + ZZ,/;g)) >
—%, ze U, and h(0) = 1.

Ifa,A>0,n,meN, f € A, and satisfies the differential subordination

_ RDYf(2) - (RD} f(2))"

(RDF /@)1 <h(z), zel, (2.9)
then
RD? f(2)
«®Dfly <1 2el

where q(z) = -+ IN //z(t)t%’1 dt. The function q is convex, and it is the best dominant.
nz

1
n

Proof Let p(z) = Z(RDM}/[(Z)

W,ZGU,]UG’H[O,H].

RDY f(@)-(RDY f(2)"

(RDT ) T =pz) + zp'(2), z € U, and (2.9) be-

Differentiating, we obtain 1 —
comes

p(2) +2p'(2) < h(z), zel.
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Using Lemma 1.1, we have

p2)<qz), zel, e, RDS (@) (2) = L /Zh(t)t%’1 dt, zel,

Y / = q
Z(RDA,J(Z)) nz% 0
and g is the best dominant. d

Corollary 2.10 Let h(z) = “(zhﬂ be a convex function in U, where 0 < B < 1.

z

Ifa,.>0,n,meN,f € A, and satisfies the differential subordination

| RDLLf() - (RDY,f(2))"
[(RDL,f@) T

< h(z), zel, (2.10)

then

RDY f(2)

W<q(z), ZEU,

1
where q is given by q(z) = (28 -1) + 222_;) N tlnﬁl dt, z € U. The function q is convex, and it

is the best dominant.

Proof Following the same steps as in the proof of Theorem 2.9 and considering p(z) =

%, the differential subordination (2.10) becomes
1+(28-1)z
p(2) +zp'(2) < h(z) = %, zel.

By using Lemma 1.1 for y =1, we have p(z) < g(2), i.e.,

Lat

RD".£(2) 1oF
A - h n
@D fy 1@ ,,Z%/o )

1 /Zl+(2;3—1)tt
0 1+¢

1
w7l dt

1
nzn

_ L /Ozt%—l[(zﬁ_l)+ 2(1_’3)}#

nzn 1+t

1
2(1- Zgnl
=(28-1)+ ( 1'3)/ dt, zel. O
nzn  Jo

1+t

Example 2.1 Let k(z) = };é be a convex function in I with 4#(0) =1 and Re(ZZ//;g) +1)> —%.
Letf(z) =z+2% z€U.Forn=1,m=1, % = }, & = 2, we obtain RD} JS@) = -R'f(2) +
7!
2D f(2) = —zf"(2) + 2(3f(2) + 32f'(2)) =f(2) =z + 2%, z € .
2

Then (RDll,zf(z))/ =f(z) =1+ 2z,

1
RD%,zf(Z) z+z22 1l+z

ZRDY f(2)  2(1+22) 142

RDl%,zf(Z) ' (RDI%,J(Z))U L (z+2)-2 227 +42z+1
[(RDY f@)12  (+222  (1+22)

Page 9 of 14
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We have g(z) =1 [i Ltdt=-1+ 2In(1+z)

1+t z
Using Theorem 2.9, we obtain

22°+2z+1 1-z

< , zel,
(1 +2z2)2 l+z
induce
1+z 2In(1+z
<—1+¥, zel.
1+2z z

Theorem 2.11 Let g be a convex function such that g(0) = 0, and let h be the function
h(z) = g(2) + nzg'(z), z € U.
Ifa,.>0,n,meN,f € A, and the differential subordination

[(RD}.f(2)) ]’ + RDJ.f(2) - (RD.f(2))" < hiz), zel (2.11)

holds, then

RD}f (z) - (RDY f (2)) -
VA

glz), zel.
This result is sharp.

Proof Let p(z) = w. We deduce that p € H[0, n].
Differentiating, we obtain [(RD",f @)1+ RD} f(2) - (RDY f(2))" = p(2) + zp'(2), z € U.
Using the notation in (2.11), the differential subordination becomes

p(2) + 20’ (2) < h(z2) = g(2) + nzg' ().

By using Lemma 1.2, we have

RD} f(2) - (RD7 f (2))' .
z

p(z) <glz), zel, ie, glz), zel,

and this result is sharp. d

Theorem 2.12 Let h be a holomorphic function, which satisfies the inequality Re(1 +

2Dy > L ze U, and h(0) = 0.

Ifa,.>0,n,meN,f € A, and satisfies the differential subordination

[(RD?.f(2)) ] + RD.f(2) - (RD!.f(2))" < hiz), zelU, (2.12)

then

RDLf (@) (RD}LS @)
z

qz), zel,

where q(z) = ll foz h(t)t%‘1 dt. The function q is convex, and it is the best dominant.

nzn

Page 10 of 14
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Proof Let p(z) = w, zel,peH[0,n].

Differentiating, we obtain [(RDY',f(2))']* + RD}' f (2) - (RDY' f (2))" = p(2) + zp'(2), z € U,
and (2.12) becomes
p(2) +zp'(2) <h(z), zel.

Using Lemma 1.1, we have

pz) <qz), zel, ie,
RD? f(z) - (RD}" f (2)
z

q(z)— /h(t)t Ldt, zel,

"
and ¢ is the best dominant. g

Corollary 2.13 Let h(z) = M be a convex function in U, where 0 < B < 1.
Ifa,A,>0,n,meN,f e ,A,, and satisfies the differential subordination

[(RD?.f(2)) ] +RD.f(2) - (RD!.f(2))" < hiz), zelU, (2.13)

then

RO RSOy, zeu,

B) Ztn

where q is given by q(z) = (28 —1) + ZSZ’% 0 T dt z € U. The function q is convex, and it

is the best dominant.

Proof Following the same steps as in the proof of Theorem 2.12 and considering p(z) =

w , the differential subordination (2.13) becomes
1+(28-1)z
P+ () <o) =, zeu

By using Lemma 1.1 for y =1, we have p(z) < g(2), i.e.,

RDf(2) - RD7f @) q(z) = 1; / Zh(t)t%—l dt
z nzn Jo
_ 11 /21+(2,3—1)tt%_1dt
nzn Jo 1+¢
_ 1 1, 2(1-B)
<o [ es 0 AP e
e

s B T e .

1
nzn 0 1+t

Example 2.2 Leth(z) = 1 e beaconvex function in U with /(0) = ) +1) s -1
Let f(z )=z+z,zeu Forn 1,m=1,1=1,a=2,we obtain RD} 2f( ):—le( )
71

2D} f(2) = —2f"(2) + 2(3f (2) + 32/ '(2)) =f (&) =z + 2%, z € UU.

Page 11 of 14
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Then (RDll,Zf(z))’ =f(z) =1+ 2z,

RD) f(2)- (RD} f@) (11 221 +22)

- =222 +3z+1,
z z

[(RD' f(@)']" +RD' f(2)- (RD' f(2))" = (1+22)* + (z+2%) - 2= 62" + 6z + 1.

We have q(z) = % f()z % dt=-1+ 2lnil+z) )

Using Theorem 2.12, we obtain

9 1-z
6z°+6z+1<——, zel,
1+z
induce
2In(1+z
222+32+1<—1+¥, zel.

z

Theorem 2.14 Let g be a convex function such that g(0) = 0, and let h be the function
h(z) = g(2) + {58 (2), ze U.
Ifa,A>0,8€(0,1), n,meN, f € A, and the differential subordination

) m+1 m+1 l m ’
() RO (WO (OOLIEY iy g

RDY f(2) 1-6 RDf (z) RDY f(2)
holds, then
RDTE@) . < ad >(S <glz), zel.
z RDf{fof (2)
This result is sharp.
RDT™1f(2)

Proof Let p(z) = % . (W)‘S. We deduce that p € H[1, n].
s ROV () (RDYFR)Y  (RDYf(2)\ 1
5 gt O wofe ) <P+ e @),

. L . z
Differentiating, we obtain ( RDY mf(z))
zel.

Using the notation in (2.14), the differential subordination becomes

Pe) + ap @) < e) = 50 + g 2)

By using Lemma 1.2, we have

m+1 §
p(z) <glz), zel, e, RDA‘Zf(Z) . (RDTif(z)) <g(z), zel,

and this result is sharp. O

Theorem 2.15 Let h be a holomorphic function, which satisfies the inequality Re(1 +

28> 1, ze U, and h(0) = 1.
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Ifa,.>0,8€(0,1), n,meN, f € A, and satisfies the differential subordination

z SRDIf(2) ((RDSYf(2))  (RDY.f(2))
(RD;?J(z)) 1-5 ( RDYf () “ORDY (@) )<h(z)’ zel,  (215)
then

RDf ()

z P
z <RD;’fof(z)>

<qz), zel,

1-8
where q(z) = % OZ h(t)t = L dt. The function q is convex, and it is the best dominant.

7+1 (2)

RD
Proof Let p(z) = —224— . (W)B, zel, peH[0,n].

. ROV RDIE)Y RV L,
RDK’QJ{(Z)) 1-5 ( RDT’;If(Z) ) RD;C’af(z) )—P(Z) + ﬂZP (Z):

Differentiating, we obtain (
z € U, and (2.15) becomes

p(2) + %zp’(z) <h(z), zel.

Using Lemma 1.1, we have

p(2)<qlz), zel, e,

RD'f (2) < z
z  \RDI'f(2)

8
1-8 (7 .

> <q(z):T‘/ WOt " dt, zel,
nzn Jo

and g is the best dominant. d
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