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Abstract

In this paper, the approximate solvability for a system of generalized relaxed
cocoercive nonlinear variational inequalities in Hilbert spaces is studied, based on the
convergence of the projection methods. The results presented in this paper extend
and improve the main results of Refs. (Verma in Comput. Math. Appl. 41:1025-1031,
2001; Verma in Int. J. Differ. Equ. Appl. 6:359-367, 2002; Verma in J. Optim. Theory Appl.
121(1):203-210, 2004; Verma in Appl. Math. Lett. 18(11):1286-1292, 2005; Chang, Lee
and Chan in Appl. Math. Lett. 20:329-334, 2007).
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1 Introduction

Variational inequalities are one of the most interesting and intensively studied classes of
mathematical problems and there exists a considerable amount of literature [1-15] on the
approximate solvability of nonlinear variational inequalities. In this paper, we consider,
based on the projection methods, the approximate solvability for a system of generalized
relaxed cocoercive nonlinear variational inequalities in Hilbert spaces. The results pre-
sented in this paper extend and improve the main results in [1-5].

Throughout this paper, we assume that H is a real Hilbert space with the inner product
(-,-) and the induced norm || - ||. Let C be a nonempty closed convex subset of H, and let
Pc be the metric projection of H onto C. Let T;: C x C— H,g:C— Candf;: C —
H be relaxed cocoercive mappings for each i = 1,2. We consider a system of generalized
nonlinear variational inequality (SGNVI) problem as follows: find an element (x*,y*) €
C x C such that

(AT1(%, &%) + @1 (x*) —A(V*), x —g1(x*)) >0, VxeCand >0, )

(T (x*, y*) + 22(0") — fo(x*), 2 — g&(¥*)) >0, Vxe Candpu>0. ’
SGNVI problem (1.1) is equivalent to the following projection problem:

a(&*) = Pc(h(y") = ATh(y*,%%)), VA >0, 12

20" =Pc(fh(x*) — uTa(x%,y*)), Vu>O0.
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Next we consider some special cases of SGNVI problem (1.1), where I is the identity
mapping.
(1) If g1 = g2 = I, then SGNVI problem (1.1) is reduced to the following: find an element
(x*,9*) € C x C such that

0, VxeCandA>0,

(AT o) + 2" - i(y"), 2 —x%) 2 0, 13)
0, VxeCandu>0. '

>

(LT (" y%) +y* = fo(x™), 2 = y*) =

(2) Iffi =f> =1, then SGNVI problem (1.1) is reduced to the following: find an element
(x*,9*) € C x C such that

1.4
(WTo(x*, y*) + ©(0") —x*,x -~ g2(y)) =0, Vxe Cand u>0. (14

: ATy x%) + g1 (x*) =y, —g1(x*)) >0, VxeCand >0,

(3) Ifgi =g =fi =f» =1, then SGNVI problem (1.1) is reduced to the following: find an
element (x*,y*) € C x C such that

AT (", x*) +x* —y*,x—x*) >0, VxeCandA>0, (15)

(LT (x*,y*) +y* —x*,2—y*) >0, VxeCandpu>0. '

(4) If T1 and T, are univariate mappings, then SGNVI problem (1.1) is reduced to the
following: find an element (x*,y*) € C x C such that
AT1(0*) + @ (") = A", x —g1(x*)) >0, Vxe Cand A >0, (L6)
(WTo(x*) + 20") "), x - 2(") =0, VxeCand u>0. '

(5) Ifg =g =fi =fo =1, T1 and T are univariate mappings, then SGNVI problem (1.1)
is reduced to the following: find an element (x*,y*) € C x C such that

AT (") +x* —y*,2x—x*) >0, VxeCandi>0, 1.7)
(LT (x*) +y* —x*,x—y*) >0, VxeCandp>0. '
(6) Ifg1 =g =fi =fo =1 and p =0, then SGNVI problem (1.1) is reduced to the
following: find an element x* € C such that
(T1 (x*,x*),x —x*) >0, VxeC. (1.8)

2 Preliminaries
In order to prove our main results in the next section, we recall several definitions and

lemmas.

Definition 2.1 Let 7: C — H be a mapping.

(1) T issaid to be B-Lipschitz continuous if there exists a constant 8 > 0 such that

ITx - Tyl < Bllx=yl, VxyeC.
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(2) T is said to be monotone if
(Ix—Ty,x—y) >0, Vx,yeC.
(3) T is said to be §-strongly monotone if there exists a constant § > 0 such that
(Tx — Ty,x —y) > 8llx—y|?>, Vx,yeC.
This implies that
Tx - Tyl = 8llx—yll, Vx,yeC,

that is, T is §-expansive.
(4) T is said to be y-cocoercive if there exists a constant y > 0 such that

(Tx — Ty,x—y) > y | Tx— Ty, Vx,yeC.

Clearly, every y-cocoercive mapping T is %-Lipschitz continuous.
(5) T is said to be relaxed y -cocoercive if there exists a constant ¥ > 0 such that

(T - Ty,x-y) = (-Y)IITx - B>, VxyeC.
(6) T is said to be relaxed (y, §)-cocoercive if there exist two constants y,§ > 0 such that
(Tx—Ty,x~y) = (=¥ Tx~ T|* + 8llx ~y>, Va,yeC.

Definition 2.2 A mapping T : C x C — H is said to be relaxed (y, §)-cocoercive if there

exist two constants y, 8 > 0 such that for all x,x* € C,
(T(x,y) —T(x%y%),x —x*) > (—y)” T(x,y) - T (x*,y") ”2 + SHx —x* Hz, Vy,y* € C.

Definition 2.3 A mapping T : C x C — H is said to be -Lipschitz continuous in the first

variable if there exists a constant 8 > 0 such that for all x,x* € C,

| TGy = T("y7) | < s -

, Vy,y"eC.

Definition 2.4 Pc: H — C is called a metric projection if for every point x € H, there

exists a unique nearest point in C, denoted by Pcx, such that
¥ —Pex|l < [lx—yll, VyeC.
Lemma 2.1 Pc:H — C is a metric projection, then Pc is a nonexpansive mapping, i.e.,

1Pcx = Peyll < llx=yll, Vx,y€H.


http://www.fixedpointtheoryandapplications.com/content/2013/1/189

Ke and Ma Fixed Point Theory and Applications 2013, 2013:189 Page 4 of 11
http://www.fixedpointtheoryandapplications.com/content/2013/1/189

Lemma 2.2 [5] Let {a,}, {b,} and {c,} be three nonnegative real sequences such that
ann < (1 =Ay)a, + b, +c,, Vn>no,

where ny is some nonnegative integer, {1} is a sequence in (0,1) with ) .2 A, = 00, b, =

o(Ay) and Y 7, ¢, < 00. Then lim,_, « a, = 0.

3 Main results
In this section, we present the projection methods and give the convergence analysis
of SGNVI problem (1.1) involving relaxed (y, §)-cocoercive and S-Lipschitz continuous

mappings in Hilbert spaces.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T;: C x C — H be a relaxed (y;,$;)-cocoercive and o;-Lipschitz continuous mapping in
the first variable, let g; : C — C be a relaxed (n;, p;)-cocoercive and B;-Lipschitz continuous
mapping, and let f; : C — H be a relaxed (7], p;)-cocoercive and p;-Lipschitz continuous
mapping for each i = 1,2. Suppose that (x*,y*) € C x C is a solution to SGNVI problem
(1.1). For any (x9,50) € C x C, the sequences {x,} and {y,} are generated by

tyy = (1 - ﬂn)xn + ﬂn(xn _gl(xn) + PC(fl()/n) - )\Tl(yn;xn)))r n= 0,
Xn+l = PCtn+1r n>0,

2y = Yu = &) + Pc(fo(xn) = n To(Xn, y)), m>1,

In = (I -by)xy + b,Pcz,, n=>1,

(3.1)

where X, it > 0 and the following conditions are satisfied:

(1) O<anb, <1; (2) Zan = 0Q; (3) Z(l - bn) < 00;
n=0 n=1

(4) 0<6,65<1; (5) 6s+6s=>1;

(6) 0 < (61 +65) (0 +66) < (1—62)(1—05);

where

b= \/1-206, + a0 + 2202, 6y =\[1-201+ B2+ 2miL,

05 = \/1 —2p; + Ef + Zﬁlﬁf, 04 = \/1 —2u8y + 2uyr0s + ula3,

I )
0= \[1-20+ B2 +2mB2,  06=\/1-2p, + B + 27,5
Then the sequences {x,} and {y,} converge strongly to x* and y*, respectively.

Proof Since (x*,y*) € C x C is a solution to SGNVI problem (1.1), it follows that

x* =x" — g (x%) + Pc((y*) = ATh (", x™)),
¥y =y = &@O") + Pc(h(x®) — nTa(x", y")).
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For n > 1, we have

[ne1 = 2| = [ Pctusr = Pex™|| < [[tnr = 27|
= [ = @) + (0~ 166) + Pe(filyn) = ATi ) — "
< () [ = 5| + | (8 = @100) + Pe(ilyn) = AT 0 %))
- (" —@ (") + Pc(fi(y) = AT1(y",5"))) |
< (L-ap) |0 — x| + an|xn — 2" = (61(x0) — 1 (x7)) |
+an | Pc(fim) = ATim %)) = Pe(fi(y*) = AT1(y",%%)) |
< (= ap)|xn =2 | + an|xn — 2" = (@1(x4) — g1 (%)) |
+aul[ i) ~ A7) = M(Ta0m ) - T (", 2%)) |
< (1= a) | =" + a0 — %" — (@160) - 1 (")) |
tau|yn =y = (50w =A0")) ]
+ aul|yn = y* = 2T xn) = T (7", x%) ) | (3:2)

Since g; is a relaxed (1, p1)-cocoercive and B;-Lipschitz continuous mapping, we have

[ =" = (@) ") |
= oo =2 * = 2{g1 @) — g1 ("), 20 — %) + 101 () — 1 (%) |*

< =27 |” - 2(Cm) @) - (@) + ol =) + B e =7

= (1=201+ B7) Jn =5 [* + 20 | n (o) — 1 (")

< (1-2p1+ B1) s~ + 2012 s~

I

2

<63 [an = o[, (3.3)
where 6, = \/ 1-2p; + B2 + 211 B2. In a similar way, we can obtain that
”yn_y*_ (fl(yn) _fl(y*))H 593”)’;1—}’* ’ (3-4)

where 65 = \/ 1-2p; + Bi + Zﬁlﬁf. By the assumption that T7 is a relaxed ()1, 81)-cocoercive
and o4 -Lipschitz continuous mapping in the first variable, we have

3 =" = 1T x0) = T 57) |
=y =" I* = 202G 0) = T(57,27), 30 = ") + 22| Ti0moea) = To (7, 2") |
< |9 =5 = 20 | Ts 0o %0) = T (0%, 2) | + 81 |3 = ] %)
+ A2 || iy ) = T2 (0%, %%) ”2
= (1=2280) [yn =y |* + (220 + 27) | TiG ) = T1 (5" 5") |

<@ =228)|yn =¥ * + 2an + 222 |y - 54|

2

=07 |y -y (35)
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where 6 = \/1-2A8, + 2Ap1a? + A2a2. According to (3.2), (3.3), (3.4) and (3.5), we obtain
that

[%ner =& || < [1-an@ = 02)] |0 — & || + @61 + 03) |y — |- (3.6)
Next, we estimate ||y, — y*||. From (3.1), we see that

[ =7 = 10— bk + buPezs - 7|
< (L= by) |0 = | + bu|| Pczn - Py
< (W= = 5"[| + bull 2 = 57|
= (1= = 9| + B9 — 220) + Pe(fo ) = 1 T2 (6, 9))
- (07" =& ") + Pc(f () - nTa(x",y7)) |
< U =ba)|xn = 5" | + ballyn =" = (@) —2 (")) |
+ by | Pe(f6) = nTa (@ y)) = Pe(fo(x) = wTa(x"57))|
< (U= b) |n = y*|| + b yn = ¥* = (©20) - 22(5)) ||
+ by 0w =" = (Bs) o (x)) |
+ b0 =2 = 1 (To @ y) = To (x7,57)) . 37)

Similarly, we obtain that

|yn = 5" = (@20m) —22(5)) || < 65 ]ym -, (3.8)
where 05 = /1 —2p, + B2 + 21,62, and
[o0n =& = (o) =2 (")) | < O 20 =27, (3.9)

where ¢ = \/1 - 2D, + Ei + 2%3;, and

% = " = (Ta s ) = To (x%,5%)) | < Oa |0 — 2], (3.10)

where 6, = /1 - 218, + 21203 + u2a2. According to (3.7), (3.8), (3.9) and (3.10), we ob-
tain that

lyn =5 = @ =B2) [0 = 5[ + Bub5 7~ 57|
+ b,0 ||xn —x* || + b,0, ||x,, —x* ||

< (U=by)|a, -« + A= b)) |2 -y

+b,05 Hy,, —y* || + D, (04 + 65) ||x,, —x*|, (3.11)
that is,

(1= b465) [ yn = 5" | = W= bi) [ x* = y* || + [1 = b + bu(Bs + 66) ] |0 — x| (312)
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By conditions (1), (4) and (5), we have

1 1
=

1-b,65 — 1-65

and 1-b,+b,(04 +0¢) <64 + 6. (3.13)

Substituting (3.13) into (3.12), we have

1-b

* n * * 94+96 X
I P e s e 619
According (3.6) and (3.14), for n > 1, we have
61 +63)(04 + 6,
s 1 = [1-an(1-00 - ORI
— 05
(61 + 63) . s
+ay, 10, 1= by)|x* -5
- [l_ﬂn<1_92_w>}”xn_x*“
1-65
6, + 6
+ (11 +93) (1 - by) |« - 5" (3.15)
—0s

From conditions (1), (2), (3) and (6), we get

ﬂn<l g, B+ OO v 96)) con,  Ya (1 g, G40 +96)) .
n=1

1—95 1_95
and
00
(61 + 65) .
;ﬁ(l—bn)ux -y ||<OO.

The conditions in Lemma 2.2 are satisfied, then ||x, — x*|| — 0 (as n — 00), i.e., x,, — x*
(as n — 00).

On the one hand, from condition (3) we know that 1 - b, — 0 (as n — 00). On the other
hand, from (3.14) and the result that x,, — x* (as n — o0), we can get ||y, — y*|| = O (as
n— 00), i.e., y, — y* (as n — 00).

This completes the proof of Theorem 3.1. d

When g =g, =1, i =f> = I, then we have 6, = 65 = 0, 05 = 6 = 0, respectively. And from
Theorem 3.1 we can get the following results immediately.

Corollary 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T;: C x C — H be a relaxed (y;, 8;)-cocoercive and o;-Lipschitz continuous mapping in the
firstvariable,and letf; : C — H be a relaxed (7j;, p;)-cocoercive and ;-Lipschitz continuous
mapping for each i = 1,2. Suppose that (x*,y*) € C x C is a solution to problem (1.3). For
any (x9,90) € C x C, the sequences {x,} and {y,} are generated by

X1 = (L — ap)x, + anPC(fl(yn) - )\Tl()/n»xn)): n>0,

3.16
Yn = 1 =by)x, + anC(fZ(xn) - MTZ(xmyn)): n>1, ( )
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where X, & > 0 and the following conditions are satisfied:

(1) O<anb, <l () ) a=00 () Y (1-b))<oo;
n=0 n=1

(4-) 94, + 96 >1; (5) 0< (91 + 93)(94 + 96) <1;

where

6, = \/1 — A8 +2Apad + A2a?, O = \/1 —2p, + B + 20, By,

04 = \/1 —2U8y + 2uynad + pla3, O = \/1 -2, + E; + 252%.
Then the sequences {x,} and {y,} converge strongly to x* and y*, respectively.

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T;: C x C — H be a relaxed (y;, 8;)-cocoercive and o;-Lipschitz continuous mapping in the
firstvariable, and let g; : C — C be a relaxed (n;, p;)-cocoercive and B;-Lipschitz continuous
mapping for each i = 1,2. Suppose that (x*,y*) € C x C is a solution to problem (1.4). For
any (x9,90) € C x C, the sequences {x,} and {y,} are generated by

lyy = (1 - dn)xn + ﬂn(xn _gl(xn) + PC(yn - )\Tl(yn:xn))): n= 0,
KXn+l = PCtn+1r n>0,

Zn = Yn =& Wn) + Pc(tn — uTo(xn, ), n=1,

Yn = (1 - bn)xn + anCZny n>1,

(3.17)

where X, it > 0 and the following conditions are satisfied:

[o¢] [o¢]

(1) 0<anb,<l; () Y a,=00  (3) Y (1-b,)<oc;
n=0 n=1

(4) 0<6,65<1; (5) 6.>1; (6) 0<0:10,4 <(1-6)(1-065);

where

0 = \/1 —2A81 + 2Apad + A2a2, 0o = \/1 —2p1 + B2 +2m B2,

94=\/1—2/L82+2/,L]/20[%+/L2a%, 95=\/1—2p2+,322+2772,322.
Then the sequences {x,} and {y,} converge strongly to x* and y*, respectively.

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T;: C x C — H be a relaxed (y;, 8;)-cocoercive and o;-Lipschitz continuous mapping in the
first variable for each i = 1,2. Suppose that (x*,y*) € C x C is a solution to problem (1.5).
For any (x0,%0) € C x C, the sequences {x,} and {y,} are generated by

X1 = (L= ap)x, + anPC(y;q - )‘-Tl()’mxn))’ n>0,

3.18
Yn = (1= by)xy + by Pc(x, - MTZ(xn:yn)): n>1, ( )
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where X, & > 0 and the following conditions are satisfied:

(1) 0<anb,<l; () Y ay=00  (3) Y (1-b,)<oc;
n=0 n=1

(4‘) 04 >1; (5) 0<6104<1;

where

6, = \/1 —2M81 + 2Apaf + A2a2, 04 = \/1 — 28y + 203 + plas.
Then the sequences {x,} and {y,} converge strongly to x* and y*, respectively.

Corollary 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let T; :
C — H be a relaxed (y;, 8;)-cocoercive and o;-Lipschitz continuous mapping, let g;: C — C
be a relaxed (n;, p;)-cocoercive and B;-Lipschitz continuous mapping, and let f; : C — H be
a relaxed (7j;, p;)-cocoercive and B -Lipschitz continuous mapping for each i = 1,2. Suppose
that (x*,y*) € C x C is a solution to problem (1.6). For any (xy,y0) € C x C, the sequences
{x,} and {y,} are generated by

tu1 = (L= @n)xy + an(x, — g1(x0) + Pc(i(n) = ATh(ya))), n =0,
%41 = Pctyy, n>0,

Zn = Yn — &) + Pc(falxn) — nTa(x,)), n>1,

Yn =1 =bu)xy + b,Pczy, n>1,

(3.19)

where X, it > 0 and the following conditions are satisfied:

(1) 0<anb,<l; () Y a,=00  (3) Y (1-b,)<oq;
n=0 n=1

(4) 0<6,05<1; (5) Oa+6s>1;

(6) 0< (01 +63)(0a+06) < (1—6)(1-65);

where

6= \/1-206, + a0 + 2202, 6y =\[1-201+ B2+ 2miBL,

05 = \/1 —2p; + Ef + 2ﬁlﬁf, 04 = \/1 —2u8y + 2uyr0s + ula3,

I )
05 = \/1 200 + B3 + 20282, B¢ = \/1 — 20, + By + 27,8,
Then the sequences {x,} and {y,} converge strongly to x* and y*, respectively.
Corollary 3.5 Let C be a nonempty closed convex subset of a real Hilbert space H. Let

T;: C — H be a relaxed (y;,5;)-cocoercive and a;-Lipschitz continuous mapping for each
i =1,2. Suppose that (x*,y*) € C x C is a solution to problem (1.7). For any (x9,0) € C x C,
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the sequences {x,} and {y,} are generated by

Xn+l = (1 - ﬂn)xn + unPC(yn - )"Tl()/n)): n=> 0’

3.20
Yn = (1 - bn)xn + anC(xn - MT2(xn)): n>1, ( )

where A, 1 > 0 and the following conditions are satisfied:
o0 o0
M) O<anb, <l () Y an=00  (3) D (1-by)<oo;
n=0 n=1

(4‘) 04 >1; (5) 0<6104 <1

where

6, = \/1 — 2481 + 2Aniaf + A2, Oy = \/1 — 28y + 2 yn0a3 + u2as.
Then the sequences {x,} and {y,} converge strongly to x* and y*, respectively.
For i =0, b, =1 in Corollary 3.3, we arrive at the following result.
Corollary 3.6 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T, :C x C— H be a relaxed (y1,81)-cocoercive and o -Lipschitz continuous mapping in
the first variable. Suppose that x* € C is a solution to problem (1.8). For any xo € C, the
sequence {x,} is generated by

Xn+l = (1 - an)xn + ﬂnPC(xn - )\Tl(xmxn))r n= O; (321)

where A > 0 and the following conditions are satisfied:
oo
(1) 0<a,<L; (2 > as=o00; (3) 0<bi<l
n=0

where

6 = \/1 —2M81 + 2Ap1af + 220l

Then the sequence {x,} converges strongly to x*.
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