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Abstract

Very recently, Yao et al. (Appl. Math. Comput. 216, 822-829, 2010) have proposed a
hybrid iterative algorithm. Under the parameter sequences satisfying some quite
restrictive conditions, they derived a strong convergence theorem in a Hilbert space.
In this article, under the weaker conditions, we prove the strong convergence of the
sequence generated by their iterative algorithm to a common fixed point of an
infinite family of nonexpansive mappings, which solves a variational inequality. It is
worth pointing out that we use a new method to prove our results. An appropriate
example, such that all conditions of this result that are satisfied and that other
conditions are not satisfied, is provided. Furthermore, we also give a weak
convergence theorem for their iterative algorithm involving an infinite family of
nonexpansive mappings in a Hilbert space.
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1 Introduction

Let H be a real Hilbert space and C be a nonempty, closed, convex subset of H, let F :
H — H be a nonlinear operator. The variational inequality problem is formulated as
finding a point x* € C such that

(Fx*,v—x*) >0, VYveC.

In 1964, Stampacchia [1] introduced and studied variational inequality initially. It is
now well known that variational inequalities cover as diverse disciplines as partial dif-
ferential equations, optimal control, optimization, mathematical programming,
mechanics, and finance [1-5].

It is known that a mapping 7 : H — H is said to be nonexpansive if ||Tx - Ty|| < ||x
-9y||, V&, y € H. We use F (T') to denote the set of fixed points of T, that is F (T) = {x
e H: Tx = x}.

Yamada [2] introduced the following hybrid iterative method for solving the varia-
tional inequality:

Xpe1 = Txy — pryF(Tx,), n >0, (1.1)
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where F is a k-Lipschitzian and n-strongly monotone operator with k > 0, n > 0 and
0 <u < 21 /k*. Let a sequence {4,} of real numbers in (0,1) satisfy the conditions
below:

(C1) lim,, 5 4,, = 0,
(C2) 3020 An = 00,
(Cg) hmn—>oo(k‘ﬂ - A“ﬂ+1)/)“%+1 =0.

He has proved that {x,} generated by (1.1) converges strongly to the unique solution
of the variational inequality:

(FXx,x —x) > 0, Vx¢€ F(T).

An example of sequence {4,} which satisfies conditions (C1)-(C3) is given by A, = 1/
n°, where 0 <o < 1. We note that the condition (C3) was first used by Lions [3]. It was
observed that Lion’s conditions on the sequence {4,} excluded the canonical choice 1,
= 1/n. This was overcome in 2003 by Xu and Kim [4], if {1,;} satisfies conditions (C1),
(C2), and (C4)

(C4): lim An/Apy1 =1, orequivalently, lim (A, — Api1)/Ans1 =0
n—00 n—00

who proved the strong convergence of {x,} to the unique solution u#* of the varia-
tional inequality (Fu*, v - u*) = 0, Vv € C. It is easy to see that the condition (C4) is
strictly weaker than condition (C3), coupled with conditions (C1) and (C2). Moreover,
(C4) includes the important and natural choice {1/n} of {1,,}.

Very recently, motivated by Xu and Kim [4], Yao et al. [5] considered the following
algorithms: for x, € H arbitrarily,

{Yn =Xn — )VnF(xn)/

1.2
Xn+l = (1 - an))’n +anWyyn, n >0, (1.2)

where F is a k-Lipschitzian and 7n-strongly monotone operator on H, and W, is a W-
mapping defined by (2.3) cited later. Take k € [1, ), n € (0, 1), and {4,;} satisfying the
conditions (C1) and (C2). If a sequence {c,,} satistying (C5)

1
(C5):ay € |:y, 2:| forsomey > 0,

then they proved that the sequences {x,} and {y,} defined by (1.2) converge strongly
to x* € N2, F(Ty), which solves the following variational inequality:

(Ex*,x —x*) >0, Vxe N2,F(T,).

We remind the reader of the fact that in order to guarantee the strong convergence
of the iterative sequence {x,}, there is at least one parameter sequence converging to
zero (i.e, A, — 0) as a result of Yamada [2], Xu and Kim [4, Theorem 3.1, and Theo-
rem 3.2] and Yao et al. [5, Theorem 3.2]. In addition, 7 € (0, 1) and (C5) are quite
restrictive assumptions in Yao et al. [5].

In this article, under the convergence of no parameter sequences to zero and the
weaker conditions on o, and 7, we prove that the sequence {y,} generated by the
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iterative algorithm (1.2) converges to a common fixed point of an infinite family of
nonexpansive mappings, which solves the variational inequality (Fx*, u - x*) > 0,
Yu € N2, F(T,). In the meantime, we illustrate that this result is more general than
Theorem 3.2 of Yao et al. [5]. That is, we give an appropriate example such that all
conditions of this result are satisfied and the conditions 11 € (0, 1), (C1), and (C5) in
Yao et al. [5, Theorem 3.2] are not satisfied. Furthermore, we also give a weak conver-
gence theorem for hybrid iterative algorithm (1.2) involving an infinite family of non-
expansive mappings in a Hilbert space H. It is worth pointing out that we use a new
method to prove our main results. The results presented in this article can be viewed
as the improvement, supplement, and extension of the results obtained in [2-5].

2 Preliminaries

Let H be a real Hilbert space with inner product (--) and norm ||-||. For the sequence
{x,} in H, we write x,, - x to indicate that the sequence {x,} converges weakly to x.
x, — x implies that {x,} converges strongly to x. We denote by w,(x,) the weak
w-limit set of {x,}, that is

ww(xn) = {x € H : x,, = x for some subsequence {xy,} of {x,}}.

A mapping F: H -~ H is called k-Lipschitzian if there exists a positive constant k
such that

|lFx — Fyll < Rllx —yll,  Vx,y € H. 2.1)
F is said to be n-strongly monotone if there exists a positive constant 1 such that
(Fx — Fy,x —y) = nllx,ylI>,  ¥xy € H. (2:2)

It is known that X satisfies Opial’s property [6] provided, for each sequence {x,} in X,
the condition x,, ~ x implies

limsup ||x, — x|| < limsup [|x, —y|l, VyeXyFx

n—oo n—-oo

It is known that each A”(1 < p < ) enjoys this property, while L” does not unless

p=2
Finally, it is known that in a Hilbert space, there holds the following equality

[1Ax + (1 = Ayl = Al * + (1= 2)1yI1P = A(1 = A)llx =yl

for all x, ye H and A € [0,1] (see Takahashi [7]).

In order to prove our main results, we need the following lemmas:

Lemma 2.1. [8]. Let H be a Hilbert space, C a closed, convex subset of H, and T :
C — C a nonexpansive mapping with F (T ) = &; if {x,,} is a sequence in C weakly
converging to x and if {(I - T )x,} converges strongly to y, then (I - T )x = y.

Lemma 2.2. [9]. Let {x,} and {z,} be bounded sequences in Banach space E and {Y,}
be a sequence in [0,1] which satisfies the following condition:

0 < liminfy, <limsupy, < 1.
n—00 n— 00

Suppose that x,,.1 = V%, + (1 - V)2 1 2 0, and lim sup,, se.(||2,41 - Zal| - [|%0s1 - %] ])

< 0. Then, lim,,_,.. ||z, - %,|| = 0.
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Lemma 2.3. [10,11]. Let {s,,} be a sequence of non-negative real numbers satisfying

S+l = (1 - }\n)Sn +Abn+ ¥, n=0,

where {A,} and {y,} satisfy the following conditions: (i) {A,} < [0,1] and
Yoo kn =00, (ii) lim sup, .. Or Y pog Andy < 00, (iii) v, = 0(n 2 0), Y 020 yn < 00.
Then lim,,_,.. S,, = 0.

Lemma 2.4. [12]. Let {a,} and {b,} be sequences of nonnegative real numbers such
thaty 2o by < ccand a,., < a, + b, for all n = 0. Then lim,,_,.. a, exists.

Lemma 2.5. [13]. Let F be a k-Lipschitzian and n-strongly monotone operator on a
Hilbert space H with 0 <1 < k and 0 <t <n/k*. Then S = (I - tF ) : H — H is a contrac-
tion with contraction coefficient T, = \/1 —t(2n — tk?).

Let {T; : H — Hj. be a family of infinitely nonexpansive mappings, {;}be a real
sequence such that 0 <& < b < 1, Vi 2 1. For any # > 1, define a mapping W, : H > H
as follows:

Un,n+1 =1,

Upn = EnTnUn,nH + (1 - En)ll

Upn-1=6n1TpaUppn + (1 - En—l)ll

Unie = ETeln a1 + (1 — &)1 (2.3)
Uni-1 = &1 T 1 Up e + (1 — &—1)1

Upo = EToUns + (1 —6)I,
Wy =Uy =6T1 Uy + (1 - &)L

Such a mapping W, : H — H is called a W-mapping generated by 7, T}, 1,.., 77 and
S Cnetreen €10

We have the following crucial conclusion concerning W,. We can find them in
[14-17]. Now we only need the following similar version in Hilbert spaces:

Lemma 2.6. Let H be a real Hilbert space, {T; : H — Hj} be a family of infinitely non-
expansive mappings with N2 F(T;) # 0, {&;} be a real sequence such that 0 <&; < b < 1,
Vi > 1. Then,

(1) W, is a nonexpansive and F(W,) = "L F(T;)for each n > 1;

(2) For every x € H and k € N, the limit lim,,_,.. U, x exists;

(3) If we define a mapping W : H — H as Wx = lim,, ,; W,x, and W,x = lim,,_,..
U, %, for every € H, then, F(W) = N F(T);

(4) For any bounded sequence {x,} < H, we have lim,,_,.. ||Wx, - W,x,|| = 0.

3 Main results

Let F be a k-Lipschitzian and n-strongly monotone operator on H with 0 <k, T': H —
H be a nonexpansive mapping. Let ¢ € (0,7/k*) and 7, = \/1 —t(2n — tk?), and con-
sider a mapping S, on H defined by

Sex=T[(I —tF)x], xe€H.
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It is easy to see that S, is a contraction. Indeed, from Lemma 2.5, we have

[1Sex — Seyll < [IT[(I — tF)x] — T[(I — tF)y]ll
< I(I —tF)x — (I — tF)yl|
< ullx—yll

for all x, y € H. Hence, it has a unique fixed point, denoted as x;, which uniquely
solves the fixed point equation

xe = T[(I — tF)x;], x € H. (3.1)

Theorem 3.1. Let H be a real Hilbert space. Let T : H — H be a nonexpansive map-
ping such that F (T ) = &,. Let F be a k-Lipschitzian and n-strongly monotone operator
on H with 0 <1 < k. For each t € (0, n/k?), let the net {x,} be generated by (3.1). Then,
as t — 0, the net {x,} converges strongly to a fixed point x* of T which solves the varia-
tional inequality:

(Fx*,x* —u) <0, YueF(T). (3.2)

Proof. We first show the uniqueness of a solution of the variational inequality (3.2),
which is indeed a consequence of the strong monotonicity of F. Suppose x* € F (T")
and x € F(T) both are solutions to (3.2), then

(Fx*,x* —X) <0, (3.3)
and

(Fx, X —x*) < 0. (3.4)
Adding up (3.3) and (3.4) yields

(Fx* — F¥, x* — %) < 0.

The strong monotonicity of F implies that x* = x and the uniqueness is proved. Later,
we use x* € F (T) to denote the unique solution of (3.2).

Next, we prove that {x,} is bounded. Take u € F (T ), from (3.1) and using Lemma
2.5, we have

[l — ull = IT[(I — tF)x;] — Tul|
< ||(I = tF)x; — ul|
< ||(I = tF)x; — (I — tF)u — tFul|
< ||(I — tF)x; — (I — tF)ul| + t||Ful|
< tllxe — ul| + t]|Full,
that is,
t
[l —ul] < 1 [|Ful]. (3.5)
_—

Observe that

. t
lim = .
=01 —17 n
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From ¢t — 0, we may assume, without loss of generality, that ¢ < T g, where is a

k2
t
arbitrarily small positive number. Thus, we have 1—1 is continuous, Vt € [0, knz —¢]
- 4
Therefore, we obtain
Loteo, ! ¢ (3.6)
su : L — €] < +o0. .
P 1—1 k2
From (3.5) and (3.6), we have that {x,} is bounded and so is {Fx,}.
On the other hand, from (3.1), we obtain
e = Toxel | = [T[(I — tF)xe] — Txell < [I(I — tF)xe — xel| = tl|[Fx ]| — 0O(t — 0). (3.7)
To prove that x, — x*. For a given u € F (T ), using Lemma 2.5, we have
e — ull® = [IT[(I — tF)x,] — Tul|?
< (I — tf)xe — (I — tF)u — tFul|?
< 2 |x; — ul|* + 2| |Ful|® + 2t((I — tF)u — (I — tF)x,, Fu)
< 7|lx; — ul|* + 2| [Ful|® + 2t{u — x;, Fu) + 2> (Fx, — Fu, Fu)
< llx — ull® + | Full® + 2t(u — x;, Fu) + 26k, — ul| ||Full.
Therefore,
2 2t ?
e —ull® < ||Fu?[] + (u — xp, Fu) + [lxe — ull |1Full. (3.8)
1-— Tt 1-— Tt 1-— Tt
, t? , 2%k
From 7, =./1 —t(2n —tk?), we have lim, ., ) =0 and lim;, ) =0.
— Tt — Tt

2
Observe that, if x, ~ u, we have lim;_, ¢ . (u — x;, Fu) = 0.
_
n
K2
and x;,, — X, then by (3.8), we see x;,, — X. Moreover, by (3.7) and using Lemma 2.1,

Since {x;} is bounded, we see that if {t,} is a sequence in (0, ,, — €] such that £, — 0

we have X € F(T). We next prove that k solves the variational inequality (3.2). From
(3.1) and u € F (T ), we have

2 2
e — ull” < [|(I — tF)x; —u
2 2 2
= [|x; — u|| + || Fxe| |7 — 2e(Fxe, % — u),

that is,
t 2
(Fx, x¢ —u) < 2IIszII . (3.9)

Now replacing ¢ in (3.9) with ¢, and letting n — .., we have
(Fx,x —u) <0.

That is x € F(T) is a solution of (3.2), hence x = x* by uniqueness. In a nutshell, we
have shown that each cluster point of {x;} (at t — 0) equals x*. Therefore, x, — x* as
t— 0.

Theorem 3.2. Let H be a real Hilbert space. Let F be a k-Lipschitzian and n-strongly
monotone operator on H with 0 <n < k. Let {Ty},2, : H— Hbe an infinite family of
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nonexpansive mappings such that N2, F(T,) # Yand W, be a W-mapping defined by
(2.3). Let {A,} be a sequence in [0, «) and {o,,} be a sequence in [0,1], € be a arbitrarily
small positive number. Assume that the control conditions (C2), (C1)’, and (C5)’ hold
for {A,} and {o,,},

, n
(C1):0 <Ay < 2

(C5) % 0 <y < lim inf, ,.. a, lim sup, ... a,, < 1 for some y € (0, 1).

— &, Vn = ng for some integer ng > 0, and

For xo € H arbitrarily, let the sequence {y,} be generated by (1.2). Then,
Yn = x° & AF(xy) — 0(n — 00),
where x* € N2, F(Ty)solves the variational inequality
(Fx*,x* —u) <0, uen2F(T,).
Proof. On the one hand, suppose that 1,F(x,) — 0(n — o). We proceed with the fol-
lowing steps:

Step 1. We claim that {x,} is bounded. In fact, let u € N2, F(T},), from (1.2), (C1)’ and
using Lemma 2.5, we have

[lyn — ull = [1%n — AnF(x) — ul|
< I — 2nF)xn — (I — AnF)u — AnFul| (3.10)

< T, [1%n — ull + An|[Full,

Vn 2 no for some integer ny > 0, where 7, = \/1 — An(2n — Ank?) € (0, 1). Then,
from (1.2) and (3.10), we obtain

[l %1 — ull = [1(1 — o) (Y — 1) + an(Wyyn — )|l

< [lyn —ull
< [1 =1 =) 1% —ull + A [[Ful|
AnF
Smax{llxn—ull , [[An ull}.
].—'E)Ln

By induction, we have

llxn —ull < max{[lxo —ull, My [|Full},

A
Vn > ng for some integer 1y > 0, where M1 = sup{ "0 <M < T g} < +00,

1-— T, k2
Therefore, {x,} is bounded. We also obtain that {y,}, {W,y,} and {Fx,} are bounded.
Step 2. We claim that lim,, .. ||*,,1 - %,|| = 0. To this end, define x,,; = (1 - o,)x,
+ O,z,. We observe that

Xne2 = (1= 1 )X Xner — (1 — @)y
[zns1 — znll = -
Uni1 n
< (1 = ane1)Vns1 + @t Wi Ve — (1 — o1 )0 _ (1 — an)yn + anWhyn — (1 — an)xn
- Unil n
< et W1 Vna1 — (1 - an+1))\n+1F(xn+1) _ anWyyn — (1 - an))LnF(xn) (311)
Unsl Ap
1—oann

IA

1—«o
st FGman )l + "2 EGa) I+ W1 Vne1 — Wapil|
n

Onyil

1-— 1-—
) Y e e ) 1] + , 1@l + [ Waet Pt — Waall.

A

Page 7 of 14
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From (2.3), for u € N2, F(Ty), we have

IWai1yn — Wapnll = 1E1T1Uns1,2yn — §1T1 U 2ynnl|
< &1llUns1,2¥n — Unoynnl]
= &1||1E2T2Uns1,3yn — §2T2Un3¥nl|
< &6 U130 — Unsynll
S “ e
<&& - EllUninayn — Unnaayall
=&& - Elléna Toeryn + (1 — Ene1)yn — yall

(3.12)
n+1
< (l_[ 51) (||Tn+lyn - u” + ||u - Vn”)
i=1
n+1
< (]‘[a) (2lyn — ull)
i=1
n+1
=< le_[‘fi,
i=1
where M, = sup{2 ||y, - u||, n = 0}. By (1.2) and (3.12), we have
I WitVner — Wayn Il £ I WisiVner — WasaVn [l + 1l Wiy — Wayn Il
=< ||Yn+1 —Vn [+ |l Wn+1)’n - Wn)/n [l
n+1
< llxp41 — )\n+1F(xn+l) — Xp + )\nF(xn) [| + My 1_151 (3.13)
i=1
n+1
< 1%t = X |+ |1 nat F@a) 1+ 11 2 F () 1|+ Mo [ [ &

i=1

Substituting (3.13) into (3.11), we have

1-— 1-—
||Zn+1 7Zn|| = yyH)\rHlF(er-l)H"’ VV”}‘HF(xn)H"'Han 7xn||+||)\n+lF(xn+l))H
n+1
+raF )l + Mo [ [ &
i=1
1 1 n+l
= y Ane1 E(xna1)l] + y NAnE (en) 1| + 111 — Xl +M21_[$i,
i=1
that is,
1 1 n+1
[lzns1 — 2o Il — 1 Xpe1 — X0 | < y Ans1 F(xne1) 1] + y [AnF(xn) | + M2 1_[:‘31-
i=1
Observing A4,,F(x,) — 0(n — =) and 0 <&; < b < 1, it follows that
lim SUP(||Zn+1 —Z || = 11 Xne1 — X ||) <0. (3.14)

n—oo
By (C5)" and using Lemma 2.2, we have lim,, ,.. ||z, - x,|| = 0. Therefore,

lim || %501 — %0 || = lim ayllzs — %, || = 0.
n—o00 n—oo
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Step 3. We claim that lim,,_,.. ||x, - W,x,|| = 0. Observe that
[1%n — Waxnl| < lxn — Xna1 || + 11%ne1 — Wanl|
< o = xper 11+ (1 =) lyn — Wakn || + otal| Wayn — Wi ||
< lxn = X1 1+ (1 =) Hyn —2a 11+ (1 — an) (X0 — Wan || + ctnllyn — % |

= 1% = Xner [+ yn —2n [l + (1 = )l X0 — Wakn [,

that is,

1
[lxn — Wyxul] < o (||xn+1 — X |l + [l yn _xn”)
n

(3.15)
< (%ner = Xn |l + [ AnF(xa) [[) = 0(n — 00).
Step 4. We claim that lim,,_,.. ||x, - Wx,|| = 0. Indeed, we have
[1xn — Wanll < [lxn — Win [| + || Wyxy — Wiy (3.16)

By (3.15), (3.16) and using Lemma 2.6, we obtain

lim ||x, — Wx,|| =0.
n—oo

Step 5. We claim that lim sup,,_,..(Fx* x* - x,,) < 0, where x* = lim,,_,.. x; and x;
defined by x, = W[(1 - tF)x,]. Since x, is bounded, there exists a subsequence {xy,} of
{x,,} which converges weakly to w. From Step 4, we obtain Wx,, — w. From Lemma
2.1, we have w € F(W). Hence, by Theorem 3.1, we have

lim sup(Fx*, x* — x,) = lim (Fx*, x* — xp,) = (Fx", " — w) < 0.
n— 00 k— 00

Step 6. We claim that {x,} converges strongly to x* € N2, F(Ty). From (1.2), we have

%ne1 = %17 < (1= an)llyn — 27 + atll Wayn — 27|
< llyw — "I
=[xty = AnF(xq) — x*||
< (I = AaF)xy — (I = AnF)x* — AnFx||?
< 2 |l — &7 + A1 Ex*1)? + 200 (I — AnF)x* — (I = AnF)xy, Fx*)
< T |20 — xF[|% + 221 Fx®||% + 20 (x* — 0, FX*) + 200 (AnFxn, Fx*) — 22.2||Fx*||?
<= (1 = )]l = x*|7 + 22" — x, Fx®) + 2] AnFxa| ||Fx*|] — A2]] Px*[|?

2\ AnM
<[1—-(1=u)lx -7+ (1-1,) (NG - S [P P
1—f" 1—‘[)m

<[1=1 = )lxm — x>+ (1 = ,)[2M; (x* — xy, Fx*) + MiM3]|| AuFxl]],

Vn = ny for some integer ng > 0, where M3 = 2||Fx*||. For every n > ny, put
un=1—1,, and 9, = 2M;(x* - x,,, Fx*) +M M3 ||A,.Fx,||. It follows that

2 2
||xn+1_x*|| f(l_ﬂn)Hxn_x*” + Unby, YN = np.

It is easy to see that Zool Wy =00 and lim sup,, .. J,, < 0. Hence, by Lemma 2.3,
n=
the sequence {x,} converges strongly to x* € N2, F(Ty).
Observe that

lyn = X1 < Mlyn = xn |l + %0 = X*|| < [[AnF(xn) + |20 —x*[| — 0(n — 00).

It follows that the sequence {y,} converges strongly to x* € N2, F(T,). From x* =
lim, ,o x; and Theorem 3.1, we have x* is the unique solution of the variational
inequality: (Fx*, x* - u) < 0, Yu € N2, F(Ty).
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On the other hand, suppose that y, — x* € N2, F(T,) as n — o, where
x* € N2, F(Ty) solves the variational inequality:

(Fx*,x* —u) <0, uen2 F(T,).
From (1.2), we have

[1%n41 _x*” = ||(1 _Ofn)()’n _x*) + Ofn(wn)/n _x*) Il
< (L —an)llyn — x| + onllyn — x| (3.17)

= [lyn —x" = 0(n — o0),
that is, x, = x* € N%2, F(T,). Again from (1.2), we obtain that
HAnExn) 11 = 1lyn —xn [l < lyn — X"+ 120 — x¥]].

Since yp = x* € N2, F(T,) and x, — x* € N, F(Ty), we get A,,F(x,,) — 0. This com-
pletes the proof.

Remark 3.3. It is clear that condition (C1)’ is strictly weaker than condition (C1). In
the meantime, condition (C5)’ is also strictly weaker than condition (CS5).

Corollary 3.4. (Yao et al. [5, Theorem 3.2]). Let H be a real Hilbert space. Let F : H
— H be k-Lipschitzian and 1-strongly monotone operator with k € [1, ) and n € (0,
1). Let {Tn}pey : H— Hbe an infinite family of nonexpansive mappings such that
N F(Ty) # 9 and {W,;} be W-mapping defined by (2.3). Let {A,;} be a sequence in [0,
o) and {o,} be a sequence in [0,1]. Assume that

(Cl) limnal ln =0
(C2) 32020 hn = 0%

1
(C5) ay, € |:y, 2il/or some y > 0.

Then, the sequence {x,; and {y,; generated by (1.2) converge strongly to
x* € N2 F(Ty), which solves the following variational inequality (Fx*, x* - x) < 0,
x* € NS F(Ty).

Proof. Since lim,, ,.. 4,, = 0, it is easy to see that A, < ’;72 — &, Vn = ny for some inte-

ger ng = 0. Without loss of generality, we assume that 0 < A, < T g, VYn > ng for

K2
some integer 1y > 0. Repeating the same argument as in the proof of Theorem 3.2, we
know that {x,} is bounded, and so are the sequence {y,} and {F(x,)}. Therefore, we

have 14,F(x,) — 0.
1
From «, € [y, 2:| for some y > 0, we have 0 <y < lim inf,_,.. o, < lim sup,_,.. &, <

1 for some y e (0, 1). Therefore, all conditions of Theorem 3.2 are satisfied. Hence,
using Theorem 3.2, we have that {y,} converges strongly to x* € N°°,F(T,) which
solves the following variational inequality (Fx*, x* - x) < 0, x* € N%°, F(T,). It follows
from (3.17) that {x,} also converges strongly to x* € N2, F(Ty). This completes the
proof.
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Remark 3.5. Theorem 3.2 is more general than Theorem 3.2 of Yao et al. [5]. The
following example shows that all conditions of Theorem 3.2 are satisfied. However, the

1
conditions A, — 0, n e (0, 1) and a, € [y, 2]/or some y > 0 in [5, Theorem 3.2] are
not satisfied.
Example 3.6. Let H = R the set of real numbers and T, = T. Define a nonexpansive
mapping T : H — H and an operator F : H — H as follows:

Tx=0 and F(x)=x, VxeR

It is easy to see that F(T) = {0}, N5, F(T,) = {O}and W,x = (1 - &)x, Vo € R. Let

1 1 2 1
& = > we have Wpx = ) Vx € R. Given sequences {,,} and {\,} : oy = 3 Ap = Zf

or
all n > 0. For an arbitrary xo € H, let {x,} defined as follows:

{Yn =Xn — )VnF(xn)r
Xn+l1 = (1 - Oln)}/n + apyWpyn, n >0,

that is,

1
Yn =Xn — )\nF(xn) = 2xnr

1 2 2 1
Xn+l = 3Vn+3wnyn= 3)/71: 3xn/ n>0.
Observe that for all n > 0,

[lxpe1 — Ol = _ || Xy — O]

N

3
1 n+1

Hence, we have ||x,,, —0]| = (3) [|xo — O |for all n = 0. This implies that {x,}

1
converges strongly to 0 € N, F(Ty). Since ||y, — 0| = ) [| ]| — O, we have that {y,}
converges strongly to 0 € N2 F(Ty).

Observe that (F(0), 0 - u) < 0, u € N2, F(Ty,), that is, O is the solution of the varia-
tional inequality (Fx*, x* - u) < 0, u € N, F(Ty).
Finally, we have

1
AnF(xn) 1] = Sl = 0(n — o0).

By F(x) = x, we have 1 = k = 1. Furthermore, it is easy to see that the following hold
true:

1
(B1) 0 < Ay = 5 <1 —¢ Vn = ngy for some integer ny = 0;

BY " 2=Y" oo

n=02=

1 2 1
(B3) 0 < , = liminf, o o, = 3= limsup,,_, , an < 1for some constant y = .
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1
Hence, there is no doubt that all conditions of Theorem 3.2 are satisfied. Since ), = >

1
n=1and ay, € |y, ;], the conditions that A,, — 0, ay, € [y, 2il/or some y> 0 and n e

(0, 1) of Yao et al. [5, Theorem 3.2] are not satisfied.

Next, we give a weak convergence theorem for hybrid iterative algorithm (1.2) invol-
ving an infinite family of nonexpansive mappings in a Hilbert space.

Theorem 3.7. Let H be a real Hilbert space. Let F : H — H be k-Lipschitzian
and n-strongly monotone operator with 0 < n < k. Let {Ty};2, : H— Hbe an infi-
nite family of nonexpansive mappings such that N2 F(T,) #9, and {W,} be W-
mapping defined by (2.3). Let {1,} and {a,} be two sequences in (0, 1). Assume
that

(A1) ZZZO An = OG;
(A2) 0 < lim inf, ,.. &, < lim sup, .. o, < 1.

Then, the sequence {x,} and {y,} generated by (1.2) converge weakly to x* € N2, F(Ty).

Proof. From (A1), we have 0 < A, < :2

ing the same argument as in the proof of Theorem 3.2, we know that {x,} is bounded,

— &, Vn = ng for some integer 1y > 0. Repeat-

and so are the sequences {y,} and {F(x,)}. Assuming p € N2, F(T,), we have

a1 —p117 = 11 (1 = ) (yn — ) + 2n(Wapn — ) |7
= (1 —an)llyn =PI + ol Wayn = pII> = (1 — etn)etnll yn — Wapall?
< ya=pIP = (1= cn)otullyn — Wayn II?
= %0 =P = AaF(x) 11> = (1 — an)etnll Yo — Wapall? (3.17a)
< [l = pll+ 2nll F@n) 1117 = (1 = etn)etnll yn — Wayall?
= % = pI1P + 22N FCa) 1P + 2hnllx0 = p I T F@n) 1| = (1 — )enl | yn — Wyl
1xn = pII* + Ma(37 +2n),

IA

where My = sup{||F(x,)||% 2 ||x, - p|| ||F(x,)|], n > 0}. Since 3%, A, = oo, we have
Y 22 A2 < oo. Therefore, Y020 Ms(A2 + An) < oo. Utilizing Lemma 2.4, we deduce that

lim,, .. ||x, - p|| exists. Further-more, from(3.17), we have
(1 = em)anllyn = Wapnll> < [ltw = pII> = l1%ne1 = pII* + Ma(Ag +2).  (3.18)
Since A,, = 0, A2 — 0 and (A2), it follows from (3.18) that
[Yn = Wapnll — 0(n — 00).
Utilizing Lemma 2.6, we have
[yn = Wyall < 1lyn — Wapall + 1l Wayn — Wynll — 0(n — o0).

Now, we show that w,,(y,) € F(T). Indeed, let x* € ®,(y,). Then, there exists a sub-
sequence {y} of {y,} such that y,, — x*. Since ||y, - Wy,|| — 0, by Lemma 2.1, we
have x* € F(W) = N2, F(Ty).
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Next, we show that w,(y,) is a singleton. Indeed, let {ym;} be another subsequence of
{7} such that ym; — X. Then, X € N2, F(Ty). If x* #X, then, by Opial’s property of H,
we have

lim [[y, — || = lim |[y,, — 2°]]
n—oo 1—00
< lim |[y,, — |
1— 00
= 1im Iy, — |
]—)OO
< lim ||y, — x|
]*)OO
= lim [|y, — "]
n—oo

This is a contradiction. Therefore, ,,(y,) is a singleton. Consequently, {y,} converges
weakly to x* € N9, F(T,). From (1.2), we have that {x,} converges weakly to
x* € N2, F(Ty). This completes the proof.

Remark 3.8. It is worth pointing out that the conditions (C1) and (C2) in [5, Theorem
3.2] are replaced by the one (Al) in Theorem 3.7. It is also worth pointing out that condi-
tion (A2) is strictly weaker than the condition (C5). The advantages of there results in this
study are that weaker and fewer restrictions are imposed on parameters o, A,, and 1.
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