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1 Introduction

The subject of fractional calculus has gained considerable popularity during the past
decades, due mainly to its frequent appearance in a variety of different areas such as
physics, aerodynamics, polymer rheology, etc. (see [1-3]). Many methods have been intro-
duced for solving fractional differential equations (FDEs for short in the remaining), such
as the Laplace transform method, the iteration method, the Fourier transform method,
etc. (see [4]).

Recently, there have been many works related to the existence of solutions for multipoint
boundary value problems (BVPs for short in the remaining) at nonresonance of FDEs (see
[5-11]). Motivated by the above articles and recent studies on FDEs (see [12-19]), we con-
sider the existence of solutions for a nonlinear fractional multipoint BVPs at resonance in
this article.

In [16], Zhang and Bai considered the following fractional three-point boundary value
problems at resonance:

DE,u(t) = f (6, u(®), D" Vu(t), ..., D ult)) + e(t), 0<t<l,
I72u(0) = D" Vu(0) = - =DE2u(0) =0,  u(l) =ouln),

where n > 2 is a natural number; n—1 < @ < nisareal number; D§, and I§j, are the standard
Riemann-Liouville derivative and integral respectively; f : [0,1] x R” = R is continuous;
e(t) € L[0,1]; 0 € (0, +00), n € (0,1) are given constants such that 6 7% = 1. In their article,
they made the operator Lu = D§, u and got dimKer L = 1. In [17], Bai discussed fractional
m-point boundary value problems at resonance with the case of dimKer L = 1.

In 2010, Bai and Jiang studied the fractional differential equation of boundary value
problems at resonance with the case of dimKerL = 2 respectively (see [18, 19]), and we
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can see that they obtained the results by the assumption that a specific algebraic expres-
sion is not equal to zero; for example,

1 Tl (x-1) N aen 1 alr(a) 20-1
R= T TeaoD) [I_Z’”’ } a—1" [ Za’ }

i=1

is referred to as a condition in [18]. We will show that the assumption like above R # 0 is
not necessary.

In this article, we will use the coincidence degree theory to study the existence of solu-
tions for a nonlinear FDEs at resonance which is given by

Dy, u(?) :f(t, u(t), Dy, Lu(), Dy 2u(t)) 0<t<l, (1.1)

with boundary conditions

Bu(t)li0=0,  Dg7'u(l) = Za DS u(E),
. (1.2)
D§u(l) = Y biDulny),

i=1

where2 <@ <3;0<& <+ <&, <;0<m< - <nu<lia,b; R f:[0,1] x R¥—R
with satisfying Carathéodory conditions; Dfj, and I§, are the standard Riemann-Liouville
fractional derivative and fractional integral respectively.

BVPs (1.1)-(1.2) being at resonance means that the associated linear homogeneous equa-
tion D?, u(t) = 0 with boundary conditions (1.2) has u(t) = at®*! + bt*~? as a nontrivial
solution, where 0 <t <1, a,b € R.

We will always suppose that the following conditions hold:

ZdiZI, ibﬂ)iZI, ibi:l' (C)
i i=1 i=1

The rest of this article is organized as follows: In Section 2, we give some definitions,
lemmas and notations. In Section 3, we establish theorems of existence result for BVPs
(1.1)-(1.2). In Section 4, we give an example to illustrate our result.

2 Preliminaries
We present here some necessary basic knowledge and definitions of the fractional calculus
theory, which can be found in [1-3].

Definition 2.1 The Riemann-Liouville fractional integral of order « > 0 of a function y :
(0,00) — R is given by

Ig,y(t) = / (t—5)*"y(s) ds,

(@)

where I'(+) is the Gamma function, provided the right side is pointwise defined on (0, 00).
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Definition 2.2 The Riemann-Liouville fractional derivative of order « > 0 of a function

y:(0,00) — Ris given by

" 1 AN )
Do.y(8) = F(n—ot)(dt) /0 TR

where 7 = [«] + 1, provided the right side is pointwise defined on (0, 00).

Definition 2.3 ([18]) We say that the map f : [0,1] x R” — R satisfies Carathéodory con-
ditions with respect to L[0, 1] if the following conditions are satisfied:
(i) for each z € R”, the mapping ¢ — f(t,z) is Lebesgue measurable;
(ii) for almost every ¢ € [0,1], the mapping ¢ — f (¢, 2) is continuous on R”;
(iii) for each E > 0, there exists a pr € L[0,1] such that, for a.e. £ € [0,1] and every
|u| < E, we have f (¢, u) < pg(2).

Lemma 2.4 ([2]) Assume y(t) € C[0,1] N L[0,1], 0 < B < a, then D5, IS y(t) = [P y(¢).
And, for all « > 0, B > -1, we have that

]g+ P = Mﬂ“ﬂ’ Dng P =

rp+1) fat
T T(a+p+1) ’

r-a+l)

Lemma 2.5 ([2]) Leta >0, n = [a] +1 and assume that y, D§.y € L(0,1), then the following
equality holds almost everywhere on [0, 1],

n

(IngDngy) (t) :J’(t) - Z

i=1

(5 9)(0)" " |1=0 poci
Mo —-i+1) ’

Now, we briefly recall some notations and an abstract existence result, which can be
found in [20]. Let Y, Z be real Banach spaces, L :domL C Y + Z be a Fredholm map of

index zero,and P: Y — Y, Q: Z +— Z be continuous projectors such that
ImP=KerlL, KerQ=1ImL, Y =KerL & Ker P, Z=ImQ&ImL.

It follows that L|gomznkerp : dom L N Ker P+ Im L is invertible. We denote the inverse by
K,. If Q is an open bounded subset of Y such that domL N Q2 # &, the map N : Y = Z will
be called L-compact on 2 if QN(S2) is bounded and K,(I-Q)N: Q> Y is compact.

Lemma 2.6 ([20]) Let L be a Fredholm operator of index zero and N be L-compact on Q.
The equation Lx = Nx has at least one solution in dom L N Q if the following conditions are
satisfied:
(i) Lx # ANx for each (x,)) € [domL \ KerL N d€2] x [0,1];
(i) Nx ¢ ImL for each x € Ker L N9
(iii) deg(JQN|kerz, KerL N 2,0) #0,
where Q : Z — Z is a projection such that KerQ =ImL and ] : Im Q +— KerL is a any iso-

morphism.

In this article, we use the Banach space C[0,1] with the norm ||#|| o = max;ejo |u(2)].
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Lemma 2.7 ([16]) Given > 0and N =[p]+1, foranyx € C[0,1],¢c; e R(i=1,2,...,N-1),

we can define a Banach space

CH0,1] = {u(®)|u(t) = I x(t) + a1t" " + cot" 2 + -+ enat" N e e (0,1)),
with the norm defined by |ullcn = |Dfyettlloo + - + [ Ds N Vttllog + 4]l .
Lemma 2.8 ([16]) E C C*[0,1] is a sequentially compact set if and only if E is uniformly
bounded and equicontinuous. Here, a uniform bound means that there exists a constant
M > 0 with each u € E, such that

lullen = | Dlyu  + -+ | Doy ™ Vu|  + llulloo < M,

and equicontinuation means that there exists a § > 0 with |t — t] < 8 for any t1,t; € [0,1],
u € E and ¢ > 0, such that

|u(t1) - u(t2)| <&, |Dg:iu(t1) —Dg;iu(t2)| <e (i=12,...,N-1).

In this article, let Z = L[0,1] with the norm ||y||; = fol ly(s)] ds and Y = C*71[0,1] with the
norm [lully = |D% tlloo + IDE72 1|0 + ||tt]l o Define the operator L:domLNY > Z by

Lu=D%u, (2.1)

where domL = {u € C*7'[0,1]|D%, u € Z, u satisfies (1.2)}. Define the operator N : Y > Z
by

Nu(t) = f (¢, u(e), Dy, u(t), Dy 2u(t)),  Vte[0,1]. (2:2)
Thus, BVP (1.1) can be written as Lu = Nu for each u € dom L.
3 Main results

First, let us introduce the following notations for convenience, with setting p € {1,2,...,m—
l}andge Z* withg>p+1,

Aq:= p(p+1)< Zb,f*) Aq = o 1)( Zb,nl>
! 1—iaig?’ , A4::L Za“g‘ql
p o -1

1 1

A= AjAg — AgAs, L ,

144 24A3 w I(a)  Tla-1)
24— 5y 2 41
w:=2+ , =5+ + .
ra) ° T@) T(-1)

Then, let us make some assumptions which will be used throughout the article.
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(H1) There exist functions h(t), r(¢), s(¢), w(t),e(t) € L[0,1] and a constant 6 € [0,1) such
that for all (x,y,z) € R®, £ € [0,1],

f(t,2,9,2)| < K@) x| + r(8)ly] + 5(0) 2] + w(B)|2]” + e(2);

(H2) Forany u € domL, ¢ € [0,1], there exists a constant A > 0 such that if D& u(¢) > A,
then either

Az TlNM - A4 TQNM <0, or A2 TlNM - A4 TQNM > 0;

(H3) For any u € domL, t € [0,1], there exists a constant B > 0 such that if Dg:zu(t) > B,
then either

A1 TINM - A3 TzNu > O, or A1 Tllel - A3 TzNu <0.

Theorem 3.1 If conditions (C), (H1)-(H3) hold, then BVPs (1.1)-(1.2) have at least one so-
lution provided that p(||h||1 + |Ir|l1 + |Is]l1) < L.

In order to obtain our main result, we first present and prove Lemmas 3.2-3.8. Now, let
us define operators T;: Z +— Z (j = 1,2) as follows:

1 i §i
Tyx(t) = f x(s)ds— > a; / x(s)ds, Vte[0,1],
0 i=1 0

1 i i
Tyx(t) = / (1-s)x(s)ds— Y _ b; / (ni - s)x(s)ds, Ve [0,1].
0 i1 0

Lemma 3.2 If condition (C) holds and L is defined by (2.1), then
KerL = {at*" + bt**|a,b € R}, ImL={xeZ|Tx=0,j=1,2}.
Proof By (2.1) and Lemma 2.5, Dj, u(£) = 0 has a solution

M(t) _ Dgilu(t”t:O a—1 n Dgizu(t)h:o ) " Ig:au(t)lt:() -3
(@) IN'a-1) MNa-2)

Combining with the condition (1.2), we get Ker L = {at*™! + bt*2|a,b € R} = R%.
Suppose Vx € Im L, then there exists # € dom L such thatx = Ly, i.e., u € Y, x = D§, u. By
Lemma 2.5, we have

Dgllu(t)h:o a1 D‘éf"u(t)ltm a2 ISI“u(t)|t=o w3

I, x(8) = ult) - =53 M(a—1) (e -2)

Then in view of condition (C), (1.2) and Lemma 2.4, x satisfies

' ds 3 " ds=0
/Ox<s) —;aifo x(s)ds = 0,

1 S (3.)
/0 (1 -s)x(s)ds — ;bi /0 (n; — s)x(s)ds = 0.

Page 5 of 14
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On the other hand, suppose Vx € Z and it satisfies (3.1), let u(t) = I§, x(¢), then u € dom L,

D§, u(t) = x(t), i.e., x € Im L. Therefore, we obtain that

ImL={xeZ|Tx=0,j=1,2}.

Lemma 3.3 If condition (C) holds, then there exist two constants q € Z* and p €

{1,2,...,m—1} with q > p + 1 such that A #0.

Proof From ) ", a; = 1, we obtain that for any nonnegative integer /, there exists k; —1 €
{lm+1,...,(I+1)m} such that 7, a,£"™" #1.1f else, we obtain that Y7 a;& ™" =1,k —1 =

0,lm+1,...,(Il+1)m.
If [ = 0, we have

1 1
& &
&" &

It is equal to

1-&
&H(1-&)

E§1-&) &7 (1-&)

Since the determinant of coefficients is not equal to zero, we have that a; = 0 (i =

&(1-&)

1 a;
Em ay ~
&n/ \am 1
1- (’:"2 1- gm a
Sm(l - Sm) ay

1,2,...,m), which is a contradiction to condition (C).

Ifl e Z*, we get

1 1

Im+1 Im+1
1 3

Im+m

Im+m
1 2

Similarly, we can deduce that the determinant of coefficients is not equal to zero, so we

havethata; =0 (i =1,2,...,m), whichis a contradiction to condition (C). Thus, there exists

1 a;
Im+1
&t as
g_—lm+m a 1
m m

ki—=1e{lm+1,...,(I + 1)m} such that > 7", aiéikl_l #1.
Similarly, from Y, b; = Y, bin; = 1, we have that there exists a constant p € {1,2,...,

m — 1} such that

m
> bl A1
i=1
Let

S::(k;—l)eZ+

@+ DA -7 b1 - Y0 @il

Ent1=6n)) \am

k-7 ﬂtgikl_l)

m
=1- Zbﬂ’]‘
i=1

p+l
i 7

d

(3.2)

Page 6 of 14


http://www.boundaryvalueproblems.com/content/2012/1/65

Xu et al. Boundary Value Problems 2012, 2012:65
http://www.boundaryvalueproblems.com/content/2012/1/65

we shall prove that S is a finite set. If else, there exists a strict increasing sequence {k;,}0°,
such that

ki m
(10 + 1)(1 - Zlnil biZil )(lk__li::zl ﬂisf) -1- Z binfﬂ-
kln(l - Zi:l aigi n ) i=1

Since Y7, b’ #1, we have 37, a;&” #1. Thus,

m 1)(1 - m bi lfln 1— m iga
T T S A Cap WAL i DELL DY
i=1

kip—+00 kln(l _ Z;’Zl aisikln_l)

which is a contradiction to (3.2). Therefore, there exists two constants p € {1,2,...,m — 1}
and g € Z* with ¢ > p + 1 such that A #0. O

Lemma 3.4 If the condition (C) holds and L is defined by (2.1), then L is a Fredholm op-

erator of index zero. Define the linear operator K, : Im L — dom L N Ker P with Kpx = I§, x,

then it is the inverse of L. Furthermore, we have
1Kpxlly < ol
Proof Foreachp € {1,2,...,m—1}and g € Z* with g > p +1, define operator Q: Z — Z by
Qu(t) = (Qux(®)) ™ + (Qux(1))t?%, Vee[0,1], (3.3)
where
1 1
QNC(t) = X [—Az Tlx(t) + A4 sz(t)], sz(t) = X [A1 Tlx(t) - A3 sz(t)] (34)

It is clear that dimIm Q; = 2. It follows from (3.4), the definition of 7} and T, that

Q((Qwe™) = %[—Ale((le)tP‘l) + AsTo((Qu) )]
. (3.5)
= [-A2A3(Q%) + A1 AL(Q)] = Qux,
similarly, we can derive that
Qi ((Q¥)t17%) =0, Q((Qwe ) =0, Q2((Qux)t77?) = Quax. (3.6)

Hence, for each x € Z and ¢ € [0, 1], it follows from the (3.3)-(3.6) that

Q*x = Qu[(Qu) ™ + ()t ]t + Qo (Qu) ™ + (Qux)t472] 117>
= (Qu)& " + (Qax)t?™* = Qx.

Furthermore, Q is a continuous linear projector.

Page 7 of 14
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For each x € Im L, we have Qx = 0, i.e., x € Ker Q. On the other hand, for each x € Ker Q,
we have that

—A2T1x + A4T2x =0,
Al Tlx - A3 T2x =0.

However, the determinant of coefficients is as follows

then we have Tjx =0 (j=1,2), i.e.,, x € ImL. Thus, KerQ =ImL.

Take any x € Z in the type x = (x — Qx) + Qux, obviously, x — Qx € KerQ=ImL and Qx €
ImQ, so Z =ImL +ImQ. For any x € ImL NIm Q with x = at’~! + bt42, by Lemma 3.2, we
have

1 &
/ (czs”’1 + bsq’2) ds— Z‘li / (asp’1 + bsq’z) ds =0,
0 0

i=1

1 m i
/ 1-59) (asl’"1 + bsq_z) ds — Z b; / (n; — s)(ozs‘”'1 + bsq_z) ds =0.
0 P} 0

That is,

al; +bAy =0,
ﬂA] + bA2 =0,

but the determinant of coefficients is as follows

As Ay

=-A#0,
A1 Ay ?

we can deduce that a = b = 0. Hence, ImL N Im Q = 0. Furthermore, we get Z = ImL &
Im Q. Therefore, dimKer L = dimIm Q = codimIm L = 2, which means that L is a Fredholm
operator of index zero.

Let operator P: Y +— Y and

D?)‘Ilu(t)lz=o a-1 D‘S?M(ﬂl:::o )

Pu(t) = ) + Fa-1) t*%, Vtel0o,1]. (3.7)

It is easy to calculate that Pu(t) = P*u(t); furthermore, P is a continuous linear projector.

Obviously
KerP = {u € Y|D§;'u(0) = D, >u(0) = 0}.
It is clear that Y = Ker L @ Ker P.

For any x € Im L, in view of the definition of operators Kp and L, we have LKpx = LI§, x =
Dg,I¢, x = x. On the other hand, if # € domL N Ker P, we have D;'u(0) = D&;?u(0) = 0,
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u € dom L. Therefore, by Lemma 2.5 and definitions of operators K, and L, we know that
(KyL)u = u, which implies that K, = [L|dgom znKer Pl L By the definition of K, we have
1 t 1
Kx(t) =I5, x(t) = —— t—s)*" ds, VxelImlL.
x(t) = Iy, x(t) F(a)/o (t—95)*"x(s)ds x € Im
It follows from Lemma 2.4 that
t t
D‘(’,‘Il(pr)(t) = / (t — s)x(s) ds, D‘(’)‘Iz(pr)(t) = / x(s) ds.
0 0

Then, we have

1
1Kpieloo < s Ml IDg K)o < llxll, [ D520 < lxlh
By the definition of the norm in space Y, we get ||K,x|ly < w|lx||;. a

Lemma 3.5 Assume Q C Y is an open bounded subset such that domL N Q # @, and N is
defined by (2.2), then N is L-compact on Q.

Proof Inorder to prove N is L-compact, we only need to prove that QN (2) is bounded and
K,(I-Q)N(u): Q > Y is compact. Since the function f satisfies Carathéodory conditions
and u € Q, for each E > 0, there exists a px(t) € L[0,1] such that, for a.e. £ € [0,1] and every
|u| < E, we have f < pg. By the definition of operators Q and K}, on the interval [0,1], it
is easy to get that QN(Q) and K,(I - QN () are bounded. Thus, there exists a constant
r > 0 with each ¢ € [0,1], such that |QNu(f)| <r.
Forall0<f<f, <1,2<a <3, uc,wehave

|Kp(I = Q)Nu(ts) — K,(I — Q)Nu(ty)|

= /0 1 [(tz - s)"“l —(t - S)a_l](l _ Q)Nu(s)ds

+ /tz (£, — 8)* (I = Q)Nu(s)ds

1
<
~ ')

+/2(t2—s)"“1(r+ |,05(s)|)ds}

{ /0 [t =9 = (6= "]+ |x(s)]) ds

! N -1 " a-1 r @
< m{/o ’pE(S)|(t2—S) ds—/0 |pE(s)|(t1—S) ds} + m(tz ‘t1)’

and

|D* K, (I = QNu(t;) - D* 'K, (I - Q)Nu(t))|

/tz (I — Q)Nu(s)ds — /tl (I — Q)Nu(s) ds
0 0

<re-t)+ [ lpeo)]ds

4
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Since t* is uniformly continuous on [0,1] and pg(f) € L[0,1], so K,(I — Q)N(R) and
D"“le(I — Q)N() are equicontinuous. By Lemma 2.8, we get that K,I-QN:YYis

completely continuous. O

Lemma 3.6 Suppose (H1)-(H3) hold, then the set 2, = {u € dom L\ KerL : Lu = ANu, A €
[0,1]} is bounded.

Proof Taking any u € ;, then we have Lu = ANu, which yields A # 0 and Nu € ImL =
KerQ, i.e., QNu = 0 forall ¢ € [0,1]. It follows from (H2) and (H3) that there exists ¢y € [0,1]
such that |Dg; u(to)| + |DE*u(ty)| < A + B. Then we can get that

t
Dg‘;lu(t):DgIIu(to)+/ D{, u(s)ds,
to

t
D u(t) = DI ulty) + / D u(s) ds.
to

Furthermore, we have that, with setting M = A + B,

|06, u(0)] < | D5 ()], = D5 ulto)] + [ DF, u,

(3.8)
<M+ |[Lull <M + |Nuls,
D u(0)| = | D52 u®)|, < | Do ulto)| + | D5
< |D§Pulto)| + | DG ulto)| + || DF, ul), (3.9)

<M+ || Lully <M + |Nul.
By (3.7)-(3.9) and Lemma 2.4, we have that
[1Pully < (M + |[Nully).

As before, for any u € Q;, we have (I — P)(#) € domL N KerP and LP(u) = 0. From

Lemma 3.4 and for each A € (0,1], we can get
| =P, = [ KLU - P @) = [Ky(La)] , < lINuls-
Furthermore, we have
lully < | =P)@)|, +||P@)|, < plINully + uM.
By (H1) and the definition of N, we have
leelly < p{IBNeloo + 1Pl [ D3 0] sl | D520, + lwila | D§;2u)2, + D],

where D = |lell; + uM/p. Since max{||ulloc, IDG; telloo, 1DG;*ulloc} < llully and p(llAll1 +
[Ir]l1 + |Isll1) < 1 hold true, we can get that

ll]loo < L[nrnl |08 ul|  + st | D& 2ul  + Iwll | D3 2w, + D],
1-pllkl;
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which yield that

i} p i} i}
105wl < m[”sﬂlﬂD&zu”m +wlh | Dg;%u|”, + D).

Furthermore, from the previous inequalities, we know that

Da—Z < )0 Dot—Z 0 D .
1265w = T = o= pisty 112827 + D)

Since 6 € [0,1), there exist constants 1y, m5, m3 > 0 such that
_2 -1
|D6ul g = m, DG = o < ms.
Therefore, 2; is bounded. O

Lemma 3.7 Suppose (H2) and (H3) hold, then the set Q; = {u € KerL : Nu € ImL} is
bounded.

Proof For any u € Q, and a,b € R, then u(t) = at*' + bt*~? and QNu = 0. By (H2),
we get that [Dg'u(t)| = |al'(«)] < A, then we have |a| < A/T'(«). By (H3), we have that
ID%2u(t)| = |atT (o) + bT(a — 1)] < B, thus |b| < (B + A)/T'(a — 1). Therefore, Q2 is
bounded. O

Lemma 3.8 If the first parts of (H2) and (H3) hold, then the set Q3 = {u € KerL : ] u +
(1-X)QNu =0, € [0,11} is bounded.

Proof Taking any u € Q3 and a,b € R, we have u(¢) = at*' + bt®2, For all ¢t € [0,1], we
define the isomorphism J~' : Ker L — Im Q by

2 2
a b
J N at* ™ + bt ) = — 7 — 112,
A A

By the definition of the set 23, we can get that

ra® + (1= M)[-AxTiN (at*™" + bt*2) + Ay ToN (at*™ + bt~2) | = 0, (3.10)
M2+ (1= W[ A TiN (at*~ + bte=2) — A ToN (a2~ + bee2)] = 0. '
If A = 0, we have

TiN(at*™ +bt*?) =0, ToN(at™" +bt*?) = 0.

By the first parts of (H2) and (H3), similar to the proof of Lemma 3.7, then

al < A b] < B+A
al < —, .
~ I'a) T I(a-1)

Therefore, Q23 is bounded.
IfA=1,wehavea=5b6=0.
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If 0 <A <1, we get that [D*!u(t)] < A and |D*2u(t)] < B, similar to the proof of
Lemma 3.7, Q3 is bounded. If else, we have that Ay T1Nu — AyToNu < 0 and A1 T1Nu —
A3T>Nu > 0. It contradicts (3.10), thus 23 is bounded. O

Remark 3.9 If the other parts of (H2) and (H3) hold, then the set Q23 = {u € KerL :
M+ (1 =X1)QNu =0,x € [0,1]} is bounded.

Now with Lemmas 3.2-3.8 in hands, we can begin to prove our main result - Theo-

rem 3.1.

Proof of Theorem 3.1 Assume that © is a bounded open set of ¥ with | J, 2 c Q. By
Lemma 3.5, N is L-compact on Q. Then by Lemmas 3.6 and 3.7, we have
(i) Lu # ANu for every (4, 1) € [domL \ Ker L N3] x [0,1];
(ii) Nu ¢ ImL for every u € KerL N9<.
Finally, we will prove that (iii) of Lemma 2.6 is satisfied. We let I as the identity operator
in the Banach space Y and H (i, ) = £AJ () + (1 - A)QN (1), according to Lemma 3.8 (or
Remark 3.9) we know that for all u € 92 N KerL, H(u, 1) # 0. By the homotopic property

of degree, we have

deg(JQN |kerr, Ker L N Q,0) = deg(H(:,0),Ker L N ,0)
= deg(H(-,1),KerL N ©,0)

= deg(+I,KerL N 2,0) #0,

so (iii) of Lemma 2.6 is satisfied.
Consequently, by Lemma 2.6, the equation Lu = Nu has at least one solution in dom L N
Q. Namely, BVPs (1.1)-(1.2) have at least one solution in the space Y. O

According to Theorem 3.1, we have the following corollary.

Corollary 3.10 Suppose that (H1) is replaced by the following condition,
(H4) there exist functions h(t),r(t),s(t), w(t),e(t) € L[0,1] and a constant 6 € [0,1) such
that for all (x,y,z) € R3, t € [0,1],

Ift,x,9,2)| < h(&)|x] + O]yl + s@)lz] + w@) |yl + e(2),
or
If(t,%,9,2)| < h(e)|x] + r(©)]yl +s(®)lz] + w(B)]x|” +e(?),

and the others in Theorem 3.1 are not changed, then BVPs (1.1)-(1.2) have at least one so-

lution.
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4 An example

Example Consider the following boundary value problem for all ¢ € (0,1):

8 3 .1
D%u(t) _ 7u(t) ) 9D, u(t) . Dy, u(t) 3sin7 u(z)
200 500 60 80
2 8 8 1 3 8 1
I, u(0)=0 Dy, u(1) = —D05+u<§> + gD05+u<E>,

’ 5
3 3 1 3 1
D8+M(1) = —6DS+M(§> + 7D8+u<z>.

Let « =13/5, and a; = 2/5, & =1/3, ay = 3/5, & =1/2, by
1/4. We can get that the condition (C) holds, i.e., Z 14 =
Moreover,

9 1 3 .,

*500” 607 30"

f(t,x,9,2) = x+cos’t+1.

200

Thus, we have

6%39)| = 5ol + oyl + olel + el +
Pz —200 500 60 80

+cos?t+1,

(4.1)

:—6 7]121/8 b2=7 Ny =
1 Ztlblnl_l leb =1

Taking & = 7/200, r = 9/500, s = 1/60, w = 3/80, e = 2, A; = (1 - Zil bin?)12, Ay =

(1- Ziz:l bin?)/2, Az =1 - Zil ai&i, Ay =1- Zil ai&;, |

=3 + I'"1(13/5) + I'"(8/5),

w=2+T71(13/5), p =5+ 2I'"}(13/5) + I'"}(8/5), we can calculate that (H1)-(H3) hold.

Furthermore, we can get

p(Illly + lI7lly + lIsli) = 0.52754.

By Corollary 3.10, the BVP (4.1) has at least one solution in C*¥°[0,1].
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