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Abstract

One class of singular integral equations of convolution type with Hilbert kernel is
studied in the space L°[-7r, 7] in the article. Such equations can be changed into
either a system of discrete equations or a discrete jump problem depending on some
parameter via the discrete Laurent transform. We can thus solve the equations with
an explicit representation of solutions under certain conditions.
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1 Introduction

It is well known that singular integral equations and boundary value problems for ana-
lytic functions are the main branches of complex analysis and have a lot of applications,
e.g., in elasticity theory, fluid dynamics, shell theory, underwater acoustics, and quantum
mechanics. The theory is well developed by many authors [1-7]. Integral equations of
convolution type are closely related to boundary value problem for an analytic function.
There have been many papers studying integral equations with convolution type or sin-
gular type, see, for example, Litvinchuc [8], Li [9, 10], De-Bonis [11], Du [12], Jiang [13],
among which a series of valuable achievements have been obtained. In recent years, the
author [14] discussed some kinds of singular integral equations of convolution type with
reflection and translation shifts. Subsequently, the author [15] studied one class of gener-
alized boundary value problems for analytic functions and obtained the general solutions
and the conditions of solvability.

The purpose of this article is to extend further the theory to a periodic singular inte-
gral equation of convolution type with Hilbert kernel. We remark that integral equations
with periodicity have important applications in the elastic theory. Such equations can be
changed into either a system of discrete equations or a discrete jump problem (that is, dis-
crete boundary value problems) depending on some parameter via the discrete Laurent
transform. We can thus solve the equations with an explicit representation of solutions in
L?[-m, 7] under certain conditions. This paper improves some results for the references
1-7].
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We shall consider the following singular integral equation of convolution type with

Hilbert kernel and periodicity:

af + biHf + Ky +f + My« Hf + £E(asf + boHf + Ky % f + My * Hf)

=(c1 + ©§)G, (L1)

where Kj,M;,G € L?[-m, ] are given functions, a;,b;,¢; € R for any j = 1,2, and f €
L2[-m, 7] is an unknown function. We denote by * the convolution operator and by Hf
the Hilbert type singular integral of f, that is,

T

Hf = %/_ﬂf(r)cot ;er.

Assumption A We shall make the following assumption:
(i) a? +a% #0,b} + b3 #0.
(ii) There exist constants a, b, c,d € R and some m € N such that

a+btan 30

£(0) =

~ c+dtan 50
whenever ad — bc # 0; otherwise we have £(0) = C (constant). We shall also

represent &(0) as

ot + a—eth

B+ lg—ez’me ’

£(0) =
where
at =a+ib, BE=c+id.

Let L, L' be the discrete Laurent transform and the inverse transform, respectively. We

denote
ST = (ara + aic) % ilaxh + ayd),
T:E = (blc + bzll) + l(bld + bzb),

B -1k, CV-L'Mm;

and

A
Ay

Wk =

where

A,f =St ,BiBg(l) + aiB,((z) + Zl'sgnk(Ti + ﬂiC,((l) + aiC,((Z)).
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Assumption B To assure the solvability of Eq. (1.1), we need to make the assumption

S* ,
Z <logS—_wk) e*% =0, (1.2)

keZ
where
2j
0, = —
T m

for any j = 0,+1,...,£[7]. Via using the method of complex analysis, we can take a con-
tinuous branch of log(gwk) such that {Iog(gwk)}kez el

There exist constants gq € (0,1) and kg € N such that when |k| > kg we have
|A]J;| > €0, |AI;—m| > £&p.

We can thus introduce the equalities

1

- =SB —p*SBY +a S'BY —ats BY
k

Ag
+2i[(87S'CE +a s CY Ysenlk —m) - (B*S CY + S CP) sgnk]}. (1.3)

‘We may make 7, such that
Nk = (L+ Ak (1.4)

Assumption C To assure the solvability, we need also

Hy irer
S Mgy, (15)
keZ Nk

where 7y is determined by (1.4),

1
Hy (E*gk + E Gem)s  {Gtkez =L7'G

S
and
E* = (c1¢ + ¢2a) £ i(cab + ¢1d).
In order to illustrate that Eq. (1.1) has a solution, at the end of Section 3, we shall present
an example and satisfy the above conditions (Assumptions A-C), then we can conclude
that a solution set of (1.1) is not empty.

Now we can state our main result, and we will prove it in Section 3.

Theorem 1.1 Under Assumptions A-C, Eq. (1.1) has a solution in L*[—m,m].
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(i) When A7 #0, Ay_,, #0 for any k € Z, the solution of Eq. (1.1) is given by
0= fie",
k=—00
and the coefficients fi are determined uniquely by the formula
Aka + Ay ufiem = E*gi + E g (1.6)
(ii) When A;}_ =0, A;,—m =0 (Il <ko;j=1,2,...,p1), then
E*gn/ + E‘gni_m =0

must be satisfied, and f,; can be taken to be an arbitrary constant c,; (1 <j < p1),
then the solution of Eq. (1.1) is

p1 +00
f0) = chje”’fe + Z fre™.
j=1

k:—oo,k#nj

(ili) When A;j =0, A;;_m 70 (|m| <ko;j=1,2,... ,pz),fn; are given by the following

formula:

1

fnl’ = An‘ (E+gn]’.+m + E_gnl’.)’ (17)

then the solution of Eq. (1.1) is

p2 . +00
fO=> e + > fie®.
]
j=1 k=—oo,k;!n}

(iv) When AZ;, #0, A;},‘Lm =0 (In/| <ko;j=1,2,... ,pg),f,,;/ are given by the following

formula:

f;l}/ = (E+gn}/ + E_gnl’,’—m)) (18)

then the solution of Eq. (1.1) is

p3 +00
£0) = an;,e’”f@ Y fie (L9)
j=1 k=—oo,k—7/n;’

In (i))-(iv), when k # ni,na, ..., 1y, 1y, 1y, . .,,né,z,ni’,ng, . ..,nZs, the coefficients fi are

determined uniquely by (1.6).
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2 Hilbert transform and its discrete Laurent transform
The crucial tool to study the Hilbert transform is to calculate its discrete Laurent trans-
form.

For any f € L?[-m, ], its Hilbert transform is defined as

‘E_
2

0
drt.

1 T
o=~ [ fweo
T Jx
Associated to the operator H is the operator H defined by

Hf6) = % /nf(‘l:)cot % d,

that is,

Hf(6) = Hf (-6).

It is well known that the Hilbert transform H as well H is a self-map of the space L?[-7, 7]
in virtue of the Riesz theorem (see, e.g., [16]).
Let /2(Z) be a linear space consisting of sequences {f; }xcz for which

+00
Z [fl? < +00.
k=—00

Definition 2.1 The discrete Laurent transform
L:2(Z) — L*[-7,7]

is defined by

Lifibkez = ) fie™ =:£(6) 2.1)

k=—00

for any f = {fi}kez € 2(Z). Its inverse transform is clearly given by
L1k = (fidkez (2.2)
with
L[ —ike
fi=— 1 f®)e*do, VkeZ. (2.3)
2w J_»

Now we come to calculate the inverse discrete Laurent transform of a function which is
a Hilbert transform of a given function. The result shall be crucial to studying the singular
integral equations.

Lemma 2.1 Let f(0) € L?[—-m, 7] with its discrete Laurent transform

{flkez =L7f(6).
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Then we have

L7 (Hf(0)) = (2ifi sgn k}eez
L7 (Hf(0)) = {~2if -« sgnk}eez.

Proof Since

9 et _gift  grit _gif’

by Definition 2.1 we have

i T eif e—ir
Hf(0) = T /_nf(r)(eir _eif gt _ew)dr.

For any f(6) € L*[-n, 7], we already know that Hf (9) € L*[-r, 7] so that L-Y(Hf(9)) €
12(Z). We denote

(Hf(0)) = {gk ez

Then

1 i —ikf
- / Hf(0)e™* do

2
l'[ —tk9 —zr —tk9
by /_ﬂ/ f‘C) drd@——/:ﬂ/ f(T)efn_ — dt db

= 11 - 12.

For the first term, we have

i b4 b4 —zk9 )
[1 = ﬁ . (/ ot _elG d@)/( )e dr.

By a change of variable ¢ = exp(if), the inner integral above becomes

b4 e—ike t_k
M(T)'Z/ —9d0=/ 7dt
_z €T —ét g1 (€ —t)it

Applying the extended residue theory, we thus obtain

bid
M) < | @ k=0
k4
_ei(kT)r’ k <0.

Therefore, when k > 0, we have

i

h=353

Toox , i [T .
/_ S/ (D dT = / f@)e* dr = ify
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and similarly
L =-ifi, k<DO.
In other words,
L = ifysgnk, VkeZ.
Similarly, we have
I, = —ify sgnk, VkelZ.
As aresult,
gr=0 -1, =2ifisgnk, VkelZ.
The other equality can be proven similarly. g

Lemma 2.2 Letf(0) =Y 30 . fue®® and f € I!, then f(0) € L*[~r, ] if and only if f € I2.

Proof Since f(0) € L*[-m,7] and f € I', then Y 2 _ f is convergent absolutely and uni-
formly. It is easy to see that

/_” £ dé = /_nf(e)f(—e)de - /_” kaeik(’ Zﬁe—ij@ a0

T 00 _ )
= / > e dg =27 Y Il (2.4)
7 kj=—00 k=-00
The proof of Lemma 2.2 is complete. O

Finally, we remark that

L7'[f *g(0)] = figk ez

for any f,g € L2?[—m, 7] with the discrete Laurent transforms {f;}rez and {gi}xez, respec-
tively. Here the convolution in L?[—-m, 7] is defined by

(400 = 5 [ f0- g ar. 5)

3 Problem presentation and solution
In this section, we study the method of solution for Eq. (1.1). By Euler’s formula e =
cosmb + isinm6, Eq. (1.1) can be written as
SYY+ T Hf + BT Ky« f + o' Kyxf + "My« Hf + a* My« Hf —E'G
+e"(Sf + T"Hf + B~Ky *f + & Ky x f + B"My x Hf + o M, x Hf —E~G)

-0. (3.1)
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In view of Lemma 2.1, by applying ™! to both sides of (3.1), we see that (3.1) is readily
reduced to the equation

Aific —E*g + N fiem — E kem = 0, (3.2)

where

(fdkez = L7, {gkhkez = L7'G,

() - () -
{Bk }keZ =L 1KJ" {Ck }keZ =L lMJ'
with anyj=1,2; k € Z.

Since by assumption, for each j =1,2,

{B/Y)}kez € X(2), {C/(j)}keZ € !(Z),
it follows that

klggoB’({) =0, klirgo C’(j) =0
Therefore,

lim A} =S*£2iT* 40,  lim A; =S +2iT" #0,
k—00 k—o00

which means that for any ¢, sufficiently small, there exists ko > 0 such that when |k| > ko

we have
ail 560 AL]> e

Case 1: |k| > ko.
Since |Af| > €0, |Ar_,,| > &0 for |k| > ko, it follows from (1.6) that

A7 1
k’mfk_m + —(E*gk + E‘gk_m), Vik| > ko, (3.3)

T ety

so that Eq. (3.3) can be rewritten as

fx = —Wifeem + Hi, VK| > ko. (3.4)
Denote
5
p=gr Wk= (L +Ay).

When |k| is large enough, we see that sgn(k — m1) and sgnk equal 1 or -1 simultaneously
so that

S*T sgn(k—m)—S T sgnk =0.
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+ 2i[(/3_S+C,((1_)m + a‘S+C,((2_)m) sgn(k —m) — (ﬁ*S‘C,((U + a*S‘C,((Z)) sgn k] } (3.5)

Therefore, (3.4) becomes a discrete jump problem
fe==pQ +AR)fxem + He,  V|k| > k.

In order to solve (3.6), we may make 7, such that
M= (1 + Ap)Ni-m

with

-1
go<|ml<éeq .

(3.7)

First, we need to construct 7. By taking logarithms on both sides of (3.7) and denoting

M =log(1+ Ap), ox = log g,

we get

Ok = Of—m +Mk,

(3.8)

where we have taken a continuous branch of log(1 + A;) so that {log(1 + Ay)}kez € [2. Taking

the Laurent transform IL on both sides of (3.8) yields
0(0) =™ 0(9) + M(©),

that is,
(1-€"")0(0) = M(©),

where

O@)=Lo,  M()=LM, o= {ox}ez

M = {Mi}rez.

3.9)

Notice that when M (6)) # 0, Eq. (3.8) is not solvable. This means M(Gj) =0 or, equiva-
lently, Assumption B becomes the solvability conditions of Eq. (3.8), where ¢; are 1 + [7]

roots on [—7, 7] for equation 1 — e = 0.
Finally, from (3.9) we get

M)
1-— eim@ ’

Nk =expox, ox=L"

(3.10)
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Now we come to solve Eq. (3.6). Denote

1 1
Pr=—fi qx = —Hj
Nk Nk

and rewrite (3.6) as

Pk = —PPk-m + qk- (3.11)

Due to {Hi}rez € P(Z), {ni}kez € I*(Z), we can know that {pilrez € I*(Z), {qi}kez €
[2(7Z). Taking the Laurent transform L on both sides of (3.11), we thus obtain

P(6) = —pe™ P(B) + Q(6), (312)

where P(0) = Lp and Q(¢) = Lg with p = {pr}kez and q = {qi}kez.-

Owing to |p| = 1, we know that 1 + pe”® has a finite number of zero points, say
01,65,...,0, in [-m,m].

The same approach as in the discussion of Eq. (3.8) shows that (3.11) is not solvable if
Q(Oj/ ) #0. Therefore, Q(Qj/) =0(j=1,2,...,n), or equivalently, Assumption C becomes the
solvability conditions of Eq. (3.11).

Under Assumption C, (3.12) becomes

Py 2O

=—\ 3.13
1+ pem? (313)

This determines pi so does fi = prni.
Case 2: |k| < ko.
We split the situation into four cases.
(@) Af=0and A, =0 for some |k| < ko. By (3.2), we have

E+gk = _E_gk—m (314)

and f; can be taken to be any constant.
(b) A;=0and A;_, #0 for some |k| < ko. By (3.2), we get

1
Ji = ;(EJrngrm + E_gk)~ (3.15)
k

() Af #0and Ay, =0 for some |k| < ko. By (3.2), we get

k—m

1
oy (E*g + E Geem). (3.16)

S
(d) Af #0and A;_,, #0 for some |k| < ko.
In this situation, f; can be determined as in the proof of Case (i).
In the following, we give the proof of Theorem 1.1.

Proof of Theorem 1.1 From the above discussion, we only need to prove that the function
f(9) obtained by (1.9) belongs to L2[~7, r]. Obviously, Egs. (1.1), (1.6) and (3.1) are equiv-
alent to each other. Since {Ag}, {Bi}, {Ci}, {gk} € 2, then {AF} € 2 and AT #0. It follows
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from (3.3) that {f;} € /% is a bounded sequence and Y ;- __fie'? is convergent. Thus, by
Lemma 2.2, Eq. (1.1) has a unique solution f(9) = ILf, and f(9) € L?[-7, ].

Finally, in order to illustrate that Eq. (1.1) has a solution, we shall present an example.
For example, suppose that

611=b1=C1=ﬂz=b2=C2=1, 61=d=0, l’)=C,

Ki(0) = K5(0) = sin 6, M;(0) = M,(0) =0, G(0) = sin6 —cos 9,

then &(6) = tan 56, and Eq. (1.1) can be transformed into

1 /7 t—0 1 T
f(9)+;/;nf(t)00t7dt+ﬁf_ﬂ sin(t — 0)f (¢t) dt

=sinf —cosf, 6 ¢€[-mw,n]. (3.17)

Equation (3.17) is often used in engineering mechanics. It is easy to verify that Eq. (3.17)
satisfies the above conditions (Assumptions A-C). Via using the methods of Section 3, we
can obtain the exact solution of Eq. (3.17):

2z

f) = 5 N—)Z sinf, 6 el[-m, 7] (3.18)

As for the solving method of (3.17), we will not elaborate. We can verify that (3.18) is indeed
the solution of (3.17). Therefore, we conclude that a solution set of (1.1) is non-empty. [J

4 Homogenous equation and some specific equation
In this section we consider the homogenous equation and some specific equation. First
we consider the homogenous equation (that is, G(6) = 0)

arf + biHf + Ky xf + My = Hf + &(ayf + boHf + Ky x f + My * Hf) = 0. (4.1)

Via the Laurent transform, it can be reduced to the equation

Abfi + Ay fe-m = 0. (4.2)
That is,
A-
Jie = Wifeem, Wik = A"]’"' (4.3)
k

Again we apply the same approach as the discussion for Eq. (3.8) to deduce that fy =0
for all k so that f(0) = 0. As a result, the homogeneous equation (4.1) has only a trivial
solution.

Next we consider the specific case that £(6) is a constant. Since ad — bc = 0, Eq. (1.1) can
be expressed in the form

af +bHf + K xf + M x Hf =G. (4.4)



Li Advances in Difference Equations (2017) 2017:360 Page 12 0f 13

Via transform L1, (4.4) can be written as
(@' +2ib" sgnk + By + 2isgn kCy) fi = g (4.5)

where @/, b’ are constants and {fi}xez = L7Yf, {Bi}kez = LK, {Cibkez = LM, {gi}kez =
LG.
One can solve out f; from (4.5) and get the solution f(9) = > ;> _ fie™®.

5 Conclusions
In this paper, we first proposed one class of singular integral equations of convolution
type with Hilbert kernel and periodicity. Applying the discrete Laurent transform and
its properties, such an equation can be changed into a discrete boundary value problem
depending on some parameter, here we call it ‘a discrete jump problem! In this article,
our method is different from the ones of the classical boundary value problem, and it is
novel and simple. The exact solution, denoted by series, of Eq. (1.1) and the conditions
of solvability are obtained. We remark that our approach is also effective to some other
classes of equations such as the equations of dual type with periodicity and Hilbert kernel,
the Wiener-Hopf type equations, and the equations with periodicity and cosecant kernel.
Thus, this paper generalizes the classical theory of boundary value problems and singular
integral equations.

One can also consider a similar problem in the setting of Clifford analysis (see, e.g., [17—
21)).
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