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Nigeria FN={xeC:Tx=x} #@.Let {ay}2, and {t,}22, be real sequences in (0, 1). Let {x,}°2,
be the sequence generated from an arbitrary x; € C by

Vp = ’DC(“ - tn)Xn)l n= 1:
Xpe1 = (1 =)y +0n TV, n>1,

where P : H— C is the metric projection. Under some appropriate mild conditions
on {orn}2, and {t,}02,, we prove that {x,}22, converges strongly to a fixed point of T.
Furthermore, if T: C — C is uniformly L-Lipschitzian and asymptotically
pseudocontractive with F(T) # @, we first prove that (/- T) is demiclosed at 0, and then
prove that under some suitable conditions on the real sequences {o,}2°,, {8n}22;

and {6,172, in (0, 1), the sequence {x,}°2, generated from an arbitrary x; € C by

Vp=Pc((T=th)xs), n>1,
)/n:m _ﬂn)vn+ﬂn7—nvn/ n>1,
Xn+1 = (1 *an)vn +an7—n)/n/ n= 1,

converges strongly to a fixed point of 7. No compactness assumption is imposed on T
or C and no further requirement is imposed on F(T).
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1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the induced norm || - |.
Let C be a nonempty closed convex subset of H. A mapping 7 : C — C is said to be
L-Lipschitzian if there exists L > 0 such that

ITx - Tyl <Lllx-yl, VxyecC. (L1)

T is said to be a contraction if L € [0,1), and T is said to be nonexpansive if L =1. T is
said to be asymptotically nonexpansive (see, for example, [1]) if there exists a sequence
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{k,}22, C [1, 00) with lim,,_, o k;, = 1 such that

n=1 =
| 7%= T < kallx =1, VayeC. (1.2)

It is well known (see, for example, [1]) that the class of nonexpansive mappings is a proper
subclass of the class of asymptotically nonexpansive mappings. T is said to be asymp-
totically k-strictly pseudocontractive (see, for example, [2]) if there exist k € [0,1) and a
sequence {k,}7°; C [1,00), lim,_, k, = 1 such that

|| T x — T”y”2 <knllx—y]* + k|| (x - T”x) - (y— T”y) 2, Vx,y € C. (1.3)

T is said to be asymptotically pseudocontractive if there exists a sequence {k,}7°; < [1,00),
lim,,_, 5 k,, = 1 such that

” T % — T"yH2 <knllx—y|* + H (x=T"x) = (y = T"y) 2 Vx,y € C. (1.4)

It is well known that in real Hilbert spaces, the class of asymptotically nonexpansive maps
is a proper subclass of the class of asymptotically k-strictly pseudocontractive maps. Fur-
thermore, the class of asymptotically k-strictly pseudocontractive mappings is a proper
subclass of the class of asymptotically pseudocontractive maps. T is said to be uniformly
L-Lipschitzian if there exists L > 0 such that

|T"% - T"y| <Llx-yl, VxyeC.

T is said to be demiclosed at p if whenever {x,}7, is a sequence in C which converges
weakly to x* € C and {Tx,};2, converges strongly to p, then Tx* = p. It is well known
that if T : C — C is asymptotically k-strictly pseudocontractive, then T is uniformly
L-Lipschitzian (see, for example, [3, 4]), and (I — T) is demiclosed at 0 (see, for exam-
ple, [5]). The modified Mann iteration scheme {x,}°; generated from an arbitrary x; € C
by

Knr = (L= )y + o, T"%,, n>1, (L.5)

where the control sequence {a,,}52, is a real sequence in (0,1) satisfying some appropri-
ate conditions, has been used by several authors for the approximation of fixed points of
asymptotically k-strictly pseudocontractive maps (see, for example, [2-10]). The iteration
algorithm (1.5) is a modification of the well-known Mann iterative algorithm (see [11])
generated from an arbitrary x; € C by

Xne1 = (1= a)x, + 0, Txy, n2>1, (1.6)

where the control sequence {a,};°; is a real sequence in (0, 1) satisfying some appropriate
conditions.

In real Hilbert spaces, it is known (see, for example, [3—5]) that if C is a nonempty closed
convex subset of a real Hilbert space H, and T : C — C is an asymptotically k-strictly
pseudocontractive mapping with a sequence {k,}°%; C [1,00), Y o (k, — 1) < 00, and a
nonempty fixed point set F(T), then the modified iteration sequence {x,} generated by
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(1.5) is an approximate fixed point sequence (i.e., ||x, — Tx,|| — 0 asn — o0)ifa, € [a,b] C
(0,1 — k). This together with the demiclosedness property of (I — T) at 0 yields that {x,}
converges weakly to a fixed point of 7.

To obtain strong convergence of the modified Mann algorithm (1.5) to a fixed point of
an asymptotically k-strictly pseudocontractive mapping, additional conditions are usually
required on T and on the subset C (see, for example, [2—10]). Even for nonexpansive maps,
additional conditions are required on T or C to obtain strong convergence using the Mann
algorithm (1.6). In [12], Genel and Lindenstraus provided an example of a nonexpansive
mapping defined on a bounded closed convex subset of a Hilbert space for which the Mann
iteration does not converge to a fixed point of T'. Recently Yao et al. [13] (see also [14, 15])
studied a modified Mann iteration algorithm {x,} generated from an arbitrary x; € H by

Vn = (1 - tn)xn: (1 7)
Xne1 = (L= ) vy + 0, Ty,

where {t,} and {o,} are real sequences in (0,1) satisfying some appropriate conditions.
They proved strong convergence of the modified algorithm to a fixed point of a nonexpan-
sive mapping T : H — H when F(T) # §. Clearly, the modified Mann iteration algorithm
reduces to the normal Mann iteration algorithm when ¢, = 0.

It is our purpose in this paper to modify algorithm (1.7) and prove that the modified
algorithm converges strongly to a fixed point of an asymptotically k-strictly pseudocon-
tractive mapping 7 : C — C, where C is a nonempty closed convex subset of a real Hilbert
space and F(T) # ). Furthermore, we prove thatif T: C — Cis a uniformly L-Lipschitzian
asymptotically pseudocontractive mapping, then (/ — T) is demiclosed at 0. We then in-
troduce an iterative algorithm which converges strongly to a fixed point of a uniformly
L-Lipschitzian asymptotically pseudocontractive mapping 7' : C — C with F(T) # #. The
technique of proof of our convergence theorems follows the one proposed by Maingé [14].

2 Preliminaries
In what follows, we shall need the following results.

Lemma 2.1 [16] Let {a,}5, be a sequence of nonnegative real numbers such that
ap < (1= Ay)a, + AnVn+0n n2>1,

where {1} C (0,1), {y,} SN, {0,} is a sequence of nonnegative real numbers and
(i) Y020 An = 00, or equivalently, [1ooo(1 = A,) = 0,
(ii) limsup,_, ., ¥» <0, and
(i) Y0y 0n < 00.
Then lim,,_, o a, = 0.

Let C be a closed convex subset of a real Hilbert space H. Let Pc : H — C denote the
metric projection (the proximity map) which assigns to each point x € H the unique near-
est point in C, denoted by Pc(x). It is well known that

z=Pc(x) ifandonlyif (x-zz-y)>0, VyeC, (2.1)

and that P¢ is nonexpansive.
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Itis also well known that in real Hilbert spaces H, we have the following (see, for example,
[17]):

D lx+yl® < lyl* +2(x,x+y), VayeH; (22)
() Jox+ 1-ay|” =alal® + 1=yl - e -a)lx-yI?,
Vx,y € H and « € [0,1]; (2.3)
(iif)  if {x,}5-; is a sequence in H which converges weakly to z, then

limsup [|x, - y|I* = limsup [lx, - z|* + Iz - y|*>, VyeH. (2.4)

n—0o0 n—0o0

3 Main results
3.1 Strong convergence of an iterative algorithm for asymptotically k-strictly
pseudocontractive maps

We now introduce the following iterative algorithm analogous to one studied in [13].

Modified averaging Mann algorithm Let C be a nonempty closed convex subset of a
real Hilbert space H, and let T : C — C be a given mapping. For arbitrary x; € C, our

iteration sequence {x,} is given by

Vn = PC((1 - tn)xn): (31)
K1 = (L= ) vy + 0, Ty,
where {¢,} and {«,} are suitable real sequences in (0,1) satisfying some appropriate con-

ditions that will be made precise in our strong convergence theorem.
We now prove the following convergence theorem.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space, and let
T :C — C be an asymptotically k-strictly pseudocontractive mapping with a sequence
{ky}22, C [1,00) such that Y 2, (k, — 1) < 0. Let F(T) # 0, and let {t,}32, and {o,}2, be
sequences in (0,1) satisfying the conditions:

(c1) limy,_ oo t, = 0;

(€2) Y2 by = 00;

(c3) lim,_ oo i(k,, -1)=0;

(c4) O<e<a,< %(1 —t,)(1-k),Vn > 1 and for some €.
Then the modified averaging iteration sequence {x,}.-, generated from x, € C by (3.1) con-

verges strongly to a fixed point of T
Proof Observe that (1.3) is equivalent to each of the following inequalities:

2(I = T")x (1= T")px=3) = A=K | (1= T")x = (1= ")y
- (kn _I)Hx_y”zr (32)

2AT"x - Ty, x - y) < (ky + Dk = y1> = A= K)|| (I - T")x = (I - T")y]". (3.3)

Page 4 of 19
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Let p € F(T) be arbitrary. Then, using (1.3), (2.3), (3.1) and (3.3), we obtain

15241 —P||2 = ” (1 —an) (v, —P) + an(TnVn —P) ”2

= (1 =a)llva —19||2 +ay H T"v, —19”2 —a,(1 _an)”Vn -T"v, ”2

< [1+ aulkn = D]lIve = pI* = a1 = 0ty = k) || v = T"vs H2 (3.4)
Hence
%41 = Pl < [1 + (ki — 1)] v —pll

[1 + oty (ky, — 1)] ”PC( (1 = ty)xy) — p”

= [1 + ot (ky — 1)] ”(1 — b))%y — P“

:[1+an(kn_1)]”(l_t) P)— np”

< [1+ aulky = D][A = t) 0 = pll + L]
< [1+an(k, - 1)] maX{ % = pll, lIpll}

[1 +aj(k; — 1)] max{ ller = pII, llpll }
=1

Since > 2, (ky, — 1) < 00, it follows from (3.4) that {x,,}°%; is bounded. Hence {v,}52; is also

bounded. Furthermore, it follows from (2.2) that

2 2
1 = X1 I” = 1% = Vi + vy — X |l
2
= ||‘)n _xn+1|| + 2<xn — VnyXn _xn+1>
2
S i = X1 17+ 200 — vl s — Xl

< lva _xn+1||2 + 28, |1 1 — Xuia |l (3.5)
From (3.1) and (3.5) we obtain

v =T

1
2
") ” Vn — Xp+l ”
oy

v

ai%[”xn = X I” = 28l 10 — i []]- (3.6)
Since {v,}22, is bounded, then

[V —p||2 <D, Vn>1and forsomeD >0,
and hence using condition (c4) and (3.6) in (3.4), we obtain

%41 —P|| [1+an( _1)]”‘)11 P||2

—a,(1-ay —k)|| v, —T", ||2

Page 5 of 19
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(1-oa, k)

= 2t | %u | 1% — %s1 ”] +ay(k, —1)D

2 2
< |vu-pl~ - [”xn_xtﬂl”

2

2 (1—0[,,—/()
- ———— [0 = X
o

< |@-t)x. - p|

n
=2ty ||1%n | 1% — Xni1 ”] +ay(k, = 1)D

< 1% = P11 = 28,2, = p) + L5112,

— o1, _xn+l||2 + 200t 1% 1 16 — Xner |l
1 1
+a,(k, —1)D (where o1:= 5(1 —k)>0;09 = —)
€

2 2 2
= 1% =PI = o1ll%n = Xnar|I* + £ [ 21
+ 202 1% [ 1% = Xner | = 2 (%0, % —P)]

+ a,(k, — 1)D. (3.7)
Since {x,};2; is bounded, we have that there exists M > 0 such that
tn”xn”z + 20—2”95}1” ||xn _xn+1” - 2<xn:xn —P> = M1 Vn = 1. (38)
From (3.7) and (3.8) we obtain
(16241 —P||2 = l%n _19”2 +otx, _xn+1”2 < Mt, + o, (k, —1)D. (3.9)

To complete the proof, we now consider the following two cases.

Case 1. Suppose that {||x, — pll}52, is a monotone sequence, then we may assume that
{llx, — pll} is monotone decreasing. Then lim,_, « [|x, — p|| exists and it follows from (3.9),
conditions (c1) and lim,,_, » k, = 1 that

lim ||, — x4 = 0. (3.10)
n—00

Furthermore,

vy =xull < tallxu]l — 0 aswu— o0, and

v =%t ll < Mve = xull + 167 = %pall = 0 asn — oo.
Hence
: 1 1
[vn = T | < =NV = %1l < = vw = Hiall > 0 as n — oc,
oy €
and

||x,, - T"x, || < |l%y — vull + || v, —T"v, || + H T"v, — T"x, “

< @ +k)lxy — vl + ||v,,— T”v,,” — 0 asun— oo.
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Observe also that since T is uniformly L-Lipschitzian, we obtain

1V = Tvall < [|vn = T"n| + | T"v = T
< [lvu =T, || + L| T v, = v
< |vu=T"v| + L] T vy = T" M |
+ L T" ey = vt | + Lllvaes = vl
< [ou =T + L] T s = v
+ LA+ L)|[vy = vyl
< [ou =T + L] T s v

+L(1 +L)[||Vn _xn” + ||xn _xn—IH

+ %1 = vaall] > 0 asm— oo. (3.11)
Furthermore,
960 = Tl < || = T"%4 | + || T2 — T |

< ”xn - T"x, || + L|| T" %, — x, ||

< ”x,, - T"x, ” + L” T %, — T" %, ||
+L ” Tn_lxn—l —Xn-1 ” + L[xy1 — 2l

< [0 T+ L[ 7750 =50
+LA+L)||x; —x,-1]l > 0 asu— o0. (3.12)

Since lim,,_, o0 ||, — Ty || = lim,_ o0 ||[Vy — TV, = lim,_ o ||Vy — %] = O, then the demi-
closedness property of (I — T), (2.4) and the usual standard argument yield that {x,}3°;

=1

and {v,}°; converge weakly to some x* € F(T).
Since a,,(1-a,, — k) > %(l—k) > 0,and since ||v, —x*||> < Dy, VY > 1, and for some D, > 0,

then using (3.4) we obtain

%1 =% |* < [vn = 2| + @ulk =)D,
< @ =) (0 — %) = 2" || * + @k, — 1Dy
= (1= 1,)% 20 = &%||* = 28,1 = £,) [ — 6%, 2%)

+ tﬁ ||x* ||2 + oty (ky, —1)Dy

< (1= t) | an =% | = 28,1 = £,) 3 — 2%, %)
+ 82| + @k, — 1)Ds. (313)
Thus
[t =2 < = ) |60 = 2>+ by + 0 V21,
where y, := —2(1 — £,) (%, — &%, x*) + £, |lx* || and 0, = a,(k, — 1)Dy, with 32, o, < c0.

Since {x,,}52, converges weakly to x*, then lim,,_, o {x,, — ¥, %*) = 0, and this together with
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condition (c1) (i.e., lim,_, o £, = 0) implies that y,, := —2(1 — £,,) {x,, — x*,x*) + £,,||x*||> — O
as n — oo. It now follows from Lemma 2.1 that {x,,}32, converges strongly to x*. Conse-
quently, {v,}32; converges strongly to x*.

Case 2. Suppose that {|lx, — pll}32; is not a monotone decreasing sequence, then set
', := ||lx, —pll? and let T : N — N be a mapping defined for all # > N, for some sufficiently
large Ny by

t(n) =max{k e N:k <n, Ty < T}

Then 7 is a non-decreasing sequence such that t(n) — oo as n — 00 and I'z(p) < Iz
for n > Nj. Using (cl) and (c2) in (3.9), we obtain

1
1962 ()1 _xt(n)||2 = o [Mtf(n) + O () (K () — I)D] — 0 asun— oo. (3.14)
1

Following the same argument as in Case 1, we obtain

egy = Tveyll = 0 asm— o0 and |[%r4) — Txl| > 0 asu — oo.

As in Case 1, we also obtain that {x;(,} and {v;(,} converge weakly to some x* in F(T).
Furthermore, for all # > Ny, we obtain from (3.13) that

0 < [xegner =" | = vcn - 27|
= tr(n) [_2(1 - tr(n))<xr(n) - x*r x*> + tt(n) Hx* ”2
keon —1
+ Daotr () M - ||xf(n) -x* ||2] (3.15)
tr(n)
It follows from (3.15) that

e =% [* < 200 = b = e, #) + e |7

(kr(n) - 1)

+D2ar(n)—t o —0 asn— oo.
T\n

Thus
lim FT(,,,) = lim Fr(n)+1-
n—00 n— 00

Furthermore, for n > Ny, we have I';; < ;41 if n # 7(n) (i.e., T(n) < n), because I'; > [,
for t(n) + 1 <j < n. It then follows that for all n > Ny we have

0=< Fn = max{rr(n)’ 1_‘1:(;1)+1} = 1_‘1:(;'1)+1'
This implies lim,,_, o, ', = 0, and hence {x,}°, converges strongly to x* € F(T). O

Corollary 3.1 Let H be a real Hilbert space, and let C be a nonempty closed convex subset
of Hwith 0 € C. Let T : C — C be an asymptotically k-strictly pseudocontractive mapping

Page 8 of 19
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with a sequence {k,}>°, C [1,00) such that y . (k, — 1) < 0c. Let F(T) # 0, and let {t,}3°,
and {o,}52, be sequences in (0,1) satisfying the conditions:

(1) lim,_ oot =0;

(€2) Y02ty =005

(c3) 1imy,c0 - (ky —1) = 0;

(c4) O0<e<a,< %(1 —t,)(1—k), Vn > 1 and for some €.

Then the modified averaging iteration sequence {x,}°c,, generated from x; € C by

{vn = (1 - tn)xn;

Xpsl i= (1 - an)vn + anTan
converges strongly to a fixed point of T.
Remark 3.1 Prototypes for our real sequences {t,};°; and {&,}:°; are:

ti=Jhy—1+ ﬁ n>1L = ﬁ(l—k)(l—tn), n>1

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert space, and let
T : C — C be an asymptotically nonexpansive mapping with a sequence {k,},°; C [1,00).
Let F(T) # 0, and let {t,}°, and {a,}32, be sequences in (0,1) satisfying the conditions:

(1) lim,_ oo t, =0;

(€2) Y02ty =005

(c3) O0<e<ay,< %(1 —t,), Yn > 1 and for some €.

[o¢]

Then the modified averaging iteration sequence {x,}>°,, generated from x, € C by (3.1),
converges strongly to a fixed point of T .

3.2 Demiclosedness principle and strong convergence results for uniformly
Lipschitzian asymptotically pseudocontractive maps

Let H be a real Hilbert space, and let C be a nonempty closed convex subset of H. For uni-
formly L-Lipschitzian asymptotically pseudocontractive maps T : C — C, we first prove
that (I — T') is demiclosed at 0 and then introduce a modified averaging Ishikawa itera-
tion algorithm and prove that it converges strongly to a fixed point of 7': C — C without
any compactness assumption on T or C and without further requirement on F(T). Our
demiclosedness principle does not require the boundedness of C imposed in the result of
[18].

Theorem 3.2 Let H be a real Hilbert space, and let C be a nonempty closed convex sub-
set of H. Let T : C — C be a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping. Then (I — T) is demiclosed at 0.

Proof Let {x,};°, be a sequence in C which converges weakly to p and {x,, — Tx,}, con-
verges strongly to 0. We prove that p € F(T). Since {x,};°; converges weakly, it is bounded.
For each x € H, define f : H — [0, 00) by

(%) := limsup ||, — x> (3.16)

n—00
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Observe that for arbitrary but fixed integer m > 1, we have

o6 = T || < ot = Toull + || To0w — T2 || + - + | T 2 = T,

<mlL|x, - Tx,|| > 0 asn— oc.
Set
Gux:=T" ((1 - Bx + /ST”’x),

where 8 € (0, ——2——), and A := sup,,., k,. Then

(1+2)+4/ (1+2)2 +4L2

”(1—/3)x,, +BT"x, — T"’x,,” = (1—/3)”96,,— T’"an —0 asun— oo,

and
1T %0 = Gt | = | T" %0 = T (1 = B + BT %) |
<LB|xn—T"x4|| >0 asn— ooc.
Hence
(1= B)n + BT %n = Gtk | < ||(1 = B)ow + BT %0 — T 5, |
+ ||T’”x,,—Gmx,,|| —0 asun— 0.
Also

%6 = G| < ||%n = T | + | T" %0 = G| = 0 as n— oo.
From (2.4) we obtain

f(x) =limsup ||, - plI*> + |p —x]|*>, VxeH.

n—00

Thus

f@)=f@) +Ip-#I*>, VxeH,

and hence

f(Gup) =f() + P - Gupll*. (3.17)

Observe that

f(G,up) = limsup||x, — Gpl|*

n—00

= limsup ||x, — Guxy + Gpxy — G,,,p||2

n— 00
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= limsup || Gy — Gop||®

n—00

= limsup || 77 ((1 - B)x + BT"x,) = T (1= B)p + BT"p) ”2

n—00

< Timsup[ky | (1 = B)x, + BT"x, — (1= B)p + BT"D)|*

+ | (= BYtn + BT"% = Gty — (1= P)p + BT"p = Gp) | °]
= lim sup[km ” 1-8)x,—p)+ ﬁ(T"‘xn - T"’p) H2

+|A=B)p-Gup) + B(T"p - Gup) ]
= limsup[ky, (1 = B)llxs — pII% + B T"% = T"p|

n—00

— B =B)||xu = T"%, = (= T"p)|*) + (1= B)llp - Goupl®
+B|T"p - Gup||* - BA-B)|p - T7p|’]
< limsup[k(1 = B + k)% = pII* + kB |6 = T %, = (p — T"p) ||

—knB(L=B) |20 = T"% = (p = T"D)||* + A = B)lIp - Gup|I?
+ BLp-T7p|* - pA-B)|p - T"p|"]

= limsup[k (1 + Bk — 1)) Ixn — pII> + 1 = B)llp — G|l

—B[1- B +ky) - B212]|p - T"p|’]
< k(L + Bk = 1))f () + (1= B)llp - Gumpll*. (3.18)

Equations (3.17) and (3.18) imply that

f®) +1p = Gupll” < k(1 + Bk = 1)) (p) + A = B)lIp - Gpll’,
from which it follows that

Blp - Gupl? < [kn(1+ Bk — 1)) = 1]f(p) > 0 asm — oco.
Thus

lp-Gupll — 0 asm— oo,
lp-T"p| < lp - Gupll + |Gup — T"p|
<llp-Gupl +L|@-B)p+BT"p-p|

=llp - Gupll + LB|p - T"p|.
Hence
(1—Lﬂ)||P— TW'P” <|p-Gupl—0 asm— co.

It now follows that T”"p — p as m — oo. Since T is continuous, we have that 7"*1p — Tp
as m — 00, and hence Tp = p. g
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We now introduce the following iterative algorithm for uniformly L-Lipschitzian asymp-
totically pseudocontractive maps.

Modified averaging Ishikawa algorithm For arbitrary x; € C, the sequence {x,}7°; is
given by

Vn = PC((l - tn)xn): n>1,
In=0=Bvy+ BuT"v,, n=>1, (3.19)
Xne1 = L —ay)vy + 0, T"y,, n>1

Theorem 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H, and let
T : C — C be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping with
a sequence {k,}22; C [1,00), Y o2y (ky—1) < 00 and F(T) # V. Let {£,)521, {0, )32, and {Ba}2,
be real sequences in (0, 1) satisfying the conditions:

(1) lim,_ oo t, =0;

(€2) Y02ty =00;

(€3) O<e<o, <(1—t)Bn<Pu<b< —2——, where A = sup,, ks

(1+4)+4/ (1+1)2+4L2
(kn=1) _ 0.

tu
Then the sequence {x,}.°, generated from an arbitrary x, € C by (3.19) converges strongly

to a fixed point of T

(c4) limy,— oo

Proof Since T is asymptotically pseudocontractive, it follows that

2A(I=T")x~ (I = T")yx~3) = (ks = Dl ~yI? (3.20)
and

2AT"x - T"y,x - y) < (kn + 1)l = yI|>. (3.21)
Set

Guvn =T (L= B)vu + BuT"vn), n=>1.
Then, for arbitrary p € F(T'), we obtain

1Guvn = I = | T"(( = Ba)vu + BaT"va) = T
< k| = B) W =) + Bu(T" v~ p) |
+ @~ Bvu + BuT"v, — Gv|)*
= ka(L= B) 1V =PI + kB | TV — |
~ KB = B | vn = T" v,
+ A= B W = Guvn) + Bu(T"00 — Gy) |
= [ka(L = Bo) + K2Bu]1vn =PI + Kin B | v = T"vs|*

— k(L= B) B v = T |* + (1 = B[V = GovlI?
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B | T = G |* = Bul = ) v — T"vi|*
< [+ (K2 = 1)J1vn = pI* + kuB [ = T, ||*
— Kn(L = B) B[V = T |* + (L= BV = Gl
+ BL2 v = T | = Bu0 = B) | 00 = T
= [14 (K =1)]lIvs = I + A= B)lIvn — Guvall?
— Ba[1 = (Ut ki) B — B2L2] v — T |

Thus

1Gavn = pII* < [1+ (ki = 1)]lIlva = pI? + 1= Bl = Gl

— B[l = (1 + k) B = B2L] |0 = T, (3.22)

From (3.22) we obtain

2(vy = GV, vy — p) = Bullve — Gnvnnz + ﬁn[l -1+ k)Bu — ﬁﬁLz]llvn - TVn||2
— (ki =1)lva —plI® (3.23)

and

2Guvn—povn—p) < (L+K3) Ve = pI? = Bullve = Guvall?

— Bu[L = (L + k) B = B2L] |0 = T, (3.24)

Observe that

1ne1 = 2% = |1 = ) + 0uGov |
= (1= ) lva = plI* + @l G — pII* = @u(1 = ) [V = Gva®
< (U =an)lve=pI? +au[[1+ (ki = 1) ]Iva = plI* + A = B va — Guvul?
— Bu[1 = L+ ki) B = B2L?] 00— T"v ]
— (1 = )|V = G|
< [1+ (K = 1)llva = pII* = ctu(Bu = @) v = G|

— 0Bl = (14 &) By — B2L3] | 0n = T (3.25)

Hence
%1 = plI* < [1+ (k2 = 1) ]Ilva = pII®
and it follows, as in the proof of Theorem 3.1, that {x,}3, is bounded. Observe that

2 2
1 = X1 I” = 1% = Vi + vy — X |l

2
= “‘)n _xn+1|| + Z(xn — Vi, Xn _xn+1>
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< ”‘)n _xn+l||2 + 2”96” - ‘)n” ”xn —Xn+l ”
2
< 1vn =% lI” + 2| Pe((1 = £)%n) = | 1160 = X |

< v = Xt 1 + 28 1% | 160 — K -
Hence
Vi = X1 1> = 1% = %1 1 = 221960 [ 1960 — X |-
Furthermore,

”vn - Gnvn” E H Vn — Tnvn H + ” Tnvn - Gnvn H
< || v, —T"v, || +LB, ||v,, - T", ||

=(1 +L,Bn)|| v, —T"v, ||
Thus

[ vy = Guvull.

L
T (L+LB)?
Observe also that

”xn+1 - Un” = ”(1 - an)vn + anGnvn —Vn H = an””n - Gnvn”'

Using (3.26) and (3.28), we obtain

1
2 2
Vi = Gl %41 = vl
)

n

1 2
> [0 = %t I? = 281l 156 = %0111]-
a}’l

It now follows from (3.27) that

[ o Vs = Guvall®

(1+LB,)?
1

2
> m[”xn = %117 = 28 1% || |60 _xn+1”]-

Using (3.29) in (3.25), we obtain

%n1 =21 < [1+ (k2 = 1)]lIve - pII?

— B[l - A +ky) By — B2L* [E—

1
Pt
= 2, 1% 1 1% — X1 ||]}

<Ilv. —pl* + (k2 =1)D

(3.26)

(3.27)

(3.28)

(3.29)
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Bull = (1 + k) B, — B2L%]
- (1 +LB,)>

2
[”xn = X1l

= 2t [[% | 1% = %nan ]
2 2 2 2
< ”xn —P” - 2tn (xnrxn _p) + tn”xn” - 03||xn _xn+1||

+ 2G4tn||xn|| ”xn _xn+l||
e[l1—1+1)b-bL? 1
)04 =
b(1 + Le)? * €1+ Le)?

(where o3 =

2
= %0 = plI” = o3ll%n = X401l + tn[_<xn;xn -p)

+ tullul® + 20 |0 | 1% ~ 2ne ] + (K3 ~1)D. (3.30)
Since {x,} is bounded, we have that there exists M > 0 such that
= X = D) + bul1%u|* + 200 1% | |0 = Xa | <M, Vn=1. (3.31)
From (3.30) and (3.31) we obtain
%1 = PI* = 1% = pII* + 03]|%0 = %na | < My, + (K, — 1) D. (3.32)

To complete the proof, we now consider the following two cases.

Case 1. Suppose that {||x, — p||}52; is a monotone sequence, then we may assume that

{llx, — pl|} is monotone decreasing. Then lim,,_, o ||x, — p|| exists and it follows from (3.32),
conditions (c1) and lim,,_, » k, = 1 that
lim ”xn _xn+1|| =0. (333)
n—oQ

Furthermore,

vy —%ull < tull®ull = 0 asn— oo, and

”vn_xn+l||f”vn_xn”"'”xn_xnﬂn_)o as n — oQ.

Hence
1 1
”vn - Gnvn” = _H‘)n - Gnvn” < g”vn _xn+1|| —0 asn— o0.
n
Furthermore,

||Vn - Tnvn || = ”Vn - Gnvn” + ”Gnvn - Tnvn ||

= ”Vn - Gnvn” +L/3r1 || Vn — TnVn ||

Thus

2
[vn = T"vu |~ < Vi = Guvnll < [V = Guvnll = 0 as n— oo,

1
~1-LB, " 1-Lb
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and

”xn - Tnxn ” = ”xn - Vn” + H Vn — Tnvn H
+ || v, - T"x, ||
= (1 + kn)”xn - Vn”

+ ||vn—T”u,,|| —0 asun— oo.
Observe also that since T is uniformly L-Lipschitzian, we obtain

Ve = Tvull < ||vu = T || + | T"v0 = Tvs|
= Jou = T+ L[ T v = i
< lvu = 1", | + L] T v = T" s |
+L| T vy = v | + Llviey = vall
< |vu = T"|| + L| 7" vuct = vt | + LA+ L) vy = vy |
< [ou =T + L] T s v
+ L(L+ L)1V = ull + 1 = %

+ %1 = v l] > 0 asm— oo. (3.34)
Furthermore,

960 = Txull < |2 — T | + || T"%0 — Toxu |
< | = T || + L] T" " — |
< [lxn = T || + L] T" 0 = T |
+L|| T" % = 21 || + Llltno1 — %l
< o= T + L] 720~ 50
+ LA+ L)%, — %]l = O as n— oo. (3.35)
Since 1imy,_, o0 [|%s — T%,]l = limy— o0 |V — TV, = limy— 0 [V — %, = 0, then the demi-
closedness property of (I — T), (2.4) and the usual standard argument yield that {x,}%,
and {v,}2°, converge weakly to some x* € F(T). Since ||v, — *||> < D,, ¥n > 1, and for
some D; > 0, then using (3.25) we obtain
[ =] = vn =2 [* + u (K} = 1),
< @ = ) (%0 = #*) = tx* | + (k2 = 1)D,
= (L= )| — 2 |* = 2601 = ) [0 — %%, 2%)
+ 82| + 2 (k2 = 1)D,
< (1= t) | n =" | = 28 (1 = £,) {3 — 2%, )

+ 22| + (k2 = 1)Ds. (3.36)
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Thus
||xn+1 - ”2 <@1- tn)”xn - ”2 +lYn+ 04 Yn2>1,

where y, := —=2(1 — t,,) (%, — &%, %) + t,,[[x*||> — 0 as n — 00, and 0, = &, (k2 — 1)D, with
Y o 0w < 00. It now follows from Lemma 2.1 that {x,}32, converges strongly to x*. Con-
sequently, {v,}52, converges strongly to x*.

Case 2. Suppose that {|lx, — pll}32; is not a monotone decreasing sequence, then set
', := ||lx, —pll? and let T : N — N be a mapping defined for all # > N, for some sufficiently
large Ny by

t(n):=max{k e N:k <n, T} <Tia}

Then 7 is a non-decreasing sequence such that t(#) — oo as n — 0o and 'y < I'rmy+1
for n > Nj. Using (cl) and (c2) in (3.32), we obtain

1
%201 = X1 < a—[Mt,(,,) + (k%) —1)D] > 0 asn— oo. (3.37)
4
Following the same argument as in Case 1, we obtain
egy = Tvell = 0 asm— o0 and  |[%p) — Tl = 0 asm — oo.

As in Case 1 we also obtain that {x;(,} and {v;(,} converge weakly to some x* in F(T).
Furthermore, for all # > Ny, we obtain from (3.36) that

0 < emmer =" |* = e - ||
< tin [_2(1 — b)) e ) — 227 + |2

(k>

(1)

—1)

2
2Wr - -x* . .
+ D0tz () o626y — 2% ] (3.38)

It follows from (3.38) that

”xr(n) -x* ”2 = 2(1 - tr(rz))<x* _xr(n):x*> + tt(n) ||x* ||2

(K2~ 1)

T(n)

+ Doy () —0 asn— oo.

Thus
lim Fr(n) = n]LIT;o FT(,,)+1.

n—00

Furthermore, for n > Ny, we have I', < I';(),1 if n # T(n) (i.e., T(n) < n), because I'; > T,
for t(n) + 1 <j < n. It then follows that for all n > N we have

0 < Iﬂn =< max{rr(n)r Iﬂr(n)+1} = Fr(n)+1'

This implies lim,,_, o, ', = 0, and hence {x,}°, converges strongly to x* € F(T). O
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Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H with
0€C,andlet T:C — C be a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with a sequence {k,}32; C [1,00), > vo (k, — 1) < 00 and F(T) # . Let {t,}>2,,
{a, )02, and {B,)52, be real sequences in (0,1) satisfying the conditions:

(1) lim,_ oot =0;

(€2) D2 by = 00;

(3) O<e<a,<(A-t)B.<PB,<b< m, where X = sup,, ky;;

(c4) lim,_ oo (kt—D =0.

Then the sequence {x, )., generated from an arbitrary x; € C by

Vo= (1 =t)x,, n>1,
Yn = L=B)vu+ BT vy, n=1,
X1 = 1 —ay)v, + a, T"y,, n=>1,

converges strongly to a fixed point of T .
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