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Abstract

In this article, an elliptic equation, which type degenerates (either weakly or strongly)
at the axis of a 3-dimensional cylinder, is considered. The statement of a Dirichlet type
problem in the class of smooth functions is given and, subject to the type of
degeneracy, the exact classical solutions are obtained. The uniqueness of the
solutions is proved and the continuity of the solutions on the line of degeneracy is
discussed.
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1 Introduction and statement of the problem

We consider the equation

Uy + P Au—cu=0, a>0, 1)

22 .
a2 T I8 Laplace’s

in the cylinder Q = {x? + y? < R2,0 <z < H}. Here r = \/x2 + 32, A =
operator, ¢ > 0 is a real constant.

Evidently, equation (1) is elliptic outside of the line r = 0 and its type degenerates at
this line, i.e., at the axis of cylinder Q. Since the parameter o > 0 is undetermined, the
degeneracy can be either regular (o« < 1) or irregular (« > 1). The Dirichlet type problems
for the elliptic systems, which are irregularly degenerate at the inner point of a considered
domain, are developed, e.g., in [1-3]. It is advisable to mention the work [4—6] related with
the subject of this article, too.

In comparison with the degeneracy of elliptic equations at an inner point, the main dif-
ficulty in the consideration of the Dirichlet problem to equation (1) is related with the
formulation of the boundary value conditions on the bases of cylinder Q, to be precise,
with the behavior of boundary functions at the points Py(0,0,0) and Py(0,0, H) in which
the line of degeneracy crosses the bases of cylinder Q. The Dirichlet problem to some par-
ticular cases of equation (1) are considered in [7] (the cases when & =1 and 1/2) and in [8].
However, here is discussed only the case of boundary value conditions when the boundary
functions are zero valued on the two bases of cylinder Q. In this paper, we consider the
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Dirichlet type problem to equation (1) with non-zero boundary value conditions on these
bases.

It is convenient to introduce the cylindrical coordinates r, ¢, z (|¢| < ) in which equa-
tion (1) takes the shape

Uzz + L(u) = 0, 2)
where
9?2 10 192
L(u):=r* e NP
orr  ror r?d¢?

(Here we denote a solution v(r, ¢, z) = u(r cos ¢, r sin ¢, z) of equation (2) by u(r, ¢, z) again.)

Let us to introduce the following notations: Qj is a cylindric ring Q\{0 <r <§ <R,0<
z<H}, S={lp| <m,0<z<H}, Disthedisc {r <R, |p| <m}, Ds is the ring D\{0 <r <4 <
R}, K is the circle {r =R, |p| < 7}, Q is the closure of any domain €. Routinely, we denote
by N the set of natural numbers and by Ny the set of non-negative integer numbers, and
by C!(R2) the class of functions of which the derivatives are continuous up to order / in any
domain .

Problem D1 Find the solution u(r, ¢, z) of equation (2) in the class of functions C2(Qg) N
C(Q\({r = 0}) (or, maybe, in the class C*(Qy) N C(Q)) which is bounded in Q and satisfies
the boundary value conditions

M(R) go,z) = 0' (QD»Z) € §: (3)

u(r, @, (i—-1H) = fi(r,9), =12, (4)

for (r, ) € Dy UK (or, maybe, for (r, ) € D), where f; are given continuous functions such
that

JiR,¢) =0. (5)

(Besides, we assume that f;(r, ¢), i = 1,2, are 27 -periodic in the ¢ functions.)

The aim of the present paper is to discuss the well-posedness of the functions f;, i = 1, 2,
in the vicinity of the points Py and Py, and to obtain the exact solutions of Problem D1
subject to the type of degeneracy of equation (2).

The Dirichlet problem

u(R,¢,z) = f(p,2), u(r,p,(i-1)H) =0, i=12, (6)
to equation (2) is treated in the class of functions C2(Qy) N C(Q) in [9]. Assuming that
function f is twice differentiable, here the representations of exact solutions of this prob-

lem are given in all cases of the degeneracy of equation (2).

2 The spectrum properties of the operator L
We consider the following eigenvalues problem.
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EV-problem Find the solutions w(r, ; A) of equation
Lw)+iw=0, reR, (7)

in the class of functions C%(Dy) N C(D\{r = 0}) (or, maybe, in the class C*(Dy) N C(D))
satisfying the conditions

w(R, ;1) =0, |[w| <00 in Dy. 8)

Using the method of separate variables, we obtain the following partial solutions of equa-
tion (7):

cosme, m e Ny,
Py(r;A) <y . v 0
sinmp, meN,

where P,,(r; 1) is the solution of the Sturm-Liouville problem (in the following we call it
the SL-problem),

P +rP + [(A — )=o) _ mz]P =0, 9)

P(R) =0, |P(r)| <oo on (0,R]. (10)

Assume that @ < 1. If A > ¢, then equation (9) has only one bounded solution,

P(r;\) =] m (grl_"‘)

l-«

with the accuracy of a constant multiplier, whereas all other linear independent solutions
are unbounded at the point r = 0. (Here J,, is the Bessel function of the first kind [10].) Let
vun be the roots of the Bessel function ]ﬁ, ie. J% (¥mn) = 0, n € Ny. Choose the values

of parameter A by the definition
A=Apni=c+ yjm(l — )R, (11)

Then the corresponding solutions

1-o
Py (r) ::Pm(r;)\mn):]% <an<1%) ): n € Ny, (12)

of equation (9) are such that P,,,(R) = 0, obviously. Further, it follows from the properties
of the Bessel functions [10, 11], that

POn(O) = 1,

P(r) = <J/mn)1‘°‘ (%)m(l +0(r'™®)) >0 asr—0,meN.
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Hence, P,,,(r) are continuous on the interval [0, R] eigenfunctions of SL-problem (9), (10)

corresponding to their eigenvalues A,,,, n € Ny, defined by (11). Then

l-a
r cosmep, m € Ny,
m — X 13
]Hx (an (R) ) { sinmg, meN, (13)

are the eigenfunctions of EV-problem (7), (8) corresponding to eigenvalues A,,,, n € N.

In the case when « > 1, there exist two linearly independent solutions,

A —
PR k) =T (—Cr”), P(r;3) =Ny, (

—')“_C e ) (14)
oa-1

-1

of equation (9), which are bounded at the point r = 0 under condition A > c¢. (Here N, is
Bessel function of second kind or so called Neumann function [10].) Specifically, we have

the following asymptotic expansions [11]:

a- VA=
PD(r; 1) =Pm,\r71 cos(rlcrl"‘ - Z(ZTI) - %) 1+o0(r*™),

a- VA -
P2 (r; ) =I9mer1 sin( - 1crl’“ - 2(2;111) - %)(1 +0(r* ™)

as r — 0, where non-zero constant p,,; can be determine exactly. Thus, if ¢ >1 and A > c,

then the functions
P,u(r; 1) = P (R; M)PD (75 1) — PD(R; 1) PP (15 1) (15)
represent the eigenfunctions of SL-problem (9), (10), and, consequently,

cosmyp, m e Ny,

P (r;1) x { (16)

sinmp, meN,
are continuous in D eigenfunctions of EV-problem (7), (8) for each A € (c, +00). Thus, the
spectrum of this problem is non-discrete.

If o =1, then one can readily see that the eigenfunctions of SL-problem (9), (10) are of
the shape

R
sin(VA—c—mzln—), A>c+ml.
r

In this case, we obtain the following set of eigenfunctions of EV -problem (7), (8):

R b Nl
sin(x/k—c—mzln—)x{cosmw me o
r

sinmp, meN,

reE(c+ m?, +00). (17)

Thus, we have also continuous spectrum of EV-problem (7), (8).
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3 Expansion of functions by the eigenfunctions of EV-problem
We shall deal with the conditions under which a continuous function g(r, ¢), having pe-
riod 27 with respect to ¢, can be expressed in the eigenfunctions (13), (16) or (17) of EV-
problem (7), (8).

Let g and g—i € C(D). Then one can expand the function g(r, @) by uniformly and abso-
lutely convergence in the D Fourier series [12]

o]

g(r,p) = %uo(r) + ;(am(r) cos mg + by, (r) sinmg), (18)
where

am(r) | _ l T COoS mg m € Ny,

b,,(r) } o /_n &re) {sinmgo] de, me N, 19)

Note that, if we want have the expansion of the function g(r, ¢) by eigenfunctions of EV-
problem, it is sufficient to expand the coefficients a,,(r) and b,,(r) of the series (18) in the
eigenfunctions of SL-problem (9), (10).

Lemmal Let o < 1. Assume that

) — 0
gand ﬁ e C(D), 8_f € C(Dg UK), gR,9)=0 Vgel[-n,n], (20)
and
R
8 ’
/ g(ar DN dr<oo Voelomal. (20a)
0 r

Then the functions a,,(r) and b,,(r) can be expanded by the Fourier-Bessel series:
am(r 2| ap A\ m € Ny,
= Y mn| 5 ’ 21
bm(r)} g{bmn}jm (V (R> ) meN, @)
where

amn} _ 2(1- )R

bmn ﬂ]iﬂa+l(ymn)

R 1-a b
X / Jm <J/mn (1%) )rl_Z"‘ dr/ g(r, ) [c?s m@} do. (22)
0 - sinmg

These series converge uniformly and absolutely on each interval [5,R], 0 <8 < R.
If, besides (20),
0%g

g0,9)=0 Vgel[-m,n], 53 € C(Dy UK) (23)

and, in addition,

ag(r, ¢) oy 3°g(r, ¢) e
oy = O(r1 2 ), FrEa O(r 2 ) asr— 0 (23a)
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uniformly with respect to ¢, then the series (21) converges uniformly and absolutely on the
interval [0, R].

Proof We prove representation (21) for the function a,,(r). (This presentation for function
b,,(r) can be proved analogously.)
By the change of variables ¢ = (%), we introduce the function

A(t) = am(Rtﬁ).

Then, by virtue of (19),

1 (" 1 ("
a(t) = —/ g(Rtﬁ,go) cosmpdy = —/ g(r, @) cos me do;
) T J x

T

consequently,

cos me dg.

da, (1) R a/” ag(r, o)
& wl-a) ”

-

Note that a,,(1) = 0 and the function a,,(t) is continuous on the interval [0,1] (because
of (20)), and

/01 da,,,(t) & - l/OR

d
de T g

T :
/ Mcosmwdw
ar

1 T R
S—/ dw/
T J g 0

(by virtue of (20a)). These properties of the function a,,(t) are sufficient in order to expand

—ag(r,(p) dr<oo
ar

it on the each interval (8,1], 0 < § < 1, into a uniformly converging Fourier-Bessel series (see
[10], p.615, or [12], p.231, Theorem 2):

() =) amd . (Vo) m €N, (24)
n=0
where
2 1
Amn = 7 [ @m(O) . (Vunt)t dt
" ]24+1(an)-/0 SR
2 /1] ( t)tdt/jr (RtlL ) d (25)
s (Vo -2, ) cos mp do.
ﬂ]i%+1(ymn) o —ﬂg

Substituting into the obtained expressions ¢ = ()™

, by straightforward calculations, we

get under conditions (20), (20a) the representation of the function a,,(r) in the Fourier-

Bessel series (21) uniformly and absolutely converging on the interval (8, R], § = RS =
Let, in addition to (20), conditions (23) and (23a) hold. (Note that the first of conditions

(23a) implies (20a).) Then

da,(t)

~m0 =0,
am(0) &

=0() ast— 0,
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d2’*m t RZ(l—a) b4 82 .
an(t) = 2"‘f gr,¢) cos me do

2 d-a? ar?

R2(1—a) g :
+ ?1 “ o) rel /n % cosmpdp =0(1) ast— 0,
ie.,
. da,,(t) d2a,,(t)
am(o) = 0) dt -0 =Y, dtz <00, 0 <t S 1.

These additional conditions yield the uniformly and absolutely convergence of the series
(24) on the interval [0,1] (see [12], p.222, Theorem 3). Consequently, the series (21) of the
function a,,(r) converges uniformly and absolutely on the interval [0, R]. O

Lemma 2 Let o > 1. Assume that conditions (20), (20a) of Lemma 1 are satisfied and

R b4
/ ra dr/ |g(r,<p)| dy < o0. (26)
0 -7

Then the functions a,,(r) and b,,(r) can be represented on the interval [0, R] by the following
uniformly convergent integrals:

am(r)| [ JAn() i m € N,
bm(r)}‘/c {Bmu)}P’”(””dk’ men, &
where

Am(X) _1/“’ 1
BuW | 2Jc m(a-1)PR RN+ (PP (R; 1))

R
No,
x/ Po(r; M) r 2 dr / {C?smw}g(n(p)d@ e o (28)
0 —z | sin meN.

(Here functions Pﬁi), Pﬁﬁ) and P, are defined by (14) and (15).)

Proof Likewise as in Lemma 1, we prove representation (27) only for the function a,,(r).
Denote

rl—oz Rl -a

and introduce the function a} (¢) := a,, (((e —1)2) e ). Then

n(® : / o & ¢ | cos dp, tr<t<+o0
a g , me do, < s
" T J_, a-1

da,,(t) 1 a/” ag(r, )
_x or

= r
dt T

cos me do,

and

da* (¢ 1 /R 1 [ Rl 9g(r,
/ ay, () df = _/ dri_/ d€0/ g(rgo)d
tr dt T Jo T J_x 0 or

T g g
/ g(r.¢) cos me dg
_x Or
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due to the condition of (20a). Since a,(tz) = a,,(R) = 0 (because of g(R, ¢) = 0),

/mﬁ|a;(t)| de= /er__Qs_a|tlm(r)| dr
tp \/(X—l 0

L /R e /ﬂ (r, ) do|d
E— r r, Ccosm r
Tva—-1Jo 7ng v vew

1 R 1-3x T
— rz dr |g(r,<p)’d<p<oo
0 -

T

IA

(by virtue of condition of (26)), the function a, () can be expanded on the interval [z, 00)
by a uniformly convergent Weber-Orr integral (see [13], p.74),

0= [ AN 2 a0 100~ 2 N 2, a0

where

1

A =)0, (i) + Ny ()

x [ O ute) gy () =, )N e

173

Therefore, substituting & = v/A — ¢, A € (¢, +00), in the expressions of the functions a,(£)
and A} () obtained above, whereupon denoting

Al = 545,(V7 =0

and taking into account both definitions (14) and (15), we obtain
[o.¢]
)= [ AsOPAD B, TEDOR,
c

where

1

An(A) =
) 7 (o = )P (R; 1)) + (PR (R; 1))?

R
x/ ()P (r; ™2 dr,  m e Ny.
0

Putting equation (19) of the functions a,,(r) into the last equality we get equation (27).
Presentation (27) for the function b,,(r) is obtained analogously. O

Lemma 3 Let o =1 and let the assumptions of Lemma 2 hold. Then functions a,,(r) and
b (r) integrals uniformly convergent on the each interval [8,R], 0 < § < R can be represented
by the following:

“’”(r)} - /OO {“’“()‘)} sin(m1n 5) a, "o (29)
by (r) crm? | Bm(X) r meN,
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am(A)

— mg
lgm(k)} nzvk—c—m2/51n< —c—mzln—)—/_ gl ){smrmp}d(p'

Proof By the change of variable ¢ = In %, we introduce the functions a,,() := a,,(Re’). It is
easily seen that 4,,(0) = a,,(R) = 0. Further, just repeating the reasoning of Lemma 2, we
show that

/ooo|&m(t)|dt<oo, /Ow

Hence, we have the Fourier sine-expansion (see [12], p.190, or [14], p.71)

da,,(t)
de

‘dt<oo.

am(t) = / Ap(p)sinptdu, te[0,+00),
0
where
~ 2 © .
Au(p) = —/ a,,(t) sin wt dt.
T Jo
Then, by the substitution
w=vYuA)i=vA—c—m?, L€ (c+ m2,+oo),

we obtain

() = Gy (m?) - %fmz % 51n<ym(k)ln—> dr, re(0,R],

dr

2 R
Am(ym()‘)) = ;/0 am(r) Sln(ym(k) In —) —

Thus, taking into account equalities (20) and denoting

Ap(ym(V))

W) =

we get expression (29).

Presentation (28) for function b,,(r) is obtained analogously. O

4 Solutions of Problem D1
Let Z(z; 1) be any solution of the differential equation

Z'-2Z=0, reR, (30)

and let W(r, ¢; 1) be any solution of the EV'-problem. Then U(r, ¢,z; 1) = W(r, ¢; A)Z(z; 1)
is the partial solution of equation (2), which is bounded in Qg such that U(R, ¢,z; 1) = 0.
We shall get the presentation of the solution of Problem D1 as some composition of those

partial solutions.
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Lemma 4 The bounded in Qg solutions of equation (2) can attain either a positive maxi-
mum or a negative minimum only on the boundary 0Q of cylinder Q.

Proof Due to the ellipticity of equation (2) in Qp and in view of condition ¢ > 0, the so-
lutions of this equation cannot attain in Qp neither a positive maximum nor a negative
minimum [15, 16]. Hence, it suffices to prove that bounded solutions cannot attain an ex-
tremum on the line of degeneracy r=0,0<z < H.

Let u be the solution of equation (2) bounded on the line » = 0 and let v(¢) be its positive
maximum on the surface {r = ¢,0 < z < H}. Denote this maximum point by M,. Note that
v(¢) monotonically decreases with respect to . Since u,, and v, are non-positive at the
maximum point, we get from equation (2)

O ) = 0 (31)
ar

and, due to the Zaremba-Giraud [17] principle, u, < 0 at the point M,.

Denote w(¢e) = su,(M,). It follows from (31) that w(e) is a negative monotonically in-
creasing function. Thus, there exists a constant k < 0 such that w(e) < k for small enough ¢.
Note that the function v(¢) is continuously differentiable on the interval (0, R) because of
the ellipticity of equation (2) in Qq. Therefore v'(¢) = u,(M,) = e 'w(¢), and we obtain

V(e) <ke™,

if ¢ is small enough. The integration of this inequality on the interval (g, ry), where ry is

small enough, yields the estimate
v(e) > const + klne.

Hence, v(g) — 00, as ¢ — 0, i.e. the solution « is not bounded on the line r = 0, but that is
in contradiction with the postulate of the lemma.

One can prove, analogously, that # cannot attain any negative minimum on theline r = 0,
0<z<H. d

Let the functions fi(r, ¢), i = 1,2, from (5) be such that g—z € C(D). Then, as is mentioned
above, these functions can be expanded by uniformly and absolutely converging in the D

Fourier series,

fir, ) = %ag)(r) + > (a(r) cos me + b (r) sinmg), (32)
m=1

where
(@) T
ay, (1) 1 cos m m € Ny,
0 :—/ flrg) S dg, °
by, (1) T J . sinmg meN.

L. Let o < 1. Assume that both functions f; satisfy conditions (20), (20a) of Lemma 1.
Then, according to this lemma, the coefficients aﬁ,)(r) and bi,,i)(r) of the series (32) can be
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expanded by uniformly converging in each ring Dj, 0 < § < R, the Fourier-Bessel series of
shape (21), i.e., the representations

1o "
filr, @) = 3 ;ﬂo,,fo (VOn (E) )

0o o0 1-a
+ZZ]1"Z<V”‘”<%) )(zz()cosrn(p+b s1nm<p) i=12, (33)

m=1 n=0

with the coefficients a%, b%, defined analogously to (22) hold.
Choose the values A, of parameter A in equation (30) by equation (11). Let Zﬁ,i),,(z),
i =1,2, be the solutions of the equation

Z" = dunZ =0, m,ne Ny,
satisfying the boundary value conditions

zZ0 0)=ad, W H) =a?;  ZP0)=bY

mn’

26300 =,
It is easily seen that those solutions are as follows:

ZW (2) = sinh™ /Ay H ( ) sinh /Ay, (H - 2) + a s1nh m,,z),

mn

Z2 (2) = sinh™ /A, H (B, sinh /& (H — @) sinh y/Anz).

So we obtain the sequence

1-o 1)
r Zyin(2) cos mo,
Jm <J/mn(—) ) X oy Y mneN,
- R Zmn(2) sin mo,

of partial solutions of equation (2), which are continuous in Q.
Let us compose the series

11,9, 2) Z/o <V0n( > )Z(()lyz (2)
0o o0 l-a
+ Z Z]ﬁ <ymy, (1%) ) (ZS,)”(z) cos me + Z,(jz,(z) sin m<p). (34)

m=1 n=0

If z = 0 and z = H, then this series coincides with the series (33) of functions f; and f3,
obviously:

wi(r,0,(i—1)H) =fi(r,¢) ¥(r,¢) € Ds,i=1,2.

Therefore, the series (34) converges uniformly on the two bases of cylinder Q except,
maybe, the points (r = 0,z = (i — 1)H), i = 1,2, and also on the lateral surface of this cylin-
der (by virtue of J% (Ymn) =0, m,n € Ny). Since equation (2) is elliptic in domain Qy, this
jointly with Lemma 4 yields the uniform convergence of this series everywhere in each
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domain Q;, 0 < 8 < R, because of the maximum principle for elliptic equations. Moreover,
the sum u; (7, ¢, z) of the series (34) represents the solution of equation (2) from the class
C%(Qo) N C(Q\{r = 0}) and satisfies the boundary value conditions (3), (4).

If functions f;, i = 1, 2, satisfy not only condition (20) but also conditions (23), (23a), then,
according to Lemma 1, the series (33) converges uniformly and absolutely in the disk D.
Then it follows from (34) that

100,0,7 ZZ 1) _1 Z agr)l sinh /Ao, (H - 2) + aézn) sinh v/Agnz
, 0ns e sinh /Ao, H ’
consequently,
1 oo
’MI(O:(P» 52 ‘610”’+’a0n <OO, 0<z<H,
n=0

because of the absolute convergence of the series (33) in D. Thus, the series (34) converges
uniformly everywhere in D (including the line of degeneracy r = 0), i.e., u, is the solution
of Problem D1 from the class C%(Qo) N C(Q).

Besides, due to Lemma 4 and to the ellipticity of equation (2), solution u; of Problem D1
can attain the positive maximum or negative minimum only on the bases of cylinder Q.

This yields the estimate

}r (r,(p,z) € QO, (35)

|u1(r,¢,z)| < max{m_ax[fl(r, ,m_ax[fz(r,
D D

which implies the uniqueness of the solution Problem D1.
Thus, the following theorem holds.

Theorem 1 Let « < 1. Iff; and g—f;f e C(D), Z—jz € C(Dy UK), fi(R,¢) =0 V¢ € [-m, 7] and

R
/
then Problem D1 has the unique solution u, € C*(Qo) N C(Q\{r = 0}), which can be repre-

sented by (34).
If, in addition, i € C(Dy UK), £(0,¢) = 0, Vg € [, 7], and

dr<oo Veel[-m,n],i=12,

afi(rr ®) ‘
ar

8fl(’"»<ﬂ) _ O(rl—Zoz) 82f£(":</’) _ o(r_za)

ar ar? =12

as r — 0, uniformly with respect to ¢, then the series (34) represents the solution of Prob-
lem D1 from the class C*(Qy) N C(Q).

II. Assume that « > 1. Let the assumptions of Lemma 2 be satisfied. According to this
lemma, the functions can be presented on the interval [0, R] by the series (32) with the
coefficients afi?(r) and bfi,)(r) of shape (27):

ann)| [ ]An® , m e Ny,
bﬁf)(ﬁ}‘/c {Bﬁ.‘;’(x) Pl e, 0
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where functions Ag,) (A) and Bg,) (1) are defined by equation (28) applying it to the functions
% 1 =1,2, respectively.
Introduce the solutions

ZW(z; 1) = sinh™! ﬁH(AgI)(A) sinh v/A(H - z) + AP (1) sinh ﬁz),

Zg)(z; A) = sinh™! «/XH(BSI)(A) sinhv/A(H - 2) + Bg)(k) sinh ﬁz),
of equation (30), which satisfy the obvious conditions:

ZW0;2) =A%),  ZW(H; ) =AP0),

(37)
Z2;0) =BPM),  ZP(H;) = BO ().
So we obtain the set
ZW(z; 1) cos mg, € Ny,
P, (r; 1) x 'g)( ) ) e MERo (¢, +00),
Z (z; M) sinme, meN,
of the partial solutions of equation (2), which are continuous in Q.
Let us consider the integrals
19(r,2) = / Z W) Pu(rs2) ), (r,2) €8,i=1,2. (38)
4

We shall prove the uniform convergence of these integrals in the domain S. We confine
oneself to the case i = 1. Introduce the function

l
AVzD = [ 28R

where [ € (¢, +00). One can check by direct calculation that the function AS})(V, z; 1) satisty
the equation

1
W, + 12 (W + ;Wr> — (m* PV 1 )W =0. (39)

According to the maximum principle, the solutions of this equation can attain a positive
maximum or negative minimum only on the boundary of domain S. Since

AR 0,z0) = AJ(0,0,z:0) = 0
(in view of P,,(R; 1) = P,,,(0; 1) = 0) and

AP (r,(i-1H;1) = / ADMPu(rs 1) dr, i=1,2
(due to (37)), we have the estimate

|AY ()| < max{|AD(r,0;0)

A (r, H;1)|} (40)

’
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everywhere in S. Observe that (see (36))
Jim AD(r,(i-1)H;1) = / ADO)P,(r;2)dx =aP(r), i=1,2.
—00 ¢

Thus, passing to the limit as [ — oo in (40), we obtain

)

lim IAE},)(r, z l)| =
l—o00

[ee]
/ ZW(z; M)P,,(r; 1) A
c

< max{ |a£},)(r) ag)(r) |}

in S, i.e. the integral 19 (r,2) converges uniformly in S.

The uniform convergence of the integral 12 (r,2) one can prove analogously.

Note that both functions I,(ﬁ)(r, z), i =1,2, which can be interpreted as the limit of corre-
sponding functions /152(1”, z;1) as | — oo, satisfy equation (39) in S because of the ellipticity
of this equation in S and because of the maximum principle.

Let us compose the series,

1 (o]
us(r,0,2) = 51(()1)(’,’ 2)+ Z(]ﬁ}?(r, z)cos mg + I (r,z) sinmy), (41)
m=1

where the functions If,i,)(r, z), i = 1,2, are defined by (38). Observe that

(e, (i-1DH) =g(re), =12,
because of

[2)(7,0) :afil)(r), 153)(7,0) :bz)(r)r

1D, H) = a?(r), 1D(r,H) = b2 (r),

and u3(R, ¢, z) = u3(0,¢,z) = 0 (in view of Iﬁ,i)(R;)») = Iﬁ,?(O;)») =0, m=0,1,...). Thus, the
series (41) converges uniformly (and absolutely) on the boundary 9Qy of cylinder Qg. Due
to the maximum principle this series converges uniformly in Qo and its sum u,(r, ¢, 2)
represents the solution of Problem D1 from the class C?(Qp) N C(Q). Furthermore, jointly
with Lemma 4, the maximum principle yields for the solution u, the same estimate (35)
as for the solution ;. This implies the uniqueness of the solution ;.
The theorem follows from the above reasoning.
Theorem 2 Leto > 1.Iff; and 3—{; e C(D), ’;—fr’ € C(DyUK), fi(R,9) =0V € [-n,7],i=1,2,

and the conditions

R 13 T R
/ rz dr/ [fi(r,q))! dy < oo, /
0 - 0

are fulfilled, then Problem D1 has the unique solution u, € C*(Qo) N C(Q), which can be
represented by (41).

w&r«w Vo € [-m,7] (42)

III. Let o = 1. Assume that functions f;, i = 1,2, satisfy the conditions of Theorem 2. In
this case, according to Lemma 3, the coefficients agi,)(r) and bgﬁ,)(r) of the series (32) can be
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presented on the interval (0, R] in the form of integrals of shape (29):

() ) (9)
Z?:)Er;] :/ , {Zg’)ii;}sin<\/)\—c—m21n§> da, migo’ (43)
m V' c+m m m ’

where functions ocf,?()») and ,35,?()») are defined analogously to the functions «,,(1) and
Bwm(A) in (29). Then the series (32) with the coefficients of shape (43) converge uniformly
in the each desk D;, 0 < § < R.
Let us determine the solutions
ZS,) (z;) = sinh™ ﬁH(aEi)()») sinhvVA(H - 2) + aﬁ)()\) sinh ﬁz),

Z?(z;1) = sinh™ «/XH(/SS)()\) sinh v/A(H - z) + B2 (1) sinh «/Xz),
of equation (30) which satisfy the boundary value conditions

ZO;0) =P, ZW(H; ) =P (),

720 = BP0, ZD(H;) = BRG,

evidently. Then we get the set

R
sin(vk—c—mzln—) X { -
r

(z;A) cosmep, m e N,

Suiz

)(z;)») sinmp, meN,

A € (c+m?, +00), of partial solutions of equation (2) which are continuous in each cylindric
ring Q;, are bounded in Qy, and are equal to zero for r = R.
Introduce the integrals

. S R

],(;)(r, z) = / Zﬁf}(z;k) sin <\/)» —c—m?ln —> dr, i=1,2, (44)
c+m2 r

and compose the series

o]

uz(r,p,z) = % él)(r, z) + Z(],(j)(r, Z) COs me +],(3)(r, z) sin m<p). (45)

m=1

The uniform convergence of integrals (44) and possibility of their twice differentiation
in S can be proved in the same way as the proof of integrals (38). The difference is only
this: since the solutions of problem (9), (10) are non-continuous at the point 7 = 0 as @ = 1,
the integrals (44) are not defined if r = 0. (However, these integrals are bounded in S.)

It follows from (43) and (44) that

JOr0)=al(r), TV H)=al)(r), meN,

]g)(V,O)Zbg,)(V), ]g)(r’H):biﬁ)(r)r meN;
consequently,

us(r,@,(i—1)H) =fi(r,¢) ¥(r,¢) € Ds,i=1,2.
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Moreover, u3(R, ¢,z) = 0 because of ],(,?(R,z) = 0. Hence the series (45) converges uni-

formly on dQ\{r = 0}. According to Lemma 4 the partial solutions
]f,?(r, z)cosmyp, m € Ny,

and
],(,f)(r, z)sinmgp, meN,

of equation (2) cannot attain any extremum on the line of degeneracy r = 0; therefore,
the series (45) converges uniformly in Qo and its sum u3(r, ¢, z) represents the solution of
equation (2) from the class C*(Qo) N C(Q\{r = 0}), i.e., uz(r, ,z) is the solution of Prob-
lem D1. In view of Lemma 4, we have the same estimate (35) for solution u3 as for solution
u; and uy. This implies the uniqueness of the solution u3 of Problem D1.

Thus the following theorem holds.

Theorem 3 Let « = 1. Assume that conditions of Theorem 2 hold. Then Problem D1 has
the unique solution uz € C*(Qo) N C(Q\{r = 0}) which can be represented by (45).

So we obtain all exact solutions of Problem D1 subject to the type of degeneracy of equa-
tion (2).

5 Conclusions concerning Problem D1
It follows from the above that:

1. To the end of well-posedness of Problem D1, the behavior of boundary functions in
the vicinity of the points Py and Py, in which the line of degeneracy crosses the bases
of cylinder Q, must be coordinating with the type of degeneracy.

2. The structure of the solutions of Problem D1 and their continuity on the
degeneration line depends on the type of degeneracy of equation (2).

3. In the case of the weak degeneracy (« < 1), the solution of Problem D1 is continuous
on the line of degeneracy if only the boundary function is equal to zero at the points
Py and Py.
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