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Abstract

In this paper, we consider the eigenvalue problem for fractional differential operator
containing left and right fractional derivatives with Dirichlet boundary value
conditions. By critical point theory, we see that there exist an eigenvalue sequence
which is increasing, tending to infinity, and an eigenfunction sequence which is a
Hilbert basis of a fractional Sobolev space.
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1 Introduction

The study of the eigenvalues of a linear operator is a classical topic and many functional
analytic tools of a general nature may be used to deal with it. The knowledge of eigenvalues
of an ordinary or partial linear differential operator with some boundary value conditions
plays an important role in the study of the existence of solutions of nonlinear perturbations

of this operator. For the classical second-order ordinary differential equation of the form
i = \u, 1)

it is well known that, under certain boundary value conditions, nontrivial solutions exist
only for particular values A, i=1,2,.... The constant A’ are called eigenvalues and the
corresponding nontrivial solutions u’ are called eigenfunctions. By using critical point
theory, the classical results as regards the eigenvalue problem (1) with Dirichlet boundary
value conditions have been obtained on Wé’z([o, T],R).

Recently, the subject of fractional calculus gained a considerable popularity and impor-
tance. During the last three decades or so, due to its demonstrated applications in numer-
ous fields of science and engineering, such as viscoelasticity, neurons, electrochemistry,
control, etc. [1-6], more attention was paid to the fractional differential equations. Many
different analytic tools including the variational method are used to study the existence
and multiplicity of solutions for fractional boundary value problems (BVPs for short); see
[7-19]. Meanwhile, different from the integer order differential BVPs, most of BVPs for
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the fractional differential operators do not have a variational structure. For instance, there
is no energy functional for the operator D* (o ¢ N). So the variational method cannot be
applied here.

In recent years, by using critical point theory, some authors considered the existence of
(weak) solutions for some fractional BVPs with variational structure, such as

DSoDYu =f(t,u), te(0,T), @)
u(0) =u(T) =0,
where 0 <o <1, (D¢, and D% are the left and right Riemann-Liouville fractional deriva-
tive operators of order «, respectively. The reader may refer to [12, 14, 15, 17, 18] and the
references therein. The equations containing both left and right fractional differential op-
erators have received renewed attention due to their applications, such as the physical
phenomena exhibiting anomalous diffusion [15] and the height loss over time of the gran-
ular material contained in a silo [20]. Note that, when « = 1, the fractional differential
operator ;D% D? reduces to the standard second-order differential operator —D?.
Motivated by the above research, in this paper, we consider the following eigenvalue
problem:

u(0) = u(T) = 0. ®)

{ DD =hu, te(0,T),
Naturally, we want to use the fractional Sobolev space Ey” in [15] to study our prob-
lem. Similar to the definition of W,?([0, T],R), in [15], E;? is defined by the closure of
C5°([0, T, R) with respect to the norm

T T Il,
”M”a,p = (/ |u(t) |p dt + / |0D(;M(t)|p dt) )
0 0

where oDYu denotes the classical fractional derivative. We should point out that the space
Ey" they defined is not rigorous. In fact, taking a Cauchy sequence {u,,} C C3°([0, 7], R)
with respect to the norm || - ||, one has

U, — U, oDfu, — vy inI?([0,T],R).

Unfortunately (Df uo may not exist. Even if (D} exists, (DY 1y may not be equal to v;.
Moreover, for u € Ey”, we think it is not clear that u satisfies #(0) = u(T) = 0. For study-
ing the problem (3) by critical point theory, we first should look for an appropriate space.
In [21, 22], based on the weak fractional derivative, they defined the fractional Sobolev
space W, which is denoted by E%” in our paper. Meanwhile, it is not enough for our
problem because of the Dirichlet boundary problems. Inspired by [15, 21, 22], we discuss
the fractional Sobolev space still written as E,”, and then we study the eigenvalue prob-
lem (3).

The paper is divided into four parts, as follows. First of all, we present the preliminar-
ies of the definitions of Riemann-Liouville fractional integral and derivative (Section 2).
Second, based on the fractional Sobolev space E*¥, we construct the fractional Sobolev
space E,” and discuss some properties of E;”. Moreover, we obtain the compactness of
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the embedding from E;” into C([0, T],R) under some conditions (Section 3). Third, we
study the regularity of weak solutions of a fractional BVP (Section 4). Finally, we consider
the eigenvalue problem (3) in Eg'z (Section 5).

2 Preliminaries
For the convenience of the reader, the definitions of fractional integral and fractional

derivative and E*? are presented below [21-24].

Definition 2.1 (see [23]) For y > 0, the left and right Riemann-Liouville fractional inte-
grals of order y of a function u : [a,b] — R are given by

oI u(t) = %y) / (-7 uts) ds,
b
oIy u(t) = %y)/ (s —2) " u(s)ds,

provided that the right-hand side integrals are pointwise defined on [a, b], where I'(-) is
the gamma function.

Definition 2.2 (see [23]) For n—1 <y <n (n € N), the left and right Riemann-Liouville
fractional derivatives of order y of a function u : [a, ] — R are given by

n

d _
oD} u(t) = ﬁalf "u(t),
% n @y
tDb l/l(t) = (—1) %tlb I/l(t).
Remark 2.3 When y =1, we can see from Definitions 2.1 and 2.2 that
Diu(t)=u'(t),  Dyu(t) =-u(t),

where #// is the usual first-order derivative of u.

Definition 2.4 (see [22]) Let 0 <a <1, u,v € L'([0, T],R), if

T T
| eomoa- [ woirowd voecr(omR)

then v is called the weak left fractional derivative of order « of u, and it is denoted by

()D‘txl/t.
Definition 2.5 Let 0 <« <1, u,v € L1([0, T],R), if
T T
/ o(OW(e) di = / u(®) (D) (0)dt, Vg € (10, TLR),
0 0

then v is called the weak right fractional derivative of order « of u, and it is denoted by
Diu.
=T
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Remark 2.6 When « =1, we can conclude from Remark 2.3 that
oDl u(t) = i(t), Dhu(t) = —i2),
where 1 is the usual first-order weak derivative of u.
Definition 2.7 (see [22]) For 0 <« <1,1 < p < 00, the space LE*? is defined by
LEP = {ue I7([0, T, R) [oDYu € 17([0, T], R) }
with the norm
il oo = (24l + o Du],)?,
where [|ullpy = (f; [u(£)l? d£)'? is the norm of L7([0, T], R).
Definition 2.8 For 0 <o <1,1 < p < 00, the space RE*” is defined by
RE*? = {u e I7([0, T],R) |, D%u € L([0, T], R) }

with the norm

=

Nl e = (el + || DFae|7,)7

Remark 2.9 When « = 1, it follows from Remark 2.6 that the spaces [ E*” and zE*” are
reduced to the usual Sobolev space W*([0, T], R).

For the purpose of our paper, we only discuss the space ; E“” and the norm || - ||, g« are
denoted by E*” and || - || g«r, respectively.

Lemma 2.10 (see [22]) Let 0 <« <1, the space E*? is a Banach space for1 < p < co. More-
over, it is reflexive for 1 < p < 00 and separable for 1 < p < co.

3 Fractional Sobolev space E;”

When one discusses the existence of weak solutions for fractional BVPs by critical point
theory, a suitable function space is necessary. This section will propose a fractional
Sobolev space and some properties of this space for 0 <o < 1.

Definition 3.1 For 0 <o <1, 1 < p < 00, the fractional Sobolev space Eg’p is defined by
the closure of C§°([0, T'], R) with respect to the norm of E*”.

Remark 3.2 It follows from Lemma 2.10 that the space E;” is a separable Banach space
and is reflexive for 1 < p < 0co. Moreover, when « = 1, the space E” is reduced to the usual
Sobolev space Wé’p([O, T1,R) because of Remark 2.9.

Now we give some lemmas that are useful in the proof of the properties of E;”.

Lemma 3.3 oI : L?([0, T],R) — E** is a bounded linear operator.
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Proof From the definition of fractional integral, we see that ¢/}’ is a linear operator. Let u €
LP([0, T],R), v = oI} u, then Lemma 2.1 in [23] shows v € L?([0, T'], R). By the semigroup
property of the fractional integral, we have oI} v = o[} *oI%u = oI} u. So (D¥v = u exists,
which means OD‘;‘V = oD?v. Thus we obtain

oD%Vl = el (4)

and oIf'u = v € E*?. Together with Lemma 2.1 in [23] and (4), we have

. 1
o el ger = (loZi ullzp + oDf off u[,)”

e »
<{ -
< ((F(MW + ) el
which means (I} : L#([0, T],R) — E*? is a bounded operator. O

Lemma 3.4 OD‘Z : E*? — [7([0, T, R) is a bounded linear operator.

Proof From the definition of left weak fractional derivative, we can see that the operator
OD? is linear. Moreover, it is easy to see

. . 1

loDul < (laltfp + oD u]1,)? = lltllper,
which means OD‘;‘ :E*? — [P([0, T],R) is a bounded operator. O
Lemma 3.5 Let u € Eg”, then u = oI¢oD%u a.e. on (0, T).

Proof From the definition of space E;”, there exists a sequence {¢,} C C5°([0, T],R) such
that

ll@y, — tllger — 0 as n— 0.

For ¢, € C°([0, T1,R), one has OD‘t"(p,, = ¢D?¢,, which together with Lemma 2.5 in [23]
yields

Ol,gl_a(pn (0) ol
') ’

oI*0D% @, = oI% D20y = @, —
Since oI} “¢,(0) = 0, we have
offob?% = Q-

So, based on Lemmas 3.3 and 3.4, we obtain

loZf oD = 1] oy < (|05 0D 1 = 01005 | + 1 = ] v
<cllu—@ullger + llon — ull per

=(c+Dllg, - tllper — 0 asn— oo,

where ¢ > 0 is a constant. O
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Corollary 3.6 (Fractional Poincaré-Friedrichs inequality) Let u € E;”, one has

T* .
ullpp < —— oD%, ,.
Il = s oD%l
Proof Combining Lemma 3.5 with Lemma 2.1 in [23], we have

el e = ”offtOD?MHLp
T* ,
= F(Ol + 1) ||0Dltxu||Lp' O

Remark 3.7 According to Corollary 3.6, we know that the norm || - || zer of the space Eg’p
is equivalent to the norm [oD¥ - ||;». Hence we can consider Ey* with the norm [|oD% - || »

in the following analysis.

Theorem 3.8 Let o > 1/p and u € Ey”, then there exists a function it € C([0, T],R) such
that

u=u ae on(0,T). (5)
Proof Letu e Ey” and it = OIf‘OD‘t"u. From Lemma 3.5, (5) is obtained. Next we prove that

u is uniformly continuous on [0, T].

By the Holder inequality and « > 1/p, we have

(t—s)%" loD“ (s)ds

‘F(a)

1

- L( | (= 51V ds) " Jobu
~ ') \Jo i

ol
< " loD%ul|,,, Vtelo,T], ©6)

F(@)(aq-q+1)7

which means # is uniformly bounded.

In addition, from Theorem 3.6 in [24] and « > 1/p, one has

|5l(t1) - 17!(132)| = ioltaob‘;u(fl) - offobffu(tz”

1 .
<clty— |77 oD} u Vi, b €[0,7T], ()

I

where ¢ > 0 is a constant. So # is uniformly continuous on [0, T]. O

Remark 3.9 Foru ¢ Eg’p , it follows from Theorem 3.8 that
u el (L"([O, T],R)) = {u|u =olfv,ve L”([O, T],R)}.

More precisely, i € oI (L”([0, T],R)) and # is uniformly continuous on [0, T]. Hence we
do not distinguish u and i, that is, E,” C C([0, T],R) and OD‘;‘M = oD%u. Moreover, by (6),



Jin and Liu Advances in Difference Equations (2016) 2016:246 Page 7 of 12

one has

llloe < Colluell gers (8)

where || #||o = max;eqo,r] |1(t)] is the norm of C([0, T], R) and

1

T p
Co=———"—7>0, q:L>1
[(a)(ag—q+1)7 p-1

are two constants.
Theorem 3.10 Let a > 1/p, then the imbedding of E,” in C([0, T],R) is compact.

Proof Let {u,} C Ey* isabounded sequence, from (7) and (8), we know {u,,} C C([0, T],R)
is uniformly bounded and equicontinuous. Thus, by the Arzela-Ascoli theorem, {u,} is

relatively compact in C([0, T, R). O

Theorem 3.11 Let u € Ey” with a > 1/p, then

Proof Foru € Ey?, from the definition of E;”, there exists a sequence {u,} C C3°([0, T],R)
such that

u, —u inEy”.
Thus, by (8), we get
ma [14n(t) = u(®)] < Collitn — wllpoo — 0.
So we have
u(0) = u,(0) =0, u(T) =u,(T)=0. a

4 Regularity of weak solutions
Consider the following BVP:

{ D%Deu=f, te(0,T), o)

u(0) =u(T) =0,

where 1/2 <@ <1 and f is a given function in C([0, T],R) or L2([0, T],R). First of all, we
give the definitions of weak solutions and classical solutions of BVP (9).

Definition 4.1 A weak solution of BVP (9) is a function u € Ey* satisfying

T T
/0 (oDfu) (0D ¢) = fo fo, Yo eCE([0,TLR). (10)
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In the Sobolev space EZ?, we define the energy functional ® by

T 1 i 9 T
Cb(u):/ §|0D?u| —/ fu.
0 0

It is easy to verify

T T
(@' (u),v) = / (0D%u) (D) - / fr, WveEd
0 0
Hence the weak solutions of BVP (9) are the critical points of C! functional ®.

Definition 4.2 A classical solution of BVP (9) is a function u € Eg'z satisfying BVP (9) in
the usual sense, that is:

Q) oD%u = oD%y,

(2) I3%0D%u is derivable for every t € (0, T).

Lemma 4.3 ([25]) Letf € L. (I) be such that

loc
/fd/ =0, V¢eCHI).
I
Then there exists a constant C such that f = C a.e. on I, where I is an open interval.

Theorem 4.4 Iff € L*([0, T],R), BVP (9) has a unique weak solution.

Proof Define the linear operator F : EX* — R by

T
F) = / fr, WveE:
0

Obviously we have
T
F) =/ v =l vllz < ellfllz2 VI o
0

So the operator F is well defined in Ej* and continuous. Thus, it follows from the Lax-
Milgram theorem that there exists a unique € E;”* such that

[ oo = [ .

Now we give the regularity of weak solutions of BVP (9).

Theorem 4.5 Iff € C([0, T],R), the unique weak solution of BVP (9) is the classical solu-
tion.

Proof Let u is a weak solution of BVP (9), from Remark 3.9, we can get OD‘t"u =oD%u.
Next we prove J7*oD%u is derivable for every ¢ € (0,7). Let F = ,J%f, then F €
L?*([0, T],R) and

(DYF = — (L5 dLf) = ~(drf) = f.
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Thus, from the definition of right weak fractional derivative, we have

T T T
/ F(oD‘Zcp)=/ (tD‘%F)<ﬂ=/ fo, Vo eC([0,TLR),
0 0 0

which together with (10) yields
T T
[ ot o) = [ Fote)
T
= [ eotu-F)pre) -0
0
T
= / (oD%~ F) (oI¢') = 0
0

= /OT(tﬂT“ (oDfu-F))¢' =0.
Hence, from Lemma 4.3, we have
A7 (oDfu~F)=c ae.on(0,T).
That is,
A5 oD% = [J-F + ¢

1—
= L’IT a[[%f +C

=Jdrf +c. (11)

The right side of (11) indicates that if f € C([0, T],R), then Jrf + ¢ € C*([0, T],R). So
I77%0D%u is derivable for every ¢ € (0, T).
Taking derivatives on both sides of (11), one has

—cDO}OD?M = (lef + C)/ = —f,
which means u is a classical solution of BVP (9). O

5 Spectral structure of fractional Dirichlet BVP
In this section, we study the spectral structure of a class of fractional Dirichlet BVPs with
variational structure. For proving our theorem, we first present a lemma.

Lemma 5.1 ([25]) Let H be a separable Hilbert space and ‘T be a compact self-adjoint
operator. Then there exists a Hilbert basis composed of eigenvectors of T .

Definition 5.2 Let £ = ,D%,D? with dom £ C Eg’2, if there exists a function u # 0 such
that Lu = Lu, one says A is the eigenvalue of £ and u is the associated eigenfunction.

Theorem 5.3 For the following BVP:

D%oDu=hu, te(0,T),

u(0) =u(T) =0, (12)
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where 1/2 < o < 1, there exist an eigenvalue sequence {A,} and an eigenfunction sequence
{Dn} CEg‘2.Furthermore, O<AM <A< <A<, Ay —>00asn— 00 and {¢p,} isa
Hilbert basis of EQ”.

Proof Forf € L*([0, T],R), by Theorem 4.4, we see that there exists a unique u € Eg”z such
that

T T
/0 (oD%) (sD) = /0 for Vo eCP(0, TLR). (13)

So we can define 7 = £7! : f — u as an operator from L? into EX?,
First of all, we show that T is compact. From the definition of Eg’z and (13), we have

[ oot = [

Thus ||u||]25a,Z < |fllz2 ||l ;2. By Corollary 3.6, one has ||u||;2 < c||u|| 2. SO we get ||u]| a2 <

c|[fl;2- This can be written as
ITfllpez < clifllz2s Vf € L*((0, TLR).

Moreover, from Theorem 3.10, the injection map from Eg’z into L2([0, T], R) is compact.
Hence, we deduce that 7 is a compact operator from L2([0, T],R) into L%([0, T], R).
Second, we show that 7 is self-adjoint. Let 7f = u, Tg = v, by (13), we have

/o  (oDu) (D) /0 i fo (oDE) (D) - /0 '

So we get fonV = fOTgu, which means fOTf(Tg) = fOT(’Tf)g.
Finally, we show that 7 is a positive operator. It is obvious that

/OT(Tf)f - /OTuf - /OT(OD‘;‘M)(OD‘;‘M) > 0.

In addition, foT(Tf)f =0 implies f = 0.

Therefore, applying Lemma 5.1, we know that L%([0, 7], R) admits a Hilbert basis {¢,}
consisting of eigenvectors of 7 with corresponding eigenvalues 1. Also we have u, > 0
(Vn), ity — 0 (n — 00). Thus we have ¢, € Eg‘,"2 and

T 1 T
/0 (0D59.) (D) = - / bupr Vo € C2(10, TLR).

In other words, the ¢,, are the weak solutions of (12) with A, = 1/u,,.
Since ¢, € Ej 2 from Theorem 3.8, the ¢, are continuous. Thus, by Theorem 4.5, we see
that the ¢, satisfy the following BVP:

(14)

D5oD by = Ay, te(0,7T),
¢n(0) = ¢n(T) =0,

where A, =1/, — 00 (n — ).
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2 1tis easy to see

T
G2 = / (oD6,) (0D 1)
= )‘n((ﬁn’ ¢m)L2 =0, n 7{71’1,

E2?. It remains to be proved that if f € EZ?, satisfy-
ing (f, ¢")Eg'2 = 0, thenf = 0. From (14), we have

/OT(OD ¢n) (0D f) = / Guf -

That is, (f'¢n)g‘(’)"2 = Mu(f,dn)2. Because {¢,} is a Hilbert basis of L*([0,T],R) and
(f,u)2 =0, we get f = 0. 0

Corollary 5.4 For 1/2 < a <1, the first eigenvalue 1, of operator .D%.0D} with Dirichlet
boundary value conditions satisfies

. (F(a+1))2.
Tot

Proof From Theorem 5.3, we obtain

Lu,u) . . loD%ul?,
A= inf Q_ inf #,
ueES? (u,u) 2 ueEL? ||u||L2

which together with Corollary 3.6 yields A; > (%)2. d

Remark 5.5 When « = 1, the first eigenvalue of operator —D? in Wé’2([0, T),R) is A, =
(7 /T)?, which satisfies A; > (1/T)%.

Remark 5.6 When 0 < o < 1/2, the continuity of u € Eg'2 (Theorem 3.8) and the com-
pactness of injection from Eg’z into C([0, T],R) (Theorem 3.10) may not be obtained. If
we want to get the conclusions of Sections 3-5, some new methods and techniques need
to be explored.
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