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Abstract

The Cauchy problem for a generalized Boussinesq equation is investigated. The
existence and uniqueness for the local solution and global solution of the problem
are established under certain conditions. Moreover, the potential well method is used
to discuss the finite-time blow-up for the problem.
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1 Introduction

In 1872, the Boussinesq equation was derived by Boussinesq [1] to describe the propa-
gation of small amplitude long waves on the surface of shallow water. This was also the
first to give a scientific explanation of the existence to solitary waves. One of the classical
Boussinesq equations takes the form

Uy = —AUyxxx + Uy + ,B(l/lz)xx, 1)
where u(t, x) is an elevation of the free surface of fluid, and the constant coefficients 2 and
depend on the depth of fluid and the characteristic speed of long waves. Extensive research
has been carried out to study the classical Boussinesq equation in various respects. The
Cauchy problem of (1) has been discussed in [2-10]. In [11-13], the initial boundary value
problem and the Cauchy problem for the Boussinesq equation

Ugt = Uy + Unntr + Unnx — Kt +f(u)xx (2)

were studied.
In order to discuss the water wave problem with surface tension, Schneider and Eugene
[14] investigated the following Boussinesq model:

Ut = Uyx + Ugxpt + Muxxxx — Uxxxxtt +f(u)xx: (3)

where £, x, 1 € R and u(¢,x) € R. Equation (3) can also be derived from the 2D water wave
problem. For a degenerate case, Schneider and Eugene [14] have proved that the long wave
limit can be described approximately by two decoupled Kawahara equations. In [15, 16],
Wang and Mu studied the well-posedness of the local and globally solution, the blow-up
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of solutions and nonlinear scattering for small amplitude solutions to the Cauchy problem
of (3). In [17, 18], the authors investigated the Cauchy problem of the following Rosenau
equation:

Ut — Uy + Uxxxx + Ugxxxtt :f(u)xx' (4)

The existence and uniqueness of the global solution and blow-up of the solution for (4)
are proved by Wang and Xu [17]. Wang and Wang [18] also proved the global existence
and asymptotic behavior of the solution in #-dimensional Sobolev spaces. Recently, Xu et
al. [19, 20] proved the global existence and finite-time blow-up of the solutions for (4) by
means of the family of potential wells. The results in [20] improve the results obtained by
Wang and Xu [17].
This work considers the Cauchy problem for the following equation:
{ Uy — Aty + Nuy = —AN’u+ Au+ Af(u), x€R"£>0, 5)
ux,0)=9x),  wx0)=vk), xeR",

where f(u) satisfies one of the following three assumptions:

(A) fw)=+alulf or —aluffu, a>0,p>1,

(Ay) fw) =+alul?, a>0,p>1,p#2kk=12,... or
PV fw) = —aluP 'y, a>0,p>lp#2%k+1Lk=12,...,

(As) f(u)::l:ol|u|2k, a>0,p>1,k=12,... or
VW) = —alu* iy, k=1,2,....

In this paper, we discuss problem (5) in high dimensional space. To our knowledge, there
have been few results on the global existence of a solution to problem (5). In [21], Wang
and Xue only proved the global existence and finite-time blow-up of the solution to (3) in
one space dimension. Though the arguments and methods used in this paper are similar
to those in [20], the first equation of problem (5) is different from (3) and (4).

By the Fourier transform and Duhamel?s principle, the solution of problem (5) can be

written as

u(t,x) = (8£S(t)¢)(x) + (S(t)l//)(x) + /0 r(t- t)f(u(r)) dr. (6)

Here I'(¢) = S()(1 — A + A%)™'A and

/ it COS( |1V + EPt
@2m)" Jpn V1+[E2+ [
/ it sin( €1V1+ 617t >\/1+ E1° + 181 5
Rn L+ g2 +1&1* ) [ElV1+ (€

where ¢(&) = F(#)(€) = |, n € ®8)(x) dx is the Fourier transform of ¢ ().
Throughout this paper: L? denotes the usual Lebesgue space on R” with norm || - |1z,

(3:5()¢) (%) = )&(e)ds,

(3:SO¥)(x) = (§)dé,

@m)

H? denotes the usual Sobolev space on R” with norm ||u||gs = ||(I — A)Zul = ||(1+ |& 12)3 |

and [§| = EF +EF + - + &L
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First, by using the contraction mapping theorem, we obtain the following existence and
uniqueness of the local solution to problem (5).

Theorem 1.1 Let s> 5 and f € C™ with m > s being an integer. Then, for any ¢ € H® and
W € H®, the Cauchy problem (5) has a unique local solution u € C'([0, T, H®). Moreover, if
T, is the maximal existence time of u, and

omax [[[u(@)]

HS + ”ut(t)| HS] <00,

then T,, = oo.

Theorem 1.2 Let s > 5 and f € C™ with m > s being an integer. Assume that ¢ € H*(R"),
W € HS(R"), and (~A)"2¢ € L2, F(p) € L}, F(u) = f(ff(r)dr. Then, for the local solution u,
we have u € C2([0, T); H¥), (~A)"2u, € CX([0, T,), L?), satisfying

1
E@) = §[||(—A)’%Mt||2+IIVMt||2+IIVMII2+||u||2+||M:||2]+/ F(u)dx
RH

=E(0), Vte(0,T,). (7)

In order to use the potential well method, for s > 5 (s > 1) and u € X;(T), we define
Lo
Jw) = S llulljy + | F(u)dx,
2 Rn

1) = ull2a + fR uf )
d=infJ(),  N={ueH (=0, luln 70},

Wi = {u e H'I(u) > 0,] () <d} U {0},
Vi={ueH"I(u)<0,J(u)<d}

and

W, = {u e H'|I(u) >0} U {0},
Vo = {u e H'I(u) < 0}.

From u € C([0, T]; H®), we get u € CY([0, T];L*°) and u € C}([0, T]; L9) for all 2 < g < co.
Hence, J (1), I(u), d, W1, and V; are all well defined. Now, we give the following results for
problem (5).

Theorem 1.3 Let s > 5 with s > 1, and f(u) satisfy (Az) with [p] > s or (A3). Assume that
¢ € H’, ¥ € H, and (—A)‘%w € L2, E(0) < d. Then both W and V; are invariant under
the flow of problem (5).

Theorem 1.4 Let n < 3 and f(u) satisfy (A1), where 2 <p < oo for n=1,2; % <p <5 for
n=3,¢eH? v € H?, and (~A)"2 ¢ € L2. Assume E(0) < d and ¢ € W. Then problem (5)
admits a unique global solution u € C*([0,00), H?), with (=A)2u, € CY([0,00),L2) and
ue Wi for0<t<oo.
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Theorem 1.5 Let n < 3 and let f(u) satisfy (A1), where3 <p <ooforn=1,2;3 <p <5 for
n=3,¢cH v eH> and(-A) 3¢  [*. Assume that E(0) < d and ¢ € Wh. Then problem
(5) admits a unique global solution u € C([0, 00), H?) with (=A)~2u, € C1([0, 00), L2) and
ueW for0<t<oo.

Theorem 1.6 Let n < 3 and f(u) satisfy (A1), where 4 <p < oo forn=1,2;4 <p <5 for
n=3,¢¢cH* ¥ eH* and(~A)2¢ e L2. Assume that E(0) < d and ¢ € Ws. Then problem
(5) admits a unique global solution u € C*([0,00), H*) with (—A)"% u; € CY([0,00),L2) and
ueW for0<t<oo.

Theorem 1.7 Let s > 5 with s > 1, and f(u) satisfy (A,) with [p] > 3 or ¢,¥ € H°,
(—A)‘%qﬁ, (—A)‘% Y € L2, Assume that E(0) < d and I(¢) < 0. Then the solution of problem
(5) blows up in finite time, i.e., the maximal existence time T, of u is finite, and

tim sup([®)] . + |10 ) = 0.

The remainder of this paper is organized as follows. In Section 2, Theorems 1.1 and 1.2
are proved. In Section 3, we give some preliminary lemmas and the proof of Theorem 1.3.
The proofs of Theorems 1.4, 1.5 and 1.6 are given in Section 4. Finally, Section 5 is devoted

to the proof of Theorem 1.7.

2 Existence of local solutions
In this section, we consider the local existence and uniqueness of solutions to problem (5).

Lemma 2.1 For the operators 9,S(t), S(t) and T'(t) defined in Section 1, we have

10:5@) |15 < I dllsss, Vo € H’, ®)
|0:S@OW ||,y <2+ OV N5, Vb € HY, (9)
|0S®¢ ||, < V20PN, Vo € HY, (10)
IP@F |, < V2Uf lps2s  ¥f € HZ, (11)
10T @) |,y < Wfllgps2,  ¥f € H. (12)

Proof We only need to prove (9) and (11), since the proofs of the other inequalities are
similar. Using the Plancherel theorem, we have

sSLHIEP+ g1 ( tElV1+[E

SO, = | (1+]E) )A *d
Jostery [ A(+E|)EFO+EP)WI 1+§P+gw|w@” 5

5/ (1+ 1ER) 2| @) de
|£]<1

s(1+|$|2+|€|4)2 R )
1 s TSt TSt ) J
+A>1( + Il ) |§|2(1+|E|2) |1//(§)| 3

< t2/ (L+1617)' [0 (6)|” de +4/ (L+1617)' [ 6)[” de
1§1=1 1£1>1

<40+ )Y I3

Page 4 of 15
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Irr (- [ aeery sin2<4tflﬂ )
2, e "
) 1|s+|2|fl| ++|s||i|) - |:s||i |+ /O %
<2 ]R (1+162) 2 F©)[ s = 20120
Therefore (9) and (11) hold. This completes the proof of the lemma. O
Lemma 2.2 ([17]) Let g € C™(R), where m > 0 is an integer.
(i) If0 <s<m and u € H(R") N L(R"), then g(u) € H*(R") and
lg@)]| e < Clllloo) el 5. (13)
(i) Ifs < m and u,v € H(R") N L®(R"), then
lg@) = gW)] .1 < K (Illoos 1Vlloo) 122 = V5. (14)

In particular, if u, v € H* for some s > 7, then  and v € L*, (13) and (14) hold.

Proof of Theorem 1.1 Lets > 7,

X,(T) = C'([0, T} H*),

lluallx,(7) = o?{ang{ lu@)] s + @)}

and
Bu = (E)tS(t)qb)(x) + (S(t)t//)(x) + /Ot I(t- r)f(u(t)) dr,
AR(T) = {u € X{(T)|llullxyr) < R}

Similarly to the proofs in [15, 16], we see that for sufficiently small 7,
Bu:Ap — Ap

is a contract mapping. Hence by the contracting-mapping principle we obtain the result
of Theorem 1.1. O

Corollary 2.3 Under the assumption of Theorem 1.1, if T,, < 0o, we have
tim sup([a)],, + [0)] ) = +00.
Corollary 2.4 Let s > 5 and f(u) satisfy (Az) or (Az). Then, for any ¢ € H* and € H®,

problem (5) admits a unique local solution u € C'([0, T,,), H*'), where T, is the maximal
existence time of u. Moreover, either T,, = +00 or T, < 00 and

t1~1>r11"1 sup(Hu(t) st ”Mt(t) Hs) = +00.

Page 5 of 15
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Lemma 2.5 Assume s > 5, f € C"(R), ¢ € H*, and € H°. Then for the local solution
u € CY([0, T,,.), H®) given in Theorem 1.1, we have uy; € C([0, T,,), H®).

Proof Using the Fourier transformation, we have

N 1 10 PO
UL ER+IEYT T 14 R +|EN

f(u). (15)
Since

€21+ E1%) < (1+ 1>+ 1€1%),
€17 < (L+ 61>+ IE]%),

which together with (15) yields
ateellrzs = Niteelles < Wit + |F@0)] s < (1+ Clltalloo) ltllzzs < C(T).
Furthermore, using

”Mtz(t + At) — uy(t) ||Hs = ”’:itt(t + At) — iy ()

HS

< C(T)||u(t + At) — u(t)

s 0 asAt—0,

we obtain u; € C([0, T,,); H®). O

Lemma 2.6 Assume s> 3, f € C"(R), ¢ € H*, ¥ € H’, and (—A)‘%qﬁ € L. Then for the
local solution u € C'([0, T,,), H®) given in Theorem 1.1, we have (=A)"2u, € CH([0, T,), L2).

Proof First for the local solution « given in Theorem 1.1, we obtain
(=A) 2y € C([0, T,), H*).

From (15), we get

1. lEPariE?) &2 )
] T IEIQ+IER +IEIY) T IEIQ+IE2 +1E1Y

‘ E1A+1EP) .

2 o B PP
T ‘fn(“'é')

~ 2
Wrie v gz M) 48

S/Rn(1+|§| ) (1+|$|2+|§|4)2|M(€)‘ dt

< C/Rn (1+ £12)°|ade)[> de = Cllul,

H €]

twl i )
- - — 1 S+ s A d
L+ &>+ |§|4f(u) s+l /Rn( * |E|) (L+ €)%+ |E]%)2 |f(u)| 3

s+1 (1 + |§|2)4 A 2
S/Rn(“'g') Triere e/ @l 4
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2
HS

< c/ (L+ [E2)' 7o) d = C|fw)]
R}’l
< C(llslpss ) ll2el| 2.

Furthermore, we get ||(—A)‘%utt(t + At) — (—A)_%Mtt(t)”HsH — 0as At— 0.
Hence, we have

(=A) 2wy € C([0, T,), H*).
Using

(_A)_%Mt S L2
and

1 1 L 1
(=A)2u = (-A)2 9 + / (—A) Zu,. dr,
0

we get

(-A)2u, € C\([0, T,), I?). 0

Proof of Theorem 1.2 Using (5), it follows by straightforward calculation that

1

E'(t) = ((—A)_%”tt’ (—A)_iut) + (g, ) + (Vg Vag) + (e, Vi) + (1) + (f(u),ut)

= <(—A)_1utt + Uy — Auy — Au+u +f(u), ut> 0,

Xex =
where (-,-) denotes the inner product of L? space, (,-)x.x means the usual duality of X*
and X with X = H'. Integrating the above equality with respect to ¢, we have identity (7).
The theorem is proved. O
Corollary 2.7 Let s > 5 with s > 1 and f(u) satisfy (Az), with [p] > s or (A3z). Assume
that ¢ € H*, ¥ € H°, and (—A)’%l/f € L?, problem (5) admits a unique local solution
u e CX([0, T,,), H), with (~A)~2u, € C([0, T,,), L) satisfying (7), where Ty, is the max-

imal existence time of u. Moreover, either T,, = +00 or T,, < 00 and
i sup([u@)] .+ 0] ,) =+ 16)

Proof Since ¢ € H® and s > 7, we have ¢ € L*. Hence, ¢ € L7 for all 2 < g < co. From
|E(¢)| = C|p|P*L, 2 < p +1 < 00. We obtain F(¢) € L. O

3 Preliminary lemmas and invariant sets
In this section, we will prove several lemmas which are related with the potential well for
problem (5). By arguments similar to those in [20], we obtain the following lemmas.

Lemma3.1 Lets> 5 withs > 1and let f(u) satisfy (A1), u € H* and g(1) = —%fRn uf (Au) dx.
Assume [, uf (u) dx < 0. Then:
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(i) g(n) is increasing on 0 < A < 00.
(11) llm)héog()\‘) = O, llmx%wog()») = +0Q.

Lemma 3.2 Lets> 5 withs > 1, u € H*, and let f (u) satisfy (A1), u #0. We have:
(i) limy_oJ(Au)=0.
(i) 1) = A-L](0u), V. > 0.
Furthermore, if [, uf (u)dx < 0, then:
(i) Timy_, 4o0 J(A2t) = —00.
(iv) In the interval O < A < 00, there exists a unique A* = \*(u) such that

Liow| -0

—J(\u =0.

dx A=)
(v) J(\u) is increasing on 0 < & < A*, decreasing on 1* < A < 00 and I(A*) = 0.
(vi) I(Au) > 0 for 0 < X < 1™, I(Au) < O for A* < A < 00 and I(L*) = 0.

Lemma 3.3 Lets> 5 withs > 1, u € H*, and let f(u) satisfy (A1). Then:
(i) IfO < ||ull g < 7o, then I(u) > 0.
(ii) IfI(u) <O, then ||u|p > ro.
1
(i) IfI(u) = 0 and ||ul|;n #0, then |ullgp > ro, where ro = (#)Fl.
aCx
Lemma 3.4 Let s> 5 with s > 1 and f(u) satisfy (A1). We have
1 1/ 1 \/
— — p—
d>dy=L— - L )
2(p +1) 2+ 1) \aCt*

Lemma 3.5 Lets> 5 withs>1and f(u) satisfy (A1). Assume u € H* and 1(u) < 0. Then

d< (17)

p-1 2
ST
Proof of Theorem 1.3 We only prove the invariance of W; since the proof for the invariance
of Vi is similar. Let u(¢,x) be any weak solution of problem (5) with ¢ € Wi, T be the
maximal existence time of u(¢,x). Next we prove that u(¢,x) € Wi for 0 < £ < T. Arguing
by contradiction we assume there is a t; € (0, T) such that u(;) ¢ W;. By the continuity of
I(u(t)) with respect to ¢, there exists a £y € (0, T') such that u(z) € 3 W;. From the definition
of W7 and (i) of Lemma 3.3 we have Ry C Wi, Ry = {u € H' | ||u||;n < ro}. Hence we know
0 ¢ dW,. From u(ty) € dWy, it holds that I(u(y)) = 0 and ||u(%)||;n # 0. The definition of
d yields J(u(to)) > d, which contradicts

%[!M—A)‘%uz 1+ 1012 + laell?] + 7 (ue) < E(0) < d.

The proof of Theorem 1.3 is complete. d

From Theorem 1.3, we can prove the following corollaries.

Corollary 3.6 Lets, f(u), ¢, ¥ and E(0) be the same as those in Theorem 1.3. Then:
(i) All solutions of problem (5) belong to W, provided that ¢ € W,.
(i) All solutions of problem (5) belong to Vi, provided that ¢ € V.
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Corollary 3.7 Let s> 5 with s > 1, and let f(u) satisfy (A) with [p] > s or (A3), ¢ € H®,
v € H® and (—A)‘% Y e L%, Assume that E(0) < 0 or E(0) = 0, ¢ #0. Then all the solutions
of problem (5) belong to V.

4 Global existence of solutions
In this section, we prove the global existence of a solution for problem (5).

Lemma 4.1 Let s> 5 with s > 1 and f(u) satisfy (Ay) with [p] > s or ¢ € H*, € H*, and
(—A)’%t// € CY[0, T,), L?). Assume that E(0) < d and ¢ € Wy. Then, for the local solution
u given in Corollary 2.7, one has

4p
||ut(t) ||12L11 + ||u(t) ||i[1 < pTld. (18)

Proof Let u be the unique local solution of problem (5) given in Corollary 2.7. Then u €
C2([0, T,); H?), (~A) "2, € CY([0, T,), L?) satisfying (7) and

1 1 1
H(—A)_%m |*+ 3 IVl + 5”1413”2 + el s I(M) E(0)<d.  (19)

~1
2(p 1)

N =

From Theorem 1.3, we get u € W3 and I(u) > 0 for 0 <t < T,,. Hence, (19) gives rise to

2(p+1)

lulfy < —==d, 0=t<Tp, (20)
1 1 1
A 2w |P + S IVul? + Sllwl? <d, 0 << T, (21)
2 2 2

Thus, we obtain (18). O

Proof of Theorem 1.4 1t follows from Corollary 2.7 that problem (5) admits a unique local
solution u € C2([0, T,); H?), with (=A)~2u; € CY([0, T,); L?) satisfying (7), where T, is
the maximal existence time of u.

Next, we prove that T}, = +occ. Using Lemma 4.1 one derives (19). Since u € C([0, T},);
H?) satisfies (5), we have

Uy — Alfltt + Azutt + Azu - Au= Af(l/l) in C([O, Tm),H_Z)
and
U+ U — Aty + Nty + N*u— Au=Af(u) +u, 0<t<T,. (22)

Multiplying (22) by u; € CX([0, T;,,), H?) and integrating on R", we obtain

d
m[nutn2 + IV + [ Aug | + ul® + 1| Vel > + || Aul|?]
= (f YWV, Vut + (u, uy). (23)

For n = 3, we get

~(f' @)V, Vier) < |[f @) |5 11V 2l 11 Vit 2. (24)
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For n = 3, we have H! < 2 for 2 < q < 6, |[f'(u)| = Alu/P™!. From % < p <5, we have
% <p-1<4and2< %(p—l) < 6. Hence, we have |[f/(u)||% <C(p) for 0 <t<T,. From

(23) and (24), we get

2 2 2 2 2 2
[lleecl® + Vs> + 1 A + Nuall® + 11 Vael® + || Aue]|?]

N =

d
dt
< C(llue?® + 1Vuel® + 1 Aue ) + el* + [ Ve))* + | Auel?). (25)

For n =1 or 2, we have

~(f' @ Vu, Vur) < |[f @) |1 Varlls IV ells < Cllaall gz st | 2

< C(llwell® + V) + 11 Auag ) + ol + (| Vae]|* + | Aue]]?)
and (25). Let
1
E(t) = E(Hut”z + [ Vate | + | Aue | + llael® + 1Vl > + 1| Aue]?).
Using (25) yields
t
Ei(t) = E1(0) + C/ Ei(t)dt, 0<t<T,
0
and
Ei(0) <Ege, 0<t<T,. (26)

From (26), we obtain T, = +00. If the conclusion T}, = +00 is false, then T}, < 0o. By (26),

we get
Ei(t) < E1(0)e“™™, for0<t<T,,
which contradicts (16). a

Proof of Theorem 1.5 1t follows from Corollary 2.7 that problem (5) admits a unique local
solution u € C2([0, T, ]; H%) and (=A)~3 u, € CY([0, T,); L2).
Multiplying (22) by —Au,, we obtain

1d
5 gLVl + V30| + I Auc)? + IVl + | V2u|* + [ Au)?]

=—(f W)V, Vu,) + (Vu, Vi), 0=<t<Tp. (27)
From (23) and (27), for 0 < ¢ < T,,, we get

[lael? + 20 Vet |1 + | Awe])? + | V3|

N =
S

+ | Pul? + ul? + | Vu]? + 20l Aul?]

= (1) + (Vu, Vi) = (F )V, VPuy) + (f (w) Vi, Vit ) (28)
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and
1
() + (Vat, Vi) < 5(||u||2 + e + 1 Vull® + | Ve ),
~(f' ) Vi, Vi) < C(llue ) + [V |* + || A |1
+ Nl + 2 Vul* + 21| Aul?),
(' @)V, Vi) < |f' )| IVulla] VPue| < Cllullge | V2o |
< C(lully + | Vou|”)
< C(lul® + IVull® + [ Aul® + | V2u|).
Let
1
= 5(||ut||2 + 20V + [ Auel)? + | V| + Nl
£ 20 Vul® + 20| Aul? + | VPul?).

Ey(t)

Using (28) and the estimates above, we obtain

d t

GEOCEO, B0 <E0)+C [ B@dr, 0<t<T,

0

and

Ex)(t) <Ex(0)e, 0<t<T,. (29)
Thus T, = +o0. O
Proof of Theorem 1.6 From Corollary 2.7, it follows that problem (5) admits a unique local
solution u € C2([0, T,,J; H*), with (=A)~2u, € CY([0, T,,); L%), where T,, is the maximal

existence time of u.
Multiplying (22) by —A2%u, and integrating on R”, we have

| &

1
5 gl + [V + A% |+ aul® + [ VPul + | A%)

QU

t
= (Af(w), A%u) + (Au, Auy). (30)

From (23) and (30), we obtain

1d
Eg[llutll2 + 2| Aw]* + || V3Mt||2 + ] A%, ||2 + ||lu)?

2 2
+ I Vull® + 2| Aul® + 2| Viu | + | A%u]]
= (1) + (A, Aug) = (Af (), Au,) + (A, Awy), 0 <t< Ty, (31)
1
(4, ur) + (Au, Aug) < E(Ilull2 llal® + 1 Aul® + | Au?),
~(f W) Vu, Vi) < Cllaallpzz l|we |l 2

2 2 2 2 2
< C(Ilul® + IVall? + 1 Autll® + a1 + | Asee]?),
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(A ), A%) < || af @] | A%
< C(llul? + | A% )

< C(llull® + IVael® + [ Aull* + || A2utH2)-
Let

Es(t) = — (lte]® + 20 Aue]® + [ VP | + 1) + [ Vel

_1
2
+2||Au||2 + ”V3u||2 + H A2M||2)-

Then, from (31) and the estimates above, we obtain
d t
GEOCE®,  EO=EO+C [ BOd, 0st<T,
0
and
Es(t) < E3(0)e“, 0<t<T,, (32)
from which one derives T, = +00. O

5 Finite-time blow-up of the solution
In this section, we study the finite-time blow-up of the solution for problem (5).

Lemma 5.1 Under the assumptions of Corollary 2.7, we have

(~A)2u e C([0, T, L)
provided that (=A) T up € L2,
Proof From (=A)2u € C*([0, T,,); L?) and

1 1 ¢ 1
aytu=eartu [ (Cayudr,
0

we obtain the result. O

Proof of Theorem 1.7 Let u € C2([0, T;,); H®) and (=A)~2u, € C([0, T}); L?) be the unique
local solution of problem (5). Then, by Lemma 5.1, we have (=A) 2 u e CX([0, T,n): L?),
where T, is the maximal existence time of u. Suppose that T,, = +co. Then u €
C2([0, 00); H¥) with (—A)~2u € C2([0,00);L2) and (~A)~2u, € C'([0, 00); L?). Let

H(E) = [(~A) 2ul® + Jul® + [ Vul?, 0<t<oo,

then

H'@®) = 2((-A) 2y, (~A) 2 1d) + 2(Vaay, Vis) + 214, 1), (33)
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_1 2 _1 _1
H'(8) = 2| (=A) Zug |” + 20 Ve |* + 20w |* + 2((—A) 2 sty (- A) 2 1)
+ 2(Vugs, Vr) + 2y, )
_1 2 _
=2||(=A) 2u, "+ 20 Varel® + 20w ) + 2((—A) v, 1)
- 2(Autm u) + Z(Um M)

1
=2|(-A)2u ||2 + 2[ Vg | + 2] s |1* = 21 (w).
Using the energy equality (7), we obtain
1 1 o2 1 1 1
o (O R T R A2 e P +/ F(u)dx = E(0),
RVI

from which one derives

p-1
2(p +1)

1 1 2 1 1 1
5”“A) Yug||” + 5||ut||2 + 5||Vut||2 + lull2,: + ﬁl(”) = E(0)

and

“20(u) = (p+ D[ (A 2ate|)* + 1Vl + 1411

+(p-Dlul?x —2(p + DE).

Substituting (35) into (33), we obtain

H'(8) = (0 + 3| (~A) 2| + 1Vl + Ne*] + (0 = Dllwl®y - 2(p + 1E(0),

On the other hand, from (33), we get

(H’(t))2 = 4((—A)‘%ut, (—A)_%u) + (Vuy, Vi) + (1, uy)?

4[((—A)‘% Uy (~A)2 u)2 + (Vg Vi) + (u, uy)?

+2((=A) 2y, (~A) ) (Vitg, Via)
#2((~A) P uty, (=A) ) (1 1) + 2(Viag, Vi), 1)

<Al ) P ) B[P IV ATl + ] o)
A 2w P 1Val? + | CAY 2 u IVl + | (~A) 2] a2
[ CAY 2a Pl + IVt el + Vel 1]

1

= aH@) (|| (~A) T we|* + 1Vl + e ])?).

From (36) and (37), we get

H@H' (@)~ 2 (H'@)” = HO((p - Dl ~ 200 + DEO))

> HO)((p - Dllul}y - 2(p + 1)d).
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(34)

(35)

(37)
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Using I(uo) < 0 and Theorem 1.3, we get u € V; and I(u) < 0 for 0 < ¢ < co. Hence, by
Lemma 3.3, we obtain H(t) > 0 for 0 < ¢ < co. Using Lemma 3.5, we have (p — 1)||u||§11 >
2(p + 1)d. Thus, we get

3
HOH' () -2 (H )" >0, 0<t<co. (38)
On the other hand, from (36), we obtain

H"(t) = (p = Dl|ull7n - 2(p + 1)E(0)
= (p-Dlul?y —2(p + 1)d + 2(p + 1)(d - E(0))
> 2(p +1)(d - E(0)) =8, 0 =<t<oo0.

Hence there exists a £, > 0 such that H'(¢) > 0, from which, together with H(¢,) > 0 and
(37), one derives that there exists a T7 > 0 such that

lim H(t) = oo,

t—T1

which contradicts u € C2([0, 00); H®), (~A)"2u € C2([0, 00); L2). Finally, from T, < co and
Corollary 2.4, we obtain

Jim sup([u(®)] s + |:(0)] 5) = +oo. 0
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