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Abstract

In this paper, we study the qualitative behavior of a discrete-time host-pathogen
model for spread of an infectious disease with permanent immunity. The time-step is
equal to the duration of the infectious phase. Moreover, the local asymptotic stability,
the global behavior of unique positive equilibrium point, and the rate of convergence
of positive solutions is discussed. Some numerical examples are given to verify our
theoretical results.
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1 Introduction

Itis a well-known fact that in the population growth, the disease is an important agent con-
trolling the population dynamics. Many experiments show that parasites can reasonably
reduce the host population and even take the host population to complete annihilation.
This natural phenomenon is successfully modeled by many simple SI type host-parasite
models. The most interesting properties of such models are their ability of generating
host annihilation dynamics with the ideal parametric values and initial conditions. This is
possible, because such models naturally contain the proportion transmission term, which
is often referred to as ratio-dependent functional response in the case of predator-prey
models. In the ST model, the population is subdivided into two classes, susceptibles S and
infectives I. The notation SI means that there is a transfer from the susceptible to infec-
tive class, susceptibles become infective and do not recover from the infection. Thus, the
transfer continues until all individuals become infected. This type of model is very simple,
but may represent some complicated dynamical properties. Most of the SI type models
consist of the mass action principle, i.e., the assumption that the new cases arise in a sim-
ple proportion to the product of the number of individuals which are susceptible and the
number of which are infectious. However, this principle has a limited validity and in the
discrete models, this principle leads to biologically irrelevant results, unless some restric-
tions are suggested for the parameters. It is more appropriate for discrete epidemic models
to include an exponential factor in the rate of transmission. Exponential difference equa-
tions can be used to study the models in population dynamics [1-3]. We consider here a
simple exponential discrete-time host-pathogen model for spread of an infectious disease
with permanent immunity. The time-step is equal to the duration of the infectious phase.
The state variables are S, the number of susceptible individuals at time #, and I,, repre-
senting the number of individuals, getting the disease (new cases) between times n — 1
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and n,
In+1 = Sn (1 - e—aln), Sn+1 = Sne_aln + :3; (1)

where 8 is the number of births between # and # + 1, all added to the susceptible class
and assumed to be constant over time. So, the difference equation S,,; = S,e™*" + B is
just a ‘conservation of mass’ for the susceptible class. The first part I,,,; = S,(1 — e %)
of the model is just like Nicholson-Bailey; it comes from assuming that each susceptible
escapes infection with probability e *In; the more infectives there are, the lower the chance
of escape. The model ignores mortality in the susceptible class, on the assumption that
everyone gets the disease while young, and mortality occurs later in life.

Many ecological competition models are governed by differential and difference equa-
tions. We refer to [4, 5] and the references therein for some interesting results, related to
the global character and local asymptotic stability. As it is pointed out in [6, 7], the discrete
time models governed by difference equations are more appropriate than the continuous
ones when the populations are of non-overlapping generations. The study of the discrete-
time models described by difference equations has now been given a great attention, since
these models are more reasonable than the continuous time models when populations
have non-overlapping generations. Discrete-time models give rise to more efficient com-
putational models for numerical simulations and also show rich dynamics compared to the
continuous ones. In recent years, many papers have been published on the mathematical
models of biology that discussed the system of difference equations generated from the
associated system of differential equations as well as the associated numerical methods.
Mathematical models of epidemics have created a major area of research interest during
the last few decades. Recently, theory on the effects of parasites on host population dy-
namics has received much attention and epidemiological models are often used to explain
empirical results for host-parasites interaction system. For more details of such biological
models, one can see [8-10].

More precisely, our aim is to investigate local asymptotic stability of unique positive
equilibrium point, the global asymptotic character of equilibrium point, and the rate of
convergence of positive solutions of system (1). For more results for the systems of differ-

ence equations, we refer the reader to [11-14].

2 Boundedness and persistence
The following theorem shows that every positive solution {(Z,,S,)}, of system (1) is

bounded and persists.
Theorem 1 Every positive solution {(I,,S,)} of system (1) is bounded and persists.
Proof Let{(I,,S,)};2, be any positive solution of system (1). It is easy to see that S, >  and

I, <pforallm=1,2,.... Then,it follows that I,,; > B(1—e*#)and S,,; < S,,e“"ﬂ(l‘efaﬁ) +B.

Consider the following difference equation

_af(1—e—B
Zp+l = Zn€ opll-e™) + :3
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with initial condition zy > Sy, then its solution is given by

B -A")

2, = 20A" T +
n 0 1-A

)

where A = e ®#1-¢") Gince e-®f1-¢") . 1 therefore,

B

—_ as 1 — OQ.
Zn 1-— e—aﬂ(l—e’“ﬂ)

Then, by comparison we have S, <z, < . Hence,

B
1—e-aB1-eP)
pl-e“?) <1, <P

and

B

B=S:< [ oapte?)

forallm=1,2,.... O

Theorem 2 Let {(I,,S,)} be a positive solution of the system (1). Then, [B(1 — ™), B] x

(B, #ﬂﬁ] is an invariant set for system (1).
1—e—aB(l-€ )

Proof Let{(I,,S,)} be a positive solution of system (1) with initial conditions Io € I = [8(1 -
e ), Bland Sy €] = [B, 17‘;)]. Then, from system (1)

e—otﬁ(l—e’"ﬂ
L =So(1-e®P) > B(1-e )
and

_ B —aBl—cF
h- So(l ¢ alo) = 1 — e-aB(l-e=2P) (1 -¢ e )) = b

Similarly, we have
Si=Soe 0+ p=pel+p=p(l+e’)=p
and

_ —alp 13 —aBf(1-eF) '3
R P My

Hence, I; € I and S; € J. Suppose that the result is true for n =k > 1, i.e., [y € [ and Sy € /.
Then from system (1), one can easily obtain

Bl-eP)<ha<p

and

B

P =S = 1T ey

Hence, the proof is completed. d
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3 Linearized stability

Let us consider two-dimensional discrete dynamical system of the form

Xn+l :f(xn:yn);
2)
yVH—l =g(xn7yn)1 n:011)"'7

where f:I x ] — [ and g: I x J] — ] are continuously differentiable functions and 7, /
are some intervals of real numbers. Furthermore, a solution {(x,,y,)}5, of system (2) is
uniquely determined by initial conditions (x¢,%o) € I X J. An equilibrium point of (2) is a

point (x,y) that satisfies

x=fx5)
y=g%)).
Let (¥,7) be an equilibrium point of a map F(x,y) = (f(x,y),g(x,y)), where f and g are con-

tinuously differentiable functions at (¥,%). The linearized system of (2) about the equilib-

rium point (x,y) is

Xn+1 = F(Xn) = F]Xn;

where X, = (;Z) and Fj is Jacobian matrix of system (2) about the equilibrium point (%, y).

Let (1, S) be the equilibrium point of system (1), then one has

I:E(l—e“ﬁ), S=Se 1+ p.

Then, it follows that (I,S) = (8, —£—) is the unique positive equilibrium point of sys-

7 1-e=oP

tem (1). Moreover, the Jacobian matrix F;(1,S) of system (1) about the equilibrium point
(,S) is given by

—aS e—oz] e—oz]

o ool 1- —al
F](I’S):<aSe e )

The characteristic polynomial of F;(I,S) is given by

P() =22 -1+ ad)r + aSe . (3)
Lemma 1 [15] Counsider the second-degree polynomial equation

M +pr+q=0, (4)

where p and q are real numbers. Then, the necessary and sufficient condition for both roots
of Equation (4) to lie inside the open disk |A| <1 is

pl<l+g<2.
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Lemma 2 [16] Assume that X1 = F(X,,),n=0,1,2,..., is a system of difference equations
and X is the fixed point of F. If all eigenvalues of the Jacobian matrix Jr about X lie inside the
open unit disk |\| < 1, then X is locally asymptotically stable. If one of them has a modulus

greater than one, then X is unstable.

Theorem 3 Assume that e*?(1 + af) < %. Then, the unique positive equilibrium point

(1,S) = (B, l—eL‘“ﬂ) is locally asymptotically stable.

Proof The characteristic polynomial of F;(1, S) about positive equilibrium point (8, ﬁ)

is given by
—af —af
a2 (ap, € aff e“Paf

P(A)=A (e +1—e—°‘f‘)k+1—e—“ﬁ' (5)

Let
e *Puap e Pup
1) =22, A)=(e“f A- .
J&) &) (e " l—e“ﬂ) 1—ep

Assume that e®(1 + af) < l*e;aﬁ ,and |A| = 1. Then, one has

—af —af
’g()\’)| < (eaﬂ + e 0!,3) e *Pap

1—ew ) "1 eub
. 2e*Pap
1-ef
e 4 2aBe®f — 1
S e 3
e2h — e

Then, by Rouche’s theorem f(A) and f(A) —g(A) have the same number of zeroes in an open
unit disk |1| < 1. Hence, both roots

1-ef —e*Pap + \/-4e*B(—e*P + e2B)af + (1 - e*f — ePaf)?

b= 2(evP — e20P)

and

o —1+e +ePap + /-4e*P(—e?P + e2P)ap + (1 - e®f — eBarff)?
2T 2(—e + e20P)

of (5) lie in an open disk |A| < 1, and it follows from Lemma 2 that the equilibrium point

(8, HL_Q/;) is locally asymptotically stable. .

The following theorem shows the necessary and sufficient condition for the local asymp-

totic stability of a unique positive equilibrium point of system (1).

B
1-e—f

Theorem 4 The unique positive equilibrium point (I,S) = (B, ) of system (1) is locally

asymptotically stable if and only if 1;0/;5 <1

Page 50of 13


http://www.advancesindifferenceequations.com/content/2013/1/263

Din et al. Advances in Difference Equations 2013, 2013:263 Page 6 of 13
http://www.advancesindifferenceequations.com/content/2013/1/263

—ap —ap .
Proof Letp = —(e™ + ‘i_ejg) and g = i_ejg , then (5) can be written as

P(A) =22 +pr+q.

—aff ~af —af . ol
‘;e_gf 1+ jﬁe_gﬁ =l+gandl+g=1+ jﬁe_gg <2 if and only if ;Z‘f <1

Hence, from Lemma 1, the unique positive equilibrium point (1, S) = (8, l_ei_aﬁ) of system

Then, |p| = e +

(1) is locally asymptotically stable if and only if 1;";}3 <1 O

4 Global character
The following lemma is similar to Theorem 1.16 of [15].

Lemma3 Let! = [a,b] and] = [c,d] be real intervals,andletf : 1 x] - Iandg:1x] — ]
be continuous functions. Consider system (2) with initial conditions (xo, o) € I x J. Suppose
that the following statements are true:
(i) f(x,y) is non-decreasing in both arguments.
(i) g(x,y) is non-increasing in x, and non-decreasing in y.
(iii) If (my, My, mo, M) € I* x J? is a solution of the system
my = f(my, my), M = f(My, M»),
my = g(My, my), M) = g(my, M)
such that my = My, and msy = M,.

Then, there exists exactly one equilibrium point (x,y) of the system (2) such that

lim,, s o0 (%, Y1) = (%, 7).

Theorem 5 The unique positive equilibrium point (I,S) = (B, Hi—aﬁ) of system (1) is a
global attractor.

Proof Let f(x,y) = y(1 — e7**), and g(x,y) = ye** + B. Then, it is easy to see that f(x,y)

is non-decreasing in both x and y. Moreover, g(x,y) is non-increasing in x, and non-
decreasing in y. Let (mm;, M1, my, M) be a solution of the system

my = f (my, my), My = f(My, My),

my = g(My, my), M, = g(my, My).
Then, one has

my = my (1 - e“’””l), M =M, (1 - e‘“Ml) (6)
and

my = mye M 4 B, My = Mye™™™ + B. 7)

From system (6), one has

moy — iy e—otMl _ Mg—Ml

’

1245) M2

—O
e M =

(8)
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From (7), one has

Mo — _
2 13’ e—o[Ml — my 13 . (9)
M, )

—O 1
e M =

Furthermore, assuming as in the proof of Theorem 1.16 of [15], it suffices to suppose that
my <My, my < M.

Using the fact that e > ¢*M1 one has from (8) and (9)

mz—m1>mz—,3 Mz—,3>M2—M1

> ) (10)
My My M, M
It follows from (10) that m1; < 8 < M;. Then, (7) implies that
—amy _ ,—oMy
M2 —my = ﬂ(e ¢ ) (11)

(1 - e @m)(1 - e—@M1)’
Using (6) in (11), we obtain

M2 145)
|My —ma| = Bl — — —
My m

Following the same technique as in the proof of Proposition 4.1 of [17], one has | M, — m;| <
Mil My —m;y), ie., (1- M£1)|M2 —my| < 0. Thus, my = M, and, similarly, one can show that
my = M;. Hence, from Lemma 3, the equilibrium point (8, HL_MS) of system (1) is a global
attractor. (|

Lemma 4 The unique positive equilibrium point (I,S) = (B, ﬁ) of system (1) is globally

asymptotically stable if and only if l;ra";ﬂ <1

Proof The proof follows from Theorem 4 and Theorem 5. O

5 Rate of convergence
In this section, we determine the rate of convergence of a solution that converges to the
unique positive equilibrium point of system (1). Similar methods can be found in [18]
and [19].

The following result gives the rate of convergence of solutions of a system of difference
equations

Xui1 = (A +B(n) Xy, (12)

where X, is an m-dimensional vector, A € C"™*" is a constant matrix, and B : Z* — C"™*""
is a matrix function satisfying

|Bm)| — 0 (13)

as n — 0o, where || - || denotes any matrix norm, which is associated with the vector norm

”(x,y) ” =/x% +y%
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Proposition 1 (Perron’s theorem [20]) Suppose that condition (13) holds. If X,, is a solution
of (12), then either X,, = 0 for all large n or

. I
p = lim ([IX,])"" (14)
n— 00
exists and is equal to the modulus of one the eigenvalues of matrix A.

Proposition 2 [20] Suppose that condition (13) holds. If X,, is a solution of (12), then either
X, =0 for all large n or

||Xn+1 ”

n=oo [ Xyl

(15)

exists and is equal to the modulus of one the eigenvalues of matrix A.

Let {(1,,S,)} be any solution of system (1) such that lim, I, = I, and lim, .+ S,, = S.
To find the error terms, one has from system (1)

Iyt —1= Sy(1= ) = 5(1 )
and

Sp1 =S =8, — Se*"‘j.
Letel =1, -1, and let €2 = S, — S, then one has
aye, +bye;

1 _
€1 =

and
2 1 2
€,.1 =Cne, +dye,,
where
S'(e—ai _ e—aln)
=7 b=l e,
=
NPl —al
_S(e n— e ") L,
Cypy=—"T——"—", dn e
I,-1
Moreover,
lim a, = aSe™™, lim b, =1-¢,
n— o0 n— o0
lim ¢, = —aSe™, lim d, = e,
n— o0 n—0o0

Now, the limiting system of error terms can be written as

1 < ,—al —al 1
e | | aSe 1-e e,

2 - T —al —al 2|’
€1 —aSe e e,

which is similar to linearized system of (1) about the equilibrium point (Z,S).
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Using Proposition 1, one has the following result.

Theorem 6 Assume that {(I,,S,)} is a positive solution of system (1) such that lim,_, o I,, =

I and lim,_, o S, = S, where (I,S) is a unique positive equilibrium point of (1). Then, the
1

error vector e, = (:;) of every solution of (1) satisfies both of the following asymptotic rela-

tions !

||en+1 ”

, lim = |)\12F](7, S)

n=00|le,|l

1 _ _
lim ([lexll)” = [A12E/(, S)
n—00

’

where )\1,21-"/(7 ,S) are the characteristic roots of the Jacobian matrix F/(i ,S).

6 Examples

In order to verify our theoretical results and to support our theoretical discussions, we
consider several interesting numerical examples in this section. These examples represent
different types of qualitative behavior of solutions to the system of nonlinear difference
equations (1). All plots in this section are drawn with Mathematica.

Example 1 Let o = 0.05, and let 8 = 0.3. Then, system (1) can be written as
Xn+l = Yn (1 - e_O.Oan)’ Vn+l = yn6_0‘05x” + 03: (16)

with initial conditions xy = 0.2, yo = 20.

In this case, the unique equilibrium point (8, HL,&,}) =(0.3,20.1504). Moreover, in Fig-
ure 1, the plot of x,, is shown in Figure 1(a), the plot of y, is shown in Figure 1(b), and an
attractor of system (16) is shown in Figure 1(c). The basic reproductive number of system

(16) is Ry = 222 = 0.999889 < 1.

Yu
210
205
zu.ul
19.5 1
' 0 1000 00 000" 500 1000 00 T
(a) Plot of x;, for system (16). (b) Plot of y; for system (16).
¥a
210
205
200
105} )
. . o . e
0.25 0.30 035 0.40
(c) An attractor of system (16).
Figure 1 Plots for system (16).
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X Va
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Lso il 5.85
5.80
L45
575
L 1 i L L il n L L 1 51“ L L L 1 1 1
100 200 300 400 500 " 100 200 300 400 500 "
(a) Plot of xy, for system (17). (b) Plot of y, for system (17).
Ya
595
590
585
5.80
575}
5T0f ) ) ]
Xy
1.40 145 1.50 155
(c) An attractor of system (17).
Figure 2 Plots for system (17).

Example 2 Let o = 0.2, and let 8 = 1.5. Then, system (1) can be written as

Xpsl = Vn (1 - e’o‘z"”), Vel = Yne O + 1.5, 17)
with initial conditions xy = 1.4, yo = 5.7.

In this case, the unique equilibrium point (8, HL—aB) = (1.5,5.78744). Moreover, in Fig-
ure 2, the plot of x,, is shown in Figure 2(a), the plot of y, is shown in Figure 2(b), and an
attractor of system (16) is shown in Figure 2(c). The basic reproductive number of system
(17) is Ry = 2% = 0.963064 < 1.

Example 3 Let @ = 0.9, and let 8 = 0.01. Then, system (1) can be written as

Xne1 =Y (L=€7%%),  yr = yue 7 +0.01, (18)
with initial conditions %y = 0.1, y = 1.1.

In this case, the unique equilibrium point (8, l_ei_aﬁ) =(0.01,1.11612). Moreover, in Fig-
ure 3, the plot of x,, is shown in Figure 3(a), the plot of y, is shown in Figure 3(b), and an
attractor of system (18) is shown in Figure 3(c). The basic reproductive number of system

(18) is Ry = 24# = 0.99996 < 1.

Example 4 Let o = 0.01, and let 8 = 0.05. Then, system (1) can be written as

Xne1 =Y (L=, Y1 =9, 0" 10,05, 19)
with the initial conditions x = 0.02, yo = 100.
In this case, the unique equilibrium point (8, l_eL,aﬁ) =(0.05,100.025). Moreover, in Fig-

ure 4, the plot of x,, is shown in Figure 4(a), the plot of y, is shown in Figure 4(b), and an
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(a) Plot of xy, for system (19).
Yu

1015
101.0
w005f
100.0 F
995"
99.0
98.5

(b) Plot of yy for system (19).

0.04

Figure 4 Plots for system (19).

. = x,
0.08 0.10

(c) An attractor of system (19).

¥
*a 15,
010}
14}
0.08 - 13
0.06 - L2H
11
.04}
10
002+ 0.2
500 1000 1500 2000 2500 3000 " 500 1000 1500 2000 2500 3000
(a) Plot of xy, for system (18). (b) Plot of yy, for system (18).
pg
5e
14f
13
12
11 )
10 -
0} -
. . Iy
0.06 0.08 0.10
(c) An attractor of system (18).
Figure 3 Plots for system (18).
X F¥u
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0.02010 1010
0.02005 005
0.02000 100.0
0.01895 995
99.0
0.01990
985
! 50000 100000 150 000 ZIIIItII:IISl 4 20000 40000 60000 80000 1“0006‘
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10000 M
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(a) Plot of x;, for system (20). (b) Plot of yy, for system (20).

Y
11000

10500 |-
10000

9500

f s X
20 40 60 80 o0 120 140

(c) An attractor of system (20).

Figure 5 Plots for system (20).

attractor of the system (19) is shown in Figure 4(c). The basic reproductive number of
system (19) is Ry = 1;;;3 =0.9999998750416589 < 1.

Example 5 Let « = 0.0001, and let 8 = 50. Then, system (1) can be written as

Xn+l = Yn (1 - e_o.ooom,)’ Yn+1 = yne—0.000Ix,, + 50, (20)
with the initial conditions xy = 40, yo = 9,000.

In this case, the unique equilibrium point (8, I_EL_M‘,) = (50,10,025). Moreover, in Fig-
ure 5, the plot of &, is shown in Figure 5(a), the plot of y, is shown in Figure 5(b), and an
attractor of system (20) is shown in Figure 5(c). The basic reproductive number of system

(20) is Ry = l;if‘ =0.9999875415886458 < 1.

Conclusion and future work

This work is related to the qualitative behavior of an exponential discrete-time host-
pathogen model for spread of an infectious disease with permanent immunity. We proved
that system (1) has a unique positive equilibrium point, which is locally asymptotically sta-
ble. The main objective of dynamical systems theory is to predict the global behavior of a
system based on the knowledge of its present state. An approach to this problem consists
of determining the possible global behaviors of the system and determining which initial
conditions lead to these long-term behaviors. In the paper, a general result for global char-
acter for such type of systems is proved. Due to the simplicity of our SI-type model, we
have carried out a systematic local and global stability analysis of it. The most important
finding here is that the unique positive equilibrium point can be a global asymptotic at-
tractor for model (1). Moreover, the rate convergence of positive solutions has also been
investigated. In such models, there is a threshold parameter that might tell whether a pop-
ulation will increase or die out, or whether an infectious disease will persist or die out
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within a population. This parameter is commonly known as the basic reproductive num-
ber and is denoted by Ry. In epidemiology, this number Ry is defined as the number of
newly infected individual, produced by a single infected individual in its period of infec-

tivity. In case of system (1), the basic reproductive number is given by Ry = ;f;ﬂ . From

our investigations, it is obvious that the unique positive equilibrium point of system (1) is
globally asymptotically stable if Ry < 1, and unstable if Ry > 1. Some numerical examples
are provided to support our theoretical results. These examples are experimental verifi-
cations of theoretical discussions. The qualitative behavior of the general model, where
there is host mortality at some constant rate, will be our next aim to study.
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