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Abstract

The main purpose of this paper is to give the forms of transcendental meromorphic
solutions of nonlinear differential equation of the form

Ff +R2) = p1 (2" + pa(2)e*?),

where R(z) is a rational function, p;, p, are nonzero rational functions and a, o are
nonconstant polynomials. More precisely, we have shown the conditions concerning

Z—i that will ensure the existence of the possible meromorphic solutions of the above
2

equation.
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1 Introduction and main results
Let f(z) be a meromorphic function in the complex plane C. We assume that the reader
is familiar with the value distribution theory of meromorphic function (see [1, 2]) and its
associated standard notations, such as T'(r,f), m(r,f), N(r,f) etc.

It is interesting and difficult to find the transcendental meromorphic solution of nonlin-
ear algebraic differential equations. In the last ten years, people have shown great interest
in the equation of the following form:

"+ Quiz.f) = p1(2)e™@ + py(2)e2®, 1)

where Q,(z,f) denotes a polynomial in f and its derivatives with a total degreed <n -1,
with small functions of f as the coefficients, p;(z), p2(z) are rational functions and o (z),
a2 (z) are polynomials.

In 2006, Li and Yang [3] investigated the existence of entire solution of equation (1). In
2011, Li [4] gave the forms of meromorphic solutions of equation (1) for specific ¢4 (z) and
a2(z). In 2013, Liao, Yang and Zhang [5] investigated the exact meromorphic solutions of
equation (1), when p;(z), p2(z) are rational functions and «4(z), a2 (2) are polynomials.
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Recently, Liao and Ye [6] got the following result when the term f” is replaced by f"f’

and the two terms on the right side of the equation become only one term in equation (1).

Theorem A Let Q,(z,f) be a differential polynomial in f of degree d with rational function
coefficients. Suppose that u is a nonzero rational function and v is a nonconstant polyno-
mial. If d < n —1 and the differential equation:

'+ Quz.f) = u(z)e®@

admits a meromorphic solution f with finitely many poles, then f has the following form:

f@)=s@et  and Qulzf)=0,
where s(z) is a rational function with s"((n +1)s' +v's) = (n + Du.

Itis difficult to give the form of meromorphic solutions of the following differential equa-

tions:

Ff + Qulz.f) = pr(2)e@ + py(2)e™2®@, )

where Q(z,f) is a differential polynomial in f with small functions of f as the coefficients,
1, P2 are small functions of f, a1(2), 2 (z) are nonconstant polynomials.

Next, we will give the possible forms of meromorphic solutions of equation (2) when
Qu(z.f), p1, p» are rational functions and «;(z), @»(z) are nonconstant polynomials. Now,
we give our results as follows.

Theorem Let n > 2 be an integer and R(z) be a rational function. Suppose that p;, ps

are nonzero rational functions and o, oy are nonconstant polynomials. If the differential

equation
[+ R@) = @) + pa ()2 ®)
admits a transcendental meromorphic solution f, then Z—,i =1, R(z) =0, and f(z) has the
2

following form:

a1(2)

f(2) =q(z)eT,
where q(z) is a rational function with q"((n + 1)q’ + qa;) = (n + 1)(py + pre®2@-1@)),
From the theorem, we can easily obtain the following result.

Corollary Let n > 2 be an integer and R(z) be a rational function. Suppose that p;, p,
are nonzero rational functions and oy, o, are nonconstant polynomials. If the differential
equation

S+ R(2) = p1(2)e™” + pa(2)e™>*
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admits a transcendental meromorphic solution f, then g—; =1, R(z) =0, and f(z) has the
following form:

where q(z) is a rational function with ¢"((n + 1)q’ + qo1) = (n + 1)(p1 + p2)-

Remark 1 If R(z) replaced by R(z,f) in the theorem, where R(z,f) is a differential polyno-
mial in f with rational function as its coefficients, then the conclusion is not true generally.

For example, f(z) = €* + e7* satisfying the following differential equation:
f2f/ _f/ — eBz _ e—Sz’

however, Z—} = -1 and the equation admits a solution which is not of the form g(z)e’@,
2
where g(z) is a rational function and P(z) is a nonconstant polynomial.

Remark 2 If f"f’ replaced by f” in the theorem, then the conclusion is not true. For ex-
ample, f(z) = €* — ze™* is a meromorphic solution of the following differential equation:

f2 +27= eZz _ ZZe—Zz’

=~

we have 2L = —1 and the equation admits a solution which is not of the form g(z)e’,

RIR

where ¢(z) is a rational function and P(z) is a nonconstant polynomial.

Remark 3 If # =1 in the theorem, then the conclusion is not true. For example, f(z) =
€ + 7% satisfies the following differential equation:

ﬁ/ — eZz _ 6—22‘

Obviously, we have Z—} = -1 #1, but the equation still admits a transcendental meromor-
2
phic solution which is not of the form g(z)e”@, where g(z) is a rational function and P(z)

is a nonconstant polynomial.

In this paper, we define the degree of a rational function R(z) = % #0atoobydeg, R=
deg P — deg Q, where P(z), Q(z) are co-prime polynomials.

2 Some lemmas
Lemma 1 ([7]) Let a;(z) be an entire function of finite order < p. Let gj(z) be entire and

8k(2) — gi(2) (j # k) be a transcendental entire function or polynomial of degree greater than
o. Then

> " ai(2)e9? = ao(2)
j=1

holds only when

ao(z) =a1(z) = -+ =a,(z) =0.
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Lemma 2 Let n > 1 be an integer. Suppose that R(z), p1(z), p2(z) are small functions of f
and oy, oy are nonconstant polynomials. If f is a meromorphic solution of the equation

S+ R(2) = p1(2)e® + py(2)e>®, (4)
then f is of finite order.

Proof Obviously, any meromorphic function satisfying equation (4) must be transcen-
dental. Denote k = max{deg o, deg,}, by using the Clunie reasoning obtained by Yang
and Ye [8], we have m(r,f’) = O(*) + S(r,f). Since every pole of ' must come from the
pole of R(z), p1(2) or pa(2), N(r,f") = S(r,f). Therefore, we have T(r,f’) = O(r*) + S(r,f) and
T(r, J%) = O(r*) + S(r,f). Rewriting equation (4) as follows:

v :];/ (12 + p2(2)e™? - R(2)),

we can obtain T'(r,f) = O(*) + S(r,f). Therefore, f is of finite order. O

3 Proof of the theorem
Let f be a transcendental meromorphic solution of the equation (3). By Lemma 2, we know
that the order of f is finite. Since every pole of f must come from the pole of R(z), p;(z) or
P2(z), we know that f has at most finitely many poles.

Next we prove that all meromorphic solutions of equation (3) must be of the form f(z) =
q(2)e’@, where g(z) is a rational function and P(z) is a polynomial.

From equation (3), we have

nf"! (f’)2 +f"f" + R (z) = (p’l +p1a{)e°‘1(z) + (p/z +p2aé)e°‘2(z). (5)
By eliminating e*2® from equations (3) and (5), we have
’ AV /¥ / / n-1(gr\2 n ol /
(172 +P2a2)f '+ (Pz +p20£2)R(Z) —npof (f) -pof "'f" = 2R (2) = A(2), (6)

where A(2) = [p1(p), + p20ty) — pa(p) + prat})]e41@.
If A(z) =0, then

/ /
a;—a;=‘§—?. (7)
1 2

Thus o — oy = 0. From equation (6), we have
; 1\ gngr n-1(p\2 _ rngn / ; ’
(l2 + 0‘2)/f - nf 1(f) -ff"=R(z) - (12 + aZ)R(z). (8)
P2 D2

Next, we discuss two cases.

Case 1: R'(z) - (1;—2 + a4)R(z) = 0. From equation (8), we have

<p—/2 + oc/z)ﬂ/ —n(f): - =0. 9)



Zhang Advances in Difference Equations (2016) 2016:300 Page 5 of 13

Suppose that f(z) has infinitely many zeros, then we know from (9) that the multiplicity
of each zero of f(z) is not less than 2, possibly except finite many zeros of f(z). Let zo be
a zero of f with multiplicity k, which is not a zero or pole of :;—/2 + o}, then in some small
neighborhood of zy, we have f(z) = ax(z - 20)* + ag1(z — o) + - - -, where ag, agy, .. . are
complex numbers, a; # 0 and k > 2. By calculating the coefficient of the lowest power of

z — zp in the left of equation (9), we have
—n(kay)? — k(k - l)a,% =0,

that is,
—nk* —k(k-1)=0,

thus k=0 or k = ﬁ, this is impossible. This contradiction lead to that f has at most
finitely many zeros. Thus, f(z) = g(z)e’?, where g(z) is a rational function and P(z) is a
polynomial.

Case 2: R'(z) — (1;—% + a5)R(z) # 0. Rewriting equation (8) as follows:

i ((P_’z + aé)ﬂ’ —n(f)? —ﬂ””) =R (z) - (19_'2 + aé)R(z). (10)
P2 P2

Let

b2

then a(z) has only finitely many poles. It follows from the Clunie lemma that m(r, a(z)) =
O(logr), thus a(z) is a rational function.

If a(z) = 0, then from equation (10), we have
R(z) - (‘2 + ag)R(z) —0,
b2

this is a contradiction.

If a(z) # 0, then from (10), we know that f is a rational function. This is impossi-
ble.

Next we consider that A(z) # 0. In order to the convenience of calculation, we de-

note

’ ’
Al :pZ +1”2012,

Ay = pi(p), + p2cth) = pa (P + prax}) #0.

Thus equation (6) becomes

A = mpof ") = paf '+ Ri(2) = Aze®, 12)
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where Ry (z) = (¥}, + p205)R(z) — p2 R (2) is a rational functions. Differentiating both sides of
(12), we have
!/ rn 1\ pn—1(£\2 AV ¥ - 3
A]ff/‘*”(Al _pz)f l(f) + (Al —Pz)ff —n(n—-1)p,f Z(f/)
= 3npof "f f" — paf "f" 4 R(2) = (A5 + Aser; (2)) €. (13)

By eliminating e*1@ from equations (12) and (13), we obtain

Bif"f' = Bof M) = Baf " + n(n = )prAnf ™ ()
+3mp2Aaf " f " + P2 A" = Qu(2), (14)

where

Bi(z) = A1 (A} + Aray(2)) — ArA],

By (2) = npa (A} + Asa) (2)) + n(Ay — py)As,
B3(2) = pa (A} + Az} (2)) + (A1 — ph)As,
Qi(2) = = (A5 + Arar; (2)) Ri(2) + AR, (2),

are rational functions.
From equation (14), we have

LB = Bof () = Baf>f" + n(n—1)psAs(f')° 15)
+ 3npr A i f" +p2A9f2f’”) = Qi(2).

Let

BifYf = Bof (') = Baf*f" + n(n = \psAs (')’ + 3npsAsff'f" + p2Aof " = Q(2). (16)

It follows from the Clunie lemma that Q(z) is a rational function.

First we assume that Q(z) = 0. Suppose that f(z) has infinitely many zeros, then we know
from (16) that the multiplicity of each zero of f(z) is not less than 2, possibly except finite
many zeros of f(z). Let zy be a zero of f with multiplicity k, which is not a zero or pole of
By, By, B3 and pyA,, then f(z) = ax(z — 20)% + ags1(z — 20 + -+ (ax £ 0, k > 2) holds in
some small neighborhood of zy. By calculating the coefficient of the lowest power of z -z
in the left of equation (16), we have

n(n — 1) (kay)® + 3nk?(k - l)ai +k(k-1)(k - 2)42 =0,
thus
n(n—1)k* + 3nk(k 1) + (k= 1)(k-2) = 0,
this is impossible since # > 2 and k > 2. This contradiction lead to that f has at most

finitely many zeros. Thus, f(z) = q(z)e’?, where g(z) is a rational function and P(z) is a
polynomial.
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Next we assume that Q(z) # 0. By differentiating (16), we have

3

Bf*f + (2B, = B)f (') + (Bi = By)f*f" + (n(n - 1)(p242) - By)(f)
+ (3n(p2As) — 2By = 2B3)ff'f" + ((p2A2) - Bs)fzfm +3n’pyAy (f/)zf//

+ 3np2A2f(f”)2 +(Bn+ 2)p Arff f"” +p2A7f2f(4) =Q'(2). 17)

It follows from equations (16) and (17) that

(B1Q - BQ)Y = (B2Q + (2B - B) QU () - (BsQ + (B1 = B) Q)ff”
+ (n(n = )prAsQ = n(n—1)(p24;) Q + B,Q) ()’
+ (3np2A2Q - (3n(paAz) — 2B, — 2B3) Q)ff f”
+ (124:Q — ((p242) - B3)Q)f*f" - 3”2P2A2Q(f/)2f” - 3np2A2Qf(f”)2
— 31+ 2)p2 s QfF f" — p2Aa QF ™ = 0. (18)
If f (z) has infinitely many zeros and z; is a zero of f(z) which is not a zero or pole of the
coeflicients in (16) and (18), then by (16) we know that a zero z of f(z) is simple, and it

follows from (18) that zy is a zero of 312pyA2Qf" — (n(n — 1)prA2Q — n(n — 1)(p2A2)'Q +
BzQ)fv. Let

_ 3P ArQf" — (n(n = 1)prA2Q — n(n —1)(p2A4,)'Q + BzQ)f/‘

b
® P2A2Qf

(19)

Then b(z) has only finitely many poles and it follows from the lemma of the logarithmic
derivative that m(r, b(z)) = O(log r). Hence b(z) is a rational function.
If b(z) = 0, then we have

S n(n=1)pyAsQ — n(n—1)(p242)'Q+ B2Q
f/ SnngAzQ
n-1Q n-14; n-1p) 1 B,

= - +— .
3n Q 3n Ay 3n py  3n2 prA,

Noticing that
By (2) = npa (A} + Asay) + npray As,

thus we have

S n-1Q n—2A_’2_n—1p_/2

7730 Q 31 A, 3m p2+§(a1+°‘2)‘

By solving the above equation, we obtain

o] +ag

f'(2) =m(z)e 3,

n—1 1, . .
where m(z) = (pcQ )37 is a rational function.

n-1 4n-2
2 AZ
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From equation (18) and the fact b(z) = 0, we have
/ / ! / / ! 2 / / 1
(B1Q -~ BiQ)ff' ~ (B2Q + (2B1 - By) Q) (f')” ~ (BsQ + (B~ B3) Q)ff
+ (3np2A2Q - (3n(p2Az) — 2B, — 2B3) Q)f'f”
+(P242Q - ((p242) - B3)Q)ff" - 3npr Ay Q(f”)2
— 31+ 2)p2Ar Qf f" — p2 A QFF® = 0.
By calculating and substituting f/, f”, f”, f*) into the above equation, we can obtain
s(z)f + t(z)e% =0, (20)

where
1
s(2) = (B1Q - BiR)m(2) - (B3Q' + (B1 - B;)Q) (m’(z) +3-m(2) (] + a;)>
1
+ (pzAzQ/ - ((PzAz)/ - Bs)Q) (W//(Z) + gm(z)(“f + Olé/)
2 / ! ! 1 ! ! 2
+ gm (z)(oz1 + az) + Wm(z)(oz1 + az) >
A " 1 / 4 " 1 " g 1 a 7 !
—p 2Q<m (2) + —m @) (o] + ) + ﬁm(z)(w1 +oy') + m (@)(o; +a3)
1 1 1
+ wm’(z)(a{ rap)’+ ﬁm(z)(a{ +o) (o) +ab) + Wm(z)(ai + a§)3>,
2
t(2) = —(B2Q + (2B1 — B}) Q) (2) - 3npzAzQ(m’(z) + imw (o + aé))
1
+ (3np2A2Q' - (371([72142)/ — 2B, — 2Bg)Q)m(z) (m’(z) + am(z)(a{ + a;))
— (31 + 2)prA2Qm(2) <m”(z) + %m(z) (of +a3)
2, ’ ’ 1 ’ \2
+ am (z)(oz1 + az) + ﬁm(z)(a1 + az) )

Next we show that s(z) # 0 and t(z) # 0. Suppose that the assertion is not correct. Ob-
viously, If s(z) = 0, then from (20), we must have £(z) = 0. By s(z) = 0, we have

s(2) _ By g_ B
m(Z)prAsQ  prAr Q  prAs

( B; Q@ B B; )(m’(z) 1,, | )
B o" - + (o + )
P2As Q  prAy  prAr )\ m(z)  3n

+<g’_(p2A2)'+ Bs )(M”(Z)+l(a”+a”)+iw(a’+a/)
Q PrAs  prAg m(z)  3nm° Y 3nmz) V2

1 2
+ @(“Haé) )

~ (WIW(Z) lm/(z)

1m"(2)
mz) | nm)

" " i " " _
(of +03) + 3n(ozl +oy') + )

(o +y)
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=0. (21)

Similarly, by ¢(z) = 0, we can get

t(z) B, Q 2B B, (m/ (2)
= - 3n
m(z)

1 / ’ 2
m2(2)pAsQ  paAs Q  paA, pzAz * g(al * %))
( Q/ (pzAz)/ 232 2B3 )(m/(z) 1 )
+— (al + o)
m'(z )

3n— —3n + +
Q p2As  prAy paAy )\ m(2)
// 2 m,(z) ! !
—(3 +2)< () ( )+3—nm(al+a2)
+ 0‘1 + oz2 )

=0, (22)
where
B : A, A
Bl (12 +a;)<_2_ A +0‘i>,
yZ2%Y) P2 Ay A
B Al
2 =n(og +op) +n-2,
) 2% Ay
B /
> - o) +ah+ =2,
P2Ar Ar

B/ A// A/ A/ A//
L (p2+a>< + 2a{+—1a{——+a1>
yZ2%Y) P2 Ay Ay Ay Ay

B/ p A/ A// A/ p
j = ( 2A N +<A_2+ 2)(a1+a2)+a1+a2>
P2A2 P2 Ay 2 2 P2
B/ A/ A// A/
3 zlﬁ_z + 22 +( by

—= + =) (o] +ab) +af +ay.
Ay prAy Ay Ay P2)(1 o) ro v

From (21) and (22), we see that the highest degree terms may appear in

1 1 1
—aa{aé(a{ + a/z) + ﬁ(a{ + oc;)3 - ﬁ(a{ + oz;)3
and

—2aah — %(u{ + a§)2 + LY;; D (o + océ)2 - —33;22 (of + aé)z.

Namely,

1 3n-1 \3
—aa{aé (of +ay) + S (o + ) (23)
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and
61’[2 -2 2
’ / I 7
_20[10[2 + W(al + ()[2) . (24)
Let o1(2) = apzl + ap1 2™ + -+ + ag, aa(z) = byz? + by1z%7t + -+ + by, where a;

(i=0,1,...,p), b (i=0,1,...,q) are complex numbers, a,b; #0 andp > 1, g > 1.

If p # q, without loss of generality, we assume that p > g. Since £(z) = 0, by (24) we have
6;’n22 p2a2 =0,s0 n? thls is impossible. Next we suppose that p = q.

If a, + b, = 0, then by t(z) = 0 and (24), we have a,b, = 0, this is a contradiction.

If a, + b, # 0, then from s(z) = O t(z) = 0, (23) and (24), we can obtain ——apb +
3 (ap + by)* = 0 and —2a,b), + 9 Rl (237’;‘3“ =+ 6’;n;2 S
n =0 or n =1, this is a contradiction with the assumptlon n=>2.

Therefore, s(z) # 0 and £(z) # 0. Hence f(z) = —% o1(z) + ay(z) #£0,
otherwise, f(z) is a rational function, this is impossible. Thus, f(z) is of the form g(z)e’?,
where ¢g(z) = —% is a rational function, P(z) = "‘134’% is a nonconstant polynomial.

Next we assume that b(z) # 0. From (18) and (19), we get

(ap + by)* = 0, thus we have

(B1Q - BQ)ff’ - (B2Q + (2B~ B)Q)(f')" - (BsQ + (Bi - B;) Q)"
+ (3np2A2Q - (3n(p2As) — 2B, — 2B3)Q)f f”
+ (124:Q = ((1242) - B3)Q)ff" - 3npr A2Q(f")’
— Bn+ DA Qf f — prArQF Y = b(D)prAs Q') (25)

and

= n(n—1)pA,Q —n(n-1)(p242)'Q + B,Q , . P242Qb(2)
- 3n2pyAsQ 3’12192A2Q

n-1 Q/ n-1 (pZAZ), 1 Bz ,
= t 33 3 b( s
3n Q 3n prA, 3n? prA, 3n

n-1 Q/ n-1 (pzAg)/ 1 A/Z 1 1
— 2 (W) )+ —— b, 26
( 31 Q  3n pAs | 3nA,  3n (1 +e) )"+ 5 50 (26)

Let (p(z) =zl % -l (1179221:22 + o ii + 5-(a] + o), then by calculating and substituting /”,

£, f® into (25), we can get
m@f* + pa ) + ,M?,(Z)(f/)Z =0, 27)

where

—Zb(BgQ’ +(B1-B;)Q)

u1(z) = Lz (9b+ 1) (p242Q - ((p242) - B3)Q) - ™

3n

1 2 1 3n+1
- prA —’b+ —¢'b+ b+—b" b,
p2 2Q<3n2¢ 32977 3, 2¢ 2 o )
/ / 1 / 1 !
p2(z) = BiQ - BiQ - pB3Q — ¢(B1 - B;)Q + ;PzAzQ b- —(pzAz) Qb

+ %(32 +Bs)Qb + (pzAzQ’ _ ((PzAz)/ —Bg)Q) <¢ + (p N 3—2b>
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In+4 3n+4
b+ b,
32 ¢ 3n? )

w3(2) = 3np2Ar Q¢ — (3n(prAz) — 2B, — 2B3) Qe — (B,Q + (2B; - B,) Q)

—PzAzQ(§03 +30¢ +¢" +

1
—p2A2Qb—(3n + 2)192A2Q<¢2 s b) — 3npyAsR¢?,
n

are rational functions.

We assume that p1(z) =0, ua(z) = 0, us(z) = 0 hold simultaneously. By p;(z) = 0, we

1 < b/) <Q/ (p242) B3 ) 1 < B; Q B B; >
— o+ )| = - + -— — + -
31’12 b Q p2A2 pzAz 3}’12 pzAz Q p2A2 p2A2
1, 2, 1 b 10V 3n+l
=9+ ¢+ —p—+-——+>———b)=0. 28
(3112(/) "32% T 32%0 32 T o (28)

have

By pa(z) =0, we have

B Q Bi B; Q B; —Bé
- - ez - ¢
P2A2 Q prAs  prAs Q P24y
2 By + ng N (g 3 (pzAz), B3

1 (PzAz)/b

N~— X |~
/N

< <
o S
+

e\

+
3

N

Ny
N——

+ — +
3n2 prA, Q pAy  plA;
In+4 3n+4
3 / " /
- 3 b b')=0. 29
(¢+¢¢+<p+3n2¢+3n2) (29)
By us(z) =0, we have
Q (p2Ay) 2B,  2B; By, R 2B B,
3n—¢—|3n - — — —+ -
Q P2As P2Ar  prAr P2As R prAy  paAr
1
—b—(3n+2)(<p2+q)/+ —b) -3n¢?=0. (30)
3n2

. . B B B B B, B, .
Noticing the expressions of ¢, pz_}(z’ le\z’ 17312’ 17}12’ 17312’ 17312’ we know that the highest

powers of z in the left hand side of (28), (29), (30) may, respectively, appear in

3n-1 2 3n+1

T (o] +a3)” - ﬁ“i“é - Wb’ (31)

3n-1 3 1 6n’ -4,

2L (o) — (e 0g) + O 2 o vy 2

6n? -2 3n2 +3n+2

;/19—2 (ai + aé)z - 20005 — AR, (33)
n

3n?

Let o (2) = apz’ +ap 128+ - +ag, az(2) = byz? + by 1297 ++ - -+ by, wherea; (i=0,1,...,p),
b; (i=0,1,...,q) are complex numbers, a,b, #0 and p > 1,4 > 1.

If p # q, without loss of generality, we assume that p > g. Obviously, deg, b <2p -2,
otherwise we can get a contradiction from (31) immediately. If deg. b < 2p — 2, then from

(31), we have 2;;,41 =0.Son= %, this is impossible. If deg. b = 2p — 2, then from (31) and
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(33), we obtain

3n-1 3n+l
27t _ 9nt

6n2—2  3n2+3n+2’°
9n2 3n2

by solving above equation, we have # = 1, this is impossible. Next we suppose that p = q.
If deg,, b > 2p — 2, then by pi(z) = 0 and (31), we have _3ml 0 g0 p= —%, this is

ont T
impossible. Thus we may assume that deg. b <2p — 2.

If a, + b, = 0 and deg, b < 2p — 2, then by 11,(z) = 0 and (31), we have —#pzapbp =0,

this is impossible. If 4, + b, = 0 and deg, b = 2p — 2, then by 11,(z) = 0, 3(z) = 0 and (31),
2
(33) we have —2(2:;1) = S +3n+d o ;4'”2, hence 7 =1, this is also impossible.
If a, + b, # 0 and deg,, b < 2p — 2, then by 1,(z) = 0, us(z) = 0 and (31), (33) we have
2B3n-1) _ 6n2-2
27t T 27m%
and deg, b = 2p —2, then from (31), (32) and the assumption (1 (z) = 0, 2(z) = 0, we have
3n+l _ 6n*—4 1

—ot = o1 thus n = 5 or n = -1, this is impossible. Therefore, u;(z) = 0, p2(z) =0,

13(2) = 0 cannot hold simultaneously.

hence # = 1, this is a contradiction with the assumption n > 2.1f g, + b, #0

If u3(z) # 0. Then equation (27) can be rewritten as

1s@(f)" = =@ - 2 (2ff- (34)

Suppose that f(z) has infinitely many zeros, then we know that the multiplicity of each
zero of f(z) is not less than 2, possibly except finitely many zeros of f(z). Let zy be a zero
of f with multiplicity &, but that is not the zero and pole of 111(z), ;t2(2), 3(z), then zg is a
zero with multiplicity 2k — 2 in the left side and a zero with multiplicity at least 2k —1 in
the right side of equation (34). This contradiction lead to that f has at most finitely many
Z€eros.

If us(z) =0, then p1(2z) ## 0 and uo(z) # 0, equation (27) is simplified to the following
form:

mz)f = —Mz(Z)f',

by a similar discussion to above, we see that f has at most finitely many zeros. Thus, f(z) =
q(z)e"@, where ¢(z) is a rational function and P(z) is a polynomial.
Substituting f(z) = q(z)e’@ into the equation (3) yields

4(2)"(4'(2) + g(2D)p'(2)) "D + R(2) = p1(2)e™ @ + py(2)e™2?.

If o] (z) # o (2), it follows from Lemma 1 that R(z) = 0. Furthermore, either (n + 1)P(z) =
a1(2) + C1, q(2)"(q'(2) +q(2)P'(2)) = D1p1(2), p2(2) = 0 or (n+1)P(z) = az(2) + Cz, q(2)"(q'(2) +
q(2)P'(z)) = Daps(2), p1(z) = 0, where Cy, Cy, Dy, D, are constants and D;e“l = Dye® =
1. This is a contradiction with the assumption p;, p, are nonzero rational functions. If
a;(2) = ay(z), then a2 (z) = o1 (z) + C, where C is a constant, and it follows from Lemma 1
that R(z) = 0 and the equation (3) is reduced to the following form:

fnf/ _ (P1 +pzeC)eot1(z)‘
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By Theorem A, we have

£(2) = g™,

where ¢(z) is a rational function with ¢"((n + 1)q’ + qa}) = (1 + 1)(p; + poe®2@-110),
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