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Abstract

In the present paper, we introduce and study certain subclasses of analytic functions
in the open unit disk U which is defined by the differential operator DR}"". We study
and investigate some inclusion properties of these classes. Furthermore, a generalized
Bernardi-Libera-Livington integral operator is shown to be preserved for these classes.
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1 Introduction
Let A be a class of functions f in the open unit disk U = {z € C: |z| < 1} normalized by
f(0) =f"(0) -1 = 0. Thus each f € A has a Taylor series representation

f)=z+ Za,»zj. (1.1)
j=2

We denote by S(§) the well-known subclass of A consisting of all analytic functions which

are, respectively, starlike of order & [1, 2]

zf'(2)
f(@)

S(S)z{fe.A:Re( >>$,zeu}, 0<é&<l.

Let R be a class of all functions ¢ which are analytic and univalent in U/ and for which
¢(U) is convex with ¢(0) =1 and Re¢p(z) >0,z € U.

For two functions f and g analytic in U, we say that the function f is subordinate to g in
U and write f(z) < g(z), z € U, if there exists a Schwarz function w(z) which is analytic in
U with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)), z € U.

Making use of the principle of subordination between analytic functions, denote by
S(&,¢) [3] asubclass of the class A for 0 <& <1 and ¢ € R which are defined by

S.9) - {feA: i(zf'(Z) -

e\ 70 {) <¢(z),zeu}.
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Letf,g € A, where f and g are defined by f(2) = z+ )5, @7 and g(2) = z+ )5, b7 Then
the Hadamard product (or convolution) f * g of the functions f and g is defined by

(fxg)@)=z+) ab.

j=2

Definition 1.1 (Al-Oboudi [4]) For f € A, A > 0 and m € N, the operator DY is defined
by D': A— A,

DYf(2) = f(2),

Dif(2) = (1= M)f (2) + Azf"(2) = Dif (2),

vey

DI'f(2) = (1 - MDY (2) + 22(D)'f (2)) = D, (D) f(2), zel.

Remark 1.1 If f € A and f(z) =z + ;7:2 a7, then D'f(z) = z + jofz[l + (= DA]"a;2,
zel.

Remark 1.2 For A =1 in the above definition, we obtain the Sildgean differential opera-
tor [5].

Definition 1.2 (Ruscheweyh [6]) For f € A and n € N, the operator R" is defined by R”" :
A— A,

Rf(2) = f(2),
RYf(2) = 2f'(2),

cey

(n+ 1R f(z) = Z(R"f(z))’ +nR'f(z), zel.

Remark 1.3 Iff € A, f(z) =z + Y 7, a7, then R'f(2) =z + 3, %ajzf, zel.

Definition 1.3 ([7]) Let » > 0 and 1, m € N. Denote by DR{"" : A — A the operator given
by the Hadamard product of the generalized Salagean operator D} and the Ruscheweyh
operator R”,

DR""'f(2) = (D} * R")f (),

for any z € U and each nonnegative integer m, .

Remark1.4 Iff € Aandf(z) =z+ j°=°2 a7, then DR""f (2) = z+ ]9:02[1+ (—1)A]" (:,J(']’:ll)),' X

a]?z/,ze u.

Remark 1.5 The operator DR}"" was studied also in [8-10].
For A =1, m = n, we obtain the Hadamard product SR” [11] of the Salédgean operator S”
and the Ruscheweyh derivative R”, which was studied in [12, 13].
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For m = n, we obtain the Hadamard product DR} [14] of the generalized Sélagean oper-
ator DY and the Ruscheweyh derivative R”, which was studied in [15-20].

Using a simple computation, one obtains the next result.

Proposition 1.1 ([7]) For m,n € N and » > 0, we have

DR"*""f(z) = (1 - A\)DR}""f (2) + »z(DR}""f (z))’ 1.2)
and

Z(DR}""f(2)) = (n + 1)DR}""*'f () — nDR}""f (2). 1.3)

By using the operator DR}""f(z), we define the following subclasses of analytic functions
for0<¢<land¢ e R:

S(€) = {f € A:DR""f € S(§)},
S/, ¢) ={f € A:DR}""'f € S(§,¢)}.

In particular, we set

1+A
(e ) -Srean, Cl<Beast
+ bz

Next, we will investigate various inclusion relationships for the subclasses of analytic func-
tions introduced above. Furthermore, we study the results of Faisal et al. [21], Darus and
Faisal [3].

2 Inclusion relationship associated with the operator DR}""

First, we start with the following lemmas which we need for our main results.

Lemma 2.1 ([22, 23]) Let ¢(u,v) be a complex function such that ¢ : D — C,D CC x C,
and let p = 1 + iy, v =1 + ivy. Suppose that ¢(ju, v) satisfies the following conditions:

1. @(u,v) is continuous in D,

2. (1,0) € D and Re ¢(1,0) > 0,

3. Reg(ipa,v1) <0 for all (ij12,v1) € D such that vy < -3(1+ u3).

Let h(z) =1+ c1z + ¢22% + - - - be analytic in U, such that (h(z),zH (2)) € D forall z € U. If
Re{ph(z),zh' (2)} > 0, z € U, then Re{h(z)} > 0.

Lemma 2.2 ([24]) Let ¢ be convex univalent in U with ¢(0) = 1 and Re{k¢(z) + v} > 0,
k,v € C. If p is analytic in U with p(0) = 1, then

zp/(2)

W <¢lz), zel,

p(2) +

implies p(z) < ¢(2),ze€ U.
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Theorem 2.1 Letf € A, 0<&<1,mneN,r>0,then
Spl(E) € SpE) < SPHE).

Proof Let f € S""*!(£) and suppose that

z(DR]""f(2))"
W =&+ (1-8)h(2).

Since from (1.3)

m,n+1
(n+1>% CnE 4 (- E)h(2),
A

we obtain

=] RS DR 0]
1-940) =0 | Dot - s Dy |

o DR}"™'f(2) [ 2(DR}"'f (z))
(1= E)2H(E) = 1+ ) [ i —s—<1—s>h<z)],
(-9@: _ ZDRM@)
nTETU-OhE - DR ¢ T8N

2DRM™f )
i R R BULC

1-8M(2)z
n+&+(1-&)h(z)

Taking h(z) = u = 1 + ipg and zH'(z) = v = vy + iv,, we define ¢(u, v) by
1-¢&)yv
(wv)y=0-8ju + ———
v S n+&+(1-&)n

and

| (1-8)0n+8)
Re{fp(lﬂz;vl)} = (n+&)? +IZ1+— E;/Zluﬁ ,

| (L= §)(+8)(1 +p13)
Refglina v} =< ~5 e gl

Clearly, ¢(u, v) satisfies the conditions of Lemma 2.1. Hence Re{A(z)} > 0, z € U, implies

feSmE).

Remark 2.1 Using relation (1.2) and the same techniques as to prove the earlier results,

we can obtain a new similar result.

Theorem 2.2 Letf € Aand ¢ € R with

E-1+
1-§

>l

Re{¢(z)} <

Page 4 of 8
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Then

S(E, ) € SME, @) C SITVE, B).

Proof Let f(z) € S/"*""(£,¢) and set

1 (2R
w05 (e ¢) 22

where p is analytic in U with p(0) = 1.
By using (1.2) we have

ZDR"f(2)) 1DRI"Mf(z2) 1-4
DR™f(z) ~ » DR™f(z) A

Now, by using (2.2) we get

m+1,n
PO - (o - €

1-£\x DR™f(z) X
1 DR (2)

1-A
N DR;rt.nf(z) =5+ T"’(I—E)P(Z) (2.3)

By using (2.2) and (2.3), we obtain

@) - 1 l[z(DRT*l’”f(z))/ _DRT“’”f(z)_z(DRT’”f(z))’]
P17 % DRf) DR™f(z) DR™f(z) |

1 DR)’\””'”f(z)[z(DR;””'”f(z))/ z(D ;”’”f(z))’}

A DRMf(z) | DR'™f(z)  DRf(2)

1-8)zp'(2) =

Z(DR;”H'nf(Z)),

DRI 1-8&)p(z) - S}

100 |t -14 L+ -0 ||

(1 - é)zp/ (Z) Z(DRT+1,nf(Z))/
= _E_(1- '
1-8plz)+¢ -1+ % DRTH'nf(Z) §-(1-8)p(2)

Hence,

zp'(2)

. 2.4
A-0p)+¢-1+1 24

1 [z(DRT*l’”f(z))’

1| DRf(2) —S}ZP(ZH

1
Since Re{p(2)} < 5—1:; implies Re{(1-&)p(z) + &£ -1+ %} > 0, applying Lemma 2.2 to (2.4)

we have that f(z) € S;""(§, ¢), as required. O

Remark 2.2 By using relation (1.3) and the same techniques as to prove the earlier results,

we can obtain a new similar result.

L4 _ E-1+)
Corollary 2.3 Let 175 < 1{‘

for-1<B<A<1,then

STJFLH(%-;A!B) C S{n’n(g,A,B) C S;:nil‘n(%-;A;B).
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Proof Taking ¢(z) = 134, -1 < B< A <1in Theorem 2.2, we get the corollary. O

3 Integral-preserving properties

In this section, we present several integral-preserving properties for the subclasses of an-
alytic functions defined above. We recall the generalized Bernardi-Libera-Livington inte-
gral operator [25] defined by

c+l (7 2 c+1
FC[f(Z)] = 7 A tc_lf(t) dt=z+ E j-'_—cﬂjzc, f € A,C > —1, (31)
j=2

which satisfies the following equality:
cDR}"F.[f(2)] + 2[ DR}""F.(f (2))] = (c + )DR}""f(2). (3.2)
Theorem 3.1 Letc>-1,0 <& < 1. Iff € §;""(&), then F.f € §]""(§).

Proof Let f € S;""(§). By using (3.2), we get

zIDRY"F,[f (2)]] Ce+1) DR"f(2) ~
DR""F.[f(2)] DRF.[f(2)]
Let
% =E+(1-8hz), h@)=1l+cz+cz>+---.
We obtain
ZDR™f(2)] (1-&)zh (2)
T B L A wrs o s
This implies
_ 1-&w
o, v)=1-8)u+ crEr(-Bn

(same as Theorem 2.1) and
(1-&)c+&n
(c+&)2+(1-§)2u3’

(-9
2[(c+&)2+ (1 -€)2ul]

Re{‘ﬂ(iMz,Vl)} =

Re{p(ina,m)} <
After using Lemma 2.1 and Theorem 2.1, we have

Ef € S (). =

Theorem 3.2 Let ¢ > -1 and ¢ € R with

Re{qb(z)} <

c+&
1-§
Iff € §""(&, ), then F.f € S;""(§,9).
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Proof Let f(z) € S;""(&,¢) and set

1 (ZDRMES@)
PO=% ( DR, [f ()] S)’ 33
where p is analytic in U with p(0) = 1.
Using (3.2) and (3.3), we have
ZIDR"f(2)]
(C+1)W —C+E +(1—€:)p(Z). (3.4‘)
Then, using (3.2), (3.3) and (3.4), we obtain
1 (zDR™f(2)] ) _ 2P (2) 35
(o ) P pre e )
Applying Lemma 2.2 to (3.5), we conclude that
Ff € 5™, ¢). O
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