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Abstract

In this paper, we study quadratic cost optimal control problems governed by a von
Karman system with long memory. We prove the existence of an optimal control for
the cost. Then, by proving the strong Gateaux differentiability of nonlinear solution
mapping we establish necessary optimality condition for the optimal control
corresponding to the quadratic cost. Further, we study the time local uniqueness of
the optimal controls for distributive observation.
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1 Introduction
We consider a von Kdrman plate model with internal damping and long memory. In the
context of control theory, early results for the von Kdrman plate can be found in [1], which
gives the derivation of the model and asymptotic energy estimates for the system.

In this paper, our system may be described as follows: Let 2 be an open bounded domain
in R? with a sufficiently smooth boundary 9. In (0, T) x 2, we consider the following von
Kérman system with long memory and the clamped boundary condition in the variables y,

representing the position of the plate and the Airy’s stress function v:

YVir — Ay + A2y + fot k(t—s)A%y(s)ds=[y,v]+f inQ=(0,T) x Q,
A?v=—[y,y] inQ=(0,T) x Q,

yzg—?),:l/:g—zzo OnEZ(O’T)XE)Q’

(1.1)
¥(0,%) = yo(x), ¥:(0,x) =y1(x) in €,

where the vector v denotes an outward normal, k € C}([0, T]) is a memory kernel, f is a

forcing function, and the von Karman bracket is given by

— s+ .
0x? x5 0x? dx3 0x1 0xp 0x1 0%

3y 3% 9%¢ 02 9? 9*
[w,m:wd’ PV, Y ¢

The aim of this paper can be summarized as follows.
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Firstly, we survey the well-posedness of Eq. (1.1) with respect to y in the Hadamard sense
relying on some previous results. To name just a few, we can refer to [2—4], and references
therein. Especially, in order to prove the local Lipschitz continuity of the solution map-
ping, we employ the energy equality of Volterra-type integro-differential equation which
is proved in [5].

Secondly, based on this result, we study the following optimal control problem:

Minimize J(u) (1.2)
subject to

Yet(W) = Ay () + A2y(w) + [ k(& = 5)A’y(u;s) ds = [y(w), v(w)] + Bu in Q,
AZV(M) = —[y(u),}’(u)] in Qr

Ayl ) _
- = 0 onX,

) 1.3)
y(u) = =5 =vu) = =5

¥(1;0,%) = yo(x), Ye(u;0,x) = y1(x) in R,

where B is a controller, u is a control, ] is a quadratic cost function, y(x) denotes the state
for a given u € U, and U is a Hilbert space of control variables. In order to apply the varia-
tional approach due to Lions [6] to our problem, we propose the quadratic cost functional
J as studied in Lions [6], which is to be minimized within {44, an admissible set of control
variables in U.

The quadratic cost optimal control problem consists of two problems, to show the exis-
tence of optimal control and to derive a necessary condition for the optimal control.

We need to show the existence of u* € U,q that minimizes the quadratic cost functional J.
However, differently from the linear equation case, we are faced with difficulty that the
weak convergence of the controlled state y(u,) is insufficient to cover the convergence of
the nonlinear part of Eq. (1.3). Therefore, it is necessary to improve the convergence of
the controlled state y(u,). Thus, to improve the convergence, we newly adapt the idea of
Dautray and Lions ([7], pp.578-581), namely, the strong convergence result studied in lin-
ear evolution equations. Also, this method is quite useful in proving the strong Gateaux
differentiability of the nonlinear solution mapping # — y(u), which is used to define the
associate adjoint system. Then, we establish a necessary condition of optimality of the op-
timal control #* for some physically meaningful observation case employing the associate
adjoint system.

In author’s knowledge, this is a newly developed method.

In fact, the extension of optimal control theory to quasilinear equations is not easy. Only
few researches have been devoted to the study of optimal control or identification prob-
lems in specific quasilinear equations. For instance, we can refer to Hwang and Nakagiri
[8, 9] and Hwang [10, 11].

Moreover, in this paper, we discuss the time local uniqueness of optimal control for dis-
tributive observation. As is widely known, it is unclear and difficult to verify the unique-
ness of optimal control in nonlinear control problems.

Following the idea in [12], we show the strict convexity of the quadratic cost J for dis-
tributive observation in local time interval by making use of the second-order Gateaux
differentiability of the nonlinear solution mapping # — y(i). As a consequence, we prove
the time local uniqueness of optimal control. This is another novelty of the paper.
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2 Notation and preliminaries
If X is a Banach space, we denote by X’ its topological dual and by (-, )x x the duality
pairing between X’ and X. We introduce the following abbreviations:

=0/,  W=WQ, =0l =1 e
with p > 1, where W*? is the L”-based Sobolev space. When p = 2, the space becomes a
Hilbert space, and we use the special notation H* to denote W*? for k > 1, and H5 mean
the completions of C3°(€2) in H* for k > 1.

We denote the scalar product on L? by (-, -),. Then the scalar products on H(')‘ (k=1,2)

are given as follows:
((W@))H}) =(VY, Vo) Vi, ¢ € Hy,
((¥,0),2 = (DY, Ad)y; VY, € H.

Then obviously,

||1/f||Hé=||V1/f||, VY € Hy, ||¢||H§:||A¢||, V¢ € H;,
and D(A?) = H* N H}.
Especially, the duality pairs between H(’,‘ and H* (k = 1,2) are abbreviated by (-, - _. It
is clear that Hy <> Hj <> L? < H' <> H~2, each space is dense in the next one, and the

injections are continuous.

It is well known that the biharmonic operator
A*:H*NH; —L*
is bijective and admits an isometric extension
A?:H} — H™?.
Thus, we can define the operator G € £(L?, H* N H?) (or L(H%, H3)) by

2
Gf=g iff Alg=f inQ g:fzo on 9. (2.1)

Therefore, from Eq. (1.1) we can also note that
v=-Gly,y] VyeH;. (2.2)
We further collect some results for the Airy stress function and von Karmén bracket.

Lemma 2.1 The trilinear form b: H} x H} x H} — R given by

by, ¢,9) = ([¥, 01, 9),
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satisfies the property

b(wr(b’ 90) = b(llf,% ¢)
Proof See [13]. O

Lemma 2.2
(1) [3, 14] The bilinear forms (yr,¢) — Gy, @] from H* x H? into W™ and
(¥, ) = [V, p] from H' x H? into H™? are continuous. We also have the following

estimates:
1G]] y2oo < ClV 2Bl ¥, € H?, (2.3)
|1, 01| ;2 < Cll Il llpll2, ¥ € H', ¢ € H. (2:4)
Consequently,
I[e. Glv, o1]| < Cliglm 1V 2 1612, @0, ¢ € H. (2.5)

(2) [2], Lemma 3.2. The bilinear form [-,-] : H3 x Hz — H™'"¢ given by

(V> ¢) = [V, ]

is continuous for every € > 0. Moreover,

[0, @] e < CI 21

3 Von Karman equation with long memory
The solution Hilbert space W (0, T) of Eq. (1.1) is defined by

W(0,T) = {v|y € L*(0, T;Hg), ' € L*(0, T; Hy), ¥ € L*(0, T; L*) }
endowed with the norm

1
1 lwon = 10120 r0m + 19 L2z + 1V 20002)

Definition 3.1 We say that a function y is a weak solution of Eq. (1.1) if y € W(0, T') and
satisfies

') = AY"(), )22 + (AY() + kx Ay(-), Ag)a = ([y(-), v + £ (), )2,
(AV(-), Ag)y = —([y(-),¥(-)], )2 forall ¢ € H? in the sense of D'(0, T), (3.1)

¥(0) = yo, ¥'(0) = 1.

In the sequel, we give the important energy equality of weak solutions of Eq. (1.1). How-
ever, we are faced with the difficulty of regularity of weak solutions of Eq. (1.1), that is, )’
generally does not belong to H? as notified before. In order to overcome this difficulty,
we employ the idea of Lions and Magenes [15], pp.276-279, namely, double regularization
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method used in linear hyperbolic equations. We also note that the method has been ap-
plied in [5], Proposition 2.1, to study a semilinear second-order integro-differential equa-
tion.

Lemma 3.1 Let X, Y be two Banach spaces, X C Y densely, and X be reflexive. Set

Cs([or T]: Y) = {W € LOO(O! T; Y)|V¢ € Y/’t g (\b'! ¢>Y,Y’

is continuous of [0, T] — R}.
Then
L>(0, T;X) N C5([0, TT;Y) = C5([0, T1; X).
Proof See [15], p.275. O

Lemma 3.2 Assume thaty is a weak solution of Eq. (1.1). Then we can assert (after possibly
a modification on a set of measure zero) that

ye C([0, T, Hg), ¥ € C([0, T); Hy). (3.2)

Proof Assume that y is a weak solution of Eq. (1.1). Then by referring to the results as in [2]
(cf. [4]) we have

yeL®(0,T;H;), ' €L%(0,T;Hy). (3.3)

From the inclusion W(0,T) C C([0, T];H}) N CY([0, T];L?) (see [7]) and also from
C([o, T];H(])‘) C Cs([0, T];H(’)() (k =1,2) we can obtain by (3.3) that

yeL™(0,T;Hy) N C([0, T Hy),  ye € L0, T; Hy) N Cy([0, TT;L?).
Thus, by Lemma 3.1 we have (3.2). (I

Proposition 3.1 Assume that y is a weak solution of Eq. (1.1). Then, for each t € [0, T], we
have the energy equality

1
ly@F + vy @] + |ayo) + 5 ava]*
= =2(k = Ay(t), Ay(t)),
t t
N 2/ (k’ * Ay(s), Ay(s))2 ds + 2/ k(0) || Ay(s)||2ds
0 0
t
1
+ 2/ (f(5),5'(s)) s + [nll* + V1> + [ Ayol* + EHAVO”Z» (3.4)
0
where Avy = —A7[y0,y0].

Proof By Lemma 3.2 and the uniform boundedness theorem, we have y(t) € H2 and y/(£) €
H} for all ¢ € [0, T]. Thus, all functions in (3.4) have meaning for all ¢ € [0, T]. Then, we
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can proceed the proof as in [5], Proposition 2.1. By regarding f in [5], Proposition 2.1, as
[y,v] +f in Eq. (1.1), we can infer by [5], Proposition 2.1, that the weak solution y of Eq. (1.1)
satisfies

[y @ + |9y @] + | ayo]” + 2k« Ax0), y(0),

=2 / (K Ay(s), Ay(s)), ds +2 / k()| Ay(s)|* ds
0 0
+2 [0 ([¥(9), ()] +£(9),5()) ds + 1 lI* + [V9lI* + [ Ayoll*. (3.5)

By Lemma 2.1, (2.4), and (3.2) we can obtain for every fixed ¢ € [0, T'] that
t
2 [ (56 v6))5/6),
0

t 1
:21151(1)/0 ([y(s),v(s)],/o y/(s+0h)d9)2ds

= 2%21(1) Ot([y(s), AI&’(S +6h) d@],v(s))2 ds
-2 [ (B0 OLv).,, ds
0

= _/0 (A%V(s), V(S)>72,2 ds

‘14 )
:_/0 S an|*as

1 1
-3 |avie)|* + 5 | Avoll?, (3.6)

where /() = ' () Xjo,1(-).
Thus, we have (3.4). g

It is verified from the assumptions on f and k that the right-hand side of (3.4) is contin-
uous in . Hence, we have that t — || Vy/(¢)|| + || Ay(¢)|| is continuous on [0, T']. Therefore,
as in the proof of Lions and Magenes [15], p.279, we have

y € C([0, T); Hg) N C'([0, T; Hy).

Theorem 3.1 Assume that (yo,y1) € H3 x H}, k € CY([0,T)), and f € L*(0, T;L?). Then
Eq. (1.1) has a unique weak solution y in S(0, T) = W(0, T) N C([0, T1; HZ) N CX([0, T]; H}).
Moreover, the solution mapping p = (yo,y1.f) — (®),7:(p),v(p)) of P = H3 x H} x
L2(0, T; L?) into C([0, T]; H3) x C([0, T1; HY) x C([0, T]; W**) is locally Lipschitz contin-

uous.

Indeed, let p1 = (v}, 71,/1) € P and ps = (¥3,57,f2) € P. We prove Theorem 3.1 by showing
the inequality

[V (50 -y 0250) || + | A 138) = 3235 D) || + [v(138) = (23D e
< Clpr - p2llp, (3.7)
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where C > 0 is a constant depending on data, and

[T

1_ .22 1_ .22 2
s = p2llp = ([lvo - 55 ||Hg + |- ”H(l) A =Ll o)
We will omit writing the integral variables in the definite integral without any confusion.

Proof of Theorem 3.1 For the well-posedness of weak solutions of Eq. (1.1), we can refer
to [3, 4] (without memory term in Eq. (1.1)) and [2] (with memory term but without vis-
cosity damping term —Ayy in Eq. (1.1)). As explained in [2], von Kdrmdn nonlinearity is
subcritical; thus, the issues of well-posedness and regularity of weak solutions are stan-
dard. Therefore, combining those results in [3, 4] and [2], we can deduce that Eq. (1.1)
possesses a unique weak solution y € S(0, T) under the data condition p = (y9,31,f) €
H3 x Hy x L*(0, T; L?) such that

I¥lls@.7) = Cliplle. (3.8)

Based on this result, we prove inequality (3.7). For this purpose, we denote y; —y, = y(p1) —
y(p2) by ¥ and v; — vo = v(p;) — v(p2) by V. Then, we can get from Eq. (1.1) that ¢ and V'
satisfy the following equation in weak sense:

Vi — A + A2Y + [kt - s) A2y (s)ds = [y, m] + [y, VI+fi-fp inQ,
A’V =—[¢,y1+3] inQ,

, (3.9)
1/f=%=\/=%=0 on %,
v(0)=yy-y5,  ¥(0)=y-» inQ.
We note that
2, V1 = 2, —G[¥, 31 + 321]- (3.10)

In view of Eq. (3.5), corresponding to Eq. (1.1), we can get that the weak solution ¥ of
Eq. (3.9) satisfies

v @)+ [ve' @]+ |ay @]
==2(k * Ay (t), AV (2)),

t t
+2/ (k/*A¢,A¢)2ds+2/ k(0)||Ayr|? ds
0 0

42 /0 ([, m] + [, V] + i — for ), s

v @ + | v )| + | av )] (3.11)

The right-hand side of (3.11) can be estimated as follows:
|2(k * Ay (1), AY(2)), |

t
<2|lkllcoqo,ry | A¥ (@) /0 | Ay || ds



Hwang Boundary Value Problems (2016) 2016:87

1
2(|Ikll oo,y +1)

t 2
2Kl oo,z + 1) ( /0 ||Aw||ds) )

t
1
< 2(IKl1 200,y + Ikl coo.r) T / INTRE INT0
0

< ||/<||c0([o,T])( ||A1/f(t)||2

2
H

‘2/t(k’* AV, AY), ds
0

t s
<2lkllcigo /O /0 |AY ] dol Ay ds

t s 2 % t %
§2||k||c1([o,T])</0 (/0 ||Aw||da) ds) (/0 ||Aw||2ds)

t s % ¢ %
S2||k||c1([0,T])</0 s(/o ||Aw||2da)ds> (/0 ||Aw||2ds)

t
§2T||k||cl([o,T])/ Ay | ds;
0

t t
lz [ KO) 1Ay 2 ds| < 20kl cqor / AV |2 ds
0 0

|2/0t(f1—f2,1/f’)2ds szfot Vi~ ]| ds

T t
2 7112
_/0 = ‘”*/0”‘”” ds.

By Lemma 2.2 we can obtain the following:

t t
2 [t v, <2 [l o] as
t
<c [ vl ] ds
t
<C [ 10 lglnig v ds
0 0
t
< Cllnoruy /O 1avI]v] ds
t
<Clplis [ (18w + |w) ds

’2/ ([J’2,V]’1/f/)2d8 52/ || [J’zy—GW’yl +}’2]]|| ||1//,“ ds
0 0

t
<C [ Iallgl6ton + 32l oo || s
0

t
<C f ly2llpz 19 gz (19112 + N2 llpgz) [ | ds
0

=< C”J’Z”LOO((),T;HS)(”J’I||L00(0,T;H%) + ”yZHLOO(O,T;Hg))

Page 8 of 23

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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x /Ot Ay l|v'| ds
< Clp2ll»(lpillp + lIp2llp) /Ot(nAW +|v'[*) as
<C(lpil3 + lp2l3) /0 t(nAwnz + ') ds. (317)
We replace the right-hand side of (3.11) by the right members of (3.12)-(3.17) to obtain
[v @)+ [ve @) + Jav o]’
< C(L+ (T + DIkl o,y + 121115 + 12211%) /Ot(nm/fnz +|v'|*) ds

T
O + VWO + [avo + [ 1f-Al dr (3.18)
0
By applying Poincaré’s and Gronwall’s inequality to (3.18) we have

[vv' @[+ [avo)
< CT ko) (| VY O + [ AV O + 1A £ l220,702))

= C(T,k,p1,p2) lp1 — p2ll- (3.19)

Also, for almost ¢ € [0, T], we have

V)3 ane = [|~G[¥ O, 310) + 320|320

= Cly @l [n© +%0];,
< CI w2y * 19207 0 12 [ AV O

< C(Ilpal% + I l1%) | Aw )| (3.20)
By (3.19) and (3.20) we can deduce
V@320 < CUT K prp2) i1 = sl (3.21)

Finally, by combining (3.19) and (3.21) we obtain (3.7).
This completes the proof. O

4 Quadratic cost optimal control problems

Let U be a Hilbert space of control variables, and let B be an operator,
Be L(U,L*(0,T;L?%)), (4.1)

called a controller.
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We consider the following nonlinear control system:

Ve () — Ay(u) + Ay(u) + f(f k(t — ) A?y(u; s) ds = [y(u), v(u)] + Bu  in Q,
AZV(U) = —[)/(M):y(u)] in Q’

Ay(u, av(u)

) (4.2)
yu)==5-=vu)=5>=0 onZ,

¥(1;0,%) = yo(x), Ye(u;0,x) = y1(x) in R,

where yo € H2, y1 € H}, and u € U is a control. By Theorem 3.1 and (4.1) we can define
uniquely the solution map u — y(u) of U into S(0, T). The observation of the state is as-
sumed to be given by

Y (u) = Cy(u), C e L(S0,T),M), (4.3)

where C is an operator called the observer, and M is a Hilbert space of observation vari-
ables. The quadratic cost function associated with the control system (4.2) is given by

J(u) = || Cy(u) - Yy ”12\/1 + (Ru, )y foruel, (4.4)

where Y; € M is a desired value of y(u), and R € L(U,U) is symmetric and positive, that

is,
(RM, M)Z/{ = (M,RM)Z/{ = d”””zz,{ (45)

for some d > 0. Let U,q be a closed convex subset of I/, which is called the admissible set.
An element u* € U,q that attains the minimum of J over U,q is called an optimal control
for the cost (4.4).

4.1 Existence of an optimal control

As indicated in Introduction, we need to show the existence of an optimal control and to
give its characterization. The existence of an optimal control u#* for the cost (4.4) can be
stated by the following theorem.

Theorem 4.1 Assume that the hypotheses of Theorem 3.1 are satisfied. Then there exists
at least one optimal control u for the control problem (4.2) with the cost (4.4).

Proof Set Jo = inf, 4, J(1). Since Uyq is nonempty, there is a sequence {u,} in I/ such that
Mielglfad](u) = nlgrglol(un) =Jo.

Obviously, {J(u#,)} is bounded in R*. Then by (4.5) there exists a constant Ky > 0 such that
dllwnllfy < Rty tn)s <J () < Ko. (4.6)

This shows that {u,} is bounded in U. Since U,q is closed and convex, we can choose a
subsequence (denoted again by {u,}) of {u,} and find u € U,q such that

u, —> u*  weakly in U (4.7)
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as n — 0o. From now on, each state y, = y(u,) € S(0, T') corresponding to u, is a solution
of

It = Dy + A2y + [3 k(t = 5) A%y, (s)ds = [y, ] + Bu,  inQ,
szn = _[ymyn] in Q;

‘ ‘ (4.8)
yn:%:vn:%’:o on X%,
¥1(0) = yo, Vn:(0)=y1 inQ.
By (4.6) the term Bu, is estimated as
1Bunllz20,7:22) < 1Bl £@a,r20,5029) 18 lls
< ”B”E(Z/{,LZ(O,T;LZ))V I(Od_l = Kl. (4‘.9)

Hence, noting that (0, 0,0,¢) = 0 and v(0,0,0,¢) = 0, it follows from Theorem 3.1 that

allwiory + |9l + (9,0 + [v®) ] e

< C(||J’o||Hg + 1l +Ky). (4.10)
By (4.10) we easily verify that [y,,v,] is bounded in L*(0, T;L?). Therefore, by the ex-

traction theorem of Rellich we can find a subsequence of {y,}, say again {y,}, and find
y€ W(0,T)NL®(0, T; HZ) with y € L>(0, T; H}) and F € L2(0, T; L?) such that

y, —y weaklyin W(0,T), (4.11)
y, —y weakly *in L™ (0, T; Hg), (4.12)
¥, —y weakly*in L>(0, T; Hy), (4.13)
W, vul > F weakly in L*(0, T;L?). (4.14)

To prove F = [y,-G[y,y]], we employ the idea given in Dautray and Lions [7]. By similar
manipulations given in Dautray and Lions [7], pp.564-566, we can deduce that the weak
limit y in (4.11) is a weak solution of the linear problem

Yie — Ay + Ny + [Lk(t—s)A%y(s)ds = F + Bu* inQ,
y=5=0 onZx, (4.15)
J’(O) =%o0, y;(O) =N in Q.

As in (3.5), the weak solution y of Eq. (4.15) satisfies the following energy equality:

ly @] + vy ©|* + |are)]|

+ 2(k>|< Ay(t), Ay(t))2
t t
“2 [ ]y ag), s [ KOANPds
0 0

t
+ 2/ (F+Bu*,y),ds+llnl> + IV l® + 11 Ayol>. (4.16)
0
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We can also deduce, as in (3.5), that the weak solution y, of Eq. (4.8) satisfies the following
energy equality:

[y @[ + 197,01 + | av.0]"

+ Z(k * Ay,(t), Ayn(t))z

t t
= 2/ (K * Ayy, Ayn)2 ds + 2/ k(0)|| Ay, |1 ds
0 0
t
+2 f (s vl + Buy,y,), ds + Iy lI” + V11> + | Ayo 1. (4.17)
0

We note the following simple equalities:

lal® +161% = lla = bl|* + 2(a,b)2, Va,beL?

(a1,a2)2 + (b1,b2)2 = (a1 — b, ay — by)y + (b1, @2)2 + (a1, b2)2,  Vay, bi(i=1,2) € L.
Adding (4.16) to (4.17), denoting y, — y by ¢,,, and using the above equalities, we have

[, @1 + [V, + |agu®)]
+ 2(/( * A, (t), A‘{bn(t))z

t t 5
= 2/0 (K % Ay, Adpy), ds + 2/0 k(0)|| A, ds + D° + 21: @', (4.18)
where

% =2(Inl* + IV l* + 1 Ayoll?), (4.19)
@), = =2((5,(0,5 (1), + (Vy,(0), VY (1)), + (Ayu(2), Ay(2)),), (4.20)
@2 = =2((k * Ayu(t), Ay(2)), + (k* Ay(t), Aya(2)),), (4.21)
P = 2(/0 (K Ayn,Ay)st+/0 (K * Ay, Ay,,)zds), (4.22)
ot =4 /0 tk(O)(Ayn,AJ/)z ds, (4.23)
5 = 2</(; ([yn, vl + Bun,y;)2 ds + /(; (F + Bu*,y’)2 ds). (4.24)

Then by routine calculations in (4.18), as in the proof of Theorem 3.1, we derive the in-
equality

le@) | + [ Vo, + | Adu(t)|” < Ck, T) . (4.25)

5
o+ @
i=1

By virtue of (4.11)-(4.13) together with [7], pp.518-520, we can extract a subsequence {y,, }
of {y,} such that, as k — oo,

ol — 2] YOI+ |[vy@ | + | aye) ), (4.26)
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@) — —d(kx Ay(t), Ay(t)),, (4.27)
t

) -4 /0 (K% Ay, Ay), ds, (4.28)
t

Dy — 4 / k(0)|| Ay|? ds. (4.29)
0

Since the imbedding H} < L? is compact, by virtue of (4.11), we can refer to the result of
the Aubin-Lions-Temam compact imbedding theorem (see Temam [16]; p.271) to verify
that {y,,} is precompact in L*(0, T; L?). Hence, there also exists a subsequence W, C .}
such that

y/nk —> 9 strongly in LZ(O, T;Lz) as k — oo. (4.30)

From (4.7), (4.14), and (4.30) we have
t
CDik — 4/ (F+Bu*,y),ds ask— oo. (4.31)
0

In view of (4.16), the sum of (4.19) and all the limits from (4.26) to (4.29) and (4.31) are 0,
so that

5
0+ @, -0 ask— oo, (4.32)
i=1

Therefore, from (4.25) and (4.32) we get that
Y (£) = y(¢)  strongly in Hg as k — oo,Vt € [0,T]. (4.33)
Thus, by Lemma 2.2, Theorem 3.1, and (4.33) it follows that

| B v = 02 20,702,
=B =2 vmd + v = 20 702,
< 0w =3 vl 20,72 * 112 G031 = G v | 20,722y
=D =9 v 20,2y + 1192 G = 9o v + 91 20,029
< C(I1vag Lo 0,720 + 1Ml oo o, 75822 (19 o0, 3t22)
+ Il oo, e = YN 200, 752)
= COYN 0,2y + 10m N poogo, 7o) 19 = Yi20,302

= C(|7" 15 *+ 12w 1) 13 = Yl s20,7:2) = O (4.34)

as k — oo, where p* = (yo, 1, Bu*) and p,,, = (0,1, Bu,, ). Hence, by the uniqueness of the
weak limits, from (4.14) and (4.34) it follows that

F=[yvl=[y-Gyll. (4.35)
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We replace y, by y,,, and take k — oo in (4.8). Then by the standard argument in Dautray
and Lions ([7], pp.561-565) we conclude that the limit y is a weak solution of

Yir — Ay + Azy + fot k(t - S)Azy(s) ds=[y,v]+Bu* inQ,
A?v=—[y,y9] inQ,

s ) (4.36)
y=%=v=8—:=0 on X,

y(o) =%0, yt(O) =N in Q.

Also, since Eq. (4.36) has a unique weak solution y € §(0, T') by Theorem 3.1, we conclude
that y = y(u*) in S(0, T') by the uniqueness of solutions, which implies that y(u,) — y(u*)
weakly in W(0, T). Since C is continuous on §(0,7) C W(0,T) and || - ||u is lower semi-
continuous, it follows that

|Coa) - Yal, = timin] ) - Yy

s

. 1 1 ..
It is also clear from liminfi_ o [|[R2u,|lyr = |[R2u*|lyy that liminfi_, oo (Ruy, u,)ye >

(Ru*, u*)y. Hence,
Jo = liminf/(u,) zf(u*).
n—oQ

But since /(u*) > Jy by definition, we conclude that J(«*) = inf,¢,, J(u). This completes
the proof. g

In this section, we shall characterize the optimal controls by giving necessary conditions
for optimality. For this, it is necessary to write down the necessary optimality condition

D](u*)(u - u*) >0 foralluely (4.37)

and to analyze (4.37) in view of the proper adjoint state system, where DJ(*) denotes the
Géteaux derivative of J(u) at u = u*. That is, we have to prove that the mapping u — y(u)
of U — S(0, T) is Gateaux differentiable at u# = u*. First, we can see the continuity of the

mapping.
Lemma 4.1 Let w € U be arbitrarily fixed. Then

}i_r)r(l)y(u +Aw) =y(u) strongly in S(0, T). (4.38)
Proof The proof is an immediate consequence of Theorem 3.1. 0

The solution map u — y(u) of U into S(0, T') is said to be Gateaux differentiable at u = u*
if for any w € U, there exists a Dy(u*) € L(U, S(0, T)) such that

—0 asA—0.
$(0,T)

1 * * *
” x(y(u +aw) —y(u*)) - Dy(u*)w
The operator Dy(u*) denotes the Gateaux derivative of y(u) at u = u*, and the function
Dy(u*)w € S(0, T) is called the Gateaux derivative in the direction w € U, which plays an
important part in the nonlinear optimal control problem.
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Theorem 4.2 The map u — y(u) of U into S(0, T) is Gdteaux differentiable at u = u* and
such the Gateaux derivative of y(u) at u = u* in the direction u—u* € U, say z = Dy(u*)(u —
u*), is a unique weak solution of the following problem:

Zi — Azy + N2z + fot k(t — s)A2%z(s)ds
= [z, -Gly(u*), y(u")]] + 2[y(u*), -Glz, y(u*)]] + Blu —u*) inQ,

_ 0z _
z—av_O on X,

z(0) = 0, z(0)=0 inQ.

(4.39)

Proof Let A € (-1,1), . #0. We set y, := y(u* + AM(u — u*)) and
z = A7 (yx —y(u*)).
Then, in the weak sense, z; satisfies

Zigt — Azp g + A2y + fot k(t —s)A%z,(s)ds = F, + Blu—u*) inQ,
5 =%2=0 onXx, (4.40)
2,(0) =0, 2£(0)=0 in <,

where

B = 3 (b6l - D), -Gy (a)])).
Here we note that
(=Gl 1] - ["), =655 (a)])
= [z, -Gy 1] + [y(0*), =Gz y(u*) +3:]]- (4.41)
Thus, from (2.5), Theorem 3.1, and (4.41) we deduce
1E 20,72 < CO N o 0,2y + 1908) | oo,y (92 e,y
@) .22 200, 7:2)
= Ca Moo 2y + () Hiw(o,mg)) 1Azl 2(0,7522)
< CIpal3 + P27 )1 Az ll20, 72y, (4.42)
where p; = (yo,y1, B(u* + A(u—u*))) and p* = (yo, y1, Bu*). Hence, by considering the energy

equality satisfied by z; like (3.5) we get from (4.42) and the proof of Theorem 3.1 that the
weak solution z;, of Eq. (4.40) satisfies

iz llso,r) < C||B(u - u*) ||L2(0,T;L2). (4.43)

Therefore, from (4.42) and (4.43) we see that there exists z € W(0, T) N L>(0, T; H?) with
7 € L®(0, T;H}), F € L*(0, T;L?) and a sequence {A¢} C (-1,1) tending to 0 such that, as
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k — o0,
z,, — z weakly in W(0, T), (4.44)
2, —z weakly *in L*(0, T; Hy), (4.45)
z, —7Z weakly*in L% (0, T;Hy), (4.46)
F,, — F weaklyin L*(0, T;L?). (4.47)

We replace z, by z), and take k — oo in Eq. (4.40). Then by the standard argument in
Dautray and Lions ([7], pp.561-565) we conclude that the limit z is a weak solution of

Zy— Dzy + N2z + [ k(t —5)A%2(s)ds = F + Bu—u*) in Q,
z=%¥-0 onZ, (4.48)
z(0) = 0, z,(0)=0 in Q.

Using (4.44)-(4.47), the respective energy equalities of Eq. (4.40) with z, replaced by z,,,
and Eq. (4.48), we can proceed as in the proof of Theorem 4.1 to obtain

zy, — z strongly in S(0, T) as k — oo. (4.49)
By Theorem 3.1 and Lemma 2.2 we can verify the following:
| Glzsoy(u*) + 33 ] = 2G[2.y(u?) ]| C([0,T; W)
= ” G[Z)“k -z,y(u") +y)‘k] + G[Z’y/\k _9’("‘*)] ”C([O,T];WZ'OO)
< CT(([|y ()] corsd) 1Y leqomey) 12 = 2l cqo,rya2)
+ 1zl o, 12 |y —y(u*)] C([O,T];Hg))
< CT(([2* 1 + IpseliP) Nz = 2ll o,y
+ ”B(” - ”*) ||L2(0,T;L2) ”y)‘k _y(”*) “ C([O,T];Hg))’ (4.50)

where p, = (yo,y1, B(u* + (1 —u*))) and p* = (yo, y1, Bu™). Thus, from Lemma 4.1, (4.49),
and (4.50), we have

Glzy(u*) + 32, ] = 2G[z,y(u*)]  strongly in C([0, T; W>) (4.51)

as k — oo.
Similarly, we can also show that

Glyroya] = G[y(u*),y(u*)] strongly in C([O, Tl; W2'°°) (4.52)
as k — 0o. Therefore, by (4.51) and (4.52) we can show that
E, — [z-G[y(«*),y(u*)]] + 2[y(«*),-G[zy(u*)]] strongly in L*(0, T;L*) (4.53)

as k — oo.
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Consequently, we can infer from (4.47) and (4.52) that

F =[2Gl (), () ]] + 2Dy (), <Gl ()] (@54)

Hence, it readily follows from (4.49) and (4.54) that z,, — z = Dy(u*)(u — u*) strongly
in §(0, T) as k — o0, in which z is a weak solution of (4.39).
This completes the proof. O

Theorem 4.2 means that the cost /(i) is Gateaux differentiable at #* in the direction
u — u* and the optimality condition (4.37) is rewritten by

(Cy(u") = Yo, C(Dy (") (u =~ ")), + (Rut", = u”),,
(C*AM(CJ’( ) ) ( )( )>W(0,T)/,W(0,T)

+ (Ru*u—u*),, =0, VvelUy, (4.55)

where Ay is the canonical isomorphism M onto M'.
In this paper, we consider the following physically important observation. We take M =
L%(0,T;L?) and C € L(W(0, T), M) and observe that Cy(u) = y(i;-) € L*(0, T; L?).

4.2 Necessary condition of an optimal control for distributive observation
In this subsection, we consider the cost functional expressed by

T
= / |y() - Ya| dt + (Ru,upy  Yu el CU, (4.56)
0

where Y; € L2(0, T; L?) is the desired value. Let u* be the optimal control subject to (4.2)
and (4.56). Then the optimality condition (4.55) is represented by

T
/ (y(u*) -Yy, 2)2 dt + (Ru*, u-— ”*)u >0 VYuely, (4.57)
0

where z is the weak solution of Eq. (4.39). Now we formulate the adjoint system to describe
the optimality condition:

Pu(u*) — Apu(u*) + A%p( ft - t)A’p(u*;0)do
= [p(u*), -Gly(u*), y(u")]] + ZU(u*),—G[p(u*),y(u*)]]
+y(u)-Yy inQ, (4.58)

pu*) = "p“) =0 onXx,
p(u;T)=pt(u;T)=0 in Q.

Proposition 4.1 Equation (4.58) admits a unique solution p(u*) € S(0, T).

Proof Since

T t
k(o =T + t)Azp(u*;o) do = / k(t - S)Azp(u*; T - s) ds,
0

T-t
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the time reversed equation of Eq. (4.58) (¢t — T — ¢ in Eq. (4.58)) is given by

Vi — A + AW + [ k(t —s) A%y (s) ds

= [y, -Gly(u*), y(u*)]] + 2[y(u*), -G, y)]] + y(u*) - Y4 inQ,
Yy=2=0 onZ,
¥(0)=v:(0)=0 ing,

(4.59)

where ¥ (£) = p(u™; T - t).
Here we note that, like (4.42),

[T, =Gy (), y()]] + 2[5 ("), =Gy ()] 20 702,
< Clp* B AV 20,722, (4.60)
where p* = (yo, y1, Bu*). Thus, by Theorem 3.1 and [5], the conditions Y, € L2(0, T; L?) and

(4.60) enable us to deduce that there exists a unique ¥ € S(0, 7).
This completes the proof. g

Now we proceed the calculations. We multiply both sides of the weak form of Eq. (4.58)
by z and integrate it over [0, T']. Then we have

[ ) 807 ).
- T(Ap(u*)+ [ Tk(o—t)Ap(u*;J)do,Az>2dt
[l 6Dt ) 20 6l 1) )
- fo L) - Yuz), . (4.61)

By Fubini’s theorem we have

T T
/ (/ k(cr—t)Ap(u*;a)da,Az) dt
0 t 2
T t
_ f ( / k(t—s)Az(s)ds,Ap(u*)) dt
0 0 2

_ /0 T< /O K(t - $)A22(5) s, p(u*)>_2,2 dt. (4.62)
By Lemma 2.1 we deduce
[ )61 (0112
- [ Tzl () (463
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We observe that by considering ¢, € H3 we have [¢, ] € L. However, since 1 = 2, we

have

Hy < L™, (4.64)
and, therefore,

L' H2 (4.65)

Thus, since G is a self-adjoint operator, by Lemma 2.1 and (4.65) we have

/OT@MM*),_G[p<u*>,y(u*>n,z)2dt
:/()T(Z[z,y(u*)],—G[p(u*)ry(”*)])_z,z at
= [)T(—zG[z,y(u*)], [p(bt*)d(”*)])z,_z dt

) /OT(2[y(u*), ~Glz,y(u*)]].p(")), dt. (4.66)

Considering from (4.62) to (4.66), the terminal value conditions of p in (4.58), and
Eq. (4.39), we can verify by integration by parts that the left-hand side of (4.61) yields

T t
/ <p(u*),z” —AZ + A%z + f k(t - s)A2z(s) ds> dt
0 0

2,-2

[0 -Gl 5] 2 -G,
-[ (p() Bu - ), d. (1.67)

Therefore, combining (4.61) and (4.67), we deduce that the optimality condition (4.57) is

equivalent to
T
/0 (p(u*),B(u - u*))2 dt + (Ru*, u— u*)u >0 VYuelly.

Hence, we give the following theorem.

Theorem 4.3 The optimal control u* for (4.56) is characterized by the following system of

equations and inequality:

V() = Ay (u*) + A%y (u*) + f(f k(t — s)A2y(u*;s)ds
= [y(u*), v(u*)] + Bu*  in Q,
Av(u*) = =[yw*),y(u)] inQ,

W)= B =) = 22 =0 on s,

y(u*;0) = yo, Y 0) =y inQ,
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Pu(*) — Apy(u*) + A’p(u*) + ftT k(o —t)A’p(u*;0) do
= [p(u*), —Gly(*), y(u)]] + 2[y(*), —-Glp(*), y(u)]] + y(*) - Yy in Q,
pu*) = %’:*) =0 oni,

pu*T)=p(uT)=0 inS,
T
/0 (p(u*),B(u - u*))2 dt + (Ru*, u— u*)u >0 Vuely.

4.3 Local uniqueness of an optimal control

We note that the uniqueness of an optimal control in nonlinear equation is not ensured.
However, it is worth noticing partial results. For instance, we can refer to the result in [12]
to obtain the local uniqueness of an optimal control for distributive observation case. For
that reason, in this subsection, we take M = L%((0,t) x Q) and observe that y € L2((0, ) x

2). Hence, we consider the following quadratic cost functional:
! 2
J(u) = / Hy(u) -Yy, H ds+ (Ru,u); Yu el CU, (4.68)
0

where Y, € L*((0,£) x Q).
In order to show the local uniqueness of an optimal control by making use of the strict

convexity of quadratic cost (see [17]), we consider the following proposition.

Proposition 4.2 The map w — y(w) of U into S(0, T) is second-order Gdteaux differen-
tiable at w = u and such the second-order Gédteaux derivative of y(w) at w = u in the direc-

tionw—u €U, say g = D*y(u)(w — u, w — u), is a unique solution of the following problem:

Gt — Agy + N2g + fot k(t —s)A2g(s)ds
= [g,-Gly(w), y(W)]] + 2[y(u), -Glg, yW)]] + F(z,y(u)) in Q,

.- g—f 0 ons, (4.69)
g(0)=g0)=0 inQ,
where
F(z,yw)) = 4[z,-G[z,yW)]] + 2[y(w), -Glz 2],
and z is the weak solution of Eq. (4.39), changing B(u — u*) by B(w — u).
Proof The proof is similar to that of Theorem 4.2. O
Lemma 4.2 Let g be the weak solution of Eq. (4.69). Then we can show that
lgllson) < Cliw - ullg, (4.70)

where C > 0 is a constant depending on the time T and the data conditions of the equation

of y(u).
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Proof Let z be the solution of Eq. (4.39), changing with B(u — u*) to B(w — u). Then, using

the same arguments as in Eq. (3.1), we can deduce that

”Z”S(O,T) S C”B(W - l/l) ||L2(0,T;L2)
< ClIBll z@sz2,me2pllw — ullu
< Cllw-uly.

Also, for the solution g of Eq. (4.69), we can show that

gllso,r) < C|[F(zy(w) ||L2(0,T;L2)
= C(||4[z,—G[z,y(u)]] ||L2(0,T;L2) + “2[9’(”)’_G[Z’ Z]] ||L2(0,T;L2))
< C|ly(w) ||L2(0,T;H§)”Z”iOO(O,T;Hg)

2
] rooo,72) 12110 0, 72)

< CVT|yu

< CVTlplipzl30,r)
where p = (9,1, Bu). Combining (4.71) with (4.72), we have (4.70).

We prove the local uniqueness of the optimal control.

(4.71)

(4.72)

Theorem 4.4 When t is small enough, there is a unique optimal control for the cost (4.68).

Proof We show the local uniqueness by proving the strict convexity of the map u € Uyq —

J(u). Therefore, as in [17], we need to show, for all u, w € Uyq (u # w),

DJ(u+Ew-w)w-uw-u)>0 (0<&<1).

(4.73)

For simplicity, we denote y(u + £(w — u)), z(u + £ (w — 1)), and g(u + £ (w — u)) by y(§), z(£),

and g(&), respectively. We calculate

D](u+§(w—u))(w—u)

i Ju+E+Dw—u)—J(u+&Ew-u)
2113(% l

t
= 2/ /(&) = Ya,2(8)), ds + 2(R(u + E(w — w)), w — u),,.
0
From (4.74) we obtain the second Gateaux derivative of J:

D2](u+§(w—u))(w—u,w—u)

- lim Dj(u+ (& +k)(w—u))w—u)—DJ(u+&w—u))(w—u)
k—0 k

_) / (E) - Yarg(€)), ds+2 f 12()|”ds

+2(R(w — u),w—u),,.

(4.74)

(4.75)
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By Lemma 4.2 and (4.75) we deduce that
D2](u +EMWw- u))(w— u,w—u)
t
= 20| g [ 66 Vol ds

N 2/(;t||z(g)”2ds +2dllw - ul,
> -2CV/t||g(&) ||s<o,¢) |y&) - Yd||L2(o,t;L2)
. 2/(;t||z(§)”2ds +2d|w—ul?,
> 2(d - CVE]|y(8) = Ya 120 g2y W — il

+2 fo |2()|” ds. (4.76)

Here we can take ¢ > 0 small enough so that the right-hand side of (4.76) is strictly greater
than 0. Therefore, we obtain the strict convexity of the quadratic cost J(u), u € Uy, which
proves this theorem. 0

Remark 4.1 If we assume that d is large enough, then we can obtain the strict convexity
of the quadratic cost (4.68) in the global sense. Therefore, we can obtain the desired result
of Theorem 4.4 in the global sense for the cost (4.68).
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